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ft. Find the roots common to the equations x 4 + 1 = 0 and ,r c - i ~ 0. 

7* Solve the equation x n -1 = 0 and find which of its roots satisfy the equation x 4 + x 2 + 1 = 0. 

g. Show that the roots of (x + l) 7 - (x - l) 7 are given by ± i rot nt/7, r = 1, 2, 3. 2008) 

9. Prove that the nth roots of unity form a geometric progression. (Mumbai? 2007 ) 

Also show that the sum of these n roots is zero and their product is (— I)""**. 

10. Find the equation whose roots are 2 cos 2 tc/ 7, 2 cos 4 ti/ 7, 2 cos 6n/7, 


19.6 


(1) TO EXPAND sin n6, cos n© AND tan n6 IN POWERS OF sin 0, cos 0 AND tan 0 
RESPECTIVELY (n BEING A POSITIVE INTEGER) 


We have cos nQ + i sin nO = (cos 0 + i sin 0)" (By De Moivre's theorem) 

= cos" 0 + n C 1 cos" -1 0 (i sin 0) -f n C 2 cos" -2 0 (i sin 0) 2 + "C 3 cos" -3 0 (i sin 0) 3 + ... 

(By Binomial theorem) 

- (cos" 0 - n C 2 cos" “ 2 0 sin 2 0 + „.) + i ( rt C i cos" -1 0 sin B - "C 3 cos" " 3 0 sin 3 0 + ...) 

Equating real and imaginary parts from both sides, we get 

cos n0 = cos" 0 - "C 2 cos" -2 0 sin 2 B + "C 4 cos"^ 0 sin 4 0 - ... -.,(1) 

sin n0 = n C l cos"' 1 0 sin 0 - n C 3 cos"" 3 0 sin 3 0 + "C 6 cos" 5 0 sin 5 0 - ..,(2) 

Replacing every sin 2 0 by 1 — cos 2 B in {1) and every cos 2 0 by 1 - sin 2 0 in (2), we get the desired expansions 
of cos nQ and sin n&. 

Dividing (2) by (1), 

„ ft C, cos' 1-1 0 sin 6 - n C~ cos n “ , ' i 0 sin 3 6 + "C, cos' 1-5 0 sin s 0 -... 
tan n6 = —I-— 2 _-_-^--- 

cos" 9 — ”C 2 cos” -3 0 sin 2 0 + ”C 4 cos” - ' 1 0 sin 4 0 - 
and dividing numerator and denominator by cos" 0, we get 


tan n0 = 


n C l tan 0 - B C 3 tan 3 6 + n C 5 tan 5 0 -... 
1 - "C 2 tan 2 6 + "C 4 tan 4 6 -... 
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Example 19.24. Express cos 6B in termsof cos 0. 


( Madras , 2002) 


Solution. We know that cos rc0 = cos" 0 - n C 2 cos' 1 " 2 0 sin 2 0 + n C 4 cos' 1-4 0 sin 4 0 - ... 

Put n - 6, then cos 68 = cos 6 0 - 6 C 2 cos 4 0 sin 2 0 + 6 C 4 cos 2 6 sin 4 0 - 6 C 6 sin 6 9 

= cos 6 0 — 15 cos 4 0(1“ cos 2 8) + 15 cos 2 0(1- cos 2 0) 2 - (1 - cos 2 0) 3 
= 32 cos 6 8 — 48 cos 4 0 + 18 cos 2 0 - 1. 

(2) Addition formulae for any number of angles 
We have, cos (0 X + 0 2 + ... + 0^) + i sin (B x + 0 2 + ... + B n ) 

= (cos 0 1 + i sin 0 1 )(cos 8 2 + i sin 0 2 ) ...{cos 8^ + i sin 6^) 

Now cos 8j + i sin B x = cos & x (1 + i tan 0 1 ) 1 cos 0 2 + i sin 0 2 = cos 0 2 (1 + i tan 0 2 ) and so on. 
cos (8j + 0 2 + ... + B n ) + i sin (G 1 + 0 2 + ... + 0 ;i ) 

- cos B x cos 0 2 ... cos B n { 1 + i tan BjK 1 + i tan 0 2 )...( 1 + i tan BJ 

- cos 0 ] cos 0 2 ... cos 0 n [3 + i (tan 0 1 + tan 0 2 + ... + tan 0 ri ) 

+ i 2 (tan 0j tan-0 2 + tan 0 2 tan 0 3 + ..*) + i 3 (tan B x tan 0 2 tan 0 3 + + ...] 

= cos B x cos 0 2 ... cos d n (l + is t - s 2 - ls 3 + s 4 + ...) 
where $ x - tan 0 1 + tan 0 2 + ... + tan & n , s 2 = Z tan 0 t tan 0 2 , s 3 = Z tan B x tan 0 2 tan 0 3 etc. 

Equating real and imaginary parts, we have 

cos (0 4 + 0 2 + ... + 0 n ) - cos 0 3 cos 0 2 ... cos 0 R (1 - s 2 + s 4 - --) 
sin (0 t + 0 2 + ... + Q n ) = cos B y cos 0 2 ... cos 0 (s 1 - s 3 + s 5 - ...) 


and by division, we get tan (0 l + 0 2 + ... + B n ) ~ 


S| -b s + s 5 -- 
l-s 2 +s 4 -s G + ... 


Example 19.25. // tan 1 x + tan 1 y + tan J z - k/ 2, show that xy +yz + zx = L 

Solution. Let tan -1 x — a, tan -1 y = p, tan -1 z - y so that x = tan a, y tan |}> z = tan y 

tan a + tan (5 + tan y - tan a tan p tan y 


lP.TM , 2003) 


We know that 


tan (a + P + y) = 


1 — tan a tan p — tan p tan y - tan y tan a 


x- + y + 2 - xyz 

tan tv 2 = -———-— or \—xy-yz — zx-B 

1 “ xy — yz — zx 


Hence xy +yz + zx ^ 1. 


Example 19.26. IfB p 0*, B r> be three values of 0 which satisfy the equation tan 20 = X tan (0 + a) and such 
tha t no two of them differ by a multiple of 7^ show that 0 ; + 0 2 + 0 3 + a is a multiple of it 


or 


Solution. Given equation can be written as 


2f 


■ = 3L 


t + tan a 


1 — t* 1 - t . tan a 
Xt 3 + (X - 2) tan a . t 2 + (2 - X) t - X tan a = 0 
tan 0 Jf tan 0 g , tan 0 3 , being its roots, we have 

X-2 


where t - tan 0 


s ± - Z tan 8 t - 


tan ct 


[By § 1.3] 


2 \ 

s 2 = Z tan 0 t tan 0 2 = —-— and s 3 - tan a 

A 


s, - s. 


tan (0 1 + 0 2 + 0 3 ) - 


3 „ 


(-1 + 2/A) tan a - tan a 

1 ~ (2/A - 1) 


- — tan a — tan (titc — a) 

Thus 0 T + 0 2 + 0 3 = nit — a, whence Follows the result. 

(3) To expand sin m 0 S cos n 0 or sin" 1 0 cos' 1 0 in a series of sines or cosines of multiples of 0 

If z - cos 0 + i sin 0 then l/z = cos 0 - i sin 0. 

By De Moivre’s theorem, z p = cos p0 + i sin pB and 1 /z p = cos pB - i sin pB 

z + Ifz - 2 cos 0, z — l/z - 2i sin 0 ; z p + 1 fz p - 2 cos p0, z p - 1 IzP - 2 i sin pB 
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These results are used to expand the powers of sin 0 or cos 0 or their products in a series of si nes or cosines 
of multiples of 0. 

Example 19,27, Expand cos 6 0 in a series gf cosines of multiples o/0. 

Solution, Let z - cos 0 + i sin 0, so that z + Hz = 2 cos 0 and z p + l/z p ~ 2 cos p0. 

(2 cos 0) s = (z + l/z) s 

8 8^ 7 1 8/"t 6 1 8 5 1 S^i 4 1 3 1 8/^i 2 1 8jo 1 1 

” z + ^i z - “ + ^2 Z * ~ + ■ ~ + ^i z * ~r + c s z ■ nr + + t 

* z z z z z zz 

= ( 2 8 + 1 / 2 8 ) + 8 C 1 ( 2 6 + 1/z 6 ) + 8 C 2 { 2 4 + lV) + R C 3 (2 2 + 1/2 2 ) + 8 C 4 
= (2 cos 80) + 8(2 cos 60) + 28(2 cos 40) + 56(2 cos 20) + 70. 

Hence cos 8 0 = -rHo ! cos 86 + 8 cos 60 + 28 cos 40 + 56 cos 20 + 35J. 

Example 19.28. Expand sin 7 B cos 3 Bin a series of sines of multiples of 0. 

Solution, Let z - cos 0 + i sin 0 

so that z + 1/z = 2 cos 0, z — I/z = 2i sin 0 and z p - Uz p - 2 i sin pQ. 

(2 i sin 0) 7 (2 cos 0) 3 = (z — 1/z) 7 (z + 1/z) 3 

= (z - 1/z) 4 [(z - 1/z)(z + Uz)] 3 - (z - 1/z) 4 (z 2 - 1/z 2 ) 3 

4‘- fe2+6 -7 + 7p- 3 ^7-7) 

= 2 i sin 100 - 4(2 i sin 80} + 3(2/ sin 60) + 8(2/ sin 40) - 14(2/ sin 20) 

i 7 = - /, 

sin 7 0 cos 3 0 = —\r [sin 100 - 4 sin 80+3 sin 60 + 8 sin 40 — 14 sin 28]. 


Since 


Obs, The expansion of sin m 0 cos' 4 8 is a series of sines or cosines of multiples of 8 according as m is odd or even. 
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13. Expand cos 6 0 sin 7 0 in a series of sines of multi ples of f) ? (Madras, 2002) 

14. If cos 5 0 — A cos 0 + 3 cos 30 + C cos 50 t find sin 5 0 in terms of A, B t C. 

15. If sin 4 G cos 3 8 = A j cos 0 + A 3 cos 30 * A 5 cos 69 + A 7 cos 70, prove that 

Aj + SAy + 25A 6 + 49A 7 - 0. 


19.7 


COMPLEX FUNCTION 


Definition* If for each value of the complex variable z (= x + iy) in a given region R , we have one or more 
values of w (= u + iv\ then w is said to he a complex function ofz and we write w - u(x t y) + iv(x 3 y) = f{z) 
where v are real functions of x and y. 

If to each value of z 7 there corresponds one and only one value of w 7 then w is said to be a single-valued 

function of z otherwise a multi-valued function. For example, w = Hz is a single-valued function and w - 4z is a 
multi-valued function of z . The former is defined at all points of the z-plane except at z - 0 and the latter assumes 
two values for each value of z except at z = 0, 


EXPONENTIAL FUNCTION OF A COMPLEX VARIABLE 


(1) Definition. When x is real, we are already familiar with the exponential function 

x x 2 x n 

e x = 1 4- — + — + « 

1 ! 21 n\ 

Similarly, we define the exponential function of the complex variable z = x + iy, as 

2 xi 

e z or exp(z) =*1+ — + ^-r + ... + + — 0(3 

11 21 n ! 

( 2 ) Properties: 

/. Exponential form ofz = re 10 
Putting x - 0 in {£), we get 

+ & + M + $£ + M. + „ 

1! 2! 3! 4! 


■M) 


1 


, y 2 / I .{ y 3 / , 

1_ 2i + 4T“- + H y "3T + 5!^"* i = cos * + lsul > 


^ .( 

"M* 

Thus e? - & . = e* (cos y + i sin y) 

Also x + iy - r(cos 0 + i sin 0) = re® Thus, z — re iB 

II. e z is periodic function having imaginary period 2rU t (v e* * 2nm - e* „ e 2 * 1 ™ = e*l. 
III. e z is not zero for any value of z. 


Since 

Thus 

IV. 

Since 


& = e* + = re 10 or e* . = re® 

r = e x >O,y = 0J^| = l t 
| e* | = | e* M e* | = e* * 0. 


c = c 


e* - e* "= e* . = e* (cos y — i sin y) 


= e* (cos y + i sin y) = 


19.9 


CIRCULAR FUNCTIONS OF A COMPLEX VARIABLE 


(1) Definitions: 

Since e iy = cosy + i siny and er® = cosy - i siny, 

the circular functions of real angles can be written as 
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Jr 




sm y = 


-tCOS y = 


e *y + e -ty 


and so on. 


2 i ’ ' 2 

It is, therefore, natural to define the circular functions of the complex variable z by the equations : 


sin z = 


- e 


e + e sm z 

-* cos z = -—-tan z = - 

cos z 


2 ! 2 

with cosec z> sec z and cot z as their respective reciprocals. 

(2) Properties: 

L Circular functions are periodic : sin 2 , cos z are periodic functions having real period 2 n while tan z , 
cot z have period k, [a sin (z + 2nit) = sin z, tan (z + nn) = tan z etc.] 

//. Even and odd functions : cos z , sec z are even functions while sin z, cosec z are odd functions . [ v cos z 


+ J* € _(s _ 

—-—— - cos z, and sin (- z) - 


12 -IZ 

e — e 


2 i 


2i 


= - sin z] 


HL Zeros of sin z are given by z ~ ± 2mi and zeros of cos z are given by z “ ± — (2n + 1)k, n = 0, 1, 2, ... 

IV, Alt the formulae for real circular functions are valid for complex circular functions 
e.g sin 2 z + cos 2 z - 1, sin (z t ± z 2 ) = sin z 1 cos z 2 ± cos z 2 sin z T 

(3> Euler’s theorem e u = cos z + i sin z m 


where z - x + iy. 


12 -12 LZ -12 

e @ i G — G 

By definition cos z + i sin z = - —' + i -——- - e** 

2 2 1 

Also we have shown that e iy = cos y + i sin y, where y is real 

Thus e l0 = cos 0 + i sin 8, where 0 is real or complex . This is called the Euler's theorem * 
Cor- De Mot v re's theorem for complex numbers 
Whether 0 is real or complex, we have 

(cos 6 + i sin B) n = (e* 0 )* = c m0 = cos nB + t sin n0 
Thus De Moivre’s theorem is true for all 8 (real or complex). 

Example 19.29* Prove that ( i) [sin (a + 9) - e lQ sin 8j" = sin n a c - " 10 

(ii) sin (a - n0) + sin n0 = sin a. 

Solution- (i) L.H.S, = [sin a cos 0 + cos a sin 0 - {cos tx + t sin a) sin 01" 

= (sin a cos 0 - i sin a sin 0)" 

= sin" a (cos 0 - i sin 0)" = sin" a (c^ 10 )" = sin" ae"* 710 
(ii) L.H.S. - sin a cos nB - cos a sin nB + (cos a - i sin a) sin nB 

= sin a cos nB - i sin a sin n8 
- sin a (cos nB — i sin rc0) - sin a . e~ m% . 


Example 19-30. Given j“ - + Cpi + where L, p, R are real, express p in the form Ae^ giving the 


values of A and 0. 
Solution- 


or 


1 R + Lp 2 CR{- 1) + Lpi (R- Lp 2 CR) + iLR 


P 

p = Z-p 


LpRi LpRi 

_ Ri _^ f R - Lp 2 C.R) - iLp 

{R - Lp 2 CR) + iLp (R - Lp 2 CR) - iLp 


L 2 p 2 R +■ iLpR (R - Lp 2 CR) 
(R - Lp 2 CRf + (Lpf 


= A (cos 0 + i sin 0), say 


^See footnote p. 205, 
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Equating real and imaginary parts, vve have 
A cos 0 = 


L 2 p 2 E 


A sin 0 — 


(R-Lp 2 CRf +(Lpr 

LpR(R - LpfCR) 


(R - Lp 2 CRf + (Lpf 
Squaring and adding (i) and («) t 

Ag (L 2 p 2 Rf + {LpRfiR - LpfCRf 
Dividing (it) by 0‘), 


[<R-Lp 2 CRf + (Lpf f 


Higher Engineering Mathematics 

.M) 

..XU) 


or A = 


LpR 


^[(R-Lp 2 CRf + (Lp)f 


a R-Lp 2 CR „ , Itfa-LCp 2 ) 

tan 0 = ■■ - _ - - - or 0 = tan 1 ■----— 

Lp Lp 


Hence P = A(cos 6 + i sin 0) = Ae‘ e 

where A and 0 are given by (iii) and (in). 


...(lit) 


...(iv) 


19.10 


HYPERBOLIC FUNCTIONS 


(1) Definitions: Ifx be real or complex. 


e x - e x 

(i ) --- is defined as hyperbolic sine of x and is written as sinh x* 

Jr -x 

e -h e 

(ii) -—— is defined as hyperbolic cosine of x and is written as cosh x. 

X -X X “Jt 

Thus sinh x = -——— and cosh x = -—— 


Also we define, 


sinh x e x -e 1 1 e x + e x 

tanh x = --— — —-; cotli x - 


sech x = 


cosh x 
1 


e + e 
_ 2 _ 

/+(? 


—; cosech x = 


tanh x _ e ~ x 
1 2 


cosh x e x + e ~ x * " ' sinh x =. e ~ x 

(2) Properties 

I. Periodic functions ; sinh z and cosh z are periodic functions having imaginary period 2m. 
[ v sinh (z + 2m) - sinh z ; cosh (z + 2m) — cosh z\ 

II Even and odd functions : cosh z is an even function while sink z is an odd function 

III. sinh 0 - 0, cosh 0-1, tanh 0 = 0. 

IV. Relations between hyperbolic and circular functions. 


Since for all values of 0, 
Putting 6 = ix, we have 


iB ~ie JB , -i& 

sin 0 = -———— and cos 0 = - — - — 


sin ix = 


and, therefore. 
Thus 

and /. 

Cor, 


COS IX = 


2i 



X 

e - 

e 

2i 


X 

-j 

i 2 e 

- e 


21 

—je t 

X 

e + 

e 


e x - e x 

2 i 

r e x - e “ 

= i. —-— 


[ v e 


,10 _ J, LX 


= e" 1 ] 


= i sinh x 


= cosh x 


sin ix ss i sinh x 
cosix = cosh x 
tan ix = i tanh x 
sinh ix = i sin x 
cosh ix = cos x 
tanh ix = i tan x 


.JO 

.Mi) 

...(Hi) 

...(iv) 

Mv) 

...(vi) 
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or 


V. Formulae of hyperbolic functions 

(а) Fundamental formulae 

(I) cosh 2 x - sinh 2 x - 1 (2) sech 2 x + tanh 2 x = 1 (3) coth 2 x - eosech 2 a- = 1. 

{b) Addition formulae 

(4) sinh {x ± y ) = sinh x cosh y ± cosh x sinh y (5) cosh (x ± y) = cosh x cosh y ± sinh x sinh y 

t s tanh x ± tanh y 

(б) tanh (x ± y) = ———r—-— 

1 + tanh x tanh y 

(c) Functions of 2x> 

(7) sinh 2x = 2 sinh x cosh x 

(8) cosh 2x - cosh 2 x + sinh 2 x - 2 cosh 2 x — 1 = 1 + 2 sinh 2 x 

, i ^ 2 tanh x 

(9) tanh 2x =--^— 

1 + tanh x 

(d) Functions of 3x 

(10) sinh 3x = 3 sinh x + 4 sinh 3 a 

(II) cosh 3a = 4 cosh 3 x - 3 cosh x 


(12) tanh 3 a = 


3 tanh x + tanh 3 a 
1 + 3 tanh 3 a 


a + y a — y 

(e) (13) sinh * + sinh y = 2 sinh —cosh —-— 

a + y x — y 

(15) cosh a + cosh y = 2 cosh —~ cosh 


■ sinh 


2 2 

Proofs* (1) Since, for all values of 0, we have cos 2 0 + sin 2 0=1. 

/. putting 0 - ix t we get cos 2 ix + sin 2 ix = 1 or cosh 2 x - sinh 2 x = 1 


(14) sinh a — sinh y = 2 cosh 


a + y „ a — y 
(16) cosh a - cosh y = 2 sinh —sinh —;r— 


Otherwise : cosh 2 a - sinh 2 a - 


V 


_jc v* / x -x \ 2 

+ e e ~e 


= ^ [e 2 * + e” 2 * + 2 - e 2 * - e” 21 ' + 2]*L 


Similarly we can establish the formulae (2) and (3). 

(4) sinh (x +y) = (l/i) sin e'(a +y) = -i[sinix cos iy + cos lx sin iy\ 

= - i[i sinh a . cosh y + cosh a . i sinh y] - sinh a cosh y + cosh a sinh y. 
Otherwise ; sinh a cosh y + cosh a sinh y 


e~ x e y + e^ y e x + r v -<f y 


2 ' 2 2 2 
Similarly we can establish the formulae (5) and (6), 

. . ,3 tan A - tan 3 A 

(12) tan 3A = -—-r- 

1 - 3 tan 2 A 

Putting A - ix , tan Six ~ 


= sinh (a + y) 


3 tan ix - tan 3 ix 


1 — 3 tan 3 ix 


or i tanh 3a = 


3 (i tanh x) - (i tanh a) 
1 - 3(£ tanh x) 1 


tanh 3 a = 


3 tanh a + tanh 3 a 
1 + 3 tanh 3 a 


Similarly, we can establish the formulae (7) to (11). 

. C+D . C-D 
(16) cos C - cos D = - 2 sin —-— sm ——— 


Putting 


x + y . a — y 

C = /a, and D - iy 7 cos ix - cos £y - - 2 sin i — — sin i ■ 


2 2 

cosh a - cosh y = - 2 J^i sinh X * - j 1 1 sinh —~ j = 2 sinh X * ^ sinh 
Similarly, we can establish the formulae (13.) to (15), 


x-y 
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BI=IH INVERSE HYPERBOLIC FUNCTIONS _ 

(1) Definitions: If sink u = z, then u is called the hyperbolic sine inverse of z and is written as 
u - sinh" 1 z. Similarly we define costr 1 z, tanh -1 z, etc. 

The inverse hyperbolic functions like other inverse functions are many-valued, but we shall consider only 
their principal values. 


(2) To show that (i) sink* 1 z = log [z + V(z" + 1}] 

(it) cosh" 1 z - log 1 z + V(z 2 ~ 1)] , (Hi) tank" 1 z - -g log j _ . 


or 


i. e. , 


or 


(£) Let sinlr 1 z - u t then z - sinh u = — (e u - e~ u ) 


2z = e u - 1 le u or e 2u - 2 ze u — I = 0 
This being a quadratic in we have 

„ ZZ T. V H," 2 

e" 


e“ = +4) = z± VU 2 + 1) 

4 


■\ Taking the positive sign only, we have 

e u = z + V (z a + 1) or u - log [z + V (z^ + 1)] 
Similarly we can establish (u) 

(m) Let. tanh -1 z - then z = tanh u 


z - 


ti -lx 

e - e 

U . -II 

e + e 


Applying componendo and dividendo, we get 


— - = e“/e~ u = e 2u 


2 u = log 




l-z 

whence follows the result. 


(Mumbai 2009 } 


(P.TM. f 2005) 


or 


or 


Example 19.3L Ifu - log tan (n/4 + B/2), prove thut 
CD tanh uI2 = ton 6/2 


(Mumbai 2008; P.TMi 200^; Madras t 2003) 


(U)B-- i log tan j * 


(AToruAs/Wm, 2006 ) 


Solution. We have 


e u ~ tan 


(H) 


e' J2 1 + tan (V2 


or 


,-«8 1 - tan e /2 


By componendo and dividendo, we get 


U/2 _ -Kffi fi 

--—jr- - tan 6/2 i.c., tanh ^ = tan 

.-u/2 2 2 


„u/2 . „ 

e + e 


- tan ^ = ~ tanh ^ or ^ 

t 2 ( 2 


| = tanh-(tanf)=| Iog l± 


1 + tan £w/2 
tan iut2 


-«(i) 




Example 19*32* Show that tank 1 (cos 61 = cosk 1 (cosec 8A (Kuruk&hetra, 2005) 

Solution. Let tanir 1 (cos 6) = 0 so that cos 0 - tanh <j> 
or tanh 2 - cos 2 0 or 1 - sech 2 <|> - cos 2 8 

or sech 2 ij> = 1 - cos 2 0 = sin 2 0 or sech - sin 0 

or cosh 4 = cosec 0 or $ - cosh" 1 (cosec 0). 
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Example 19*33* Find tank x t if 5 sink x- cosh x = 5, ( Mumbai, 2004) 

Solution- We have 5(stoh .v - I) = cosh x 
or 25 (sinh x — l) 2 - cosh 2 x = 1 + sinh 2 x 

or 24 sinh 2 x - 50 sinh x + 24 = 0 or 12 sinh 2 x - 25 sinh x + 12 = 0 

or (3 sinh x - 4) (4 sinh x — 3) = 0 whence sinh x - 4/3 or 3/4, 

cosh x = 4(1 + sinh 2 x) = 5/3 or - 5/4 [v cosh x - 5/4 doesn’t satisfy (/)) 

Hence tanh x = % or - —. 


PROBLEMS 19.5 


1. Separate into real and imaginary parts 

Ci> exp fe 2 ) where z - x + by (uJ exp (5 + in/2) 

2* From the definitions of sin z and cos z, prove that 

sin 2z 


U) COS 22^2 COS 2 2-1 


Ui) 


- cot z 


(i iii) exp (5 + 3i) 2 , 


[Hi) sin 82 - 3 sin 2 - 4 sin 3 2 * 


1 - COS 22 

3* Prove that fain'la - 01 + e~^ a sin Ufa = sin" 1-1 a {sin {a - nB) + e -10 sin n &I 
2 * 

4, f f 2 ~e lB t show that - - i tan 0. 

z l + l 

5- Eliminate 2 from p cosech 2 4 * q sech 2 + r = 0 , p' cosech 2 + sech 2 + r' - 0, 

6, If y - log tan x, show that sinh ny - | {tan n x - cot 11 x). 

7, ff la ny = tan « tanh p and tan z - cot a tanh P, prove that tan fy + 2 ;) = sinh 2P cosec 2a. 

8, Prove that 

ii) cosh (a + p) - cosh (a - pi = 2 sinh a sinh p 
( ii) sinh ta + P) cosh (a - P) = ^ (sinh 2a + sinh 2p>. 

9, Prove that U) (cosh 0 ± sinh 0P = cosh rc6 * sinh rid ; (it) - eosh 60 + sinh 66. 

\1 - tanh 0 J 

10, Express cosh 7 0 in terms of hyperbolic cosines of multiples of 0. 

11, If sin 6 ~ tanh x, prove that tan 0 = sinh x. 

12, If tan x/2 - tanh uJ2, prove that 

{ i) tan x = sinh u and cos x cosh u = 1 ; 

13* If cosh r = sec 0, prove that 
(/) tanh 2 x/2 - tan 2 6/2 


(ii) u - log r tan (it/4 + x/2J. 
(ii) x - log, tan inf4 + 0 / 21 - 


14, Show that tan -1 2 = ~ log 1 t~- . 

2 1 - 2 

16, Prove that 

(i) sinh l x sa. cosh 1 V( 1 + x 2 ) = tanh 1 


Vfl-x 2 ) 2 


= - cosech 


-1 


2xV(H- x a ) 


lit) tanh" 1 * - sinh 


-1 


4(1 - x ? )" 


16, Show that 

(i) sinh -1 (tan 0) = log tan (rtf 4 + fl/2) {«) sech -1 (sin 0) = log cot 0/2. 

17, Solve the equation 7 cosh x + 8 sinh x = I for real values ofx, (Mumbai, 2008) 

1 8 , Find tanh x if sinh x - cosh x - 5. 
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19.12 


REAL AND IMAGINARY PARTS OF CIRCULAR AND HYPERBOLIC FUNCTIONS 


i.e rf 


i.e.. 




ne,. 


i,e. t 


(1) To separate the real and imaginary parts of 

(i) sin (x + iy); (ii) eos (x + iy); (Hi) tan (x + iy); (iv) cot (x + iy); (v) sec (x + iy ); (ui) cosec (x + iy)* 
Proofs, (i) sin (x + iy ) = sin x cos iy + cos x sin iy - sin x cosh y 4 i cos x sinh y* 


Similarly, 
(Hi) Let 
Adding, 


Subtracting, 


cos (x + iy ) = cos x cosh y — i sin x sinh y 
a + ip = tan (x + iy) then a - ip = tan (x - iy) 
2a = tan (x + iy) + tan (x - iy) 

sin (x 4 iy 4 x - iy) sin 2x 


sin 2x 


a = 


iP = 

p= 

Similarly, cot (x +■ iy) - 


2 cos (x + iy) cos (x - iy) cos 2x + cos 2 iy cos 2x + cosh 2y 
2£p = tan (x + iy) — tan (x - iy) 

sin 2£y i sinh 2y 


2 cos (x + iy) cos (x - iy) cos 2x 4 cosh 2y 
sinh 2y 

cos 2x 4 cosh 2y 
sin 2x - i sinh 2y 


(v) Let 
Adding, 


Subtracting, 


cosh 2y — cos 2x 
a + ip - sec (x + iy) then a - ip = sec (x - iy) 
2a - sec (x 4 iy) + sec (x - iy) 

cos (x - iy) 4 cos (x 4 iy) 2 cos x cos iy 


a = 


2 cos x cosh y 

2 cos (x + iy) cos (x - iy) cos 2x + cos 2iy cos 2x 4 cosh 2y 
2ip — sec (x 4 iy) — sec (x - iy) 

cos { x - iy) — cos (x + iy) 2 sin x sin iy _ 2 i sin x sinh y 


;p= 

p = 


2 cos (x + iy) cos (x - iy) cos 2x + cos 2iy cos 2x 4 cosh 2y 

2 sin x sinh y 
cos 2x 4 cosh 2y 

sin x cosh y - i cos x sinh y 


then 


Similarly, cosec {* + iy) = 2 tosh ^ _ cog ^ 

(2) To separate the real and imaginary parts of 
{ i ) sinh (x 4 iy); (ii) cosh (x + iy); (iii) tank (x 4 iy). 

Proofs. ( i) sinh (x + iy) - (1 H) sin i (x 4 iy) - (1 li) sin (ix —y) 

= (1/i) [sin ix cos y — cos ix sin y] = (l/£) [i sinh x cos y - cosh x sin y] 
= sinh x cos y + i cosh x sin y 
Similarly, cosh (x + iy ) = cosh x cos y 4 i sinh x sin y. 

a 4 ip = tanh (x 4 iy) — (1/i) tan (ix — y) 
a- ip = tanh (x - iy) = (1/i) tan (ix 4 y) 

2a = (1/iJ [tan (ix -y) 4 tan (ix 4 y)I 

sin (ix - y + ix 4 y) (1/i) sin 2ix 


(iii) If 
Adding, 


sinh 2x 


a = 


Subtracting, 


i t 2 cos (ix - y) cos (ix 4 y) cos 2£x 4 cos 2y cosh 2x 4 cos 2y 
2ip = (1/i) [tan (ix ~y) - tan (ix 4 y)] 
sin ((ix 4 y) - (ix - y)] 


*P = - 7 

P = 


i . 2 cos (ix 4 y) cos iix - y) 
sin 2y sin 2y 


cos 2ix 4 cos 2y cosh 2x 4 cos 2y 

Example 19,34. If cosh (u 4 iv) - x 4 iy, prove that 

12 2 

= 1 (P.T.U., 2009 S) 


cosh 2 u sink 2 u 


cos 2 V 


sin 2 v 


- L 


(.Madras , 2000) 
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i,e. 


t.e. r 


or 


or 


or 


Solution. Since x + iy — cosh (u ± iu) = cos (iu — u) 

- cos iu cos v + sin iu sin v = cosh u cos v + / sinh u sin v. 
equating real and imaginary parts, we get x = cosh u cos l * 1 ; y = sinh u sin v 

x i y . 

-—-— - cos v and r— = sin v 

cosh u sinh u 

Squaring and adding, we get the first result. 


Again 


= cosh u and 


- sinh u. 


cos v sin v 

squaring and subtracting, we get the second result. 

Example 19-35. If tan (9 + it |>) = e ta f show that 

0 -(n +2/2) n/2 and C? - ^ log tan (k/4 + at2), 

£ 


(S .% T. U., 2007; Roh tak 2005) 


Solution, Since 


tan (6 + /0) - cos a + i sin a /. tan (0 - £cj>> — cos a — i sin a 
tan 20 - tan [(0 + /0) + (0 - it J)>] 
tan (0 + i0} + tan (0 -/0) 2 cos a 2 cos a 


Also 


" 1 - tan (6 + ;<J>) tan (0 - i>) i _ { CO s 2 a + sin 2 a) 
20 = nit + n/2 or 0 = {n + \/2)nJ2 

tan (0 + - tan (0 - £0) 


0 


tan 2/0 = tan f(0 + /0) - (0 - /0)1 = 


1 + tan (0 + !0) tan (0 - i'0) 


i tanh 20 = 


2i sin a 




.-a* 


1 + (cos 2 a + sin 2 a) 


= i sin a or 


sin a 




By componendo and dividend©, we get 


1 + sin a cos 2 a/2 + sin 2 a/2- + 2 sin a/2 cos a/2 


- 2% 


e 4 * = 


= 


1 - sin a cos 2 ot/2 + sin 2 a/2 - 2 sin a/2 cos a/2 


(cos a/2 + sin a/2)" 
(cos a/2 - sin a/2 Y 
1 + tan a/2 


f 1 + tan aJ2 

[ 1 - tan a/2 J 


= tan ' ^ + ^r] - Hence 0 = ~ log tan (rc/4 + a/2). 


1 - tan a/2 

Example 19-36. Separate tan 1 ix + fy) into real and imaginary parts . 
Solution, Let a + i(J - tan^ 1 (x + iy). Then a - /p ^ tan -1 (x - iy) 


(S.V.T.U., 2009) 


Adding, 


2 a = tan' 1 (x + iy) + tan” 1 (x — iy )* = tan 


_ x (x + iy) + (x - iy) 
1 - (a- + iy)(x - iy) 


1 , -i 

a = - tan 


2a 


■r 2,2 
1 — x - y 


(x + ty) — (x — iy) 

Subtracting, 2/p - tan _1 (x + iy) - tan”® (x — iy) = tan' 1 ^ + iy^ x — Jy) 


- tan” 1 / 


2 y 


i , 2 , 2 

1 + x + y 


= t tanh 1 


2,y 


*22 
1 + x + y 


I v tan 1 iz -i tanh 1 z\ 


2 y 


P = 4 tanh 1 22 - 

2 1 + x 2 +y 2 

Example 19.37- Separate sin 1 (cos 0 + / sip Bj into real and imaginary parts ; where 0 is a positive acute 


angle, 


* tan -1 A ± tan” 1 B - tan" 1 ' ‘ — 

1 + AJt 
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Sol ution * Let sin -1 (cos 0 + i sin 0) = x + iy 

Then cos 0 «f i sin 0 = sin (x + iy) = sin x cosh y -§- i cos x sinh y 

cos 0 = sin x cosh y ..,(/) and sin 0 = cos x sinhy ..,(££) 

Squaring and adding, we have 

1 - sin 2 x cosh 2 y + cos 2 x sinh 2 y = sin 2 x (1 + sinh 2 y) 4 cos 2 x sinh 2 y 
- sin 2 x + sinh 2 y (sin 2 x + cos 2 x ) 
or 1 — sin 2 x = sinh 2 y f Le. cos 2 x == s in h 2 y. 

Hence from (ii), we have sin 2 0 = cos 4 x y i.e,, cos 2 jt = sin 0 because 0 being a positive acute angle, sin 6 is 
positive. 

As x is to be between — jt/2 and id 2, therefore, we have 

cos x = + V(sin 0) or x - cos -1 in 0} 

The relation (£/}, then, gives sinh y = V(sin 0) so that y - log h/(sin 0) + V{ 1 + sin 0)]. 


PROBLEMS 19.6 


I. If sin W + iB) = x + iy, prove that 


(t) 




cosh 2 B sinh 2 B 


(«) - Z 5 -- 4— =1 ' 

sin A cos A 


Lf cos (a + iB) - r (cos 6 + i sin 6), prove that (i) e 2 ® _ ^ - n — n ^. 

r sm (ct-i 6) 


1, sin (a-6) 
(it) 0 = - log - - . 
2 sin (a 4- 0) 


(RTM., 2010) 
(Kurukshetm, 2005 ; Madras, 2003) 
(V,TM„ 2006) 


3- If cos (0 + ib) - cos a 4 i sin a, prove that 

(x) sin 2 0 = ± sin a {Madras t 2003) (u) cos 20 + cosh 2$ = 2. 

4. If tan (A 4 iB) m x + ty, prove that 

(ij x £ + y 2 + 2x cot 2A - 1. fit) a 2 + y 2 - 2y coth 2B 4 1 - 0- (isi) x sinh 26 - v sin 2A. 

5* If tan (0 + /<j0 = tan a 4 i sec u, prove that e 7 * = ± cot cx/2 and 20 - fn + - J k + cl (Afagpur, 2009; S,V,T, t£. 20OS) 

a. If tan (x + /y) - sin (« + it*), prove that = tan J * . 

sinh 2y tan v 

7. If cosec frt/4 + u) = h + iv v prove that ( u 2 + u 2 ) = 2 (u 2 - v 2 ). 


(S.V.TM, 2006) 
(Mumbai, 2009) 


At 

-S. Ifx - 2 cos a coah p, y ^ 2 Bin a sinh P, prove that sec (a + iB) + sec (ct - ip) = - . 

JT+ 

9. If c + ib ~ tanh (u + nr/4), prove that « 2 + b 2 = X. 

10. Reduce tan~ J (cos 0 + i sin 0) to the form a + ib* 

Hence show that, tan -1 ~ i- ■— - ^ log tan ® j, 

! 1. Separate cos 1 (cos 0 + i sin 0) into real and imaginary parts, where 0 is a positive acute angle. 

12. If skr 1 (u 4 io) - a + ip, prove that sin 2 a and cosh 2 p are the roots of Uie equation 

^-x!Uu 2 +^)+fci^a 

13. If cos’ 1 (x + «y ) - cc + ip, show that 

Ci) a 2 sec 2 a * y 2 cosec 2 a ** 1, (it) x 2 sech 2 p 4 y 2 cosech 2 p = 1. 

14- Prove that (£) sin' 1 (Lx) = 2;m 4 l log fVl +x 2 +x) (ii) sin“ l (cosec 0) - n!2 4 i log cot 0/2, 


(Mumbai* 2009) 


19.13 


LOGARITHMIC FUNCTION OF A COMPLEX VARIABLE 


(1) 'Definition. Ifz(- x 4 iy) and w(= u + iv) be so related that e w = z r then w is said to be a logarithm of z to 

the base e and is written as w — log z, „,(£) 


Also 




= . e Airm - z 

log^ = w 2mit 


Iv 




= 11 
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Lethe logarithm of a complex number has an infinite number of values and is, therefore, a multivalued 
function. 

The general value of the logarithm of z is written as Log z (beginning with capital L) so as to distinguish 
it from its principal value which is written as log z. This principal value is obtained by taking n - 0 in Log z . 
Thus from (i) and (it), Log (x + iy) - 2m n + log (x + iy). 

Obs, L Ify - 0, then L*ogx - 2inn + Jog*. 

This shows that the logarithm of a teal quantity is also multi-valued. Its principal value is real while all other values 
are imaginary* 

2. We know that the logarithm of a negative quantity has no real imtue. But we can now evaluate this, 
eg. log^ 2) = Iog # 2(- 1) = Jog r 2 + log, (- 1) - log, 2 + in l v -1 = cos ic + i sin it = 

= 0.6931 + r (3.1416). 

(2) Real and imaginary parts of Log (x +- iy). 

Log (x + iy) = 2 inn + log (x + iy) 

= 2inn + log lr (cos 0 + i sin 0)] 

= 2m.Tt + log (re 10 ) 

= 2inn +- log r + /8 = log V(* 2 + y 2 ) + i )2rnt 

(3) Real and imaginary parts of (a + ip)* + iy 

(O + iB) 1 + O' — gf-Jt + iy) Log in, +■ ip) = g{x + iy) |2inir + log (a + tp)1 

= e ( K+ b') [ 2tnn + log r fr lft 1 = + iy ) |jpg r + / {2nn +- 8)1 

= e A + tB = € a ( cos jg + j s i n B) t 

where A = x log r-y (2 nn + 0) and S = y log r + x (2nn + 0). 

the required real part = e A cos B and the imaginary part = e^ sin B. 


f Put x - r cos 0, y = r sin 0 so that 
\r == V(x 2 + y 2 ) and 0 = tan _i (y/x) 

+ tan -1 (y/x ) 1 

f Put a = r cos 0, p = r sin 0 so that 
] r-V(a 2 + p 2 ) and 0 = tan -1 p/a 


Example 19,38. Find the general value of log (- i). 


Solution, 


j Put 0 - r cos 0, - 1 = r sin 02 

Log (- i) = 2inn + log 10 + «- 1)1 j so that r = 1 and 6 = - k(2 

= 2inn + log [r (cos 6 + i sin 0)] = 2inn + Jog (re ,e ) 

= 2 inn + log r + i0 = 2inn + log 1 + i (- kJ2) = i ( 2n “ • 


Example 19.39. Prove that U) i‘ - e ~ l4n * 1)rJ2 and Log i' =- i^ 2n + f 'jn. 

(«) (y^V* - e~“ cis a where a = n/4\[2. {Mumbai, 2008 ) 

Solution, (i) By definition, we have 

i<■ = e' **** = e' (2in ” + log0 = e~ inn + * lo a fc*P ,in/2i! [ i = cis ji/ 2 = exp (ijc/2)] 

__ t ,“ 2nn + i(iiU2) _ (2/i + V2)n 

Taking logarithms, we get {ii) 

_ gfi 

If f 

- — f cos ^ + i sin n/2 j log f cos + i sin ^ 

1 f _ n , . - n\i„ / ot/ 2 x If ^ n t : - n^in 
= 2 : [ O0S 4 +£Sm 4j l0g{e )= 2[ COS 4 +iSm 4j 2 

in ( i i ) n .ii 
" 4 U/2 ,§J“ 4V2 4^ 


(ii) (Vi)^ 

Now Vi log Vi 
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or 


or 


Hence (4i)^ — e"® +ift where cx = jt/4 42 

- e~ ^ . e Ln - e~^ (cos a + i sin a). 

Example 19.40, I f (a + ihi 1 ± m*+ % prove that one of the values ofyfx is 

2 tanr 1 (hfa) f log (a 2 + b 2 ), 

■ ] fc |i/ 

Solution. Taking logarithms, (a + ib)P = m* + iy gives p log (a + ib) = (x + iy} tog m 
p ^ fa 2 + 6 2 ) + i tan^ 1 ^j = x log m + iy tog m 
Equating real and imaginary parts from both sides, we get 


2 log (a 2 + b 2 ) = x log m 


Division of («) by (0 gives 


p tan*' 1 — —y tog m ,..(ii) 

yfx - 2 tan^ 1 (6/o)/log (a 2 + b 2 }. 

Example 19,41. If i l = A + IB, prove that tan nA/2 - Bf A and A 2 + B 2 = (S.V.T.U., 2006 S) 

Solution. 


_+£* 


r - A + iB Le. i A ^ lB - A + iB 
A + lB — + lo ® ‘ = + * B) lo *s * oos ^ +1 

= exp [(4 + iB) log {e M2 )} = e [A + ,B) liR/2 ' 

= e - ®*® . e f7L ^ 2 = g-fln/2 f cos 5^-. -f [ gjn 5A 

2 2 


Equating real and imaginary parts, we get 


A = tr 8 "' 2 cos 




S — sin ^ 

2 




Division of (u) by (i) gives B/A = tan kAJ2 
Squaring and adding (i) and (ii). A 2 + B 2 = e~ B% . 


Example 19.42. Prove that log 


f a + ib 
a - ib 


= 2i tanr 1 


(ft 


Hence evaluate cos 


i log 


f a +■ ib \ 

{ a —lij 


(P.T.U., 2006) 


Solution, Putting a = r cos 0 7 b - r sin 0 so that 0 = tan^ 1 bfa t we have 

, (a + i6 ^ - r (cos 0 + i sin B) - 

log -- log —- - , . . = log - e^) 

[a-ib J r (cos 0-ism 0) 


= log e 2i ® = 2c0 = 2 i tan -1 b/a , 


Thus 


cos 


i log 


a + ib 
a - ib 


- cos [i (2i0)] - cos 20 = 


l-tan z 0 1 -Ib/af a-b l 


1 + tan 2 0 1 -t (bfa) 2 a 2 + 6 2 


Example 19*43. Separate into real and imaginary parts log sin (x + iyX 
Solution. 


where 
so that 


log sin (x + iy) = log (sin x cos iy + cos x sin iy) 

= log (sin x cosh y + i cos x sinh y) = log r (cos 0 + i sin 0), 
r cos 0 - sin x cosh y and r sin 0 = cos x sinh y f 

r - vtsin 2 x cosh" y 4“ cos 2 x sinh 2 y) 


/l - cos 2x 1 + cosh 2v 1 + cos 2x cosh 2y - 1 , 

= V 2 ■-2 ~ + 2 ’-2^ = ^ 


— (cosh 2y — cos 2x) 
£* 


and 0 = tan -1 (cot x tanhy). 

Thus log sin (x + iy) - log (r^ 6 ) - log r + iB 


4 io e 


^ (cosh 2 y - cos 2x) 


+ i tan 1 (cot x tanh y), 
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or 

or 


Example 1 ISM4, Find all the roots of the equation 
(i) sin 2 - cosh 4 Hi) sink z - i. 


Solution, ( l ) 


(n) 


sin z ~ cosh 4 - cos 4 i = sin (jif2 - 4 i) 
z = mz + (- l) n (7 c/2 — 4i) 


If sin 0 — sin a 
then 0 = nn + (- l) n a 


i — sinh z = 


e - e 


e 2 * - 2ie* - 1 = 0 t Le. ( e* - i) 2 ~ 0 Le. t e* - i 

z = Log i = 2inn 4 log i = 2inn + log e tn/2 = 2mjt 4 M2 = i ^2n + i j ji. 


PROBLEMS 19,7 


1. Find the general value of 

Ci> log (6 + Si) ffiohtak, 2006) <i0 log (- 11 

2. Show that (i) log (1 + i tan a) - log (sec a) +■ iou where a is an acute angle. 


<« ) Log t , = 2t (nn - tan 1 ~) 


3, If (a x + ib Y )(a 2 + ib^^.(a n + ib f ) A + iB , prove that 
ft) <Oj 2 + b 2 ) (o 2 2 + 6 2 2 ).. (a n 2 + 6 f 2 ) = A 2 + B 2 

(ii) tan 1 — 4 tan" 1 — 4 + tan" 1 - tan” 1 ^ 

a L a 2 a n A 

4* Find the modulus and argument of (0 (1 — i0*K (P.T. 2010) (ii) r If ^ a + 

5. If i a *= a + ip, prove that or 4 P 2 = it 14 " * 3 ^ 


6. Prove that log 


7. Prove that tan 


jap (jc » ty)l = 2t tan-Mc-otx tanh v). 
[sin (or - fv)J 

, (a-ib} 1 2aft 


2o 


8. if tan log (jt ijl = a + where a 2 + f> 2 * l t show that tan fog (x 2 4 v 2 ) = « » ■ 

1 -d*-b* 

t 2 

9. If sin"* te + iyl - log (A + iB\ show that —^-—^— = I, where A 2 + B 2 = 

sin £i cos u 

HL Separate into real and imaginary parts log cob (x + iy). 

11. Find all the roots of the equation, (i) cos z =■ 2 r (ii) tanh z + 2 - 0. 


(J.KTU t 2003 ) 


(Kwni&jr/jitfra, 2005) 
(Mum6m, 2007) 


19.14 


SUMMATION OF SERIES - 'C + iS' METHOD 


This is the most general method and is applied to find the sum of a series of the form 

n 0 sin a 4 a x sin (a + p) 4 a 2 sin (a + 2p) 4 ... 
or a 0 cos a + a 1 cos (a 4 p) 4 a 2 cos (a + 2p) + ... 

Procedure, U) Put the given series = S (or C) according as it is a series of sines (or cosines). 
Then write C (or 5) = a similar series of cosines (or sines). 
e.g ri If S = a 0 sin a + a x sin (a + p) + a 2 sin (ot + 2p) 4 

then C ~ a 0 cos a 4 a A cos (a + p) + a 2 cos (a 4 2pL. 

(ii) Multiply the series of sines by i and add to the series of cosines, so that 
C 4 iS = a Q [cos cc 4 i sin a] 4 a x [cos (a + p) + t sin (a 4 pH 4 ... 

= atff* + a/ (tt + & 4 a/ fQ + 2 ^ 4 ... 
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(iii) Sum up this last series using any of the following standard series : 

g 3 

X X 

(1) Exponential series i*c., 1 + x + 4 --y 4» = <? 

(2) Sine, cosine, sinh or cosh series 


i.e., 

3 & 

X X 

X 3! 5! ■ 

*« = sin x, 

1 21 4 1 

..« =3 cos X 


oV * 

x+ 3! 5! ■' 

.. oa = 51 / 1/1 x. 

x 2 x 4 

1+ 2 i + fr + - 

oo = cos/* £ 


(3) Logarithmic series 

2 3 

X . X 


x “ IT + ~3 ” ‘ “ = w - \* + ^2 + IT + "J * lag (J 

(4) Gregory’s series 


2 3 

X X 


1 


3 6 

r x t 

x —— 4 —— ^ = tan 1 x, 

3 5 


1 +x 


t 3 5 J 

X + 4 + ^- +...« = tank 1 x = 4 log 

^ D j£ J. — X 


(5) Binomial series 


n{n - 1) 2 t n{n - 1 Xn - 2) 3 , V( 

1 4 /ix 4 ——— x -3- —— - - -x 4 ... » = (i 4 xr l 


1.2 


1.2,3 


, . Aifn + W 2 n(»+IX» + ft 3 . ,, , 

1- /ix 4———- x-rv- x +...» = (J + xjn" 


2! 


3! 


t . n(rr 4-1) 2 , n{n 4 1K/J + 2) 3 
1 4 nx 4 ■ - - —x +-—-x 4... 


2! 

(6) Geometric series 


31 


1 — r" n a 

i.ea 4 ar 4 or 2 + ... to n terms = a ———- 1 a -3- ar + or 2 + ...™ = ——,) r \ < 1 . 

1 — r 1 — r 

(tc) Finally express the sum thus obtained in the form A 4 iB so that by equating the real and imaginary 
parts, we get C = A and S - B. 

Series depending on exponential series 


x 

Example 19.45. Sum the series sin a 4 x sin (a 4 p> 4 — sin (a 4 2$) + ... 


Solution. Let S = sin a + x sin (a 4 p) + — sin (a + 2p) + ... « 

x 2 

and C = cos a 4 x cos (a 4 p) 4 — cos {a 4 2 p) 4 ... 

C + /S = [cos a 4 i sin a] 4 x Icos (a 4 p) 4 i sin (a 4 p)j 


= e ia + xe ila + P* 4 4 ... = e io 


4 — [cos {a 4 2p) 4 i sin (a 4 2p)] 4.« 


r]3 2 2iTJ 

- , xe^ x e p ( 

1 4 —— H- r—~ 4 ... « 


1! 


2! 


_ ^ia _ gin ^t(cos p + i sm p> _ cos p+i(a+^ sin P) _ gX cos p gita +x sin p) 

= e *P [cos (a 4 x sin p) 4 / sin fa 4 x sin p)] 

Equating imaginary parts from both sides, we have S - e x cos P sin (a 4 x sin p). 

Series depending on logarithmic series 


Example 19-46, Sum the series 

sin 2 0- ^ sin 26 sin "644 sin 30 sin 3 0—4 sin 40 sin 4 04..*, 
2 3^ 


(P TXL, 2010; V.T.U, 2008 S ) 
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and 


Solution. Let S - sin 8 * sin 0-4 sin 20 . sin 2 0 + 4 sin 36 . sin 3 0 - « 

2 3 

C ~ cos 0 . sin 0 — i cos 20 . sin 2 0 + 4 cos 30 . sin 3 0 - « 

4j u 


C + iS = sin 0 - 


2 to . 2 n 3i0 * 3 n 
e sin 0 e sin 0 


2 3 

= log (1 + e lB sin 0 ) = log 11 + (cos 0 + i sin 0 ) sin 0 ] 

= log [1 +. cos 0 sin 0 + / sin 2 0] fPut 1 + cos 0 sin 0 = r cos a ; sin 2 0 = r sin a] 
= log r (cos a + i sin a) = log re m - log r -f ia 


Equating imaginary parts, we have S - a = tan " 1 


f 


sin 2 0 


1 + cos 0 sin 8 


,«(i) 

[from (/)] 


and 


Series depending on binomial series 
Example 10,47. Find the sum to infinity of the series 

1*4 €OS ® 4 44 cos _ 444 cos SO + (- it < 0 < it). 

Solution. Let C = 1 - ~ cos G + cos 20 — “ 7 ^ cos 30 + ... «* 

2 2.4 2.4.6 

S = O- ^sin 0 + s i n 20 - sin 30 + ... «> 


(S.V.T.U., 2009) 


— 1 + 


1 1,3 

1.3.5 3 .a 


2 e + 2 ^ 

2.4.6 6 


1 

f 1 ll 

1 

r n e * + 2 

^ 2 -/ 2,0 . 

2 

l 2 ^ + 

L2 C + 



3(6 


1.2.3 


= (1 + e'*Y m = (1 + cos 0 + i sin 0 } -lyz 

q>- 1/2/ rt nV l/2 


■( 


= [ 2 cos — 


O 2 0 - ^ 0 0 

2 cos — + i . 2 sin — cos - 
2 2 2 

\-UZ t 


-172 


Y 0 - . or („ er/ 0 - - 0^ 

[ c ° s - + (sm -J = ^2 cos -J [^cos - -1 sin -J - 

Equating real parts, we have C = (2 cos 0/2 ) _1/2 cos 0/4. 
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19.15 


APPROXIMATIONS AND LIMITS 


Example 19-48- Jf — 77 — = - 7777 , find an approximate value of 8 in radians , 


Solution. Since 
We know that 


e goo 

sin 0 


e 


= 1 - 


600 


which is nearly equal to 1. 


0 must be very small. 


. „ „ e 3 e 5 

sin 0 = 8“ + *•* 

sin e , e a e 4 

-V - = 1 - — + —7 

0 6 5 ! 

Omitting 0 4 and higher powers, we have 


sin 0 


= 1 -T =1 -650 ° r 6 2 = Hence 0 = 0.1 radians. 


or 


Example 19.49. Solve appraximately sin ^ + - 0.5L 


Solution- Since 0.51 is nearly equal to 1 / 2 , which is the value of sin jt/ 6 , so 0 must be very small 


sin f — H- 0 | = sin - cos 0 + cos — sin 0 = — 

U J 6 6 2 




V3 


-s- 


1 v /3 

= -^ + 0 , omitting G 2 and higher powers of 6 . 

z z 


Hence the given equation becomes. 


1 0 = 0,51 or 0 = —t- 

2 2 50/3 

| f*} 

0 = -—-= radian = —— x 57.29 degrees nearly - 39.7'. 
50>/3 150 61 


PROBLEMS 19.9 


1* Given * g how that 9 is 1*58' nearly. 

2 . if ^ * find an approximate value of B in radians, 

0 Zlbfci 

1681 

3. If ms 0 = 1 ^ int * 0 approximately, 

4. Solve approximately the equation cos J — + oj = 0.49. 


{Madras, 2003) 


19.16 


OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 19.10 


Chome the correct answer or fill up the blanks in each of the following problems; 

1. If x + iy = V2 + 3i, then x £ + y is 

(a) 7 (&)6 (c) 13 (d) VI + 3 

2 , The real part of (sin x +■ i cos jt) 6 is 

(a) W cos 5x <6) - sin 5* (c) sin (d) cob 5x. 
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3. 

4. 

5. 

6* 

7. 

8, 

10 . 


( 6 ) an irrational number 
(tf) an integer. 


The number U) : its 
(a) a purely imaginary number 
ft) a rational number 
The relation |3-z| + |3 + z(-5 represents 
fa) a circle ( b ) a parabola (e) an ellipse 

z is a complex number with | z | = 1 and arg ft) = 3 ie/ 4, The value ofz is 

(a) ( 1 +IV-J2 (b) i- 1 + iV& (cj (1 -ivJ2 

If fiz) ~ < >tL \ then the imaginary part of f(z) is 

(a) e? sin x (b ) e? cos y ft) e 2 * cos 2 y 

Expansion of sin m & cos” 0 is a series erf sines of multiples of 0 when m is 


{d) a hyperbola, 

(dl F- I - iVS - 
id) e* sin 2y. 


Expansion of cos 69 in terms of cos 0 is 
Ux - cos 0 + i sin 0 , then x* - 1/jr* *. 


9. If fU) - 3z t then the value of f(z) at z = 2 + 4i is .... 
11. Imaginary part of (2 + tS)/(3 - i4) is 


12. Real part of cosh (x + iy j is , 


13, If 


sin 0 2165 


, then 0 -.approximately. 


O 2166 

If tan x/2 - tanh y/2, then cos x coshy - ™»_« 16, Imaginary part of sin z is . 

Modulus of [Ji)^ ~_U. 

If sin a + sin p + sin y = 0 = cos a + cos p +- cos y t then cos 3a +■ cos 3(5 + cos By = 3 cob 

log {- 1) =... 19. (if is purely real or imaginary 

If sin 0 = tanh then tan 0 -.. 

Imaginary part of tan (0 + i§) - ... 

cos 5a - (..) cos 5 a + {.) cos 3 a + (.) cos a 

Cube roots of unity form .... triangle. 

If] z x + z 2 \ =s | r, - z 2 1 then amp (z x )- amp ft 2 ) is... 

If - 3 + Lxy and x 2 +y + 4r represent conjugate complex number then x - ... andv = .. . 


26. If 


z-a 


- k 11 t then the locus of 2 is . 


27, 

28. 

29. 

30. 

31. 

32. 

33. 


■z - 61 
(— iY* is purely real. 

The statements Re z > 0 and \z - 11 < \z + 1 1 are equivalent 
Hyperbolic functions are periodic, 
nth routs of unity form a G,F. 
sin ix ^ - 1 smh x . 


(True or False) 
{Mumbai, 2007) (True or False I 
(True or False) 
(True or False) 
{Mumbai, 2008) (True or False) 


If the sum and product of two complex numbers are real, then the two numbers must be either real or conjugate. 

(Mumba t 2008 ) {True or False ) 

The modulus of the sum of two complex numbers > to the sum of their moduli. (True or False) 




















Calculus of Complex Functions 


| 1. Introduction. 2. Limit and continuity of f(z). 3. Derivative of f{z) —Cauchy-Riemann equations. 4. Analytic | 
I functions. 5. Harmonic functions— Orthogonal system. 6. Applications to flow problems. 7. Geometrical i 
l representation of f{z). 8. Some standard transformations. 9. Conformal transformation. 10. Special conformal 
transformations. 11. Schwarz-Christoffel transformation. 12. Integration of complex functions. 13. Cauchy’s 
theorem. 14. Cauchy’s integral formula. 15. Morera’s theorem. Cauchy's inequality, Liouville’s theorem, 
Poisson’s integral formulae. 16. Series of complex terms—Taylor's series—Laurent’s series. 17. Zeros and 
I Singularities of an analytic function. 18. Residues. Residue theorem. 19. Calculation of residues—20. Evaluation ' 
I of real definite integrals. 21. Objective Type of Questions. 


20.1 


INTRODUCTION 


In the previous chapter, we have dealt with some elementary complex functions—the exponential, loga¬ 
rithmic, circular and hyperbolic functions, evaluated at specific complex values. These functions are useful in 
the study of fluid mechanics, thermodynamics and electric fields. It, therefore, seems desirable to study the 
calculus of such functions* 


20.2 


(i) 


LIMIT OF A COMPLEX FUNCTION 


A function w -f(z) is said to tend to limit t as 2 approaches a point z 0 , if for every real e, we can find a 
positive real 5 suck that 

| f(z)-t | < £ for [ z - z 0 | < 6 

Le. f for every 2 * z 0 in the 6—disc (dotted) ofz-plane, f(z) has a value lying in the e-disc of uj-plane (Fig. 20.1). In 
symbols, we write Lt f ( z ) = l - 

This definition of limit though similar to that in ordinary calculus, is quite different for in real calculus x 
approaches x {) only along the line whereas here z approaches z t) from any direction in the z-plane. 



V 
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(2) Continuity of f(z). A function w = f(z) is said to he continuous at z — z Qr if 

Lt f(z) = f(z 0 ). 

Z-* 2 q 

Further f(z) is said to be continuous in any region R of the z-plane, if it is continuous at every point of that 
region. 

Also if w - f(z ) - uixjy) + iv(x,y) is continuous at z — then u(je,y} and v(x t y) are also continuous atz = 2 0 , 
Lc., at x = x D andy -y [y Conversely if u(x,y) and v(x t y) arc continuous at (x 0 ,y 0 ), then f(z) wiU be continuous at 
z=* 0 , tcf. §-6.1 (3)]/ 


(1) DERIVATIVE Of f(z) 



Let iv = f (z) be a single-valued function of the variable 
2 - a' + iy. Then the derivative of w = f{z) is defined to be 

dw */,. v T . f(z + fe)~ fiz) 

—■— — f (z) ^ Lt ’ t 

dz &-40 02 

provided the limit exists and has the same value far all the differ¬ 
ent ways in which 6 z approaches zero . 

Suppose P(z) is fixed and Q(z + fie) is a neighbouring point 
fFig. 20.2), The point Q may approach P along any straight or 
curved path in the given region, i,e, 8? may tend to zero in any 
manner and dwidz may not exist. It, therefore, becomes a 
f u nd amental probl em to determi ne the necessa ry and s uITi d ent 
conditions for dwidz to exist. The fact is settled by the following 
theorem. 

(2) Theorem* The necessary and sufficient conditions for the derivative of the function w = u(x, y) + iv{x t y ) 
- f iz) to exist for all values of z in a region /?, are 

dit du dv dv .. - ,♦ r i 0 

0 ) ~=r~ , ore continuous functions afx and y m /t; 

ox dy ox dy 

du _ du da _ dv 

11 dx cfy' dy dx ' 

The relations (ii) are known as Cauchy-Riemnnn* equations or briefly C-R equations. 

(a) Condition is necessary. 

If fiz) possesses a unique derivative at P{z) y then 
f(z + 8z) - f(z) 


fXz) - Lt 


= Lt 

Sr-.O 
5 y —>0 


& 

|u(.v + 5.v, y + 5y> + UKx + Sr, y + 5y)| - ltd*, y) + iuU, y)| 
Sx + i‘5y 


Since 5 e can approach zero in any manner, we can first assume & to be wholly real and then wholly 
imaginary. When fi? is wholly real, then 5y = 0 and & = Sy. 


f u(x + &c, y) - u(x, y) . vix + 5.x, y) - u(x, y) 1 ] du ■ dv 

f lzl = Al-&s- +1 - b -J = s +1 s 


When S z is wholly imaginary, then 5r - 0 and 6 z = iSy. 

f’iz) Lt { uix * y + + i vix,y + Sy) - v(: 

6y_j 0 iSy i&y 

Now the existence of f'(z) requires the equality of (1) and (2). 


_ 1 du dv _ do ■ du 
i dy dy 8 y * dy 


„,(1) 


».( 2 ) 


* Named after Cauchy (p. 144) and the German mathematician Bernhard Riemann (1826—1866) who along with 
Weierstrass (p. 390) laid the foundations of complex analysis. Riemann introduced the concept of integration and made basic 
contributions to number theory and mathematical analysis. He developed the Riemannian geometry which formed the 
mathematical base for Einstein’s relativity theory. 
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■*.(3) 


du ■ dv _ di* v fla^ 
dx f dx dy * dy 

On equating the real and imaginary parts from both sides, we get 

du _ du du _ _ 3n 
dv 8 v * dy dx 

77nis t/ie necessary con d/f ions /or tAe existence of the derivative of f(z) is that the C-R equations should be 
satisfied. * (V.T.U., 2011S) 

ib) Condition is sufficient Suppose f(z) is a single-valued function possessing partial derivatives 

^ at each point of the region and the C-R equations (3) are satisfied, 
dv dy dx dy 

Then by Taylor’s t heorem for functions of two variables (p. 220) 
f(z + &) = u(x + bx r y + by) + iv(x + &c,y + by) 


du 5x + ^by |+... + * 




"<*. >'l * [ f‘: St + ^ Sy I +... 


du 1 - dv 
dy dy 


■ ] 6>' 


or 


I Omitting terms beyond the first powers affix and by\ 

^&)-rW=(^+i^ar + (^+ig)5y. 

Now using tho C-/? equation (3), replace ~ and by - -J- and — respectively. 

ay vy ax dv 


Then f(z + 8z) -f(z) = 


dtt 


r)v 


_dx +( dx 

du . du 
dx dx_ 


bx + 


dv ■ du 
dx 1 dv _ 


5y = 


du ■ du 
dx 1 dx 


bx + 


dv du 
1 dx dx 


fSy 


(bx + iby) = | 3^- + i 3^ 
dx dx 


bz 


rt f \ T f(* + 5 z) — f(z) du , % dv du * du 

/te)= Lt-—- = -~ + i-~ or 3- 

fc->u az ax ax dy dy 


which by (1) or (2) proves the sufficiency of conditions. 


20.4 


ANALYTIC FUNCTIONS 


A function f(z) which is single-valued and possesses a unique derivative with respect to z at all points of a 
region A\ is called an analytic function of z in that region. An analytic function is also called a regular function 
or an holomorphic function, 

A function which is analytic everywhere in the complex plane, is known as an entire fund ion. As deriva¬ 
tive of a polynomial exists at every point, a polynomial of any degree is an entire function. 

A point at which an analytic function ceases to possess a derivative is called a singular point of the 
function. 

Thus if a and v are real single*valued functions ofx and y such that baJbx y hulhy y bvfbx, bv/by are continu- 
cnis throughout a region R, then the Cauchyemann equations 


du 

dx 


dv i du 

= ¥ and ¥ = 


dv 

dx 


-( 1 ) 


are both necessary and sufficient conditions for the function f iz) - u + iv to be analytic in R. The derivative of 
f(z) is then, given by f 1) of p. 664 or (2) of*p, 665, 

The real and imaginary parts of an analytic function are called conjugate functions. The relation between 
two conjugate functions is given by C-R equation ( I). 


Example 20.1. If w — log z* find dwfdz and determine where w is non-analytic. 

(LLP. T. U. t 2005 ; JlN. T, U. t 2005 > 
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Solution. We have 


so that 


w - u + iv = log (x + iy) = ^ log (x 2 + y 2 } -f i tan 1 y/x 
u - | log (a 2 + y 2 ), u = tan -1 y/x. 


(By (2), p- 6651 


du 

d-x x 1 + y 


dv du 
2 dy ' dy 


2 2 
x + y 


dlJ 

tlx 


Since the Cauchy-Riemann equations are satisfied and the partial derivatives are continuous except at 
(G s 0 ). Hence to is analytic everywhere except atz - 0 . 


dw _du * dv _ 
dz dx 1 dx - 2 


■ +1 


-y 


x - iy 


x~ + y " x 2 + y % U + tyXJt- - iy) x + iy * 


1 = i(z*0). 


Obs. The dciinitiOD of the derivative of a function of complex variable is identical in form to that of the derivative of 
a function of real variable. Hence the rules of differentiation for complex functions are the same as those of real calculus. 
Thus if, a complex Function is once known to he analytic, it can he differentiated just in the ordinary way. 

Example 20.2. Iff (z) is an analytic function with constant modulus, show that f ( 2 ) is constant 

(LIP. TM. r 2008; Mumbai, 2005 S; Madras 2003 ; Bhopal, 2002 S) 


or 


or 


Solution. Iff ( 2 ) - u * iv is an analytic function, then 

[ f(z) | = V(u 2 +■ v 2 ) is constant = c (say) or u 2 + v 2 - c 1 
Differentiating (i) partially w.r.t. x and y, get 


Mi) 


du n dv 

+ .0 

OX OX 


.Mi) 


0 dw , 0 dv A 
2u — + 2v = 0 
dy dy 

+ =0 
dy dy 


du du dw du . ~ T , 

Since ; -=^ - - by C-R equations, 

/. (iii) becomes -u ~ + u ^ =0 
dr dr 

Squaring and adding (/i) and (tu), we obtain 


...(ut) 


-..((f) 


(u 2 + V *) 


isr-cr- - (in 


dvX 


Now 


= 0 or [ St | +[^| =0 tv m 2 + o 2 = C**0] 

da:. 




or f{z) - 0 . or f[z) - constant. 


...(id 


[By (o)j 


Example 20.3. Show that the function f &) = ■JJxy] is not analytic at. the origin even though C.R. 
equations are satisfied thereof. C4. M.I.E.T.E., 2005 S ; Osmania, 2003 ) 

Solution. Iff ( 2 ) = ,j\.\y\ = u (,v,y) + iv (x,y), then u<jc,y) = y[\ ay), v (x,y) = 0 
At the origin, we have 

du _ Lt «(x, 0) ~ u(0,0) _ Lt 0-0 _ 0 

dx x-*0 X X ~ i0 X 

du = Lt n(0, y ) - a(0, 0) = L( . 0-0 = Q 

dy jv-»o y i-»o y 

do = Ll u(x, 0) - o(0, 0) = Lt '0-0 _ 0 
dx *-»0 X X 
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dr _ Lt u( 0 , y) - vW, 0 ) j 0-0 _ q 

tty y-iO J y-4D J 

3u _ , th/ _ 5t.i 

Le» t C.R* equations are satisfied at the origin, 

f(0)= L t Ml u VMz5 
z-»o e -0 x + ty 


However 


= Lt 


J 1 mx 2 \ - 0 
x -To x(l + im ) 

>j\tn\ 


, when z —^ 0 along the liney = mx 


which is not unique. 

1 + tm 

f( 0) does not exist. Hence f [z) is not analytic at the origin. 


Example 20.4. /Voee that the function f iz ) defined by 

fiz) = - U + l g7tJ^Z l) iz % 0 ), fio) = 0 

X " + y 

is continuous and the Caitchy-Riemann equations ore satisfied at the origin, yet f f (0) does not exist ; 

(S.V+T,% 2009 ; V.T. IL, 2001) 


Solution. 


Lt fiz) = Lt x3 ° + l ] - V " (1 ° = Lt * ■ = Lt [- yd -1>] = 0 

z^G * 


y~* 0 


2 ( 2 
x + y 


, Ti je 3 a+*)-/a-t) Ti jc^a + o Ti W1 ft 

Lt / (*) = Lt -~—-= Lt -„— = Lt |x(l + I..)] - 0 




y^O y* 

r 3 ' 

X^O 


y —^ 0 


y-*u r" -4- xT Jc-iO r“ x—*0 

Also fiO) = 0 (given). 

Thus Lt f(z) -fi 01 when x —> 0 first and then y —> 0 and also vice-versa. Now let both x arid y tend to zero 

z—#0 

simultaneously along the path y - mx. Then 

x 3 (l + i) - y 3 (l -1) 


Hence 

Now 

Also 


and 


Lt f(z)= Lt 

z —»0 y—trnx 

x->0 


x 2 + y 2 


Lt + — - m ’-V^l ~ ^ x[l + i, - - t)J _ q 


r ^0 


(1 + m 2 )x 2 


x-*0 


1 + m 


Lt fiz ) = f (0), in whatever manner z —> 0. .'. fiz) is continuous at the origin. 
2—* 0 

x 3 - y 3 .* 3 + y :i v 

/ (z) = ■ 2 y + * ——— - u{x , y) + iute, y). 


2 . 2 
x 4- y 


2 . 2 

x + y 


u(0, 0) = 0, and u(0, Oj = 0 

u(x, 0) - ti(0, 0) 


[v rcoj=oi 


= Lt 

te'/o.o x ~ >0 

(il 


= Lt — = i 
*->o x 


~\ = Lt Lt ^=-1 

Oy )$ t Q V”»o y 


ill, - - Lt 


dx, 0 ) - 0 ) 


v^o y 


- Lt - = 1 

*-»Q X 


f|l - L, 

1 *Vd.o - v ^° 


Lt Llt0 - V) ^' t0 ’°4 Lt — = 1. 


y-*Q y 
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Hence at (0, 0), an( l = “ V" 

ox dy dy dx 

Thus the C-R equations are satisfied at the origin. 


But 


rm= i.t^> m 


f\z) „ 


- Lt 




2 2^0 z (a -2 + y 2 Hx + iv) 


If z —> 0 along the path y = mr, then /"'{()) = 


1 - m J + i( 14- m 3 ) 


(1 + m XI + itn) 

which assumes different values as m varies. So f f (z) is not unique at (0, 01 i.e, , /' J f0) does not exist. Thu sf(z) is 
not analytic at the origin even though it is continuous and satisfies the C-R equations thereat. 


Example 20.5. Show that polar form of Cauchy Riemann aquations are 

du _ 1 dr du _ i du 
dr r 30 1 <> r 80 ' 


Deduce that ^■* ■ - ~ + ~ ^ = °- 
3r 2 r Sr r 2 f ^ 2 


(U.P.T.U.. 2008 ; V.T.t/., 2006) 
(B/topa/, 2009 ; Kurukshetra, 2005) 


Solution. If {r, 0) be the coordinates of a point whose cartesian coordinates are ( x , y), then z — x + iy ~ re 10 . 
•V 1/ + in = f (z) = /Tre* 0 ) 

where u and v are now expressed in terms of r and 0. 

Differentiating it partially w.r.t, r and 0. we have 


and 


£ +i §=#***■* 

f+i§=n«“>, -“=»(!+« 


Equating real and imaginary parts, we get 

du _ _1 de , ^ 

dr r d0 

Differentiating (i) partially w.r.t, r, we get 

I do * X d 2 r 


d*u 

dr* 


r 2 dO r d0dr 


Differentiating (ii) partially w.r.t. 0, we have 


d^u 

W 2 


= — r 


d 2 e 

drdG 


Thus using (0, (if) and (in.) 


>-£) 


du 

dr 


_1_ d u 
r dO 


d 2 u 1 du 1 d 2 u 1 d v 

+ — - 1 -^-— -- 7T + 


r dr 


r 2 30 2 


r °~ 30 


1 3 2 t> lflfol if dM 
r dQdr rW 00/ r 2 t, ' 3r30j 


= 0 


a 2 [> 


303r rJr30 


-.(ii) 


...Uii) 


..Mo) 


3 a o 


(1) HARMONIC FUNCTIONS 


iff(z) = u + iv be an analytic function in some region of the 2-plane, then the Cauchy-Riemann equations 
are satisfied. 


t.e.. 


dx 2 

Adding (3) and (4) and assuming that 


...( 1 ) 


, du dv 

and — = - — 

dy dx 


du _ dv 
dx dy 

Differentiating (1) with respect to x and (2) with respect toy, we obtain 

d 2 « d 2 v j d 2 u d 2 v 

..AS) and ~~ — 


-.(2) 


and 


dy 2 3ydx' 


d*u d l v 


dxdy dvdx 


, we get 
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...(5) 


dx* dy 

Similarly, by differentiating (1) with respect toy and (2) with respect to x and subtracting, we obtain 

3 2 ii . d 2 v 


r>- + “p" = 0. 

dr 2 dy 2 


...( 6 ) 


Thus both the functions u and v satisfy the Laplace's equation in two variables. For this reason s they are 
known as harmonic functions and their theory is called potential theory. ( Rohtak ; 2005) 

(2) Orthogonal system. Consider the two families of curves 


u(x,y) = c 1 


U7) 


and 


v(x t y) “ c„ 


Differentiating (7), we get ~ ^ ~ - 0 

dx dy ax 


or 


dy du/dx dv/dy* 
dx du/dy dv/dx 


-( 8 ) 


IBy (1) and {2)1 


Similarly (8) gives - m 2 ( sa v) 

m x m 0 - - 1, i.e ,, (7) and (8) form an orthogonal system. 

Hence every analytic function flz) = u + iv defines two families of curves u(x f y) = c x and o(x, y) = which 
form an orthogonal system. (U.P. T. U* p 2009} 


APPLICATIONS TO FLOW PROBLEMS 


As the real and imaginary parts of an analytic function arc the solutions of the, Laplace's equation in two 
variables, the conjugate functions provide solutions to a number of field and flow problems. 

As an illustration, consider the irrotational motion of an incompressible fluid in two dimensions. 
Assuming the flow to be in planes parallel to the xy-plane, the velocity V of a fluid particle can be expressed as 

V = v x l + v y J ..,(1) 

Since the motion is irrotational, therefore, by § 6,18 11), there exist a scalar function $(x,y) such that 


v = v^, y) =|l + |j 


..-( 2 ) 


line s.] 


IThe function 0 (a‘, y) is called the velocity potential and the curves y) = e are known as equipotential 


Thus from (1} and (2), v r = ^ and v v = ^ 
' * ox y dy 


...(3) 




Also the fluid being incompressible div V = 0 Iby § 8.7 (1)] i.e., — + - - 0, 

Substituting the values of v and v from (3), we get —~ + —— = 0 

y dx dy 

which shows that the velocity potential is harmonic . It follows that there must exist a conjugate harmonic 
function y(x, y) such that w{z) - bLv, y) + n y) .«(4) 

is analytic. 

Also the slope at any point of the curve y(x,y) = c* is given by 

dy dyfdx #/3y 

~ ^—rr~ ■= ttk: [By C R equations! 

dx di| f/dy 0 §Idx 

= vjv x [By (3)1 


This shows that the velocity of the fluid particle is along the tangent to the curve \y(x f y) - c\ i.e. the 
particle moves along this curve. Such curves are known as stream lines and y(x t y) is called the stream function. 
Also the equipotential lines <j>(x,y) - c and the stream lines ij/0c,y) - c r cut orthogonally. 









BJalojujs of Complex Functions 
From (4), 


dw _ 30 ’ 3y _ 3$ - 30 
dz dx + 1 dx t)x 1 3y 


= v — tv 
x y 


[By C-R equations] 
I By (3)1 

a The magnitude of the fl uid velocity = V (t 1 ^ -hi 2 ) “ I dwfdz |. 

Thus the flow pattern is fully represented by the function w(z 1 which is known as the complex potential. 

Similarly the complex potential w(z) can he taken to represent any other type of 2-dimensional steady 
flow. In electrostatics and gravitational fields, the curves y) - c and yU t _y) = c are eqaipoteritml lines and 
lines of force. In heat flow problems, the curves 0Cr, y) - c and i|/fx*y) = c* are known as isothermals and heat flout 
lines respectively. 

Given 0(.v, y), we can find \g(x, y) and vice-versa. 

Example 20*6. If w ~ 0 + nj/i resp resents the complex potential for an electric field and \|f = x 2 -y ? + 


x* + y 


, determine the function 


(V, T. U.> 2011 ; Mumbai , 2008 : Bhopal p 2002 S) 


Solution, It is readily verified that \}/ satisfies the Laplace's equation. 
0 and \\f must satisfy the Cauchy-Riemann equations : 

30 = 3^ , 30 3\|j 

dx 3y 1 dy 3* 


.Mi) 


a by dX 


30 = 3 

dx 3y 


2 2 
X - V + 


V 

Integrating w.r.L x, we get = - 2xy + —~—- + q(y) where q(y) is an arbitrary function of y, 

x + y 

a («) gives - 2x + —-—: + r\'(y) = - 2x + X y 


.2 . 2 
x + y 


9,, 

(x* + V 2 f 


t^+y 2 ) 2 ■ " ' {x Uy l f 

whence i\\y ) = 0, i..e., q(y) = c, an arbitrary constant. 


Thus 


0 “ - 2_vy + 


,v 2 + y 2 


+ c 


Otherwise (Milne-Thomson's method*): 
We have 


dw _ 30 - 3y = d\\f _ 

t /z 3r * 3x 3_y 1 dx 


-2 y- 


2.ry 


(x 2 +y 2 ) 2 


+ f 


2x + 


2 

V 

, 2 ( 2,2 
(x +.y ) 


By Milne-Thomson’s method, we express dwfdz in terms of z, on replacing x by z and y by 0, 


dw 


dz 'I 2 * *2 

Integrating w.r.t. z, we get w - i (z 2 + l !z) + A where A is a complex constant. 


* Since z = x + iy and z = x — i.y, we have 


x - i (z + z ), 
f(z) - 0 (x v y) + zA|f(r,y) 
z + z z — z 




2i 


+ ;i|j 


2 -f- Z 2 - Z 


21 


«.(1) 


Mow considering this as a formal identity in the two independent variables z, z and putting z = z* we get 

fiz) - 0(z, 0) + 0) ,„(2J 

(2) is the same as (1 ), if we replace x by z andy by 0. 

Thus to express any function in terms of z* replace x by z and y by 0. This provides an elegant method of 
finding f (z) when Us real part or the imaginary part is given . ft is due to Milne- Thomson. 
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Hence 


i= R 


■ {*' * s 


+ A 


= - 2 xy + 


2 2 

x + y 


+ c. 


Example 20,7. Find the analytic, function, whose real part is sin 2xf (cosh 2y - cos 2x). 

(J,KT.a, 2005; Anna, 2003) 


Solution, Let f(z) - u + iu, where u - sin 2x/(cosh 2 y - cos 2x) 
r v du t * dv du * du 

f b)= S + 


[By G-R equations] 


(cosh 2y - cos 2x) 2 cos 2x - sin 2x (2 sin 2x) , sin 2x{- 2 sinh 2 y) 


(cosh 2y - cos 2x) 

2 cos 2x cosh 2y - 2 2 sin 2x sinh 2y 

+1 


(cosh 2y - cos 2x) 


(cosh 2y - cos 2x) J (cosh 2y - cos 2 xf 


By Miine-Thomson’s method, we express f*(z) in terms of z by putting x - z and y - 0. 


r(2)= 2cos2z-2 + . (0) = 


- 2 


- 2 


1 - cos 2z 2 sin“ £ 


- — cosoc 2 z 


(1 - cos 2zf 

Integrating w.r.t z , we get f(z) - eotz + ic 7 taking the constant of integration as imaginary since u does 
not contain anv constant. 


cmx -f sinx —.e 


: y 


Example 20,8. Determine ike analytic function f(z ) = it + ii\ if u - v '= K — and fin/2) = 0. 

tA.M LE T E 1 * 2005 ; Osmania, 2003) 


,-y 


Solution. We have a — v - 


cos x + sin x - e 
2 (cos x - cosh y ) 



c)f£ dn 


dx dx 

and 

du do 

or 

dy dy 

dv du 
dx dx 


2(cos x - cosh yf 


2(cos x - cosh y) 


2(cos x — cosh y) 

Subtracting (ii) from (i) f we get 

(sin x - cos x ) cosh y — (sin x + cos x) sinli y + 1 

0 c hi _ - e~ y (sin x + cos x - cosh y - sinh y) 

“ " 

Adding (£) and Hi), we have 


2 (cos x - cosh yf 


-9&L- 

dx 


Thus 


Since f(n/2) - 0, 


(sin x — cos x ) cosh y + (sin x + cos x) sinh y + 1 

+ f f } (- sin x + cos x - cosh y - sinh y) 
2 

2(cos x — cosh y) 

1 - cos z 


d\ di 2(1-cos 2 )“ 


-JGO 


...(ii) 


[Putting x - z and y ~ 0] 


1 


1 


2(1 -cos z) 4 sin 2 2/2 4 

0 = ™ i cot 71/4 + c ¥ whence r = 


1 2 Z Y 1 , * , 

= — cosec — or / (z) = — — cot — +■ c 




Hence 
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Example 20,9. Wind, the conjugate harmonic ofv(r . 0) = r 2 cos 28 - r cos 0 + 2. Show that v is harmonic . 

(Mumthwadu, 2008 ) 


Solution. Lot f(z) - u 4 - v. Using OR equations in polar coordinates (Ex. 20.5)* 

r “ - 2 r l sin 20 + r sin 0 

dr 00 

\ du dv OQ n 

r dB or 


-,(i) 

...(H) 


** U) gives. 
Integrating w.r/t, r 


^ = - 2 r sin 20 + sin 0 
dr 


u = - r 2 sin 20 + r sin 0 + <Jj( 0 ) 


du 

00 


From (ii) and (Hi), we get 


= — 2 r 2 cos 20 + r cos 0 + £(>'( 0 ) 


du 


where $( 0 ) is an arbitrary function, 

..Aui) 


- 2 r 2 cos 20 + r cos 0 = — = — 2 /' 2 cos 20 + r cos 0 + <j>'{ 0 ) 

d 0 

.% (J/( 0 ) - 0 or $( 0 ) ~ c 

Thus u = — r 2 sin 20 + r sin 0 + c is the conjugate harmonic of v. 

Now v will he harmonic if it satisfies the Laplace equation ^ + —r = 0 

dr 2 r dr r 2 a0 ^ 

From (z), = — in cos 26 + r cos 6 . From Ui), —^ - 2 cos 29 

36- dr 2 


dtv 1 dv I d v - 

- + — ^-h 


dr 2 r dr ' r 2 39 ^ 


Hence v is harmonic. 


2.*. 1 1 

= 2 cos 20 + — (2r cos 20 - cos 0) + — 5 - (- 4r 2 cos 20 + r cos 0) 


= 4 cos 20 — — cos 0 — 4 cos 20 + — cos 0 = 0 


Example 20,10. (a) Find the orthogonal trajectories of the pithily of curves 

x 4 + jr 6.x 2 y 2 = constant 

(h) Show that the curves r" = etsce ndand r Jl = Pcosec nBcui orthogonally. 

(Mumbai, 2005; 2003) 

Solution, (a) Take u(x,y) - x 4 + y 4 - 6 *^y 2 . Then the family of curves v(x,y) = constant will be the required 
trajectories if f{z) -u + iv is analytic. 

Now ^ = 4r 3 - 12 xy 2 , ^ = 4y 3 - 12v 2 y 

dr tfy 

3k 4 3 1 - 2 

dydx y 

Integrating, v = 4 x 3 y - 4 xy 3 + c(x) 

Differentiating partially w.r.t. a - 

10 ■> „ 3 , ddx) dv du 3 10 o 

12x*y-4y*-+ — = - = = -4^*12jry 


dcix) 

dx 


= 0 or c — constant 


Thus the required orthogonal trajectories are v — constant or A' 3 _y - Jtry 3 - constant, 
( 6 ) Writing u(r r 0 ) = r 11 cos n 0 = a and air, 0 ) = r n sin nd - p t 
we have u(r , 0 ) + iv(r\ 0 ) = a + ip = r n (cos + i sin n 0 ) = r* v . e in ® = (re *®) 11 = z n 
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This is an analytic function. 

Thus f(z) — u + gives the curves it = a and u — p 
which cut orthogonally. 

Example 20.11- Two concentric circular cylinders of radii r y r 2 (r 1 < r*) are kept at potentials ^ and 
respectively* Using complex function w = a lag z +e t prove that the capacitance per unit length of the capacitor 
fanned by them is 2nX/log lr 2 /r 1 ) where X is the dielectric constant of the medium. 

Solution. We have § + = a log (re* 6 ) + c where z =: x + iy = re 1 ® 

<j) = a log r + c, and \|/ = uB 
so that log F| + c, = a log r 2 + c 

Thus the potential difference = <|> 2 - 0 t = a (log r 2 - log r x ) 

r2jt _ f2it 


Also the total charge (or flux) = J"" dy = J * o d 0 = 27ra. 


The capacitance being the charge required to maintain a unit potential difference ; the capacitance 
without dielectric 


charge 


2 710 


2ti 


potential difference u(log r 2 - log r } ) logt^/^) 

A medium of dielectric constant X increases the potential difference to X times that in vacuum for the 
same charge. Thus the capacitance with dielectric = 2xX/log {rjrf). 


Example 20 . 1 2. If f(z) is a regular function of z, prove that 

v 2 \ 


'il + A 

a * 2 3r 


H*) r =4 | fXz) | 2 . 


or 


U? + v 2 = v), (say). 


V 2 | ftp) [ 2 = 4 | f'tz) | 2 

Solution. Let f(z) = u(x\ y) + iv(x,y ) so that | f (z) | 2 ~ 

3$ o 3w ~ 3u , 3 2 <fi ( 3 2 u ( 3u Y 2 3 2 u f do Y 2 

3k 3k 3k [ 3r 2 v 3 x) 3 v 2 v 3 k ) 

O- , 3 2 <f> 0 j 3 z u Jduf d z v f3of| 

Similarly, + + V + fej [ 


[J.N.T.U., 2006; Kottayam , 2005) 
lMadi'as t 200 $) 


Adding, we have 
d z t\) 


- 2< u 


| d 2 u . 3 2 u) . _.f 


)*•»*&)*#)*(« *® 


3 k" 3y [ l3x* 3 y*) 13** 3/ 

Since u , c have to satisfy Cauchy-Riemann equations and the Laplace’s equation. 

\2 /■, \2 /, \2 , , i ,2 -,2 



...(0 


SHSHtH-B 

ysi 


d u n _ d v a u 

"f’ rt v fl T O 

3y 2 3r- 3y 2 


j. -v 2 * 

Thus (i) takes the form —% + -—^ - 4 


dx* dy* 


Hence 


^2 \ 


dr" dy 2 


|/’(z)|" = 4 | / , '(z) | 2 or V 2 I fix) I 2 = 4 | f'tz) | 2 . 


f / 

,J to' 


l. 117 ( 2 ) 

T U 

along the curve y = itr 3 . 


yiy - rx)V(x 4 2 # 0 


PROBLEMS 20.1 


prove that |/*U) “/"f0)I/z -4 0 as ? ^ 0 along any radius vector bul not as > 0 
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Show that fa i f(z) - xy 4 iy is everywhere continuous hut is not analytic. 
(b)f(z) = z + 2 y is not analytic anywhere in the complex plane, 

Bu Bu 

3* If f\z) - u + iv is analytic, then show that | f * fa) | 2 


( Osmania, 2003 S) 
UN.7\U. t 2003) 


{Mumbai, 2007) 


Bx By 

By r)£ 

Bx By 

4. Find the constants a,b t e, d and e if f fa) = tfljx 4 + bx^y 2 4 cy 4 4 dx 2 - 2y 2 ) 4 i<4 ipy-—exyP 4 4xy) is analytic. 

(Mumbai, 2008) 

5. Show that s' 1 is analytic. Hence find its derivative. (V.T.U,, 2010 S) 

fi. Determine which of the following functions are analytic : 

(i) 2 xy ifa 2 - y 2 ) Ui) (x - iy )/fa 2 + y 2 ) Uii) cosh z . 

7. (a) Determine p such that the function f(z) = ^ log T fa 2 + y 2 ) + i Ian 1 (/wr/yVbe an analytic function. 

(Mumbai. 2007 ; J.NJPAL 2003) 

1 


( 6 > Show that u - — tog fa 2 4 _v 2 ) is harmonic and find its harmonic conjugate function, 


mjKTAJ* 2010) 

8 , Show that each of ihe following functions is not analytic at any point: 

(0 J (J.N.T.U., 2003) (U) | * | 2 . 

9* Show that u * iv - fa - iy)/(x - iy 4 a) where o * 0 , is not an analytic function of z = x + iy whereas u — iv Ls such a 
function. 

10 . Show that f fa) = 


UN.TM., 20031 
(U.RT.U., 2008) 

IRoktak, 2004) 


xy (jc + iy ) - <jT 4 y 1 ), z*Q 
0 

is not analytic at 2 == 0, although C-R equations are satisfied at the origin, 

u 

II* Verify if/"fa) 3 = — .?* H }-•, z *Q:f{0) -0 is analytic or not. 
x + y 

12 * Examine the nature of the function /’fa) = — t ——==—* z * 0 ; f(0) = 0 . 

x* 4 y 1 

13* For the function fiz) defined by fiz ) 2 - i z 0; / 101 = 0 , show that the C-R equations are satisfied at (O, 0 ), but 

f fa) is not differentiable at ( 0 , 0 ). (P.T.If*, 2010) 

14. Determine the analytic function whose real part is 

(i) jr 1 - 3xy 2 4 3x 2 - Sy 2 iBhapaL 2009) (fit) cos x cosh y 
(Hi) y/fa 2 4 y 2 ) (fa) y 4 e* ms y 

fa) e' T fa sin y - y cos y) 
l vi) e 2 * fa cos 2y ~y sin 2y) 

(vii) x sin x cosh y — y cos x sinh y 
fam) cMfa 2 —y 3 ) cosy - 2xy* sin yl. 

15. Find the regular function whose imaginary part is 

(i) (x — y Vfa* + y 2 \ (ft) — sin x si nh y 


(Rahtak, 2004) 
(S.V.TM., 2008 ; V.T. 17, 2006) 
( 1 VJ\Tlh , SOW?) 

(V.7U/. r 2008 S : Mumbai* 2005; Kottnyum, 2005i 

(VT.f. 2006\ 
(V.TM f 2010 $; Rahiak, 2005) 

( Ui ) e * sin y 

(fa) c * fa sin y — y cosy) faic * fa cos y+ y sin y) (f/.R7 T ,f/. l 2009) (vi) -— “ ‘ ‘ n A '^ n -— . (Mumbai, 2006) 

cpti 2x +cosh 2y 


16. Find the analytic function 2 = u 4 fa, if 
ft) n - v - fa — y) (r 2 4 4xy + y 2 ) 

cos x 4 sin x - e y * J _ 
(w) u ~ v m 4 - — 7 —— when / hr - 0 

2 sin 2x 


2008, V.TAJ.,2007; W.R.T.IM 2005) 
< Mumbai t 2007) 

(P.T.a, 2002) 


( ill ) TI 4 V = -77----— 

^ 2 cos 2 x 

17* An electrostatic field in Lhe xy-plane is given by the potential function b ~ 3a^y -y 3 , find the stream function. 
18* If the potential function is log fa 2 4 y 2 ), find the fiux function and the complex potential function. 

i9. Prove that u - x* - v 2 and u j= — ^ are harmonic functions of fa. v) but are not harmonic conjugates 

* + y“ 


(LIRTAL 2004 8) 
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20* Show that the function u e~^ y stn ix* — y 2 ) is harmonic Find the coi\jugate function u and express u + iv as an 
analytic function of \ t * (Bhopal, 2007) 

2L For w - exp te 2 )> find u and r\ and prove that the curves = c t and vfx t v) - c 2 where c } and r„ are constants cut 

orthogonally. * iJ.N.T.LL, 2003) 

22, Find the orthogonal trajectories of the family of curves 

(i) A : -y - XT'* - c (Mumbau 2007) (ii) e l cos y -xy - c (Mumbai, 2008) ini) r 2 cos 26 = c. 

23, In a two dimensional fluid flow, the stream function y is given, find the velocity potential : 

ft) y = -yKx 2 +y 2 ) fie) = tan 1 (y/x)* 

24, Find the analytic function fiz) = u + iv, given 

(i) u = d (1 + cos 01 (ii) v - (r - 1/rl sin 0, r ? 0. 

25- If f (zHs an analytic function of z, show that 


{^. , /t4 t } i +||- | /-ri j} = i r U'i i 2 . 

26. Jf fiz) is an analytic function al'z, prove thai 

a \ 

T log | f(z) | = 0 {Madras, 2000 S) 


(U.P.T. V., 2009 ; V, T.V . 2008 S ; P.T U.. 2005) 


ii) 1 

fil 

w 1 

{& 

tiii) 

fs 2 



CuJ 




& 




\Rfizif -2 | /*(?) |- 


S 2 ' 


\mf =p 2 \r ^\ 2 ia^I' 3 " 2 - 


\ Kerala, 2005) 


27, Prove that y = log |(.v— l) 2 + (y - 2^1 is harmonic in every region which does not include the point (1, 2). Find a 
function d such that <(t + i\y is an analytic function of the complex variable z ~x + ;>■, Express $ + i ^ as a function of z. 


20.7 


GEOMETRICAL REPRESENTATION Of w = f(z> 


To find the geometrical representation of a function of a complex variable, it requires a departure from the 
usual practice of cartesian plotting, where we associate a curve to a real function y - fix). 

In the complex domain, the function w ~ fiz) 

Le ,, u + iv =f(x + iy) **.(1) 

involves four real variables x\y, u, v. Hence a four dimensional region is required to plot (1) in the cartesian 
fashion. As it is not possible to have 4-dimensional graph papers, we make use of two complex planes, one for the 
variable z = x + iy, and the other for the variable w = u + iv. If the point z describes some curve C in the z-plane, 
the point w will move along a corresponding curve C f in the te-plane, since to each point (x,y), there corresponds 
a point (u y v) (Fig, 20,3). We then, say thai a curve C in the z-plane is mapped into the corresponding curve C f in 
the w-plane by the function w = fiz) which defines a mapping or transformation of thez-plane into the w-plane. 




Fig. 20.3 


20.8 


SOME STANDARD TRANSFORMATIONS 


(1) Translation, w = z + c, where c is a complex constant. 

If z — x + iy t c = c 1 + ic, 2 and w ~ u + iv, then the transformation becomes u + iv - x + iy + c 1 + ic 2 whence 
u = x + c i and v ~ y + c 2 , Le. the point PCt, y) in the z-plane is mapped onto the point P'ix + c v y 4- c 2 ) in the 
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zu-plane. Every point in thez-plane is mapped onto zc-plane in the same way. Thus if the tc-plane is superposed 
on thez-plane, figure is shifted through a distance given by the vectors. Accordingly, this transformation maps 
a figure in the z-plane into a figure in the w -plane of the same shape and size. 

In particular, this transformation changes circles into circles. 

(2) Magnification and rotation- w = cz, where c is a complex constant. 

If c = pe iU , z = re l9 and w = Re 1 ®, then 

Re 1 ® — pe m . = pr^ m + a) 

whence R = pr and 0 = 0 + o, i.e. the point P(r, 0) in the z-plane is mapped onto the 
point P' (pr, 0 + a) in the zr-piane. Hence the transformation consists of magnifi¬ 
cation (or contraction) of the radius vector of P by p = 1 c | and its rotation 
through an Za - amp { c). Accordingly any figure in the z-plane is transformed 
into a geometrically similar figure in the w -plane. In particular, this transforma¬ 
tion maps circles into circles. 

(3) Inversion and reflection, w = 1/z. 

Here it is convenient to think the zu-plane as superposed on z-plane (Fig. 20.4), 



X, U 


Ifz = re iB and w - R&K then Re 1 * - - e 

r 

whence R - Ur and 0 = - 0, Thus, If P be (r, 0) and P { be (1/r, 0), i.e. P } is the inverse* of P w,r.t the unit circle 
with centre O, then the reflection P f of P } in the real axis represents w - Uz , 

Hence this transformation is an inversion of z w.r.L the unit circle \ z \ - 1 followed hy reflection of the 
inverse info the real axis. 


Ohs. L Clearly the function w - Ih maps the interior of the unit circle | z \ - I onto the exterior of the unit circle 
1 w | ~ 1 and the exterior of | s \ - I onto the interior of | w | = L lit particular, the origin z - 0 corresponds to the 
improper point w - called the point at infinity and the image of the improper point z - is the origi n w - 0. 

2. This transformation maps a circle onto a circle or to a si might line if the former goes through the origin . 

/ u - iu 


To prove this, we write 2 = Vw as jc + iy = 


u + w 


+ c 


so that 


x = 


U l + V 


2 andy- 




Now the general equation of any circle in the c-plane is 

x 2 + y 1 + %gx + 2fy + c = 0 


..At) 


...( 2 ) 


which on substituting from (1), becomes 


<« 2 + «/¥ 




+ 2g 


2 2 
U + V 


+ 2 f 


- u 


ul +V 


+ c - 0 


or ctU 2 + ifi) + %gu - 2 fv +1 — 0 .»(S) 

This is the equation of a circle in the u?-plane. Tf c - 0, the circle (2) passes through the origin and its i mage, i.e*., (3) 
reduces to a straight line. Hence the result. 

Regarding a straight line as the limiting form of a circle with infinite radius, we conclude that the transformation 
w s 1/z always maps a circle into a circle . 

(4) Bilinear transformation- The transformation 

az+i > 

W = -—7 „.(1) 

cz + a 

where u,b,c and d are complex constants and ad — 6c & 0 is known as the bilinear transformation.** The 
condition ad - be ^ 0 ensures that dw/dz 10, Le., the transformation is conform ah If ad - be = 0 every point of the 
z-plane is a critical point , 

The inverse mapping of (1) is 

— d.w + b 


z — 


cw - a 


-X2) 


which is also a bilinear transformation. 


* The inverse of a point A w.r.t. a circle with centre O and radius k is defined as the point B on the line OA such that OA.OB 

= &*. 

First studied by Mobius (p, 337), Hence, sometimes called Mobius transformation 
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Obs. 1* F mm (1), we see that each point in the 2 -plane except z-- die , corresponds a unique point in the u^piane. 
Similarly* (3) shows that each point in the 10 -plane except w- a/c f maps into a unique point in the 2 -plane. Including the 
images of the two exceptional points as the infinite points in the two planes* it lb!lows that there is one to one correspon¬ 
dence between alt points, in the two planes . 

Obs. 2. Invariant points of bilinear transformation. If 2 maps into itself in theuz-ptane \Le. t w - 2 )* then ( II gives 

^ = oz -f b r^ 2 + id — a)z — b = 0 

C2 + d 

The roots of this equation (say : z p z.d are defined as the invariant or fixed points of the bilinear transform alum (/). 

If however! the two roots are equal* the bilinear transformation is said to be parabolic, 

Obs* 3. Dividing the numerator and denominator of the right side of CD by one of the four constants, i t is clear that 
(11 has only three essential arbitrary constants. Hence three conditions are required to determine a bilinear transforma¬ 
tion. For instance, three distinct points z v z 2 , z A can be mapped into any three specified points u v w ^ to 3 * 


Two important properties: 

/. A bilinear transformation maps circles into circles. 

By actual division, ( !) can be written as w = — + ^ c - . —““ 

c y z-c ate 

which is a combination of the transformations 

be-ad a 

w j = z 4- a /c, w, 2 = uw p w 3 — 2 w 21 w = ” + U)$ * 

c c 

By these transformations* we successively pass from 2-plane to w x -plane, from uy plane to uy plane, from 
uy plane to tag-plane and finally from uyplane to u;-plane. Now each of these transformations is one or other of 
the standard transformations w= z + c, w = cz, w = 1/z and under each of these a circle always maps onto a circle. 
Hence the bilinear transformation maps circles into circles. 

IL A bilinear transformation preserves %toss-ratio^ of four points. 

Let the points z v z 2 , z 3 , z 4 of the 2-plane map onto the points w v W 2 , uy w 4 of the tu-plane respectively 
under the bilinear transformation (11. If these points are finite* then from (1), we have 

dz: + b azu +b ad - be 

to, - Wr ~ — -7 -7 -7-777- —tt (Z: ~z k )> 

J *' cz + a ez f + d (czj + d)(cz k + d) J K 


Using this relation for j t k = 1, 2, 3, 4 t we get 


( w l - W 2 ){ U ) 3 “ W 4 ) <2 1 - Z 2 }( z 3 - z 4 ) 


( w x - w 4 )( w 3 - W 2 ) (z { - Z 4 )(z 3 - Z t ) 

Thus the cross-ratio of four points is invariant under bilinear transformation. 

This property is very useful in finding a bilinear transformation. If one of the points, say : z x 
quotient of those two differences which contain z v is replaced by 1 Le. t 


{ z 1 - z 2 )(z 3 - z 4 ) _ z 3 - z 4 
{ z 1 - z A ){z 3 -z 2 ) z 3 - z 2 * 


the 


Example 20.13. Find the bilinear transformation which maps the points z - f f - l onto the points w = i, 

0 ,-/' 

Hence find fa) the image of j z | < 1, {Mumbai, 2006 ; Delhi. 2002) 

( 6 ) the invariant points of this transformation. (U.P. TM. y 2008; V.T U. t 2000) 

Solution. Let the points z x = 1, z 2 = t p z 3 = —■ 1 and z 4 = z map onto the points Wj = i , - 0, tu :{ - — i and w 4 - w. 

Since the cross-ratio remains unchanged under a bilinear transformation. 

(1 - /)(- 1 — z) _ li - Q)(— i - w) w + i __(z + 1)(1 - i) 

(1 - z)(- ! - r 1 (/ - 0) ° r w — i (z-l)(l + i) 

n , . 2 w (z+lj{l- 0 + U-lHl + i) 

By component!« dnodendo, we get ^ = (, + 1 )U -O-U-DU t 0 


t Def. Ift v L 2f t :i J l hr any four numbers, then 


ttj -t 2 )(t 3 -t 4 ) 
(^1 - ^4Iffg ^ t 2 ) 


is said tube their cross-ratio and is denoted U X J V t 4 ). 
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1 + IZ 

W ~ 

1 - tz 

which is the required bilinear transformation. 

. 1 - w 

{a ) Rewriting (i) as z-i — 

1 + w 


Ui) 


i(l - w) 
1 + w 


= i* i <i 


or 


| i | j 1 — w | < | 1 * ta j 


or | ! — u -iv | < | 1 + ti + it; j [v | i [ = 1] 

or (1 - u) 2 + u 2 < (1 + u) 2 + v 2 which reduces to u > 0. 

Hence the interior of the circle jc 2 + y 2 = 1 in the z-pl fine is mapped onto the entire half of the w -plane to the 
right of the imaginary axis. j 

lb) To find the invariant points of the transformation, we put w - z in (i). 

i + iz 

z ^ ^ or iz 1 + (i - 1) z + 1 = 0 

1 - iz 


or 


1 - i ± -J[(i - 1) 2 — 4tl 

2 i 


which are the required invariant points. 


-|(1 + i± V(6()l 


i ~ z 

Example 20.14* Show that w = maps the real axis of z-plane into the circle \ w | = 1 and the half 

plane y > 0 into the interior of the unit circle j w | ss 1 in the w-plane. {Mumbai, 20071 

Solution. Since w - (i - z)/(i + 2 ), 

| w | = 1 becomes (i —z)l(i + z) J = 1 or | i —z \ = j i + z \ 

Le. y | i - x - iy ) 3 = | i + x + iy | or | -x + i(l —y) | = | x * i (1 + y) | 

Vfcr 3 + (1 — y) 2 - V(x 2 + (1 + y) 2 ] or (1 — y) 2 = (T + y) 2 
4y = 0 or y — 0 which is the real axis. 

Hence the real axis of the 2 -plane is mapped to the circle | w | = 1 
Now 7 for the interior of the circle | w | = 1 

| w | < 1 £.e., | i — z j < | i +2 j or (1 -y) a < ( 1 + y) 2 

A -4y<0 Le., y> 0 

Hence the half plane y > 0 is mapped into the interior of the circle | w | = 1. 


PROBLEMS 20.2 


1* Find the invariant points of the transformation w = (2 - l)Kz +1). {Madras, 2003} 

2. Find the transformation which maps the poin ts — 1, i, 1 of the z -plane onto 1 , i t -1 of Lhe rc-plane respectively. Also 

fi nd its in va ria n t points. (V.TVt/., 2011) 

3. Find the bilinear transformation which maps 1 1 i, - 3 to 2, r, - 2 respectively. Fi nd the fixed and critical points of the 

transformation. {S.V.TM*, 2008; Mumbai , 2007 ; V.T.ll, 2006) 

4. Determine the bilinear transformation that maps the points 1 - 2i, 2 + 1 , 2 + 3i respectively into 2 + 2i v 1 + 4, 

2003; Coimbatore. 1999) 

& Find the bilinear transformation which maps 

ft) the points z = 1, i, into the points w - 0, 1, ** (VV'F.f/., 2008 ; Mumbai t 2007) 

(it) the points z- Q t 1 ,1 into, the points 10 = 1 + i, - i t 2 - i (V.T.U .,, 2019 S) 

Uii) Rig) > Q into interior of unit circle so that 2 ^ ( t 0 map into w - - h — i f L 

0v Under the transformation w = Z + | , show Lhat, the map of the straight hne x -y is a circle arid find its centre and 
radiu s. f Mamth wada. 2008) 
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7, Show that the bilinear transformation w - (2z + ZViz - 4) maps the circle x 2 + y £ - 4a = 0 into the line 4u + 3 = 0. 

{Mumbai, 2007 ; JMTM, 2003 ; Bhopal, 2002 \ 

8, Show thru tile condition for transformation w = (tts + b)Hcz -»-</) to make the circle J w \ - 1 correspond to a straight 
tine in the z-plane is | a | = [ c |* 

ft* Show that the transformation ut = *(] — zV{ \ z) maps the circle | z | - 1 into the real axis of the fe-plane and the 
interior of the circle | 2 | < 1 into the upper half of the plane, (0$mama t 2003 S ; VI71CA* 2001 ) 


10* Ifz 0 is the upper half of thez-plane, show that the bilinear transformation w = e tU | J maps the* upper half of 
the 2 -plane into the interior of the unit circle at the origin in the a -plane* 

fll CONFORMAL TRANSFORMATION 

Suppose two cirrves C, C A in the z-plane intersect at the point P and the corresponding curves C' and C^ 
in the tu-plane intersect at P' (Fig. 20.5). If the angle of intersection of the curves at P is the same as the angle of 
intersection of the curves at P'in magnitude and sense, then the transformation is said to he conformal, 

(2) Theorem* The transformation effected by an 
analytic function w = f(z ) is conformal at every point of 
the 2 -plane where f'(z) / 0- 

Let Piz) he a point in the region R of the z-plane 
and P'( w) the corresponding point in the region R' of the 
tc-plane (Fig. 20-3), Suppose z moves on a curve C and w 
moves on the corresponding curve C'. Let Q(z + Sz) be a 
neighbouring point on C and Q'iw + 8te) be the corre- 

—y —^ 

spending point on C f so that PQ - S z and P'Q f — &iv. 

Then 5z is a complex number whose modulus r is the 
length PQ and amplitude 0 is the angle which PQ makes with the x-axis* 
a Sz - re* 0 

Similarly, if the modulus and amplitude of &w be r and then Stc = r'e l(t . 



Hence 


5m r m'-ei 
— e 


Now if the tangent at P to the curve C makes an Za with the x-axis and the tangent at P* to C' makes an 
Za r with the w-axis # then as 5z —► 0, 0 —* a and 0' —* a\ 

f(z) = = f Lt —1 . e tia '~ a,) 

dz \ rJ 

If p is the modulus and ([> the amplitude of the function f{z) which is supposed to be non-zero, then 

f'iz) = 

a from (1) and (2), we have p = n £_ 

r 

and $ = a' - cx* 

Now let C T be another curve through P in the 2 -plane and Cf the corresponding curve through P' in the 
a^ptane. If the tangent at P to C T makes an ZP with the x-axis and tangent at P* to Cf makes an Zp' with the 
u-axis, then as in (4), 

V = P' - P -»(5) 

Equating (4) and 15), ot' - ct = p' - p or p — a = P' —-a' - y (Fig. 20.5) 

Thus the angle between the curves before and after the mapping is preserved in magnitude and direction. 
Hence the mapping by the analytic function w = f(z) is conformal at each point where f'{z) ^ 0* 


-..( 1 ) 

...(2) 

-.-(3) 

—(4) 


Ob s, L A point at which f Xz ) = 0 is called a critical point of the transformation, 

Obs* 2* The relation (4), Le* f «"=a + iji shows that the tangent at P to the curve C is rotated through an Zifi .= amp 
tinder the given transformation, 

Obs. 3, The relation (3) shows that in the transformation, elements of arc passing through P in any direction are 
changed in the ratio p : 1, where p - | f'iz) \ , i.c. , an infinitesimal length in the z- plane is magnified by the factor \f'(z) | - 
Consequently the infinitesimal areas are magnified hy the factor \ f'iz) | 2 m u conformal transforiiiatmm 
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Lf w = f(z) is analytic then u and v must satisfy C-R equations. 


r(M) = 

kx,y) 


du 

dx 

du 

b 


du 

cix 

-b 

Bar 

dv 

dv 


h 

du 

dx 

b 


dx 

dx 


_ [ du Y { cftA 2 _ I dn\/ ' 9^ 

la*J LaJ \&* m 


- imii 1 2 


Hence in a conformal transformation, infinitesimal areas are magnified by the factor J\ I. 
Also the condition of a Conformal mapping is d | :12 — 


*0. 


Ol>K* 4* The angle presenting property of the conformal transformation has many important physical applications. 
For instance, consider the flow of an meonrpre&sibte fluid in a plane with velocity poten tial 0 lx t y) and stream function 
yfix t y)i We know that ^ and y are real and imaginary parts of some analytic function w - f (?). As $ = constant and ~ 
constant represent a system of orthogonal curves; these are transformed by the function w - f U) into a set of orthogonal 
lines in the te-plane and vice-versa. 

Thus, the conjugate functions 0 and q/ when subjected to conformal transformation remain conjugate functions, Le* t 
the solutions of Laplace*# equation remain solutions of the Laplace's equation after the transformation . This is the main 
reason for the great importance of the conformal transformation In applications. 


20.10 


SPECIAL CONFORMAL TRANSFORMATIONS 


(1) Transformation w = z 2 , 


We have 


u + iv ~ (x + iy) 2 - x 2 — y 2 + 2ixy. 



*\ u - x 2 - y 2 and u = 2ry .,.(1) 

If u is constant (say, a), then x 2 -y 2 = a which is a rectangular hyper¬ 
bola. Similarly, if u is constant (say, 6), then xy = 6/2 which also represents 
a rectangular hyperbola. 

Fence a pair of lines u = a t v = b parallel to the axes in the w-plane, 
map inh pair of orthogonal rectangular hyperbolae in the 2 -plane as shown 
in Fig. ".2.7 (p. 455). 

Again, if x is constant (say, c) f then y = v/2c and y 2 = c 2 - u. Elimina¬ 
tion of y from these equations gives v 2 = 4c 2 (c 2 - u) t which represents a 
parabola. Similarly, ify is a constant (say, d ), then elimination of x from the 
equations (1) gives u 2 = 4d 2 (d 2 + u ) which is also a parabola. 

Hence the pair ol lines x = c and y = d parallel to the axes in the 
2 -plane map into orthogonal parabolas in the m-plane as shown in Fig. 20.6. 

dw 

Also since ~ = 22 = 0 for z - 0, therefore, it is a critical point of the mapping. 

Taking z - re l% and w = Re ^ then in polar form w = z 2 becomes = rV 2 * 6 , 

This shows that upper half of the z-plane 0 < 0 < n transforms into the entire w-plane 0 < § < 2k. The. same 
is true of the lower half (P. T U. t 2003) 

Ob*. I, Taking the axes to represent two walls, a single quadrant could be used to represent Ouid Dow at n corner 
wad. This transformation can also represent the electrostatic field in the vicinity of a corner conductor. 

Ob*. 2. For the tansformntion w = z il , n being a positive integer, we have dw/dz = 0 at z = 0, 

Also Re* ^ (re*F = r'V ' 10 

R - r 11 and = rc0* when 0 < 8 < n/n , correspondingly 0 < < n. 

Hence u — z il gives a conformal mapping of the z-plane everywhere except at the origin and that is fans out a sector of 
z-plane of central angle nl n to cover the upper half of the w plane, 

(2) JoukowskVs transformation * w = z + Hz. 


Since -= 

dz 


dw (z + 1) )(z - 1) 


, the mapping is conformal except at the points z=landz = -l which corre¬ 


spond to the points w = 2 and w - - 2 of the u^-plane. 


* Named after the Russian mathematician Nikolai Jegorovich Joukowshi (1847-1921). 
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Changing to polar coordinates, 

w ~ u + iv = Kcos 6 + i sin 0J + --- 

rtcos 0 T- i sin 0) 

= ricos B -i- i sin 0) + — (cos 0 — i sin 0) 
r 

u = (r + 1/r) cos 0 and v - (r — 1/r) sin 0 

2 2 

Elimination of 0 gives -— -- + ——-- = 1 .,.(1) 

(r +1/ rf (r — l/r) 2 

2 2 

while the elimination of r gives _ u .. _ = 1 *,.(2) 

4 cos 2 0 4 sin 2 0 

From (1), it follows that the circles r - constant of z-plane transform into a family of ellipses of the te-plane 
(Fig. 20.7). These ellipses are confocal for (r + 1/r) 2 - (r - 1/r) 2 = 4, Le, t a constant. 

In particular, the unit circle (r = 1) in the 2 -plane flattens out to become the segment u = -2tou=2 of the 
real axis in u/-plane, Thus the exterior of the unit circle in the z-plane maps into the entire tw-plane. 

(A M.LE.TE., 2005 S) 




Fig. 20.7 

From (2), it is clear that the radial lines 0 = constant, of the z-plane transform into a family of hyperbolae 
which are also confocal ( Fig. 20.7}. 


Ohs. U v - | r - - ) sin 0 = 0 gives r ~± I or 0 = 0 t n , i.e. , this streamline consists of the unit circle r- 1 and the a - -axis 

t0 = 0 to G - ti\ For large z t the flow is nearly uniform and parallel to lhe.v-axis. This can be interpreted as a flow around 
a circular cylinder of unit radius having two stagnation point# at Aiz - 1) and Biz = - I)* (Fig. 20.8) 

(v dwfdz - 0 a t z - ± U 

Ohs. 2, This transformation is also used to map the exterior of the profile of an aeroplane wing on the exterior of a 
nearly circular region. These airfoils are known as Jankowski airfoils . 

(3) Transformation w - e z . 

Writing z - x + iy and w ~ pri*, we have = e x + iy - e* . e iy 
whence p = e* „.(1) and <])=>■ —(2) 

From (1), it is clear that the lines parallel toy-axis (x — const.) map 
into circles (p - const.) in the u/-plane, their radii being less than or 
greater than 1 according as jc is less than or greater than 0 (Fig. 20.9). 

(V.T,U r 2011) Fig. 20,8 

Similarly, it follows from (2) that the lines parallel to the x-axis (y - const.) map into the radial lines 
(<f) = const.) of the tu-plane. Thus any horizontal strip of height 2 th in the z-plane will cover once the entire 
(e-plane. 



* Stagnation points are those at which the fluid velocity is zero. 
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Fig- 20.9 



The rectangular region u } < x < a 2 , b 1 < y < b 2 in the 2 -plane (shown shaded) transforms into the region 
e “i < p <, e°-, foj < t}) < fej in the u’-piane bounded by circles and rays (shown shaded). 

(P. T. U.. 2005; Kerala, 2005 ) 

Ohs. This transformation can be used to obtain the circulation of a liquid around a cylindrical obstacle, the electro¬ 
static field due to a charged circular cylinder etc. 


(4) Transformation to = cosh z. 

We have u + iv - cosh (jc + iy) = cosh x cos y + i. sinh x sin y [By (2) (ii), p. 6621 

so that u = cosh x cos y v ~ s ' n h * s i n y- 

Elimination of x from these equations gives 


cos 2 y sin 2 y 

, ^ u 2 v 2 

while elimmation ot y gives -— 5 — + _ 2 — 

cosh x sinh z 

(1) shows that the lines parallel to x-axis ( Le.,y = const.) in the 2 -plane map into hyperbolae in the te-plane. 

(2) shows that the lines parallel to they-axis (i.e.,x - const.) in the 2 -plane map into ellipse in the ut-plane 
(Fig. 20.10). The rectangular region a v <x <tt 2 ,b l <y <b 2 in the 2 -plane (shown shaded) transforms into the 
shaded region in the w-plane bounded by the corresponding hyperbolae and ellipses. ( Kerala M. Tech., 2005) 


...U) 

...( 2 ) 


Obs. This transformation can be used. 

(i) to obtain the circulation of liquid around an elliptic cylinder, 

(if) to determine the electrostatic field due to a charged cylinder; 

(in) to determine the potential between two con focal elliptic (or hyperbolic) cylinders. 


Y. 

z-plane 

2m 

-1-!- T - 

■ t i 

i i i 

i I i 

1 i 1 

i i i 

I 1 i 

i 

-1-1-1- 1 

l t 1 

1 i i 

- 1 -1-1-- 

i i i 

1 l \ 

i L_E- 

1 i 1 

1 t 1 

O 

X 



Fig. 20.10 


Example 20.15. Show that under the transformation w = (z ~i)Hz + i), real axis in the z-plane is mapped 
into the circle | io| = 1. Which portion of the z-plane corresponds to the interior of the circle? {J.N.T. U., 2003 ) 
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Solution. We have 


M = 


_ \z~i\ _ |x + Hy-11 
\z + i\ Jac + i(y + l)| 


Z 4 l 

= 4{x 2 + (y- V) 2 \N\x 2 + (y + l} 2 ) 

Now the real axis in z- plane Le. , y = 0, transfonns into 

| | = V(x 2 + lyVlac 2 + 1) - 1* 

Hence the real axis in thez-plane is mapped into the circle | w | = 1. 

The interior of the circle, Le. , | w | <1, gives 

\x 2 4 {y - 4 (y 4 i) 2 ] < 1 Le.j — 4y < 0 ory > 0. 

Thus the upper half of the z-plane corresponds to the interior of the circle \ w\ = l. 


PROBLEMS 20.3 


L Determine the region of the H 1 -plane into which the following regions are mapped by the transformation w = z 2 : 

(i) first quadrant of 2 -plane (J.N.T.d, 2000 ) 

iii) region bounded by X =1, y = 1, x + y - 1 [KvtUiyam, 2005 ; V/F.t.L, 2000 St 

(iii) the region 1 < jc < 2 and t <y < 2 (Osmania, 2003; V.J'M., 2000) 

(to) circle ] 2 - 11 =^2. 

2. Find the transformation which maps the triangular region 0 ^ arg 2 < rt/3 into the unit circle w < 1. 

3. Discuss the transformation to - -Jz - Is it conformal at the origin? (Delhi, 2002 1 

4. Under the transformation w = Hz, find the image of 

(а) the circle \z - 2i \ -2 {Bhopal, 2009 ; Kerala M.Tech., 2005) 

(б) the straight liney - x + I = 0 (P,T,tlL 2007) 

(c) the hyperbola x 2 - y 2 m 1. (MumbaL 2005 ; J.N.T V2005) 

5. Show that under the transformation w - l/z t (a) circle x z 4- y* - % = 0 is transformed into a straight line in the 
ie-plane. 

(tri the circle (x - 3) 2 + y 2 = 2 is transformed into a circle with centre (3/7* 0) and radius V2/17. { Mumbai , 2007} 

6. Show that the transformation w - 1/2 transforms all circles and straight lines into the circles and straight lines in 

the u;-plane. Which circles in the 2 -plane become straight lines in the u'-plane, and which straight lines are 
transformed into other sbaight lines ? (Anna , 2003) 

7. Show that the transformation w = 2 + l/r converts the straight line arg z = a (| a | < a/2) into a branch of hyperbola 

of eccentricity sec a. (MumbaL 2005 S ) 


8. Show that the transformation w = 2 + (a 2 - b 2 )/4z transforms the circle of radius - (o 4 b\ centre at the origin, in the 
2 -ptane into ellipse of semi-axes a t b in the w -plane. 

Show that the transformation tv = z + a 2 /z transforms circles with origin at the cent're in the 2 -plane into co-axial 
concentric, confocal ellipses in the to-plane, (Kurukshetra, 2005 ; J.N.T.U. , 2005} 

10. Show that the function w = Aiz + a 2 /z) may be used to represent the flow of a perfect incompressible fluid past a 
circular cylinder. Also find the stagnation points. 

11. Show that by the relation u 4 iv = cos (x + iy), the infinite strip bounded by x = c t x = J, where v and d lie between 0 
and n/2, is mapped into the region between the two brandies of the hyperbola lying in u > 0, iOsmanicn 2002) 

12. Prove that the transformation w ~ sin 2 , maps the families oHines x = constant and y = constant into two families 

of confocal central conics. (J.N.TM,, 2003} 

13. Discuss the transformation w - and show that it transforms the region between the real azis and a line parallel 
to real axis at 3 ? = n , into the upper half of the u?-plane, 

14. Discuss fully the transformation w - r; cosh 2 , where c is a real number. What physical problem can we study with 
the help of this transformation ? 


20.11 


SCHWARZ-CHR1STOFFEL TRANSFORMATION 


This transformation maps the interior of a polygon of the w-plane into the upper half of the 2 -plane and the 
boundary of the polygon into the real axis. The formula of this transformation is 
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dw 

dz 


*1 


-l 


&2 


-i 




= A(z-x l )" (z-^) 71 ... ( 2 -*„) * 


...( 1 ) 


gl _ I ^2 _ J ^i] _ | 

or w = A j’U-*i) n (z-x 2 )* ... (z ~x n )* dz + B ...(2) 

where a v ct^ are the interior angles of the polygon having vertices w v w 2 , w n which map into the points 
x v x 2 , x n on the real-axis of the 2-plane (Fig. 20.11). Also A and B are complex constants which determines the 
size and position of the polygon. 

Proof. We have from (1), 




amp 




amp (z- x x ) + - 

(H 


,... -f 


— - 1 | amp {z - x 2 ) 

amp (z -r ) 


jm 


As z moves along the real axis from the left towards x p suppose that w moves along the side of the polygon 

towards w v As z crosses x j from left to right, 0 1 - amp iz — x t ) changes from it to 0 while all other terms of (3) remain 

unaffected. Hence only J — — lj amp (z - xf) decreases by — lj n ~ ” Ki increases by 

jt - Oj in the anti-dockwise direction. In other words, amp ( dwldz) increases by n — a t . Thus the direction ofu'j turns through 
the angle ji - a 1 and tc now T moves along the side of the polygon. 

Similarly when z passes through x 2 , B t = amp (z — xj and 0 2 = amp iz - x 2 ) change from n to 0 while all other terms 
remain unchanged. Hence the side turns through the angle a - ct 2 . Proceeding in this way, we see that as z moves along 
x-axis, w traces the polygon w 2 tc 3 w n and conversely. 

Example 20*16. Find the transformation which maps the semi-infinite strip in the w-plane (Fig. 20.12) 
into the upper half of the z-plane (VLT.l/., M.E . 2006; Osmania, 2003} 


Vi 


n 

IT 


3 . 


C D 

w-plane 


u 


A 

Fig. 20.12 


Yi 




b* B a D' 

z-plane 


Solution. Consider ABCD as the limiting ease of a triangle with two vertices B and C and the third vertex 
A or D at infinity. Let the vertices B and C map into the points B f {— 1 )and C' (1) of the 2 -plane, Since the interior 
angles at B and C are n/2, we have by the Schwarz-ChristofM transformation, 


rc /2 


^* = A(Z+1) 11 (Z“ 1) n 

dz 


ni 2 _ j 


= A/\ r (z 2 -1) 
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When 

When z - — 1, w = ib. 



dz 

VU 2 -1) 


+ B - A cosh 1 z + B 


z - 1, w - 0. *•* 0 - A cosh -1 (1) + B f Le. t B - 0* 

*"* ib = A cosh -1 (-1) + 0, Le ,, cosh tib/A) = - 1 


or 


Hence 


cos — = - 1 = cos it. Thus A = —. 

A K 

w = “ cosh -1 z or z — cosh — * 
n b 


PROBLEMS 20.4 


1. Find the transformation which maps the semi-infinite strip of width n bounded by the lines u - 0 t v = n and a - 0 into 
the upper half of the z plane. 

2. Show how you will use Schwarz-Christoffcl transformation to map the semi-infinite strip enclosed by the real axis 
and the lines u 4± 1 of the «'-plane into the upper half of the z-plane. 

3- Find the mapping function which maps semi-infinite strip in the ^-plane -n/2<x< it/2.y > 0 little half re-plane for 
which v > 0* such that the points (—ic/2, 0), (n/2* 0) In the it-plane are mapped into the points (-<1, 01 x C 1,0) respectively 
in to-plane. 

4. Find the transforms lion which will map the interior of the infinite strip bounded by the lines v - fl f v = n onto the 
upper half of the £-plane. 


20.12 


COMPLEX INTEGRATION 


We have already discussed the concept of the line integral as applied to vector fields in 
§8.11. Now we shall consider the line integral of a complex function. 

Consider a continuous function/ 1 (z) of the complex variable z = x + iy defined at all points of 
a curve C having end points A and B . Divide C into n parts at the points 

A = P 0 (z 0 ),P 1 (z i ) . Pfa),... P n (z n ) = B. 

n 

Let &z t = z t - z i _ t and be any point on the arc P l 2 P. The limit of the sum ^ f[Q ) as 

i- l 

n —¥ oo in suck a way that the length of the chord 6z- approaches zero, is called the line integral of 
f fz) taken along the path C t Le 

j c ne dz. 

Writing f{z) - u{x, y) + iv(x t y ) and noting that dz - dx + idy^ 

\ c f(z) dz = j^iudx - vdy) + i (vdx + udy) 



Fig. 20.13 


which shows that the evaluation of the line integral of a complex function can be reduced to the evaluation of two 
line Integrals of real functions. 


Ohs. The value of the integral is independent of the path of integration when the integrand is analytic. 


Example 20.17. Prove that 

(i) f — - 2m. 

(it) J" (z - a) n dz = 0 [n, any integer it- i] 


z - a 


where C is the circle J z - a ] = r. 


i.U.P.T.U., 2003) 


Solution. The parametric equation of C is z - a - re 10 , where 0 varies from 0 to 2k as z describes C once in 
the positive (anti-clockwise) sense. (Fig. 20.14) 


( i) 


t dz rX 

lc z - a Jo 


2k 1 


re 


. ire 


dQ 


1 v dz = ire 10 c?0l 
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(ii) j> -af dz= J o V"e ' 1 ' 0 . ire s di) 

i + i <- 2n 


= ir" 


TC+ 1 


f 

Jo 

[e 2ln 


Sn+im 


n +1 


G?0 = 


n +1 


e in + i)fr ( Z * t provided n * - 1 

lo 

[. - g2<n + ilju _ j ] 


r n ± I 

r r *>f n *. iw 


-1] = o 



2002) 


fZ+J - 

Example 20.18. Evaluate (z) dz, along (i) the line v = x/2, {Bhopal, 2007 ; U.P.T.U., 

Hi) the real axis to 2 and then vertically to 2 + L (S.V.T. CA, 2009 ; P.T.U2008 S; Mumbai# 2006) 

Solution, (£) Along the line OA, x = 2y, z - (2 + i)y, z = (2 — i)y and dz = (2 + 0 dy (Fig. 20,15) 

/ = f 2 + '(z) 2 d 2 = [ l (2-/) a /.t2 + y)dv 

Jo Jo 


= 5(2 - i) 


= f (2-i) 

0 o 


(it) 


/ " f (z) 2 tfe+ f (z) 2 dz . 
Job Jfi/i 


Now along OB, z = x, z = x, dz = dx ; 
and along BA, z - 2 + iy, z = 2 - fy, dz - idy 



/= f x 2 dx + f(2 - ry) £ . idy = - A ~ + f f 4y + (4 ~y z )i Idy 

Jo Jo 3 lo Jo 

-fM (i4+iia 


| + 4.i + |4.1 
3 2 


Example 20.19. Evaluate j\(r 2 + 3z + 2) (I 2 where C is the. arc of the cycloid x = a (0 + sin 0), y = a (1 - 


vas 0) between the points (0, 0) and (na, 2ai 

Solution. f{z) - z 2 + 3c + 2 is analytic in the z-plane being a 
polynomial. As such, the line integral of f{z) between O and A Ls 
independent of the path (Fig. 20.16)+ We therefore, take the path from O 
to L and L to A so that 


(Rohtak, 2004) 


j c f(z)dz= \ QL f(.z)dzy \ LA f(z)dz 
J f(z) dz = J* (x 2 + 3*x 4- 2) dx 


.ti) 


[ v along QL t y = 0, x = 0 at O, x = wa at L 

fin 

= ™<2ji 2 a 2 + 9)io + 12) 

6 



x 3 3* 2 0 

+ +2x 

3 2 


...{ ii ) 


and 


J flz) dz = } 2 “[(na + iy) 2 + 3 (m + iy) + 2) idy 


= L 


[ v along LA, x = na, z = na + iy, dz = idy and y varies from 0 (at L) to 2a (at A) 
(jcg + iyf (na + iyt 


■ + 3 ■ 


3i 2/ 

substituting from (ii) and (m) in (t), we get 


+ 2 y 


a 3 , „. << 3a 2 


= — (jr + 2t) 3 + (rt + 2 i) 2 + 4io 
3 2 


...(Hi) 


3 3a 2 


f f(z) dz = — (2n 2 a 2 + 9rta + 12) + — {jt + 2/) 3 + ( n + 2 if- + 4ia 
Jc 6 3 9 
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PROBLEMS 20.5 


1. Evaluate J* *' (x* - iy)dz along the paths (a)y = x and \b)y = x 2 . (U.P,T.U., 2010} 

2. Evaluate J (2 jt f iy + 1) dz t along the two paths: (U.P 7 1 . U. f 2010) 

ti ) x = ( + l.y - 2 l z - 1 (ii) the straight line joining 1 - 1 and 2 + i. {UP.T.lf^ 200B) 

3. Evaluate T *' (z* + z) dz along the line joining the points (1, — 1) and (2* 3). (V*7l tA # 2004) 

4. Show that for every path between the limits. J ~ (2 + z f dz = - 1 / 3 . (Delhi. 2002} 

5. Show that % l? + 11 dz 0 t where C is the boundary of the square whose vertices ere at the points z - 0, 2 = I, 

z = 1+ r and z m L (Rahlak* 2006) 

6* Evaluate s | dz, where C is the contour 

ii) straight line from z ^ — i U> z ^ 

(ii \ lefl half of the unit circle |z| - 1 from z a - i to z * i\ 

(u/# circle given by \z + 11 & I described in the clockwise sense. 

7, Find the value of JjJ \x - y + ix 2 ) dz 

t!) along the straight line from z = 0 tax ^ l + t 

Hi) along real axis from z = 0 to z - l and (hen along a line parallel to the imaginary 7 axis from z = X to z = 1 + i. 

(UP.TM* 2003) 

8, Prove that \dzf z - — m or tu» according m C is the semi-circular arc \z\ = I above or below the real axis. 

(Rahtak* 2005} 

9, Evaluate J te - dz f where C is the upper half of the circle |*| - 1. 

What is the value of this integral if V is the lower half of the above circle ? 


20.13 


CAUCHY'S THEOREM 


If f(z) is an analytic function and f r (z) is continuous at each point Within and on a closed curve C, then % 

c 

f(z) dz = 0, 

Writing f(z) - u(x,y)+ iv(x,y) and noting that dz = dx + idy 

% f (z)dz = %{udx - vdy) = i % (vdx + udy) ...(1) 

c c c 


Since f*(z) is continuous, therefore, are also continuous in the region D enclosed by C. 

dx dy dx dy 


Hence the Green's theorem (p. 376) can be applied to (1), giving 


% f(z)dz = - JF 


dn dv 
dx d)’ 


tixdy + i \\ D 


du do 
dx dy 


dxdy 


-»( 2 ) 


Now f (z) being analytic, u and v necessarily satisfy the Cauchy-Riemann equations and thus the inte^ 
grands of the two double integrals in (2) vanish identically. 


Hence f(z)dz = 0. 


f)bs, 1. The Cauchy-Riemann equations are precisely the conditions for the two real integrals in (1) to be indepen¬ 
dent of the path. Hence the line integral of a function f(z) which is analytic in the region D, is independent of the path 
joining any two points of D. 

Ob*. 2, Extension of Cauchy's theorem. If f(z) is analy tic in the region D between two simple dosed curves C and 

Cj, ihfn I' | f(z)dz , 

C C, 
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To prove this, we need to introduce the cross-cut AB< Then ^f(z}dz = 0 where the path is as indicated by arrows in 
Fig. 20.17, Le., along AB—along C 1 in clockwise sense and along BA —along C in anti-clockwise sense. 


Le. t 



fig. 20.17 (g) 


Fig. 20 . 17 { b ] 


\ A JU)dz + J f . f(z)dz + l^fizklz + j c f(z)d.z = 0 
But, since the integrals along AB and along BA cancel, it follows that 
^f(z)dz + f(z)dz = 0 

Reversing the direction of the integral around C t and transposing, we get 

[ f(z)dz 4 [ f(z)dz each integration being taken in the anti-clockwise sense. 

JC JCj 

If C lt C 2 , C 3 *... be. any number of closed curves within C (Fig. 20.17(h)\ then 
£ f(z)dz ~ <j> f(z)dz + f(z)dz + <jl f(z)dz + ... 


20.14 


CAUCHY'S INTEGRAL FORMULA 


Iff (z) is analytic within and on a closed curve and if a is any point within C, then 

/to) i 

2m J z — a 

c 

Consider the function f (z)f(z - a) which is analytic at all points within C except at z = a. With the point a 
as centre and radius r, draw a small circle C Y lying entirely within C. 

Now f(z)I(z “ o) being analytic in the region enclosed by C and C v we have by Cauchy’s theorem, 
f( z ) f f( z ) f [For any point on C| t 

z 


z - a - re L% and dz — ire 1 ® d$ 


| ^-dz^id^- dz 

J z —a J 2 — a 

C Ci 

= j f — + 1 . ire' 8 dQ=ijf(a + re m )dQ ...(1) 

c re c, 

In the limiting form, as the circle C’, shrinks to the point a, i.e., as r —> 0, the integral (X) will approach to 

2 * <■ r f{z) 


i.e, 


| f(a)d% = if (a) J c/0 = 2nif(a) <^f(z)dz. Thus ji Z dz = 2 itif (a) 
c ° c Z a 

f(a)= dz 

2m J 2 - a 


which is the desired Cauchy's integral formula. 
Cor, Differentiating both sides of (2) w.r.t. a. 


2m J 


2 m J da 

c 


f(z) 


dz 


2m J (z-a 


z —a 

2TCI j (z -af J, 


dz 


{z-aY 


-.( 2 ) 

(V.T.U., 2011 S ) 

...(3) 

...(4) 


Similarly, 
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and in general, 


/■"(b) = — f m nil dz, 
2jri i (2 -a)” 1 


...C5> 


Thus it follows from the results (2) to (5) that if a function f (z } is known to he analytic on the simple dosed curve C 
then the values of the function and all Us derivatives can be found at any point of C. Incidently, we have established a 
remarkable fact that an analytic function possesses derivatives of all orders and these are themselves all 
analytic. 

2 - 

Example 20.20, Evaluate | 5—~ * + dx r where C is the circle 


tiJ |z| = 1, 


z -1 


m) \z \ = -. 


(S.V.T.U., 2007) 


Solution, (i) Here f {z) = z 2 -z + 1 and a = 1. 

Since f{z) is analytic within and on circle C : | ^ | =1 and a - 1 lies on C. 

.\ by Cauchy’s integral formula — f J - f(a) = 1 f Z Z + ^ dz = 2 ni. 

2 Ki^z-a Sc z -1 

(ii) In this case, a = 1 lies outside the circle C : |? | = 1/2, So (z 2 — z + 1 )t{z - 1) is analytic everywhere within C. 

2 j 

a by Cauchy’s theorem J --- dz — 0. 


} C z -1 

Example 20.21. Evaluate, using Cauchy's integral formula: 


•2 S 

sin nz + cos Jtz" 


dz where C is the circle \z\ ~ 3 


m & _ w 

l fz — 1) fz - 2) 

Hi) <£ <L ' ^ dz around a rectangle with vertices 2 ± t, - 2 ± 1 
C z“ ~1 

r €?* 

(Hi) f —- dz where C is the circle f ^ f = 3 . 

J z +1 


(KREtt, 2010 ) 


( U.PT.a , 2009) 


Solution. (/) f{z) - sin nz 2 + cos nz 2 is analytic within the circle | z ) = 3 and the two singular points 2-1 
and z = 2 lie inside this circle. 


• i ^ 


f{z)dz 


c (2 - IX 2 - 2) c 


■# 


| (sin nz 2 + cos je? 2 ) = ( —-- - 

l U-2 z-1 

(sin it? 2 + cos it? 2 ) 


dz — 




(sin it? 2 + cos 7 t? 2 ) 
z-1 


t/? 


„ z-2 

c c 

= 2 ni [sin tc( 2> £ + cos 7t(2) 2 ] - 2itt[sin it(l) 2 + cos nil) 2 ] 

IBy Cauchy’s integral formula] 

= 2m (0 + 1 ) - 2m (0 - 1 ) = Am 

{ii)f(z) - cos 7i? is analytic in the region bounded by the given rectangle and the two singular points z - \ 
and z - - X lie inside this rectangle. (Fig. 20.18) 


f cos nz , 3 r f 1 1 ] 

q> —^ dz = — -cos it? dz 

l* 2 - 1 2 JU-i *+d 

1 f cos it? , r cos Ji? . 

= — <p -- dz — ®-- dz 

2 J z -1 J ? + l 


= “ \2ni cos it (1)) - “ !2?ci cos it (- 1)) = 0, 

[By Cauchy’s integral formula] 


-2 + i 

Yi 


2 + E 




-2 

-1 O 

1 

2 

- 2 - 

- i 

- f 

2-7 


X 


Fig. 20 . 1 s 




























Calculus of Complex Functions 


699 


(Hi) f iz) = e iz is analytic within the circle \z\ = 3. 

The singular points are given by z 2 + 1 = 0 Le ,, z - i and z = - i which lie within this circle. 

I f dz^i— (—^-— \e u dz=~ j<f dz-<f ——dz 1 

J z 2 4 1 J 2 i ^ z —i z + i j 2 m J z — i J z + i i 


= — \2nle t{l) - 
2 i 


IBy Cauchy’s integral formulal 


- 2 id 


. (e* -e^) 


( 2i J 


— 2ni sin t. 


Example 20 . 22 . Evaluate 

. 2 

(i) | ——— dz, where C is the circle I z I = 1 
l (z~n/6) 3 


(it) <f> —-—7 dz, where C is the circle I z | = 3 
* (z + i) 

f e* 

OU) <| -—“ dz, where C is \z\ = 4> 

i §T + k~ r 


{RohtaK 2005) 
tU.RT.U, 2008) 
(U,P> T. U. f 2008; JM T. 2000) 


Solution, (i) f (z) ~ sin 2 z is analytic inside the circle C: \z\ =1 and the point a - ji/ 6 f= 0.5 approx.) lies 
within C. 

2 ! r f(z) 


2! r i 

by Cauchy’s integral formula ["(a) ~ ^ (b —— 1 — dz % 

2m J (z- ar 


we get 


* 


sin 2 z 
(z-n/Sf 


dz- m 


d 2 . 2 v 

-9 (SID Z) 

dz 2 


- ^ - rc /6 

= iri(2 cos 2z) z = n / G - 2 ki cos ji/3 = m. 

( ii ) f (z) ~ e 2 * is analytic within the circle C: jz | =3. Also z - - 1 lies inside C, 


we get 


/. By Cauchy’s integral formula: f m (a) = f 

2 m } c (z - af 

dV z ) 




e 2 * ‘2ni 

,, -r ax - • — 

c (z+l) 4 6 


dz 3 


z=-l 


m ’ mjil 8ia 2 

= Y |8e Ul= i' 


(t«) 


is not analytic at z = ± ra. 


U 2 + Jt 2 ) 2 (x + 7ii) 2 (x - ju) 2 
However both z = ±ni lie within the circle | z | = 4 

Now — 1 


A B C D 

+ -- +-- + ■ 


(z + mfiz - ni) 2 z + ni (z + jti) 2 z -ni (z - ni) 2 

where A = 7/2i v\ C = - 7/2it 3 i, B-D-- 1/4ji 2 


dz ■- 


ic U 2 +n 2 ) 2 2n a i 
7 


- f — -dz- f , 
' I z + ni Jc 


dzt — 


i J r .—-dz + [ 

^2 Jr m -\2 J 


z — ni J 47 ^ I ^ (z + ra) 


•dz 


2n 3 / 
7 


[ 2 m /■(- iti j - 2ni f (m)] - -—- \2ni f’i- ni) + 2ni f'(ni)] 


4n 2 


— -V (e~™ - e* )--C (e- ra +e"')=-^ 

7C 2 2 k Jt 2 

14/ . t i 

- —s- sin rt-cos jc = — - 



i fc m + ^ 

2 ( J 

n [ 2 J 


(z - ra) 

where f { z ) = a 2 . 

[§ 19.91 
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Example 20,23. Verify Cauchy's theorem by integrating c i: along the boundary of the triangle, with the 
vertictes at the points 1 + i, - 1 + i and - 1 - i. W.P.T.U., 2006) 

Solution. The boundary of the given triangle consists of three lines AB , BC, CA . (Fig. 29.19). 

^ e u dz = | d*dz + | e u dz + J e iZ dz 


ABC 


AB 

-l 


BC 


CA 


Now 


\e u dz= Je ,tx + i) ctc 
AB 




.. ix -1 


v Along AB : y = 1 
a z = x + i and dz-dx 

e -»-> e ‘-' 


-i 


| e' 7 dz = |e !( - 1 + 1, - v) idy 


BC 




= i Je l ~ y dy = i 




-1 


-1 


v Along JBC : x = - 1 
a z — - 1 + iy y dz = idy 



J J*dz^ le in + i)x a+i)dx 


CA 


Fig, 20.19 


v Along CA : y= *- 
a z - (1 + i , x, dz -(1 dx 


= (1 + i) 




i(l + i) 


Thus from (i) <j> efe = 




= 0 


ABC 


Also since fix) - e 12 is analytic everywhere, 
a by Cauchy’s theorem £ f(z) = 0 

Hence from ( ii ) and (iii), ^ Cauchy's theorem is verified , 


.Mi) 


,Mii) 


ABC 


Ex ample 20.24. IfFi Q = f J dz t where C is the ellipse (xf2)P + (y /3) 2 = 1 , Jfrui iAe vcr/i/e of (a) 

J 2 — C 


»-C 


M3.5); (fc)m F " (- I) and F*(- i). 


Solution, (a) 


Ft 3 


t\ f z + z + 1 


{BAppalj 2009; Maratktvada, 2008; Mumbai, 2006) 


dz 


Since £ = 3.5 is the only singular point of (4^ 2 + z + 5)/(z - 3.5) and it lies outside the ellipse C, therefore, 
(4z 2 + z + 5)/(z - 3.5) is analytic everywhere within C. 

Hence by Cauchy’s theorem. 


i 


4z + z + 5 
z -3.5 


dz = 0, i.e.,F(3.5) = 0. 


(6) Since f(z) = 4z 2 + z + 5 is analytic within C and (, = i,~ 1 and — i all lie within C, therefore, by Cauchy’s 
integral formula 


i f m 
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i.e. t 

Le., 


i 


4 z l + z + 5 

*~C 


efz = 2jh'(4£ 2 + £ + 5) 


Thus 


frg = 2iu(4; 2 +; + 5) 

F '(C) = 2JO (Si; + 1) and F"(Q = 16m 
TO) = 2jci(- 4 + j + 5) = 2 ji{i - 1 ) 

F 1) = 2ra[8(- 1) + 1] = - 14jti and F" (- i) = 16tu. 


20.15 


(1) CONVERSE OF CAUCHY'S THEOREM: MORERA'S THEOREM* 


IffW is continuous in a region D and | f(z)dz - 0 around eveiy simple closed curve C in D t then fiz) is 

c 

analytic in D. 

Since | f(z)dz - Q, then the line integral of f (z) from a fixed point z Q to a variable point z must be 
independent of the path and hence must be a function of 2 only* Thus 

1 - ty(z\ (say). 

Let §(z) = U + iV and f (z) = it + iv 

Then U + iV = [ * y ( u + it>) ( dx + idy ) - f (udx - vdy) + i f * L>) ivdx + udy) 

U = \ X y) (udx - vdy), V = \ (X ' y) (vdx + udy) 


Jo 1 

Differentiating under the integral sign. 


a u__ du__sv_dv_ gg _dv du dv 

dx * dy 1 dx ’ dy dx 9)' * dy dx 

Thus U and V satisfy C-R equations* 

Also, since f{z) is given to be continuous, a and v and therefore, 317/9*, dUIdy, dV/dx, dVfdy, are also 
continuous. 

$(z) is an analytic function and 

, „ , dU^ .dV . * 

( Z ) = —" + l *r— -11 + W = ffe)* 

dx dr 

Thus, f(z) is the derivative of an analytic function § ( 2 ). Hence f(z) is analytic by § 20.14 Cor* 

(2) Cauchy’s inequality 1 . If f(z) is analytic within and on the circle C: \z - a \ = r, then 

Mn\ 

\f%a)\<^r *41) 

where M is the maximum value of \ f (z) | on C, 

From (5) of § 20*14, we get 


I f n (a)\=~ 

2n 


1 


f(z)dz 


c Xz-aT +l 

s »! " f|„ 

2n r ft +1 J 


27cr 


M r Mn! 
* +1 J 6_ 27cr /I + 1 


2irr = 


Mn! 


[v |/(z)| < M1 


(U.P.TM., 2005) 


(3} Liouville’s theorem®, ///(z) is analytic and bounded for all z in the entire complex plane t then f{z) is 
a constant {U.RT.U,, 2008) 


* Named after the Italian mathematician, Giucinta Morera (1856-1909) who worked in Turin, 
t See footnote p. 144 
$ See footnote p* 573* 
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Taking n — 1 and replacing a by z t (I) gives 

| f'fc) | <M/r 

As r —> it gives f\z) = 0 he,, f[z) is constant for all z. 

(4) Poisson's integral formulae. Iffiz) is analytic within and on the circle C: \ z | = p and z — is any 
point within C, then 

— -- fir^)d4) 




2n Jl * p^ - 2rp cos (0 - 0) + r 2 
3 j f(w) 


By Cauchy’s integral formula* f{z) - i> ■ 4 ^ dw 

2m J w - z 


As the inverse of the point x w.r.L C lies outside C and is given by p 2 /z ■ 
by Cauchy's theorem* 

fiiv) 

V 


2m 1 tu -p /z 


.41) 

I See footnote p. 6851 

.42) 


Subtracting (2) from { 1) ? f (z) = ~ f 

2 m ^ 


1 


1 


w - Z w - p 2 /z 


fiw) dw 


2m c 


— 2 

zz — p 


zw £ - (zz -f p 2 ) tc + zp 2 ) 


f(w) dw 


.43) 


Taking w = and noting that z = re (3) gives 

1 f 2 * (r 2 —p 2 ) f(pe 1 *). pie 1 * d0 


f(re l& ) - — I 71 -- 

1 { } ‘M Jo _-*b 


Jo . p V* - ir 2 + p 2 ) pe* + re lfl p 2 

1 f 2fr (p 2 - f 2 ) Ap^)d0 _ 1 r 2 * (p 2 - r 2 ) f(pe^)dty 


l pTr tp - r j 1 gup l I-** 

* 2tt Jo p 2 +r ? _ + ?**-*') ‘ 2n ^ p * - 


.44) 


2rp cos (0 - 0) + r 

This is called Poisson's integral formula* For a circle. H expresses the values of a harmonic function within a circle in 
terms of its values on the boundary. 

Writing = u (r* 0} + iv (r, 0J and f(pe 1 *) - u (p T 0) + iv (p, 0) in (4) and equating real and imaginary parts from both 

sides* we get the formulae: 

r 2 n (p 2 - r 2 )u (p, 0}d0 


uir , 6) - J ( 


and 


0 p 2 — 2rp cos (0 - 0) + r 2 
2 

a ip, qua *y 

2 


#pfr q j _ f a * (p -r ki(p*0)d0 
1J p 2 - 2/ p cos (6 - 0} + r 


.45) 

.46) 


PROBLEMS 20.6 


I * Evaluate j! (z - a^dz, where C is a simple closed curve and the point z - a is it) outside C, 


[it > inside C. 


f fp . 

2. Evaluate' w -——* n - 2, 3, 4*...» where C is a dosed curve containing the point z — a. 

J (z-af 

c 

3. Evaluate (i) ® / dk f where C is the circle 1 2 -1 — 1/2. 

J z* + 1 

c 

f 

i d) b -—^ dz t where C is the cirde 1 ? - n I =3. 

J U + Ji) 3 


{P.T.U.. 2010) 
{U.P.T.U., 2007) 


* Named after the French mathematician Simeon Denis Poisson (1781-1840) who was a professor in Paris and made 

contributions to partial differential equations, potential theory and probability. 
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i. Use Cauchy's integral formula lo calculate: 
3? 6 


(i) 


| - 4 — --rig. where C is laj = 1. {P.T. II, 2005 Si (u) & — - - a fe, where C is [a | = 1 

J z -f 2z J z{2 z + 1} 


, < . . Y f sin 71Z + COS TIZ J , ^ ! - . 

im 4i-t/z where C is 2 - 4 

j 


(U.P.TM., 2008) 


5. Evaluate (a) ^ 
ib > 


c 


z 3 - 2z + I 

(a - O 2 


where C is |z| — 2. 


X--—-—— ffe where C is \z I = 3. 

i U-lXz-2) 2 

(S. Evaluate, using Cauchy's integral formulae: 

»i j- 


- - dz, where C is f z - 2 j - — . 

z~-3z + 2 1 1 2 


(ii) X e ( ^ z , where C is \z - 1 j = 3. 

J (ar + lr 

ftn) £ ^ \ <fz where C is \z - 11 - — * 

J (2 - if 2 

C 

7. Evaluate / (2) and/'fS) where fits) - | —--—-ffe and C is the circle |z | = 2.5. 

J 2 —a 
C 


(/toAtaA, 20f)3j 

(CIP.T.IL 2009 ; ffuasan 2007 ; Mad ms, 2000) 

{Bhopal, 2009 1 
{J.N.T.U., 2003 ) 


3a" + 7a + 1 


e£z, where C is the circle jz| = 2 find the values of 


(i) <tKS)y 


tii) ru-t) 


(lit) <JA 1 - i). 


[Mumbai, 2006) 
[Rohtak, 2006 ) 


f 2^ Hh 2 4* 1 

9. Evaluate ft —-—■—- dz. where C 1 is the ellipse Ax 1 + 9y 2 = 1, 

J a 2 — 7a + 2 
c 

10* Verify Cauchy's theorem for the integral ofz 3 taken over the boundary of the (ij rectangle with vertices - I, 1, 1 * i, 
- 1 -f i; (ii) triangle with vertices (l p 2), (1,4), (3, 2). (V.T, U. r 2003) 


20.16 


(1) 


SERIES OF COMPLEX TERMS 


Let (a^ + ibj) + (a 2 4 ib 2 ) + + ( a n + ib n ) + -.-(1) 

be an LuHnite series of complex terms ; a J s and h's being real numbers. If the series la H and Zb fl converge to the 
sums A and B, then series (1) is said to converge to the sum A + IB. Also if (1) is a convergent series, then 

Lt ( a n + ib n ) - 0. 

n —* “ 

The series (1) is said to be absolutely convergent if the series 
| cr, + i&, | + [ a 2 + ib 2 | +... + | a„ + ib, t | + ... 

is convergent. Since | a n | and | b n ] are both < \a fi + ib n \ , it follows that an absolutely convergent series is 
convergent * 

Next let the series of functions uf(z) + ii 2 (z) + ... + u n (z) +.. *,.(2) 

converge to the sum SCa) and S n (z) be the sum of its first n terms. Then the series (2) is said to be uniformly 
convergent in a region R, if correspending to any positive number e, there exists a positive number N f depending 
on £, but not on z, such that for every z in R . 

| S(z) - S n (z) \ <e for n>N. lef Def p. 389] 

As in the case of real series (p. 390) Weirstrass’s M-test holds for series of complex terms. So the series 
(2) is uniformly con vergent in a region R if there is a convergent series of positive constants EM ;[ such that 
j u n (z) | < M n for all z in R. 

Also a uniformly convergent series of continuous complex functions is itself continuous and can be inte - 
grated term by term , 
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Obs, If a power series Xa fl z^ con verges for z - z v then it converges absolutely for {z ) < \z l j. 

Since converges, therefore, Lt - 0 and so we can find a number k such that | a n zf j < k for all n Then 

n 

- X | a n z* | , | zfz , | n < XJtt u where t - \ z/z % | * 

But the series XJ n converges for t < L Hence the series ?M n z ,} converges absolutely for \z | < | |, i.e., if a circle with 

centre at the origin and radius \z \ be drawn, then the given series converges absolutely at all points inside the circle. 

Such a circle \z | - R within which series Xn n z n converges, ie called the circle of convergence and R is called the 
radius of convergence. 

A power series is uniformly convergent in any region which lies entirely within its circle of convergence. 


(2) Taylor’s series*. Iff(z) is analytic inside a circle C with centre at a, then for z inside C r 

f{z) - f(a) + f'(a)(z - a) + ^j-(z - a) 2 + ... + ^ ^\ z-a) n + 

4 1 n i 

Proof. Let z be any point inside C. Draw a circle C % with centre at a enclosing z 
(Fig. 20.20). Let t be a point on C y We have 


Ui) 


-j-._i_ = _j_r 1 _i^r 

t - z t - a — (z “ a) t — a ^ t — a J 


t - a 


- z - a z - a 

1 + 7 - +7 - 

t ~ a V t - a 


+ ... + 


z - a 
t - a 


...(it) 



As | z - a | < \t — a \ t Le. \(z — a)/(t — a) \ <1, this series com*erges uniformly. So, multiplying both sides of 
(ii) by f(t)> we can integrate over C v 


im d2 = ii^ dz+(z . a) i + ,, +(Jt -ar.& m. * + ... 

J 1-z l t-a I (t- a) 2 J (t~a) n + l 


fit) 


r r - - r it-ar j (t-ar™ 

Cj Cj Cj C, 

Since f(t) is analytic on and inside C v therefore, applying the formulae (2) to (5) of p. 697-698 (id), we get 
(i) which is known as Taylor's series. 

Obi* Another remarkable fact is that complex analytic functions can always J ■<. represented by power series of the 
form g). 

(3) Laurent’s series T . If f(z) is analytic in the ring-shaped region R bounded by two concentric circles C 
and C x of radii r and r 1 (r > r x ) and with cen tre at a , then for all z in R 

f {z ) = a Q + - a) + a 2 (z *- a) 2 + ... + a_ x (z - a)" 1 + 2 (z - a)~ 2 + ... 

where a = —— & -——^ 

2 ni J it -1 


dt , 


2 mJ(t-af n 
F being any curve in R y encircling C x (as in Fig, 20.21). 

Proof. Introduce cross-out AS, then f(z) is analytic in the region D 
bounded byAB, C x described clockwise, BA and C described anti-clockwise 
(see Fig. 20.17). Then if z be any point in D y we have 


/&) = — 
2 ni. 


2ni 


Jab t — z J t -z Jba t - z J f- 
C| c v 


fit) 


m 


fit) 


dt 


1 t-Z J t-z 


Ui) 



where both C and C 2 are described anti-clockwise in (£) and integrals along AB and BA cancel (Fig. 20.21). 
For the first integral in (t), expanding U(t -z) as in § 20.16 (2), we get 

(z-a) n f fit) 


2i tilt-z "j 2 ni J.it-a) 


IJ+1 


dt 


* See tbotnote p. 145. 

f Named after the French engineer and mathematician Pierre Alphonse Laurent (1813—1854) who published this theorem in 
1843. 
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= ImAz — a) n where a - -i- f - ^ ^ — -dt 
n n 2m $ {t-af* 1 

For the second integral in (/), let t lie on C v Then we write 

=_i_=. -±- f i - ir-V 1 

t - z (t - a)-(z- a) z - a\_ z - a) 

1 l + lr» + flz5:f + ... + f*z£ 

2 =c \z-a) {z-a 


...(«) 


2 — 0 


n-1 


+ ... 


As | /* - o | < | z - o j, i.e., | (t -■ a)/(z - o) | <1, this series converges uniformly. So multiplying both sides 
by f (f) and integrating over C v we get 


- ~ <f — dt = Y 1 M | ft- a)"- 1 f(t)dt = f a_Jz - a) n 

I f ~ z “i( z-a) n 2m J 


:Aiii) 


c 

dt 


(*-«r 

where o = -L |-—r 

" n 2ni l (t - a)~ n+1 

Vi 

Substituting from (if) and (iff) in (i), we get 

/"(e) = a„( 2 -a)" + ^T a^ n (z-a)~ n . ...( iv) 

n-Q n =I 

Now - a) n * 1 being analytic in the region between C and T, we can take the integral giving a n over F. 

Similarly we can take the integral giving a over F. Hence (to) can be written as 


f ( 2 ) = V* a„(z-a) n where a,, = £ —- 

^ " " 2m J it - 

which is known as Laurent's series. 


fit) 


2 nil (t-a) n + l 


dt 


f n ia) 


s * * If fit) r\ 

Oh n* 1 not given to be analytic inside a - — - ® —rdt & -— 

'* 2m J (t-af* 1 n I 
r 

However, iffiz) is analytic inside T, then c = 0 ; a - — - <f> ^ —dt = — 

2 m J (t- a)"* 1 n ! 


arid LuurenCs series reduces to Taylor's series. 

OI>*l 2. To obtain Taylors or Laurent's series, simply expand fiz) by binomial theorem instead of finding a n by 
complex integration which is quite complicated. 

Obs. l\ t Laurent series of a given analytic function f(z) in its annulus of convergence is unique. There may be differ¬ 
ent; Laurent series of f(z) in two annuli with the same centre. 

Example 20*25. Show that the series z(l-z) + z 2 (l - z) + z*(l - z) + converges for [ z \ < L Determine 
whether it converges absolutely or not. 

Solution, Let the sum of the first n terms of the series be s n > so that 

S — jj — ^2 ^ ^2 _ ^3 ^ ^3 ___ ^4 ^ ^ yn _ + L _ ^ + 1 

For j 2 j < 1, z n +1 -+ 0 as n —» «. 

Lt (s„) = z, i.e., the given series converges for 1 2 1 <1. 

n— 

| S„(2) | = |2(l-2) | + j 2 2 (1-2)| + ...+ | 2 rt (1 — 2) | 

= | 1 —2 ]([ 2 ] + | 2 | 2 + | 2| 3 + ...+ [ 2 |"} 

For | 2 | <1, ^1^(2)1 = 11-21^ 

Hence the given series converges absolutely. 


[G.P.] 
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Example 20.26. Expand sin z in a Taylor's serins about z = 0 and determine the region of convergence. 

(P.T.U., 2009 S) 

Solution. Given f(z) = sin z, f\z) - cos 6,f" (z) = - sin z, f"{z ) = - cos z ,... 

no)=o,r(o) = i,no) = o,r"(o) = i 

By Taylor’s series about 2 = 0, we have 

( 2 -0) , (z-0) 2 , (z - 0) 3 


/<*) = /■( 0) + 


1! 


-no)+- 


2 ! 


*n o)+- 


3! 


-no)- 


t.e., 


- _ ^ ^ L / 1 V* - ! ^ -I- , 

sin z = z - gj + gj- - - + (-D (2^1)! + - 

/J-l 


Hence 

Since 


sin z = ^ a rt (z-0) 2,I “ 1 where a fi '= 


. (- 1 )' 


p = Lt 

n-*™ 


(2n - 1)1 


J >i+i 


- Lt 


(2n -1)! 

(2/i+ 1)! 


= 0 


Thus the radius of convergence of f(z)= 1/p = °° 
i.e., the region of convergence of f{z) is all reals. 


Example 20.27. Emcf Taylor’s expansion of 


U) f[z) = --— 5 - afeouf l/te pom* z = - i. 

(V.T.a, 2009 S) 

r* + i/ 


+ 2 

(ii) /'(z) = — 5 —— about the point z = i. 

(P.T.f/., 2003) 

2 +z 



Solution. (/) To expand /'(z) about z = - i, he., in powers of z + i, put a + i = t. Then 


fiz) = 


(t~i + if 


_ i_ 
2 


= {i - ir 2 [i + t/a - /)]~ 2 = i 


-.n (n +1 )(z + i) n 


. 2t 3 1 

1 “ I- 7 + 


4r 


- + ... 


!-* ' (1 -if (1 -if 

[Expanding by Binomial theoreml 


1 + X { - iyj 

h a -if 


tit) 


fU) = 


2 ~ d +1 22+1 11 
= = = (2i~2) + 2(z-t)+— +— ~ 

z(z + l) 2(2 + 1) 2 2 + 1 


.-(t) 

[By partial fractions] 


To expand 1/2 and 1/(2 + 1) about z = i, put z — i = t, so that 

s-l 


2 (f+o 1 1 t j 


[Expanding by Binomial theorem] 


. t t 2 t 3 ,t 4 

1 -- + -S-- 5 -+ - 5 —— 00 

I i 3 t 3 t 4 


1 ( t 2 t 3 t 4 

: — + — 4" -—. — 4-— — k . 00 

i 1 i 3 i 4 i 5 


and 





I 


1 fi. f r 1 

J + £ +1 1 +1 ^ 1 + iJ 

1 

1 ^ 

i 

cv 

H 

l 

1 + i 

1+ * a+f) ? a+f) ; 

1~£ 

__L + 

r 2 3 

r r 

2 

2£ 

_a+t) 3 a+i) 4 


...(H) 

lExpanding by Binomial theoreml 


-v5 


== A _ i_ _ z + 

2 2 2i 


X f-w 


n=2 


n (z-if 

(l + t) n+1 


...(iii) 
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Substituting from (it) and (tit) in (x) f we get 


' fe> - (* - 2 - ;+ H) + (* + 1 - s> - i)+ i <- ir {^ + 


iz-if. 


Example 20.28. Expand f iz) = 1 / \{z - l)iz - 2)] in the region: 

(a) | z | < 1, (b) 1 < \ z \ < 2, (c) | z | > 2, id) 0 < \ z - 1 \ < l. 

C U.P.T:U., 2010 , V.T. U., 2010; Bhopal, 2009 ) 


Solution, (a) By partial fractions 


= -f fl 


(z-lXz-2) 2-2 2-1 

-1 


-fj 


+ (1 -*> 


-1 


For | z | <2, both j zt 2 J and | z | are less than 1. Hence (ii) gives on expansion 

f 

+ (I + z + z 2 + z 3 + _) 


Hz)= -I 
2 


2 3^ 

1 + f + T + T + - 


= ^ + j 2 + ^z 2 + z 3 + which is a Taylor's series , 
2 4 8 16 


(6) For 1 < | z | < 2, we write (i) as 

,, . 11 
f{z) = -7T 7 


2 (l-z/2) 

and notice that both | zI2 | and | z~ Y | are less than 1. Hence (iii) gives on expansion 


( 


Z . 2 2 . Z 3 . 1 1, 


Aw=-ti s i + f+t + t + -j-i a+s ' 1+ ^ + ‘ J+ - J 

—4 —3 -2 -3 1 1 1 2 1 3 


2 4 8 


16 


which is a Laurent's series. 

(c) For \ z | >2, we write (i) as 

/■(*) = 


2(1 — 2z _1 ) zd-2" 1 ) 

= z~H. 1 + 22" 1 + 4z -2 + Sz" 3 + ...) -2 _1 (1 + 2 _I + z -2 + z -3 + ...) 
= ... + 7z^ + 3Z -3 + z -2 + ... 

(d) For 0 < | z - 1 | < /, we write (i) as 

1 1 


f{z) = 


(z-l)-l 2-1 
— — (z — lr 1 - (i - (z - D]- 1 

= - (z - IF 1 - a + (2 - I) + (2 - l) 2 + (z - l) 3 + ...]. 


...(ii) 


...(iii) 


Example 20.29. Find the Laurents’ expansion of f(z) = 


7z-2 


in the region 1 < z + 1 < 3. 


(z + l)z{z - 2) 

(S. V.T. a., 2009; Anna, 2003 ; V.T.U., 2003 ) 


Solution. Writing 2 + 1 = n, we have 

7(u-D—2 


f(z) = 


7u-9 


u(u - lXu -1 - 2) U (u - l)(u - 3) 


3 12 

- —- +-- ■ - - (splitting into partial fraction) 


= -i + 


u u -1 u- 3 
1 


u n(l - 1/u) 3(1 


2 = _3 + l/ 

-«/3) u u{ u) 3{ 3) 
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Since I < u < 3 or Uu < 1 and ufZ < 1, expanding by Binomial theorem, 

rv . -3 if, 1 1 1 ^ 2f, u u 2 u 3 } 

f(z)= - + -1 + - + —+ — + ... «--l + — + — + — + 

u “V u u 2 u 3 ) 3f 3 3 2 3 3 J 


= _2 + 4^4 + ,__| il+ 


« U 2 u 3 


u u u 
3 g 2 + g 3 


+ w 


Hence f(z) = 


2 11 2 

2+1 U + 1 f C* + l)> 3 


X) 2 + 1 [ (2 + 1) 2 | (2 + 1) 3 


which is valid in the region 1 < z + 1 < 3. 


20.17 


(1) ZEROS OF AN ANALYTIC FUNCTION 


lief. A zero of an analytic function f(z) is that value of z for which f(z) = 0. 

If f(z) is analytic in the neighbourhood of a point z = a, then by Taylor’s theorem 


f{z) ~ a 0 + a L (z -a) + a 2 {z - af + ... + a n (z - a) n + 


where a n 


f n (a) 

n\ 


If a 0 - Oj si o 2 = = a m ^i = 0 but a m £ 0, then f(z) is said to have a zero of order m at z — a. 

When m = 1, the zero is said to be simple. In the neighbourhood of zero (z = a ) of order m t 
f(z) = a m (z - Gf + a m + - a) m + 1 + ... « 

= te - a) m $(z) where >(z) = a m + a m+1 (z - u) + ... 

Then <|>(z) is analytic and non-zero in the neighbourhood of z - a. 

(2) Singularities of an analytic function 

We have already defined a singular point of a function as the point at which the function ceases to be 
analytic. 

(i) Isolated singularity. If z = a is a singularity of f (z) such that f (z) is analytic at each point in its 
neighourhood (Le* t there exists a circle with centre a which has no other singularity), then z - a is called, an 

isolated singularity. 

In such a case, f ( z ) can be expanded in a Laurent’s series around z = a, giving 

fiz) - a Q + a^z - a) + a 2 (z - a) 2 + ... + a_ 3 (z — a) -1 + a_ 2 (z - a) -2 + .„(1) 

For example ; fiz) = cot (rc/z) is not analytic where tan (ti iz) - 0 Le. at the points idz = 4 n or z - 1 In (n = 1,2, 

3,.. J. 


Thus z - 1 , 1/2,1/3, are all isolated singularities as there is no other singularity in their neighbourhood. 
But when n is large, z = 0 is such a singularity that there are infinite number of other singularities in its 
neighbourhood. Thus z = 0 is the nan-isolated singularity of fiz). 


(it) Removable singularity. If all the negative powers of (z - a) in (1) are zero, then f(z) - ^ a n (z-a) n . 

n =o 

Here the singularity can be removed by defining fiz) at z = a in such a way that it becomes analytic atz = a. Such 
a singularity is called a removable singularity , 

Thus if Li f(z) exists finitely , then z is a removable singularity. 

(Hi) Poles. If all the negative powers of(z-a) in (i) after the nth are missing , then the singularity at z = a 
is called a pole of order n. 

A pole of first order is called a simple pole. 

( iv ) Essential singularity. If the number of negative powers of (z - a) in (I) is infinite, then z = a is called 
an essential singularity. In this case, Lt fiz) does not exist. 

z—ta 


Example 20.30. Find the nature and location of singularities of the following functions: 
z — sim . i 2 


m 


2 


(it) (2 + 1 ) sin 


z-2 


(tty 


cos z —sm z 
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Solution. (/) Here z - 0 is a singularity. 


Also 


z - sin z 


1 


( 


3 5 7 

Z . 2 2 




z z 3 . z 5 


= —i z- \ Z-—+ — - — + ...jf = 3y~^ r + '7y'“■" 


3! 5! 7! 

Since there are no negative powers of z in the expansion, z - 0 is a removable singularity. 

where t = z — 2 


(ii) (z + 1) sin — ~ = {t + 2 + 1) sin - 
2 z r 


** + 3) U --h + - 1 




t 3!i 3 5!t s 

1 1.1 




3 \t A 5\t 4 


3 1 _S 


t 2 1 3 5lt 5 


■ „, = 1 + - 


1 


J ■+ . „ 


t 6 f 2 2 t z 120 1 4 z ~ 2 6(z~2f 2{z-2? 

Since there are infinite number of terms in the negative powers of (z - 2), z = 2 is an essential singularity. 

1 


(Hi) Poles of f(z) = 


are given by equating the denominator to zero* i.e. T by cos z — sin z = 0 or 


cos z - sin z 

tan z = 1 or z = je/4. Clearly z - tc/4 is a simple pole of f(z). 

Example 20.31, What type of singularity have the following functions ; 


(i) 


l-e* 


Hi) 


(z - If 


(Hi) 


1/2 


Of.P.T.a, 2009) 


Solution, (i) Poles of f ( z ) - 1/(1 - e z ) are found by equating to zero 1 - e* - 0 or e* = 1 = e 2n * 

z - 2nizi (n — 0* ± 1, ± 2*...) 

Clearly f (z) has u simple pole at■ z = 2m. 


„2z 


Hi) 


(z-l? 


2U+1) 2 

- = ~e 2f 


where t - z - 1 


— —— < 1 + —- + 


2 1 (2 1) 2 (2 tf (2t) 4 (2tf 


1! 2! 


- e 


3! 4! 

2 


5! 


I 2 r 1 2 2 4 2 4/ 

"j “ C U 4 + t 3+ t 2+ 3t + 3 + 15 + '" 

is 4 *-"*--} 


2 

- + — + 


[ (z~xf (z-1) 3 (z~l) 2 3(2-1) 3 

Since there are finite (4) number of terms containing negative powers of (z - 1), 
/. z — 1 is a pole of 4th order . 


, e ]/i If, 1 1 1 

(m) ft*)=— 5- = -^1 + —+ — T + —r + 

z 2 z 1 \ 1!^ 2 \z 2 3!z 3 


—2 —3 Z 

-Z +2 ’--K. t oo 

2 


Since there are infinite number of terms in the negative powers of z, therefore f (z) has an essential 
singularity at z = 0. 


PROBLEMS 20.7 


1 . Obtain the expansion of (z - l)/z 2 in a Taylor's series in powers of (z - I) and determine die region of convergence. 

2 . Find the first three times of the Taylor's series expansion of f(z) - 1/(z 2 + 4.) about z = - r. Also find the region of 

convergence. HJ.P.T. U., 2000) 

3 . Expand in Taylor’s series U) (2 - lV(z 4 1) about the point z = 1* (Andhra, 2000) 

(« j cos z about the point z - ic/2. (Marathwada t 2008) (iii) — s -— about (a) z — — 1 (b) z - 1 2000) 

2 -2-6 

4 . Expand the following functions in Laurent’s series : 

tf) f(z) - ——77 for 1 < | z + 1 | < 2. (J Madras, 2000) 

z-z 
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{U)f(z) s (TTxr+'si for 1 < u i < 3 - 

frri) f(z) - zt\iz - Dfe - 3)1 for | z — 1 | < 2. 

.m 

5* Find the Laurent's expansion of (t) 


u-d 2 

(u) e^liz - l) 3 about the singularity 2 = 1, 

3. Expand the following functions in Laurent series. 


, about z - 1 . 


(0 fe - lVz 2 for |* - 1 J > 1 
7. Find the Laurent’s series expansion of 

(i) 


™ 1 -cos z 

{it) - . —-, about z = 0 . 


—=---— about z - 0 in the region 2 < I z \ <3 

2 2 + 6z + 6 


(it) 


2 " - 62 - 1 


<2 -IX 2 - 3 X 2 + 2) 


in the region 3 < |z + 21 <6 


.... 7^-92-18 . 


Cut) 


2 3 - 92 


in the region (a) \z \ >3 (fc>0 < jz — 3| < 3. 


U.N.T-U,, 2006) 
(V.T.U., 2007) 

(Jt.akt.ak, 2006) 


CRnAiaA, 2004) 


< V.T.a, 2011S ; Os man to, 2003) 


(V.T,U,2010S) 


8 . Find the Laurent’s expansion of l/[(z 2 + l) (z 2 + 2 )] for (a) 0 < \z ] < 1 ; ( 6 ) 1 < |z | < J2 ; Cc) \z | > 2 . 

Find the nature and location of the singularities of the following functions : (P.T.U., 2005) 

1 


9. 


12 . 


2 ( 2 - 2 )* 


10 . sin ( 1 / 2 ). (V.P.T.U., 2009) 


II. tan (i)’. 


j»-l 


u-iy 


,3 * 


(Oslftonia, 2005) 13. 




J * 


14. 


COt TtZ 

(z - a)* ' 


(P.T.U., 2006 ) 
(t/.P.T.t/., 2005) 


20.18 


(1) RESIDUES 


The coefficient ofiz -a)~ l in the expansion of f(z) around an isolated singularity is called the residue off 
(z) at that point Thus in the Laurent's series expansion of f (z ) around z = a Le. $ f{z) = a 0 + iz - a) + a 2 (z - a ) 2 
+ ... + a j (z - aH + a_ 2 (z — a )“ 2 + t . M the residue off z) at z — a is a_ v 

•\ Res /la) = —f /U) 

2 m J 

c 

Le. $ | f{z)dz = 2 m Res f{a\ ...{1) 

c 


(2) Residue Theorem 

Iff (z) is analytic in a closed curve C except at a finite number of 

singular points within C, then f(z)dz - 2m x (sum of the residues at the 

c 

singular points within C ). 

Let us surround each of the singular points a v a 2 , a n by a small 
circle such that it encloses no other singular point (Fig, 20.22), Then these 
circles C v C 2t C n together with C t form a multiply connected region in 
which f (z) is analytic. 

applying Cauchy’s theorem, we have 



Fig. 20.22 


<ji f(z)dz = £ f{z)dz+ | f{z)dz + .„+ | f{z)dz 

C C x Cj C n 

= 2m [Res f(a j) + Res/(a 2 ) + ... + Res f(a n )\ which is the desired result. 


fby(l) 
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20.19 


CALCULATION OF RESIDUES 


(1) If fix) has a simple pole atz=a, then 

Resf(a)= Lt [(z-a)f(z)]. ...(1) 

Laurent's series in this case is 

f{z) - c 0 + c Y {z - a) + c 2 (z - a) 2 ... + c_,(z — a ) -1 
Multiplying throughout by z - a, we have 

(z - a)f(z) = c Q (z - o) + c x {z - a ) 2 4 ... + c^ r 
Taking limits as z -* a, we get 

Lt [{z - a)f (z )J = e * = Res /(a). 

Z“+a 

<2) Another formula for Res f (a): 

Let f{z) = §{z)l\f{z), where y(z) = {z -a) F(z), F(a) * 0 . 

Then Lt [(z - a)tyl,z)ly(z)\ 

z—*a 


= Lt 


(z - a)!0(a) + (z - a)i J)'(a) 4 ..j 


z-*a \j/(a) 4 {z - a)\|/ f (a) 4- 

T - t(a) + (z-c)<|)'(a)+». . , , 

= Lt 7 ; , 7 - , , 2 , , ——, since = 0 

z->a iji (a) + (z - a)\\f (a) 4 ... 


Thus 


Res f(a) = . 

i|/ (a) 


(3) If f(z) has a pole of order n at z = a, then 


Res f{a) = -—— Atz - a) f(z)J 

(n -1) I dz 1 


Here f (z) - c 0 4 c x (z - a) 4 c 2 (z - a ) 2 4 ... + c_j(z —a )* 1 4 ... 4 c_ n (z - a)~ n . 

Multiplying throughout by (z - aY* t we get 

(z ™ a) n f{z) ^ c Q (z - aft 4 c x (z - af 1 * 1 + c 2 (z - a) n + 2 4 ... 4 c^z - aY l ” 1 4 c_ 2 (z - a) n " 2 + ... 4 c^. 
Differentiating both sides w.r.t. z T n - 1 times and putting z = a f we get 

tn-l 


dz n 


y[(z - a) n f(z)] i = (n - 1 )! c x whence follows the result. 


Obs, In many cases, the residue of a pole (z = a) can be found, by putting z = a 4 t mf(z) and expanding it in powers 
of t where [ t | is quite small. 


Example 20.32. Find the sum of the residues of f(z) = sin . z .. at its poles inside the circle |z | = 2. 

z co s z 

(Rohtak, 2004) 

Solution, f (z) has simple poles at z = 0 , ± tc/2. ± Sn/2, - 
Only the poles z - 0 and z - ± jc/ 2 lies inside |z j = 2 . 

Res/■<())= Lt [z.fiiz)] = Lt =0 . 

z-*0 [ COS Z ) 


Res f(n/2) — 


Lt 

-^n/2 


'(-sH-.ja.I 


\{z- it/2)sin z ) 

z cos z 


T (z - n/2)cos z 4 sin z 

Lt---—-:- 

z-m/2 COSZ — ZSULZ 


1 _ 

- ji/2 


2 


71 


Being ^ form 
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and 


Res f{- tc/2) = 


Lt 


I (z + n! 2)sin z 


2 cos z 


- Lt 

z -* - n / 2 


Iz + n/2) cos z + sin ^ “1 


cos z - z sm z 


__ 2 

-n/2 k 


2 2 

Hence sum of residues = 0-- + — - 0* 

n n 


Example 20*33. Determine the poles of the function 

f{z\ = z*f(z - lf{z + 2) and the residue at each pole . {S.WTM., 2008; J.N.T.U., 2005) 

Hence evaluate j) f tz)dz * where C is the circle | z | =s 2*5, 

c 


Solution* Since Lt \(z + 2 )f(z)} - Lt 


z "t-3 


^-2(z-ir 


which is finite and non-zero, the function has a simple pole at z = - 2 and Res f (-2) - 4/9. 

Also since Lt [(2 - l) 2 f\z)\ is finite and non-zero t f (z) has a pole of order two at z = 1* 

5 

9 ' 


1 

-^-[(5-l) 2 f(z )| 


\d{ zM 


2 2 + 42 

1! 

az 

2 = 1 

dz [ 2 + 2 j 

-z =1 

(z + 2) 2 


J 2=1 


[Otherwise writing z = 1 + t. 


f(z) = 


tt+rr 


=-Vft+fy , a+f/ 3 r 1 =-va+ifi 1-4+V-- 


t z ( 3 + 1) 3 1 2 


St 




= J^f 1 + 5 i+ 4*_ LX, 5 4 _ 

3f 2 ^ 3 9 ( ") Zt 2 + 9t + 21 - 

Res f(l) - coefficient of — in (i) = ^.1 

t 9 J 


-Cl) 


Clearly f (z) is analytic on \z\ =2,5 and at all points inside except the poles z - — 2 andz = 1. Hence by 
residue theorem 


| f{z)dz = 2ni [Res f{- 2) + Res f <1)1 = 2m 

c 

Example 20*34* Find the residue off(z) ~ 


i+s 

9 9 


= 2tu. 


where C is the circle |z| = 2.5. 


(z-l) 4 (z-2)(z-3) 


- at its poles and hence evaluate f(z)dz 

- .n J 


(mP T.lL, 2003) 


Solution* The poles of f{z) are given by (z - l) 4 (z - 2){z - 3j = 0. 
x z-l is a pole of order 4, while z = 2 and z = 3 are simple poles. 


Res/■(!> = 


1 d 6 


(2-1) 4 .- 


i <j_ [ z 3 i 

6 dz 3 ite -2X2 -3)1 , 

Z- 1 ^ J 2=1 


cfz 3 (z - l) 4 (z - 2)(z - 3) j^_ 

z - 1 is a pole of order 4, while z - 2 and 5 = 3 are simple poles, 

Res/'(1)= X^-L-l) 4 .- —i- ---1 =ld[ 

3 ! dz 3 [ (5-l) 4 (5-2)(z-3)J z=1 6 dz [( 2 - 2 X 5 


4, 


6rf5 3 [ 

[ 


, e 8 , 27 

5 + 5-—- + 


= -|-8 + ^ 
16 


5-2 5-3 

101 
16 ' 


- 8 . 


(- l) 3 31 27 , (— l) 3 3 I 

(5 - 2) 4 + <5 - 2) 4 


Z =\ 





































Calculus of Complex Functions 


713 


Res f (2) = Lt (z-2). 


1 = Lt 




Res/(3) = Lt (z-3L 


(z - l) 4 (z - 2)(z — 3) *-2 <z-l) 4 (z-3) <1) 4 (-1> 


= - 8 


27 27 


Now 


(z -1 ) 4 (z - 2)(z — 3) J (2 ) 4 .1 16 

ji f(z)dz = 2m [Res/TD + Res/"( 2 )J 

c 

- 27m 


{v Pole z = 3 is outside C] 




Example 20.35. Evaluate 
z — 3 


[z — 3 

<f —a -— dz, where C is the circle 

J z‘ + 2z + 5 

( iii ) |z + 1 + i | = 2 . 


(i) jijz | = 1, («7 |z + I - / ] - 2 , 

z — 3 

Solution. The poles of/"(z) = —=--— 

2 +22 + 5 


(J.N. T. U. t 2003) 


Eire given by z 2 + 2z + 5 = 0 


i.e., by 


j= - 2 ±V( 4 - 20 ) = _ ll2i . 


(i) Both the poles z = — 1 + 2£ and z = — 1 - 2i lie outside the circle \z\ = 1 . Therefore, f(z) is analytic 
everywhere within C. 

z- 3 


r ^ _ 3 

Hence by Cauchy’s theorem, $ “5 - dz - 0 * 


z 2 + 2z + 5 

(L 

07) Here only one pole z - - 1 + 2i lies inside the circle C: \z + 1 - i j =2. Therefore, f (z) is analytic within 
C except at this pole. 

Res f(-l + 2i)= Lt .[{*-(-1 + 2/)}/^)] = Lt ^ + i ” 2 i Xz-3) 


z-*-l + 2e 


*-*-1 + M + 2z + 5 


y ^ -4 + 2i . 1/fl 

= Lt --—— = —— = (. + 1/2, 

z-*^ + 2iz + 1 + 2i 4i 

Hence by residue theorem j> f(z)dz = 2tu Res / (- 1 + 20 = 2 m(i + 1/2) = 7i(f - 2h 

c 

(iii) Here only the pole z = -1 - 2s lies inside the circle C : | z + 1 + i \ = 2, Therefore, f(z) is analytic within 
C except at this pole, 

B«fl-1-20= Lt *i±l + 2i,(z " 3) 


= Lt 


z‘ + 2z + 5 
z — 3 


4-2 i 


_ i 


- f- 2i z +1 - 2i - 4z - 


Hence by residue theorem, <ji f(z)dz = 2ni Res f (- 1 - 2i) = 2 tk (i - i) = je(2 + i). 

c 

c e* 

Example 20.36. Evaluate d> -- dz, where C is the unit circle \z\ = L 

J cos nz 

c 

Solution. f(z) — e*fcos kz has simple poles at z = ± 1/2, ± 3/2, ± 5/2, 

Out of these only the poles at z = 1/2 and z = - 1/2 lie inside the given circle | z \ =1. 


(Rohtak, 2006) 


Res/(1/2)= Lt 


(z-i)/<*>_ = 


Lt 




COS 7 12 


^ form] 


























and 


Hence 
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= Lt 


Res /l- 1/2) = Lt 
*-+-1/2 


= Lt 


■4-D 

e * 1/2 
_ c 


- Jt sin itz 

- n 



► 

form 

COS HZ 


'4*i 

) e? e “» 



r e* 

®--c£z = 2m 

J cosjte 

c 


Z-+-1/2 - It SID 7L? 

+ Res f\ 




= 2ju 


1/2 -1/2 ^ 

L J 

f V2 -1/2'N 

« + e J 

| = -4i| 

c -e 

* * J 

1 2 J 


= - 4i sinh — , 

4 


Example 20.37. Evaluate fan z c/z where C is the circle \z \ = 2. 


(V.T.U., 2010 S) 


Solution. The poles of/(z) = sin z/cos z are given by cos z = 0 i.e. z = ± Jtf2, ± 3n/2, ± 5 ji/ 2, ... 
Of these poles, z = it/2, and — 7 l /2 only are within the given circle. 


„ ,, sin z T , { sin z ^ 

Res f (ji/2 ) = Lt —j -= Lt -— ; - = - 1 

*-* ra (cos z) 

dz 


[By §20.19 (2)] 


Similarly Res/*(-Jt/2) = Lt 

I-.-H/2 a 


sin z 


= - 1. 


(cos z) 
az 


Hence by residue theorem, 

| f(z)dz = 2m (Res /"(it/2) + Res f{- jl/2 )} = 2nz (- 1 - 1) = - 4iti. 


' £ 2 

Example 20.38. Evaluate | ~ * co??7LJ _ ^ w hg re Q JS the circle j z J = 3. 

Jc (z -1)‘ (z ~ 2) 

(V.T.U., 2010 ; Anna. 2003 S ; V.P.T.U., 2002) 


Solution. f(z) = 


sin iu 2 + cos t iz 2 


(z - l) 2 (z - 2) 

is analytic within the circle [ z \ - 3 excepting the poles z = 1 and z - 2. 
Since z ^ 1 is a pole of order 2, 

* 2 2 

SIB 7 tZ + COS It Z 

(z — 2) 


1 

4~ K* -1 


d ( 

tt 

dz 


dz ^ 


Z=1 


— 1 


(z - 2X2 tt£ cos 7 i2 2 - 2it z si n nz 2 ) - (sin icz 2 + cos tk 2 ) 

(2 - 2) 2 
= (- IX- 2n) - (- 1) = 2 jt + 1 

Also Res f{2) = Lt [<z - 2) /'(z)] = Lt sm + <*>s tiz 2 = 1 

r-*2 (z — l) 2 

Hence by residue theorem, 

<ji f{z) dz = 2m [Res f(l) + Res f( 2)] = 2ra (2* + 1 + 1) = 4it(n + 1 )t. 
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PROBLEMS 20.8 


L Expand f(z) - U\z 2 (z - as a Laurent’s series about i and hence find the residue thereat. 
2+ Find the residue of (*) zrVfe - l ) 3 at its pole, 
f it) z 2 i{z 2 + cfi) at z - ai. 

3, Determine the poles of the following functions and the residue at each pole : 

z l - 22 


((■} 


Z^ + l 
z 2 - 2z 


m 


(J.N.T.U.. 2005) (iit) 


U + 1) 2 <2 2 + 1) 

4 . Find the residues of the following functions at each pole, 

< 0 ( 1 -<?**&* (ii)ze K f( z 2 +l) (P.T.U., 2010) (in) cot z 

( 3? + 4 

5. ® -——-- dz, where C is ft) | z + 1 | * 2 (it) \ z-2 \ =2. 

JC \z “ + 3J 

6 . Evaluate the following integrals : 

(i) <£ 7 - 77 ^—“T- 1 —— for C as circle | z ] = 3, 

JC (z + 2Xz + 4Xz + 7) 


22 + 4 

(z + l)(z* + 1) 


(J.N.T.U., 2003) 
t P.T.U., 2009S) 


(J.N.T.U.,2006) 


( Mumbai , 2000) 


(V.T.U., 2009) 


(ii) 


i M 

Jc (z- 


4z - 4z +1 - n - , _ 

■g- rfz, C: I z I = 1 


(itt) j) 


; (*-2X4 +z") 
3z 2 +2+1 


Jc (z 2 - lXz + 3) 
7. Evaluate 

2z + l 


dz t C:\z | = 2 , 


(URTM., 2004) 


(i) f - where Cia [ 2 | = 1 (it) if) —a- ? — dz, where C is I z + 1 * i 1 = 2 

* (22 - if Jc z 2 + 2z + 5 


(in) f - - - ^ — dz? where C is the circle I z I 

^ U 4l) 2 U 2 4 4) 

8+ Evaluate: 


- 10 . 


(UR.T.U.. 2009) 


m 


i) f 7- ~Z~ -2 • C : | ■* -8 1 “ 

Jc (2 - lXz - 2) 2 2 

w) -— — L ' 2 —- *, C : i * -a 1 ■* a. 

Jc(z-lXz~+9) 
dz 


(Hi) 


I 1 ~ 2 :v >C : | 2 - t |= 2 , 

Jc( 2 2 + 4 ) 2 


(Madras, 2006) 
(RohtaK 2005) 

(Hissar, 200? ; Anna , 2003 S ; Osmania, 2003) 


9+ Evaluate : 

e“ r 

t* dz 


(i) C : \ z | = 1 . 

JC z 

(ii,) | 4-^-. c : I 2 - i I = 2. [Kr.U., 2006) 
Jc z 2 + 4 


(if) £zV /r .C: |2 |= 1 . 

tiu) I gZ ~ rfg . . C: 1*1=2. 
Jc (2 +1) 4 


r ■ 6 

10 . Evaluate the following integrals : (i) * ■■■ sm " rfz, C : ] z | =1 

Jc U - n/6)" 


(hi) 


z cos z 
'c (z - Jt/ 2) 2 


(a) I dz,C.\z |=3 

Jc ( 1 -z ) 2 1 

11 . Evaluate tji ——— where C is the circle | z | = 2. 

Jc sinh 2 z 

12 . Obtain Laurent's expansion for the function f(z) = 1/z 2 sinh z and evaluate 


dz.C . | z - 1 1 = 1. 


ii 


2 sinh z 


f where C is the circle | z — 1 | - 2 . 


ty&JL. 2007) 


(Marat hwada, 2008) 


(J.N.T.U., 2005) 
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20.20 


EVALUATION OF REAL DEFINITE INTEGRALS 


Many important definite integrals can be evaluated by applying the Residue theorem to properly chosen 
integrals. The contours chosen will consist of straight lines and circular arcs. 

f 2it 

(a) Integration around the unit circle- An integral of the type /(sin0, cos 0) e/0, where the 
integrand is a rational function of sin 0 and cos 0 can be evaluated by writing e*® = z. 

Since sin 0 = — f z — — 1 and cos 0 - — \ z + - \ then integral takes the form [ f(z)dz , where f(z) is a 

2 1 \ z) 2 \ z) c 

rational function of z and C is a unit circle | z j = 1- 

Hence the integral is equal to 2m times the sum of the residues at those poles offiz) which are within C. 


Example 20-39. Show that 


p 2 k cos2Bdft 

h JZ 


2mi 4 


2a cos 0 + a' 1 - a J 


' , < i)- 


(Bhopal , 2009 ; Rohtak f 2003) 


Solution- Putting z = dB - dzfiz , cos 0 = ^(z + 1 fz) and cos 2G - ~ (e 210 + e *^ 8 ) - ^(z 2 + 1/z 2 ) 
the given integral 

} = t ^(z a +l/z a ) dz_l_ f ( 2 4 +1) dz 

^ c 1 - a{z + 1/z) + a 2 iz 2i * c ^ 2 (^ - az 2 - a + a 2 z) 


.if——-= f f ( z ) dz where C is the unit circle I z 1 = 1. 

2i J c z 2 (z~a)a-az) ^ 

Now f{z) has simple poles atz = a, 1/a and the second order pole atz = 0, of which the poles atz = 0 and 


= 1) 
9i h 

>ol 

z - a He within the unit circle. 


and 


Res f(a } - Lt [( z- a) f (z)| = — Lt 

z -* a 2i 

Res f(0) = Lt ^-[z 2 f(z)] = — Lt ~ 
*-*o dz 2( 2 -»o dz 


z 4 +1 


z 2 ( 1 — az) 


a 4 + 1 


2ta a (l — a 2 ) 


z 4 + 1 


o 2 

z - az — o + a z 


1 (z — az 2 - a + a 2 z)(4z a ) - (z 4 + D(1 — 2az 4- a 2 ) 1 + a 2 

Lt 


2C2 


Hence 


2i (z — az 2 - a + a 4 zi 

l - 2ni [Res f(a) + Res f(0)] - 2tu 


2icr 


a 4 +1 

1 + a 2 

2im 2 

2/a 2 (l - a 2 ) 

2ia 2 

~1 -a 2 


Example 20.40. By integrating around a unit circle, evaluate ^ ■ - C ° S ^ dG. 


0 5-4 cos 0 

(SMT.U t 2009 ; U.P.TU. t 2009 ; Madras 2 2003) 


Solution - Putting z - e 10 , dd = dz/iz y cos 0 - — (z + 1/z) 

2 

and cos 30 = — (e 3r0 * e -3 * 0 ) = — (z 3 + 1/z 3 ). 

2 2 

^<z 3 +l/z 3 ) ^ 

the given integral / = f - - --- —. — 

J c 5-2(z +1/z) iz 

= _J_r ^±1 dz= lr 

~ ~ 2i c z *(2 Z 2 - 5z + 2) f 9 ’ ^ 


(z e + 1) dz 


2i z 3 (2z - lXz - 2) 
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— -——7 f f(z) dz y where C is the unit circle | 2 | = 1 . 
9V J 


2 i 

* 1 

Now f(z ) has a pole of order 3 at z = 0 and simple poles at z = -r and z- 2 . Of these only z - 0 and z = 1/2 

JM 

lie within the unit circle. 


2 ) Lt Lt 


z 6 + 1 


Res f(0) = 


^ 1/2 (2z-l)(z-2) 2 -*i /2 | 2z 3 (z-2) 

1 


65 

24 


(n — 1 )! \dz 


d"' 1 

[f z -°)7U)l 


where n = 3 


J! = 0 


fill 

r z 6 +i ] 

1 

(2z 2 - 5z + 2) 6z 5 - ( z 6 + lX4z - 5)' 

|dz 2 

1 2z 2 - 5z + 2 J 

[ dz 

J z = Q 

2(2z 2 - 5z + 2) 2 


at z = 0 


I d_ 

dz 


8 z 7 - 25z 6 + 12z 5 - 4z + 5 
2 (2z 2 - 5z + 2) 2 


JJz = 0 


<2z 2 - 5z + 2) 2 (56z 6 - 150z 5 + 60z 4 - 4) - (8z 7 - 25z 6 + 12z 5 

- 4z + 5}2(2z 2 - 5z + 2)(4z - 5) 


2(2z 2 - 5z + 2) 4 


J*=o 


4(— 4) - 5(— 20) 84 21 
2 x 16 32 " 8 


Hence 


/ = —12 ni [Res /(1/2) + Res /'(0)!l = - jcL + Bi] = _ n (_ _L) = JL . 

2i L 24 8 J V 12^ 12 

( 6 ) Integration around a small semi-circle. To evaluate f f(x) dx> we consider f f(z) Y where C is 

J — £4 ^ 

the contour consisting of the semi-circle C R : | z \ — 7?, together with the diameter that closes it. 

Supposing that f(z ) has no singular point on the real axis, we have, by the Residue theorem, 

f f (z) dz + f f{x) dx - 2m X Res f(a). 

* Cvjy il 


Finally making i? tend to we find the value of f(x)dx t provided i f(z) dz 0 as R 

J - tij J Cib 


—> CW. 


Example 20.41. Evaluate j 


x 2 dx 


“ (ar it IX x" + 4) 


(Z/.P.r.f/., 2008) 


Solution. Consider J 


z 2 dz 


rS c f {z)d * 


Jc (z 2 +1) fer 2 -f 4) Jc 

where C is the contour consisting of the semi-circle C R of radius R together 
with the part of the real axis from — R to R as sho wn in Fig, 20.23, 

The integrand has simple poles at z = ±i t z=± 2 i of which z = /, 2 i only 
lie inside C. 

by the Residue theorem, 

( f (z) dz = 2m [Res f(i ) + Res f{ 2 /)l 
J c 

= 2 ni [ Lt (z — 0 f (z) + Lt (z - 2i) f (z) 1 

z — t i z —* 2 1 


= 2 ni 


4 i 


;2 


2t(r + 4) (4 i 2 + 1X40 


U 3 ; 3 



Fig. 20.23 


...(it) 
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Also f f(z)dz=\ R f(z)dz ...(in) 

*C * — R »Cjj 

Now let R «*, so as to show that the second integral in (Hi) vanishes. For any point on C R as | z \ —> « 

/■ / >_ Jl i 

1 2 a 2 (1 + ^ 2 X1 + ^ 2 ) 

decreases as 1/s 2 and tends to zero whereas the length of C R increases with z. 


Consequently, Lt [ f(z) dz = 0. 

I z J ^ ™ 




Hence from (t), ( ii ) and {Hi), we get J 


x 2 dx 


(x 2 + l)(x 2 + 4) 3 


Example 20.42. Evaluate 


r* cos ax 

Jo x 2 + 1 


dx. 


OJ.P.T. U., 2006 ; Delhi, 2002) 


& lQZ 

Solution. Consider [ --- dz = [ f{z) dz 

J C z 2 + 1 JC 


where C is the contour consisting of the semi-circle C R of radius R together with the part of the real axis from 
- R to /? as shown in Fig. 20.23. 

The integrand has simple poles at z = i amd z = — i, of which z = i only lies inside C. 


by Residue theorem, f f(z)dz = 2m Res f (t) = 2m Lt [(z - i) f (z)) 


= 2ni. Lt 


(z - i) e L ~ „ . , , e 


= 2t u Lt 


"** . «f ° 


Also 

Now 

Also 


*-*»' 2^+1 

\ c f{z) dz = fix) dx + f (z)dz 

| z j = R on C H and | z 2 + 1 | > R 2 - 1. 

| e te | = | | = I e tax .e~ ay | =e~ ay < 1 

1 . 1 


= 2m = mr 
z-*l z + t 2 i 


z 2 + 1 


= |e w *|. 


I ** + 11 


< 1 . 


R 2 -1 


Thus 


[ f(z) dz = f - dz I < f — I rfz I < —which -> to 0 as R -> ». 

Jc, Jc* ^ + x Jc* R z^ x l 1 J? 2 -! 


Hence from (i) t (ii) and (Hi), we get 

ne~ fJ1 = J f(x)dx + 0 or J 

Equating real parts from both sides, we obtain 
r- cos ax 


x 2 +1 


dx = me"® 


j: 


+i 


dx ~ Ke~ a 


Since cos ax/(x 2 + 1) is an even function of x t we have 

cos ax 


j; 


x 2 +1 


dx = Jte ' a or 


Jo 


cos ax . Jt 

- dx = —e~ a . 

x 2 +1 2 


(c) Integration around rectangular contours 


...(f) 

...(if) 

tv y > 0] 


...(iff) 


Example 20.43. Evaluate f — dx . 

e + 1 


f c r 

Solution. Consider I dz - I f(z)dz where C is the rectangle ABCD with vertices at (R, 0), 

e + 1 

(R, 2k), (- R, 2n) and (- R, 0), R being positive (Fig. 20*24), 
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or 


f(z) has finite poles given by 

gZ — _ ^ = g{2n + l)/u 

z - (2n + where n = 0, ± 1, ± 2, ± 3, 
The only pole inside the rectangle is z = ni, 

*\ by Residue theorem, 

f f{z)dz - 2ni Resf(iti) 

J c 


C(-R, 2k) 


B(R t 2 k) 


- 2ni 


a <e ' 


+D 


= 2nie aKi /e m - — 2itie aia 


[v 



Dl-R, 0) 


= -l] 


Also 


or 


\ c f(z)dz = fte)dz + ^ f(z)dz + j cD f[z)dz+\ DA mdz 

= f 2,L f(R + iy)idy + f J* fix + 2ni)dx + J* f{- R + iy)idy +■ f* fix)dx 

^0 •* £t J 2rt J —if 

( v z = R + iy along AB, z = x + 2 ni along BC, z = — R + iy along CD and z = * along DA.] 
, r 2n P a(fl+i A 

Jc f {z)dz = 1 Jo ^oT 


1 , ,fl e *x+2m) 2 „ , 

— dy - I -—-r—- dx-i I —=—3—— dy + [- dx ...(H) 


,2n 


e"”" jr + 

Now for any two complex numbers z I? z 2 

| 2 j | > | z 2 |, we have | + z 2 | > | % | - | z 2 | 

so that | e R + iy ^ 1 | > - 1. Also | e aiR + - v) | - e aR 

a for the integrand of first integral in (it), we have 


a{R+iy) 


e R +v +1 


aR 


e R -l 


which —> 0 as ». 


Similarly, for the integrand of the third integral in ( ii ), we get 


tl(—R+iy) 


e- R+iy + 1 


-tti? 


1 - e 


-R 


which also 0 as R —* 


[v a >11 


[v a < 0] 


Hence as R 


=>, since the first and third integrals in (ii) approach zero, we get 

L nz)dz = - r + r ^—dx =(i - e 2niti ) r 

Jc J — e r +l } -e x +l 1 /J — e z +l 


.MU) 


Thus from (t) and (iti), we obtain (1 - e 2 "-™) [ —— dx = - '2me <,m 

e +1 

ax 

a equating real parts, we get f ——-dx = —^—-. 

J - as e x +\ sm cm 


Example 20.44. Show that e~ x cos 2mx dx = >jne‘ m A 

_JL 

Solution. Integrate f(z) = e along the rectangle ABCDA having vertices A(-1), B(l} f C(l + im), D(-1 + 
im) (Fig. 20.25). f(z) has no poles inside this contour. As such 

L f(z)dz + Jac f{z)dz + Icd f(zHz + La f(z)dz = 0 " Xi) 

On AS : z = jc, on BC : z - l + iy, on CD : z= x + im and on DA :z - -l + iy. 

Therefore, ( i ) becomes 

j' ( dx + J" e-V'^idy + J‘* dx + e ( ' ,+ ^ dy = 0 

or J' ( dx - \ l t e-**-*™^ dx + . idy 

_} m e - ii+a,W .Idy =0 
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or 


Now let l -* «. Then the last two integrals 

= ie~ l e y (e~ ldy - e 2lIy ) dy = 2e^ ! e y sin 2/y dy —> 0 

[ v As / — >e~ r —* 0 and sin 2/y is finite I 
Hence (it) reduces to 

I e~* dx - e" 1 | e“* (cos 2mjt - i sin 2nuc)dx - 0 

Equating real parts, we get 

e | e cos 2 mx dx - I e dx ^ vtc 

j; ' 


_ 2 J / 2 

e cos 2mx dx = — V ne 
2 


Yi 

(- 1, ml 

C(l, m) 




[-l.o) O B«,o) J 


Fig. 20.25 


[See p. 289] 


(tf) Indenting the contours having poles on the real axis. So far we have considered such cases in 
which there is no pole on the real axis. When the integrand has a simple pole on the real axis, we delete it from 
the region by indenting the contour (Le. r by drawing a small semi-circle having the pole for the centre). The 
method will be clear from the following example. 


Example 20,45. Evaluate J 


- sm mx 


dx . when m >0, 


(UP.T.U, 2007) 


Solution. Consider the integral | -- dz ~ f f(z)dz where C consists of 

JC Z JC 

(i) the real axis from r to R, 

( ii ) the upper half of the circle C R : ] z ) = i? ? 

(Hi) the real axis — R to - r, 

(tu) the upper half of the circle C r : \ z \ = r (Fig. 20.26). 

Since f{z) has no singularity Inside C (its only singular point 
being a simple pole at z - 0 which has been deleted by drawing C r ), 
we have by Cauchy's theorem ; 

f f(x)dx + [ f(z)dz + f f(x)dx + f f{z)dz = 0 

Jr J C ri J — H J C, 


or 


Now 


L mu* = r 

K » Jo Re' 

= ‘I, 


m/ftcns© +1 sin 6; 


. Rie l(> d.Q 


_ ; f 11 pimR{ c&s 6 + i sin G) 
0 


JSlTlCe j (tus 0 + I Sin 0! | ^ J rrm ant o t iriMi lum tf | ^ e - 


imR {t:us 0 + i sin &) | _ | ^ mR sin 6 + imif cos © | £ /nJ? sin © 

n/2 -mi? sin© 


n/2 -2 msefn 


dQ 


Yk 



— *X 


[v z=Re'*\ 


= 2p " e"™ 71 d9 

h 

= —5-- f 1 - ) which 0 as 

mR V t 

Also f = I f® e ,fflr( ” s6+i “ 1Dfi) d6 -> / f ° fie i.e., - in as r -y 0. 

Hence as r 0 and R -» we get from (I) f /Xje)(£r + 0 + f f(x)dx -in = 0 

JO J—* 

,« g"" 1 

J /Xxldx =fjri.e., J_ -—dx =*Jt 


[v for 0 < 6 < it/2, sin 9/6 > 2 /ti] 


-XU) 


Equating imaginary parts from both sides, 
sin mx 


E 


-dx ~ k. Hence 


j; 


sm mx _ 7 i 

. dx - -r * 

2 
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Ob*. Equating real parts from both sides of (i*} t we get 
cos mx 


L 


-dx = 0. 




Example 20.4G. Show that f" -- dx = — ,0<p <1 

jq i + x sin px 


p~i 


Solution, Integrate f (z) = along the contour consisting of the circles a and y of radii a and R and the 

lines AS and FG along x-axis (Pig, 20,27). There is a simple pole at z - - 1 which is within the contour. 


Res/■(- 1) = Lt (l + z).f —= Lt « p “ 1 i±(- l) p_l = _1) 




Thus 


1 + Z i-t-l 

f{z)dz + j f{z)dz + f (z)dz + f(z)dz = 2ra e iT ^~ 1J 


On AB :z=x and on FG : z = xe ini 


f f{z}dz+ f ft*)*- 1*^* + 

Jab 1 Jfg 1 y Ja ! + x h 1 + 


rE r p ~^ 

= f" --U-e^tP-D] dx 

Ja X + X 


On the circle y: z = Re l6 . So 


J f{z)dz = f 271 ^ c -' e )P " 1 j de 
J V Jo H Re* 


JJP-I ^ 

For large the integrand is of the order —— Le. 


l + R 


R p 1 which tends to zero as R », 

Hence J f{z)dz —> 0 as R 


(v p < 1) 


On the circle a : z = ae* e . So 


f u f° (ae 10 )* * ie ■ 

f{z)dz=\ - a ae u 

Ja Ja* x + ae * 


£0 1 


id 0 


For small a, the integrand is of the order a p which tends to zero as a 0. (v p > 0) 
Thus on taking limits as a —* 0 and R —> (t) gives 

Jo m (1 - “ 1} )dx = 2tu ^ ] 


1) 


or 


[“ %p 1 dx - 2ni ^ ip ~ l) _ 2iue ipK (- 1) 2i. it 

Jo 1 + £ j _ e 2iti(p-l) -j _ „2ijm m 


1 - (1) e tpn - e~ lpn sin P n 


Ui) 



Example 20.47. Prove that \~ sin x s dx = J~ cosx 2 dx = - ^(JJ, ( Osmania, 2003) 

Solution. Consider J e~ z dz where C consists of the real axis from O to A, part of circle A8 of radius R 
and the line 0 = — . (Fig. 20.28X 


2 

e has no singularity within C. 

-z* 


f e z dz + f e z dz + f c z dz = 0 
wa Jaj? J bo 


«.(i) 
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[See p. 289] 


On OA:z~x, .*. f e ~ z dz = f e * dx Jk/2 as R -* °° 

Jew Jo 

On AB : z = Re*, 

f e’ 2 ' dz = r >4 e Ri (cos2a+ ‘ 6m28i . Re ie .idQ^O as R ->■«. 

Jab Jo 

[v integrand -=+ 0 as if «] 

On BO : z = re il04 and z 2 = r 2 = ir 2 

-ir S £m/4 


i *.r. e ‘" 4 *•—f”.-<* 

JfiO Jfe Jo J2 

—> — [ (cos x 2 - i sin a: 2 ) ^^dx 

JQ 


42 


when R —> **> 


Substituting these in (i), we get 


~ Vrc + 0 - J o (cos x 2 - i sin x 2 ) I dx = 0 


2 "" ' J o 

Equating real and imaginary parts, we obtain 

(cos x 2 + sin je 2 )d* = ^V(27cj and J ( (cos x 2 - sin jc 2 )da = 0 
-*dx=l~cosx 2 dx = ±^. 


Hence 


r 

Jo 


sin x 


PROBLEMS 20.9 


Apply the calculus of residues, to prove that 

r*K dB 2 n 


** t IT 


2^ 


r— 

1 - 2r 


--|-g (0 < ^ < 1) . 

2p sm 0 + p 1 - p 
dB n 


■ cos e + r 3 1 * r 2 
d0 2ic 


3^ f - = - f*— (a > i). (i>. r.a, 20 jo> 4, f* ~ 

Jci a + cos 0 ^( a 2 - 2) J o 5 + 

r?>ti sm^BdB 2 n t 2 *2u * * 

“• /« ^TT5Se"-F l “-'' ta 

6. f 2 

Jo 

«■ £ 


<r + (sin 2 0 ) 


jc 2 (£x 


(x 2 + a 2 )U 2 + fc 2 ) a + b 


(a, 6 > 0) ■ 


* Ld 


- x + 2 , 5rc 

* 4 +10* 2 + 9 12' 

dx 


10. r = JL . (J.N. T. t/., 2006) 

J — r 4 + 1 V2 

12. r d * = 2. (Aerate, 2005) 

Jo y> + 1 3 

11. r 4 ‘sech-fe 

i 6 . r 

Jo 


r ' s — (£c = — . (Aerate, 2005) 
a: 2 


•a r ,- 3 Tf 

J — (** + a 2 X* 2 + 5 Z ) a 2 - fcH * o 7 

i9. r 

Jo 


> 0 ). 


(Hissar. 2007; Mumbai, 2006; Kerala, 2005) 
(J.N. T. U„ 2006; Madras, 2006; Anna. 2003 ) 
2* coe 26 


dQ — — - 
4 cos 6 6 


(U.P.TM.. 2010) 
(J.N.T.U., 2003 ) 


B (a>0)- (S.V.T.U, 2009) 7. J 


?t dB 


5k 


ll- 

IS, 

15. 

17, 


u (5 — 3 cos 0)" 22 

(P.T.U., 2007; Mumbai, 2006 . Anna, 2003) 

( A.M.I.E.T.E., 2003; Delhi. 2002) 
f" dx it (Madras, 2006; Kerala, 2006) 


f“_ ax _ n . 

^ (Wx 2 ) 2 4 

r d*= 4 - 

Jo x " + i 6 

r 


1-cos ^ 


■o ** 


djc = 


(Rohttik. 2006) 
(P.TM.f 2005) 


r _® 

x 2 + 


Bin x t - tt sin 2 
dx-- 


4* + 5 


J 0 x 2 -(V 2 
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20 . 12 . 


OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 20.10 


Select the correct answer or fill up the blanks in each of the following questions 

1, The only function that is analytic from the following is 

(i)f(z) = sin z (ii) f(z) = z (iii ) flz) = Im (z) (iv) E (iz). 

2, If fid) = u{x» y) + iu fx,y) is analytic, then /*(z) - 

<*> 1*41 

dx tfy tfy dx 

3, If 2x — x 2 + ay 2 is to be harmonic, then a should be 

Call (6)2 M9 id) 0. 

4, The analytic function which maps the angular region 0 < 0 £ n/4 onto the upper half plane is 

P# (ii) fa { iii). 2 4 (iv) 26. 

5, An angular domain in the complex plane is defined by 0 < amp (z) < it/4. The mapping which maps this region onto 
the left half plane is 

(*) w - x 4 (it) w ~ tr 4 (m) w - - z 4 Ue) w - - iz 4 . 

£L The mapping w = z 2 - 2z — 3 is 

(i) conformal within { z j = 1 (ii) not conformal atz = 1 

(iii) not conformal at z - - 1 and z = 3 (iv) conformal everywhere. 

7, If z - re 50 , then the image of 8 = constant under the mapping wiz)- Re'*' = iz 3 is 

(i) 0 - 30 (ii) ^ - 30 + a/2 (iii) 0 = 30 - n/2 (iu) 0 - fi 3 - 

8, The fixed points of the mapping w = (5c + 4)1(2 + 5) are 

m2, 2 iii) 2,-2 (iii) -2,-2 (w) - 4/5, 5, 

9, The value of J (4x 3 dx + 3y^ dy + 2y A zdz) where C is any path joining A (— 1, 1, 0) to B (l t 2, 1} is 

(i) 0 (ii) 1 (iii) 8 (iu) - 8, 

10. The value of - l/z where C is | z \ ~ 1/2 is 

(i) 2m' (ii) 0 (iii) Tti (iv) m/2. 

. + 4 

11. The value of —-- —dz where C is the circle | 2 I = 1 is 

z(2z 4-1) 11 

(i) 2m (ii) 3 tti (iii) 4 C*y) - 4. 

12. The residue of a function can he found if the pole is an isolated singularity ; 

(i) True (ii) False (iii) Partially false (in) none of these. 

13. The value of \ — — where C : \ z I = 4 is 

*c % m z 11 

(i) 2m (if) 0 (iii) — 2m (io) 4m. 

14. The value of j., tanh z dz , where C : | z \ =3, is 

(i) 0 (ii) ib (iii) 2m (iv) 4m. 

15. The harmonic conjugate of the function ufo y) = 2x (1 -y) is ,. ( U.P T. U», 2009) 

16. Harmonic conjugate of x 3 - 3xy 2 is.. 

1 7 . The curves u(x t y I - c and o(x, y) »; c r are orthogonal if.. 

18. The value of f 1+1 z 1 dz along the line x = y is ...... 19, Residue of at z - 0 is 

J 0 2 

20, The critical point of the transformation ixj 2 - (2 - b J is * 

21, Image of \z * 11 - 1 under the mapping w - Ik is. 

22, The poles of f(jz) = (sF - 1 )/(z 3 + 1) are z - 23, w = log z is analytic everywhere except at z - 

24. If f(z)- - -2 [1 + iz- I) + (z - J) s + then the residue of /'felatzs 1 is 

z -1 

23, If | z | < t then Taylor's series expansion of log (1 4* z) about 2 - 0 is ...... 
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26, 

27* 

28 . 

29 . 

30 . 

31 . 
3 ?. 

33, 

34 . 

36. 

37 * 

38 . 

40 , 

41 , 

42 , 

43 * 

44 . 

46 , 

47 , 

49 . 

61 - 

53. 

56 . 

56 , 

58. 

60. 

62 , 

64 . 

65 . 

m . 

67 . 

68 . 



The value of —— -— dz where C is 9x J + 4v s = 86, is. 

The value of | z A e Vt dz, where C is | z | * 1, is 

(i) m m m/12 am «*/60 (to) ~ m/60 . 

If /Op) has a pole of order three at 2 = a Res lf(a)\ ~...... 

1 » 

The value of J — • -j * C being | z ) =* 2, is . 

U - 3) 

The CH equations for f iz) = u(x,y) + iofc. y) to be analytic are 

if/lri is analytic in a simply connected domain D and C is any simple closed path then J fiz)dz. = ...... 

The harmonic conjugate of e* cos y is .. 

The value of ^ cos 2 dz where C is the circle | z | = l, is . 

C 

The singularity of fiz) * z/iz - 2) 3 is. 35. The function f{z) = z if analytic at . 

OR equations for a function to be analytic, in polar form, are ...... 

If C is the circle \& -a | * r, J U -nT dz [ n t any integer # - 1J = „„„ 

A simply connected region is that 39. A holomorphic function is that 

. , z 2 

The poles of the function /‘(z) a*-=- are atz = , 

(z - l) a (z + 2) 

The cross-ratio of four points z v z v z 3 , z § is .. 

The value of J t , |z| dz t where C is the contour represented by the straight line from z » - 1 I 02 = i, is ...... 

Taylor’s series expansion of j - -- - j *n the region |z} < 1, is ..... 

The invariant points of the transformation w = (1 + zWil - z) are z & . 

1 + e* 

The residue at z = 0 of. . ■ : — is ...... 46, The transformation w - Cz consists of 

z cos z + sm z 

The residue of f{z) at a pole is .. 48, The value of J c ^ * 1 dz , C being J z | = 2, is ...... 

■jl 

If C is [z I = 1/2, f - ■ ~ 2 — 1 dz = . 50. Singular points of -—- - are 

1 ' Jc Z-1 (z-lKir-2) 

. 3 * - 

Taylor series expansion of —— in [z| < 1 is __ 52. Lt - - - = -.*-«**.—,. (F.T.L/., 2007) 

*" 2 *—(2z + 3Xz-l) 2 

(z - 1) 2 

The poles of ——« are at 2 = 54* Cauchy’s integral theorem states that ... .. 

z(z-2> 2 

The critical points of the transformation w s= z + Uz are .. 

- z 2 + l 

f . where \z\ = 1. is ... 57. The zeroes and singularities of —— —= are ...... 

Jc 2z~ 3 1 1 1-z 2 

Residue of tan z at z = rt/2 is. 59* Singularity of e* at z - 0 is of the type 

Res {e y *\ ,0 = 6L Taylor’s series expansion of sin 2 about z = n/4 is ***.*;• 

Image of \z | - 2 under w *= 2 + 3 + 2i is --- 63. The poles of cot 2 are .. 

If u is simple pole, then Res [<J>(23/wte)l * =11 = .- 

Bilinear transformation always transforms circles into .. . 

If f te) and fiz) are analytic functions* then f (z) is constant True or Kjflae 1 {MumbaL 2006) 

The function utr, y) - 2xy + 3ry 2 - 2y 3 is a harmonic functions 1 True or False 1 (P T U > 2009 S) 

The function e* cos y is harmonk. {True or False) 
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60- J c - %m f{a ), if z = a is a point within C. (True or False) 

70, The transformation affected by an analytic function w = f{z) is conformal at every point of the emplane where f’ijz) ~ 0. 

(True or False ! 

71, The function z is not analytic at any point (True or False) 

72, Under the transformation w = 1 fz r circle x 2 + y 2 « 6r = 0 transforms into a straight line in the to-plane. 

(True or False! 


73, If w ^ f k) is analytic, then ^ H * i 4™ , 

dz By 

74, An analytic function with constant imaginary part is constant. 

75, If u + iv is analytic, then v - iu is also analytic, 

76, f k) = / JM k) is not analytic. 

77, The cross-ratio of four points is not invariant under bilinear transformation. 

78, z = 0 is not a critical point of the mapping w ~ z 3 * 

79- f{z) = Re (z*\ is analytic, 

80, An analytic function with constant modulus is constant, 

81- The function \z\ 2 is not analytic at any point. 

8ti. If/k) - z 2 , then the family of curves x 2 ~_v 2 - C lf and xy = C 2 are orthogonal. 


(True or False) 

(True or False) 
(True or False! 
(True or False) 
(True or False) 
(True or False) 
(True or False) 
(True or False) 
(True or False) 
(True or False) 









Laplace Transforms 


I 1. Introduction. 2. Definition ; Conditions for existence. 3. Transforms of elementary functions. 4. Properties of i 
I Laplace transforms. 5. Transforms of Periodic functions, 6. Transforms of Special functions. 7. Transforms of 
derivatives. 8. Transforms of integrals. 9. Multiplication by f ! . 10. Division by t. 11. Evaluation of integraJs by 
Laplace transforms. 12. Inverse transforms, 13. Other methods of finding inverse transforms. 14. Convolution 
I theorem. 15. Application to differentia) equations. 18. Simultaneous linear equations with constant co-efficients. ' 
I 17. Unit step function. 18. Unit Impulse function. 19. Objective Type of Questions. 


21.1 


INTRODUCTION 


The knowledge of Laplace transforms has in recent years become an essential part of mathematical 
background required of engineers and scientists. This is because the transform methods provide an easy and 
effective means for the solution of many problems arising in engineering. 

This subject originated from the operational methods applied by the English engineer Oliver Heaviside 
(1850-1925), to problems in electrical engineering, Lhifortunately, Heaviside's treatment was unsystematic and 
lacked rigour, which was placed on sound mathematical footing by Bromwich and Carson during 1916—17. It 
was found that Heaviside’s operational calculus is best introduced by means of a particular type of definite 
integrals called Laplace transforms.* 

The method of Laplace transforms has the advantage of directly giving the solution of differential 
equations with given boundary values without the necessity of first finding the general solution and then 
evaluating from it the arbitrary constants. Moreover, the ready tables of Laplace transforms reduce the problem 
of solving differential equations to mere algebraic manipulation. 


21.2 


(1) DEFINITION 


Let f(t) be a function of t defined for all positive values of t Then the Laplace transforms of fit), denoted 
by L\f{t)\ is defined by 

mt)\= j; mat ...CD 

provided that the integral exists , s is a parameter which may be a real or complex number. 

L1/’(01 being clearly a function of s is briefly written as f <$) Hf(t)\ = f is), 
which can also be written as fit) = L~ l [f ($)], 

Then fit) is called the inverse Laplace transform of f <s). The symbol L, which transforms fit) into 
f is) y is called the Laplace transformation operator . 


*Pierre de Laplace (1749—1827) (See footnote p. 18) used such transforms, much earlier in 1799, while developing the theory 
of probability. 


726 













727 


Laplace Transforms 

(2) Conditions for the existence 

The Laplace transform of fit) Le. t J e~ ni f{t) dt exists for s > a, if 
(i) f(t) is continuous { iii ) Lt {e~ at fit)} is finite. 

t 

It should however, be noted that the above conditions are sufficient and not necessary. 
For example, Lil/sfi ) exists, though U\[t is infinite a IT - 0. 


21.3 


TRANSFORMS OF ELEMENTARY FUNCTIONS 


The direct application of the definition gives the following formulae : 


(1) L (1) = — 
s 

(s > 0) 

(2) L (t n ) = s n +1 * wlien n = 0,1, 2, 3, ... 

Otherwise F(n 

s n + 1 J 

(3) L (e“ ( ) « 1 

s - a 

(s > a) 

(4) L (sin at) = * , 

& + a 

(s > 0) 

(5) L (cos at) = 2 - g 

s + a 

(s > 0) 

(6) L (sinh at) = 2 8 . 

s — a 

(s > [a |) 

(7) h (cosh at) = - a - S g 

(s > [ a |) 


s - a 


Proofs. (1) L (1) = J” . 1 dt = 
( 2 ) 


— St 


: — if s > 0. 
s 


L {t n ) = f e &t . t n dt - f e p * f—1 — , on putting st. = p 
J0 ysjs 

= } 0 e ~ p ■ P n , if n > - 1 and s > 0. [Page 3021 

In particular L (r 1/2 ) = X ~ j f L =* ^ ; L ( t I/s ) = 


In n be a positive integer, Hn + 1) = rt ! [(o) p. 302], 
therefore, L (t n ) = n \fs n + 


(3) 


(4) 


L (e*) = J o " . ef* dt = J Q " dt = 




~(s - a) 


s - a 


■, if $ > a. 


L (sin a£) = [ e ^ sin at dt = 
Jo 


— s? 


s 2 + a 2 


(- s sin at - a cos at) 


s~ + a 2 


Similarly, the reader should prove (5) himself. 

(6) L (sinh at) = f" e~ 3t sinh at dt = f" e~ st I 

Jo Jo ^ ; 

= - \r e- (s ~ a)t dt - f" e~ (,+a)t dt 
2 [_Jo Jo 

Similarly, the reader should prove (7) himself. 


(e at - e~ at 


dt 

1 I 


s - a s + a 


- ,3 _for s > I a I. 

2 2 1 1 

s - a 
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21.4 


PROPERTIES OF LAPLACE TRANSFORMS 


I. Linearity property. If a, b, c be any constants and f g, h any functions of t, then 

L [nf(t) + bg(t) - ch(t)] = aL |f(t)} + bL {g(t)J - cL {h(t)J 
For by definition, 

L.H.S. = |™ e~ st laf(t) + bgit ) - cWO] dt 

= a j" fit) dt + b J~ e~ si git) dt-c J“ e~ st hit ) dt = aLifit)} + bL{git)) - cLlhit)) 
This result can easily be generalised. 

Because of the above property of L, it is called a linear operator. 

II. First shifting property. If L\f it) | = f is), then 

L{e“‘f(t)}= f(s-a). 

By definition, L[e at fit)) = e"* e a> fit) dt = J“ e ^ s ~ a)t fit) dt 

= j e~ n fit) dt, where r = s - o = fir) = f (s - a). 


Thus, if we know the transform, f (s) of fit), we can write the transform of e 0 * fit) simply replacing s by 
s-a to get f is - a). 

Application of this property leads us to the following useful results .* 

I 


(1) L (e at ) = 


s-a 


(2) L (e Bt t n ) = 


n! 


(s-a 

(3) L (e“* sin bt) = 

(4) L (e at cos bt) = 

(5) L (e at sinh bt)« 


k n + l 


(6) L (e al cosh bt) = 


where in each case s > a. 


(s - a) 2 + b 2 
s-a 

(s - a) 2 + b 2 

b 

' (s - a) 2 - b 2 
s-a 


(s - a) 2 - b 2 


Example 21,1. Find the Laplace transforms of 
(i) sin 2t sin 3t (U) cos 2 2t 


(i/f) sin 3 2t. 


v L (1) = — 
s 

V L (t n ) = y 
s n + 1 


v L (sin bt) = 


v L (cos bt) = 


v L (sinh bt) - 

v L (cosh 60 = 


s 


s 2 + b 2 
b 


2 l2 

S - b 
$ 
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Solution, (i) Since sin 2f sin 3t = I [cos t - cos 5f] 


L (sin 2t sin 3t) = i [L (cos t) — L (cos 5/)] = — 


s 2 + l 2 s 2 + 5 2 


12s 


is 2 + l)(s 2 + 25) 


cos 2 2 1 = — (1 + cos 4t) 


L (cos 2 2 1) = - [L (1) + L cos 4t] = ~ 
2 2 


1 s 
s s 2 + 16 


(a) Since 
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(Hi) Since 
or 


sin 6£ = 3 sin 2t - 4 sin 3 2 1 
sin 3 2f = ^ sin 2t — j sin St 
L (sin 3 2 1)= | L (sin 2t) - i L (sin 60 

- 3 2 _ 1 2 48 

~ 4 ' , 9 2 + 2 2 4 ‘ s 2 + 6 2 ~ (s 2 + 4Ks 2 + 36) ' 


Example 21.2. Find the Laplace transform of 

(t) e~ 31 (2 cos 5t- 3 sin 5t). (it) e 2t cos 2 f (V.T.f/., 2006) (iii) 4te 3t . (P. T. U„ 2009 ) 

Solution, (i) L (e“ 3t (2 cos 5t - 3 sin 5()1 = 2L(e" 31 cos 50 - Site -3 ' sin 5t) 

_2 s + 3 5 _ 2s - 9 

' (s + 3) 2 + 5 2 ‘ (s + 3) 2 + 5 2 _ s 2 + 6s + 34 ‘ 


(ii) Since 
/. by shifting property, we get 


L (cos 2 1)= — L(l + cos 2 1) - i 
2 2 


L (e 2t cos 2 t) = “ 


1 s - 2 

+ 


2 [s-2 (s-2f 


'02 


„3/2 


(Hi) Since 

s s~ 

*\ by shifting property, we obtain L (e 3 * *Jt ) = 



yfn 1 
~2 ( s ^ 3) 3 ' 2 ' 


Example 21,3. If L fit) - f (s), show that 

L [(smA at) fit)) - ^ I f (*— a )- f (s + a )3 

a 

L f(cosA at) f{t)\ = ~ [ f (s - a) + f (s + a)] 

£ 

Hence evaluate (t) sink 2t sin 3t (ii) cosh 3t cos 2t. 


Solution. We have L [(sinh at) f(t)] = L 


Similarly, 


( i ) Since 


he at -e~ at ) fit) 


= -[He°*f(t)-He-#f(m 
z 


1 , 7 . 


= — [/*(s - o) - f (s + a)], by shifting property. 
2 


L [(cosh at) fit)] = i [L\e at fit)) + (e-"/'(*)}] 
z 


= — [ / (s - a) + f (s + a)], by shifting property. 

2 


Z,(sin 3f) - 


s E + 3 2 


, the first result gives 


L (sinh 2t sin 3f) = — 
L (cos 2t) = 


12s 


2 1 (s - 2) 2 + 3 2 (s + 2) 2 + 3 2 J s 4 + 10s 2 + 169 
s 


s 2 + 2 2 


, the second result gives 


L (cosh 3 1 cos 2t) = — 


s - 3 


s + 3 


2s(s 2 - 5) 


2 (s - 3r + 2 2 (s + 3 f + 2 l \ s 4 - 10s 2 +169 


(ii) Since 
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or 


Example 21.4. Show tkat 

■gW*? c“ _ {t " 

Ci) L (t sin at) = , , „ (Bhopal, 2001) (U)L(t cos at) = 


(s 2 + a s f 

Solution. Since Lit ) = 1/s 2 . L(te iai ) - 
L [f (cos at + i sin af)J = 


(s 2 + a 2 ) z 


(s + tap 


(s - r'a) 2 [(s - ia)(s + ia)f 

(s 3 - a) 3 + t(2as) 


(s 2 + a 2 ) 2 

Equating the real and imaginary parts from both sides, we get the desired results. 


Example 21.5. Find the Laplace transform of fit) defined as 
(i) fit) = tlx, when 0 <t< t 
= 1, when t >x. 


Hi) fit) = 


1, 0<t<l 
t, l<t<2 
0, t > 2 


(Kerala, 2005) 
(J.N.T.U., 2006; W.B.T. V., 2005) 



\t.‘— 

it 

-j 

- st 

T l. dt 



Jo t X 

- $ 

J 

0 

o — s 


— s 


1 

xe w - 0 

e~* 

t 

0 - e _st -tT 51 

_L_ — 

e -**_l e-* 

t 

X 

“s 

s 2 

0 

- 5 S 

2 

T S £ S 


l~e~ 


TS 


(ti) 


L (/■(()] = f 1 e st . 1 dt + ( 2 e ** . t dt + ( e . (0) dt 

#0 Jl J2 



e-* 

1 

«L 


- s 

T 

0 


t. 


e~ B< e 


-s s* 


1 2<T 3s <T s <r 2s 


2 1 - e~* [f 2e~ 2s er 2 ^. (e~* 


Ti- 


s 


s 


( r 1 

Example 2K6. Find the Laplace transform of(i) yt —^ 


Y 

J 


(it) 


cos 


ft 


ft 


(Kurukshetra, 2005) 
{ Mumbai, 2009) 


Solution, (i) Since (f-l/ff = t m - 2t m + 2t~ m - tr 3/2 
Lift-\t ft) =uf > ' 2 )-mt V2 ) + mt- m )-L(r 3J2 ) 


r(3/2 + D o r d /2 + 1 ) i /2 + i) r(-3/2 + i) 

. — *3 -—-— + i3 - 


^3/2 + 1 


. 1/2 + 1 


- 1/2 + 1 


S 


-3/2 + 1 


Li 3 Mt 3 Li lH) 

5/2 13 3/2 1/2 -1/2 

S S 


3 fz _ 3 ft Sfz 2 ft 

4 „s/2 2 c 3/2 „~i/2 




ftf 3 6 12 


8 


4 I 5/2 3/2 1/2 -1/2 

* \S S S S 
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0^ qG 

(ii) We know that cos 0 = 1 — -^y + - gy + -■ 1 


and 

and 


cos 

cosV^ 


f f 2 

^ =1 “ir + r!“fiT + *" 


2! 4! 6! 

.1/2 ,3/2 ,5/2 

_ 1/2 t . 1 f 


...... . = f-v* _ -_+ ~_« -__ + 

7? 2! 4! 6! 


( COS sft^ 

'hrJ 


ra/2) 

i r (3/2) 

S 1/E 


2! ^ 

n /2 

i i /2 r 1/2 



2 s 3 ' 2 

= ^1 

1 

1+1 

\2J 

JL 

(4s) 2! a 






6! 


7/2 


+ 




-l/4s 


(4s) 2\ (4s f 3!( 4s) 3‘"J U 

Example 21,7. Find the Laplace transform of the function 
(0 f (() l t-1 1 + | f+ 1 \,tZO 

(ii) f (t) - |/I, where | J stands for the greatest integer function. 

Solution, (i) Given function is equivalent to 


(. S.V.T.U ., 2009 ) 
(. P.T.U. . 2070) 


/<*) 


_|2, 0<f<l 

[2t, t 5 1 


Z,/(i) = J l e' s, (2) * + J" e* (2t)dt = 2 


e -3 * 

1 

+ 2 

0 


w 

e - * 

s? 

- s 

-s 

1 

(-s) 2 

1 


= 2 


*I + i| + 2 

-s s 


0 - e~ s 0-e~ 


— s 


-s 

1+— 

s 


(tt) Given function is equivalent to 

\t) = 0 in (0,1) + 1 in (1, 2) + 2 in (2, 3) + 3 in (3, 4) + ... 

L\f(t)] = J" e~ 3i \f(t)\dt = j; [t}dt 

= (0 )dt + J* e _st (l)df + e~ M (2 )dt + J 4 e -s( (3 )dt +... < 


= 0 + 


-tff 

2 


3 



+ 2 

e 

+ 3 

e 

- s 

1 

- s 

2 

- s 


+ ... oo 


= - - [(e" 2s - e" 3 ) + 2{e" 3s - e- 2s ) + 3(e -4s - <T 3s ) +... ~) 
s 


- I ( ^ 

— 1 /-& , -2s . -3s , \ 1 e 

= “(e + e +c +...«) = — 

s s 


1 


1-e s ) s(e* -1) 

III. Change of scale property. IfL i/Xf)) = f(s ), then L {/tat)} = — / [ — 
L = J 0 " e~ st f{at) dt = e~ su,a f(u ). duJa 

=- r e_su/a / (u)cfu= - f {s/a) ■ 

a a 


Put af = u 
dt - du/a 
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Example 21*8. Find L j s *' n -, given that L j““ 
Solution. By the above property, 




- 1 fe} (!) - (!) ■ 


PROBLEMS 21,1 


Find the Laplace transforms of 


h eP 4 4** « 2 sin 3# 4* 3 cos 3*. (JMTM K 2003) 

2. 

1 + 2 \ft + 0W*. 


3. 3 cosh 5£ - 4 sinh 5#. (Na^ar/arca, 2006) 

4. 

cos (a* 

+ 6). 


5. (sin t - cos t ) 2 . 

6. 

sin 2* cos 3 1. 

(Kottayam, 2005) 

7. sin Vt, 

a 

sin 5 t> 


( Mumbai f 2007) 

&, cos 3 2£, 

10. 

e" 01 sinh Of 


11. (P.T.t/,, 2007) 

12. 

e' 31 sin 5f sin 3f* 

(VT.U, 2006) 

13. e~*sm 2 t< (Mumbai, 2009) 

14. 

e 2 * sin 4 

* 

(Mi/mini, 2007) 

15. cosh at sin at. (Delhi, 2002) 

16. 

sinh 3/ cos 2 t 

(Madras, 2000) 

17. £«* (V.TM., 2008 S) 

18. 

(1 + te-*) 3 


19. t ^(1 + sin t) C Mumbai, 2007) 

20. 

m = i 

[4. OS/ < = 1 
[3, (>1 

C UJKT.U.' 2009) 

f sin t f 0 < it 

21. ffti- 1 o ^ >n (Madras, 2000 £) 

22. 

/(x) = 

jsin (x - rc/3), jc > tl/3 
[0 , x<n/3 

(Rajasthan, 2006) 

f cob it - 2n/3). * > 2n/3 

23. f(t)= |q^ t < 2n/3 

24. 

7(0= i 

V,0< / <2 

t -\.2<t <3 

7, / > 3. 

{ Mumbai, 2007) 


25. tfLW»]= , y find Lie-V(2f)l. 
s(s 41 ) 


TRANSFORMS OF PERIODIC FUNCTIONS 


If fit) is a periodic function with period T, i.e,, f(t + T) = f (f), then 

r T 


L[f{t)) = 


} o «-•* fmdt 


1-e 


r sT 


We have = J e - J e ** f{t)dt + J* e ^ f(i)dt + J ^ e * f(t)dt + ... 

In the second integral put t - u + T f in the third integral put t - u 4 2T, and so on. Then 

r r -sCit+T} 


Uf(t)\ = J o e'* f(t)dt + J o e ~ m + T) fin + T)du + J o e“* w+Zi 1 f(u + 2T)du + ... 


£ e ~s{u + 2T) 
~2 sT r T 


= e ** f{t)dt + e sT J o e su f(u)du + e Zs7 e su f(u)du + ... 

tv f(u) = f(u + T) = f(u + 2T) etc.] 
- jj' f(t)dt + e~ sT tT 5 * f{t)d.t + e~ 2sT jJ" e st f(t.)dt + ... 

= (1 + e~ sT + e _2sr + ... °°J jj 1 /’(f)iff 

1 f .-st 

1 - e~ sT 


f(t)dt. 


( V. T. U., 2008 ; Mumbai, 2006) 
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Example 21.9. Find the Laplace transform of the function 
f ( t ) = sin toi, 0 < t < ji/cu 
= 0, n/ax t < 2n/(&. 

Solution. Since fit) is a periodic function with period 2jt/co. 


Hf(t)) = 


1 


1, 






1 _ g- 2its/ « Jo 
1 


1 - e 


~2its/do 


f e sin tot + [ e “ . 0 dt 

JO Jrt/tu 


1 — e 


—2fts/co 


<T sf (— s sin cot — to cos cot) 


2 2 
s + to 


n/w 


(Kurukshetra, 2005 ; Madras, 2003) 


-Ks/id 

toe + to 


co 


(!-*-*"*■ )(5 2 +0)2) (l_g 


~' ts/ “)(s z + a) 2 ) 


Exam pit? 21,10. Draw the graph of the periodic function 


m= f'- 0<t<K 

t 7i - t i n<i< 2k. 


and find its Laplace transform. 


Solution. Here the period of fit) - 2n and its graph is as in Fig, 21.1. 
••• L /<»= j /; + f* e -*ta - ()*] 



i U.P.T.U., 2003) 



TRANSFORMS OF SPECIAL FUNCTIONS 


(1) Transform of Bessel functions J 0 (x) and 

6 

We know that J*(x) = 1 — ^ ^ —~—- + 


t ( \ _ 1 x 2 x 4 
0 = 2 s 2 2 4 2 2 2 4 2 6 2 






- 1/2 


V(s 2 + 1) 


Also since J 0 '(x) = - J x {x). 

UJJx)) = - Z.(J n '(x)} = - I S L { J Q W) - 1] = 1 - 

(2) Transform of Error function 

We know that erfi-Jx) = f e~ t? dt 

.Lr J o 


V(s 2 +1) 




[§ 16.7 (1), p. 553] 


...( 1 ) 

[Problem 4(i), p. 557] 

.-.(2) 

{§ 7.18, p. 312) 
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2 ^( l _ t 2 + t^_f_ + } dt 2 [m x 312 x x m X™ 

3 5.2! 7.3 ! 


A r VJC f, „ , _ 

= >— I 1 — ^ + ttt — + *— | ^ — “7=? 

%/it -* 0 V 213! J Viu 
2 frca/2) ns/2) r(7/2) r(9/2) 


+... I 


4i\ 

s 3 ' 2 

3s* 2 5.21s m 7.3! s 9 * 2 

i 

1 1 

1.3 l 1.3.5 l 

s®' 

2 s m 2.4’ s ia 2.4,6" g 9 '' 2 *" 

i 

H 

1 1.3 1 1.3.5 1 1 

S a ' 2 ■ 

s 2.4 S 2 2.4.6 ’ s 3 -J 

1 

■ 1+ ii 

s_ 


a 45 

W{s + 1) ’ 


(3) Transform of Laguerre’s polynomials L n {x) 
We know that LXr) = e x -^—(x"eT*) 


dx n 

L[L(t)]= f"e"V— (t n e~ t )dt = f" *f u_1)c —(e“ ( f ft )df 
Jo d f Jo dt" 


(Mumbai, 2009 ) ...(3) 


(§ 16.18, p. 571) 


vH *“1 

-U-I)f d t _-t*n ■ 


dt 


—r(e' f ) 

n~l 


+ [ e 
Jo 


-(*-!» <s-l) 




dt n_l 




ifl —1 

00 -tfl-X)* a 


dt 




(Integrating by parts) 


= (s - 1) B f" e-' 8 ' 11 ' . e -f . r dt = (s - l) n f“ «T si . t n dt 
Jo Jo 


Hence 


= (s- l) n L(t n ) = (s- 1Y 1 . 


n !(s -l) n ,. 
£[£„(*)] = —-- (s > 1). 


n ! 


s n +1 

Exam pie 21.11. Evaluate (i) Lie'™ J 0 (at)\ («) Herf 2^/t). 

i 

Solution. (/) We know thatLiJgiat)) = 

By shifting property, we get 

Ue-° t J Q (at)) = 


( Mumbai , 2006') 


V(s 2 + a 2 ) 


1 


V[(s + a) 2 + a 2 ] Vis* + 2sa + 2a 2 ) 


(ii) We know that L(erfjt ) = 


s(s +1) 


L(erf 2-Jt) = Uerf/i 4tjj = i -— -r= j 2 — . 

4 «v(j + l) W(s + 4) 


PROBLEMS 21.2 


1. Find the Laplace transform of the saw-toothed wave of period T, given fit) - t/T for 0 < t < T. (V.TM. $ 2007) 

2. Find the Laplace transform of the full-wave rectifier 

f (t) = E sin wt, 0 < t < TifWi having period it/te. 

































Laplace Transforms 

B. Find the Laplace transform of the square-awe (or meander) function of period a defined as 
fit) = k r when 0<t<a 

= when a<*<2o. (V.T.U., 2011) 

4. Find the Laplace transform of the triangular wave of period 2a given by 
fit)- U 0 <t<a 

* 2a ~t, a < f < 2a. [Nagarjuna, 2008 ; V. T, V\ f 2008 S ; U. P. T. U, t 2002) 

Find the Laplace transform of the following functions : 

a. J 0 lax). 6. jk?*J 0 (bt). 7. e* erf (ft). 


TRANSFORMS OF DERIVATIVES 


(1) Iff'it) be continuous and L{f (t)} = f (s), then L{f '(t)f - s fis) - f(0). 

L{f {£)) = J Q e _sf f\t)dt [Integrate by parts] 

= | e~ s< fit) |" - } o " (-s)e~ sl . f(t)dt. 

Now assuming fit) to be such that Lt (t) = 0, When this condition is satisfied, / (t) is said to be 

exponential order $, 

Thus, L(/'(f)l = / , (0) + sf"e' s( f(t)dt 

J 0 

whence follows the desired result. 

(2) Iff'it) and its first in — 1) derivatives be continuouSj then 

L{f*(t)} f<0) - f*(0) - - f*" 1 (0), 

Using the general rule of integration by parts (Footnote p* 398). 

Li/ n (f)]= e~ st f n it)dt 

= j e- 8t f n ~ 1 (t) - (- s)<r st f n Ht) + <- s) 2 e- sf f n ~ 3 (t ) - ... 

+ (- IT- 1 (- s)*- 1 r- - . fit) j“ + {-1)"(- sf f“ e ^ fit)dt 

= (0) - sf n ~ 2 (0) - s 2 f n ~ 3 (0) - ... - s' 1-1 /"(O) + s n f“ e~ s, fit)dt 

Assuming that Lt e~ $t f m {i) = 0 for m = 0, 2,n-1. 

t — 

This proves the required result. 


TRANSFORMS OF INTEGRALS 


or 


IfUf(t)) = As), then l{J # ‘ f(u)du} = i f(s). 

Let = f f fiu) du, then <[>'(£) =f(t) and <j>{0) = 0 

JQ 

L|fU)}= s^Cs)-(K0) 

*(s> = ~L IfM) i e., L(£ f(u)du} = | As). 


[By § 21.7 (1)| 


MULTIPLICATION BY t n 


IfUfit}} = f is), then 


L It" f(t)} = (- 1)" 


d n - 


ds° 


t f (s)], where n = 1, 2, 3 ... 
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We have f c 11 f(t) dt = fis). 

Jo 

Differentiating both sides with respect to s, ^ j £ e~ st fit) dt > = -~ jf (s)} 


or By Leibnitz’s rule for differentiation under the integral sign (p. 233). 

[” ~(e- st )f(t)dt = ~{f(s)} 

Jo ds as 1 } 

d 


or 


f {- te fit)} dt=~ [/■{«)] or f e- st [tf{t)\ dt = ~~ [fis)] 

Jo ds Jo ds 


which proves the theorem for n = 1 . 

Now assume the theorem to be true for n = m (say), so that 

j m 


Then 


d_ 

ds 


r e- * it” fm dt =(-1 r if is)] 

Jo ds m 

[I>-“ 


t m fit) dt 


=c- ir 


ds 

d m+1 


7 jifis)) 


or By Leibnitz’s rule, f “ (- te~ st ).t m fit) dt - (- l) m [/(s)] 

Jo ds m 

M jm + 1 

or f e- st [t m + 1 fit)]dt = (-l) m+1 -=— r [/ ! (s)]. 

Jo ds m +1 


ds r ' 

dy' 

ds r ‘ 

This shows that, if the theorem, is true for n = m, it is also true for n - m + 1 . But it is true for n = 1 . Hence 
it is true for n = 1 + 1 = 2, and n = 2 + 1 = 3 and so on. 

Thus the theorem is true for all positive integral values of n. 


Example 21.12. Find the Laplace transforms of 
ii) t cos at iRaipur, 2005) (it) t 2 sin at 

(Hi) t 3 e~‘ Vf iKottayam, 2005) iiv) te'* sin 3t. 


iU.P.T.U., 2005 ) 

iS.V.T.U., 2007) 

< Kurukshetra, 2005) 


Solution, (i) Since L (cos at) = s/is 2 + a 2 ) 

d ( s 
ds 




L it cos at) =- r - 5 —— 5 -1 

+ a z ) 


s 2 + a 1 -s. 2 s 


(s' + o 2 ) 


2 \2 


2 2 
s — a 


2 \2 


(ti) Since 


iiii) Since 


sin at = 


is 1 + a 2 ) 
a 

2 , 2 ' 

s + a 


[c f Example 21.4] 


L it 2 sin at) = (- l ) 2 

ds 2 

L (fT 3( ) = 1 /is + 3), 

ds 3 U + 3 J 


d 2 

f 0 1 

d 

- 2 as ! 

2a(3s 2 - a 2 ) 

ds 2 

l s 2 +■ a 2 J 

~ ds 1 

(s 2 + a, 2 f j 

(s 2 +a 2 ) 3 


(- If . 3 ! 
(s + 3 ) 3 +1 


= 6/(8 + 3) 4 . 


(iv) Since 


3 d 

L (sin 3/} = -s--, therefore L it sin 3£) =-- 

s 2 + 3 l ds 


s 2 + 3 2 


6 s 


is 1 + 9 f 


Now using the shifting property (§ 21.4 II), we get 

6 (s + 1 ) 6 {s + 1 ) 


L (e~* t sin 3f) = 


Ks + if + 9 r is 2 + 2 s + ior 
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Example 21,13. Evaluate (i) L \t J Q (otf)] (u) L {£ (£)] (iii) L (r erf 2 Jt ). 

I 


Solution. (i) Since L !</ n (o£)l = 


V(s 2 + a 2 ) 


(ii ) Since 


L [tJ 0 (a()l = - [L J 0 (ai)} = - -§r r. ^ —jr = —r 2 — ^ 2 

0 ds u ds V+a* 1 ) ( s 2 +a 2 r' 2 


L [J l W) = 1 - 


V(s 2 +1) 


(Hi) Since 


L Wl (HI = - | I LJ. (HI -|)l- 

i(e ' / ' /?,= + 7 TJ 

L {erf2*Ji ) = Lerf ^40) = -■. t- = — 7 -^ 

4 eGH 


21.10 


Thus L{terf2jt%= - — 

as 

DIVISION BY t 


f 2 1 

' _iLj 

1 2 1 

[s+s + 4)J 

ds | 

[ V(s 3 + 4s 2 ) 


3s + 8 


s 2 (s + 4) 3/2 


IfHf(t)) - f(s), then L jl f(t)| = J ?(s) ds provided the integral exists. 

We have f(s) = P e_sf /W<ft 
Jo 

Integrating both sides with respect to s from s to 

f f(s)ds ~ f f e~ 5t f(t)dt ds = f f f(t)e~ 8t dsdt 

J s Jo Jo Jfi 


= P fit) p e~ sl ds 
Jo l Jj? 


[Changing the order of integration] 
[ v t is independent of s] 


Example 21.14* Find the Laplace transform of(i) (1 - e i )/t 
cos at - cos ht 

(u) ■-——-— + i sm at . 


(Madras, 2000) 
(V.TM. t 2010) 


Solution. ( i ) Since L (1 - e*) = L (1) - L (e r ) = i — - ^ 


s $-1 

(l-e*) r ft I 1 , j T . / 

L [— H , = 


log 


s -1 


= - log 


1 - 1 / 4 ’ 


= log 


l 1 ! 1 ) 


(ii) Since 


L (cos at - cos bt ) = 


2 , 2 2 , i 2 

5+0 5+0 


5 O 

and L (sin at.) = 


s 2 + a 2 
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f cos at — cos bt \ ... . f" f s 

[ -7-[ 77 ^- 


|log(s J +a 2 ).i|o B (s 2 +6 ! ) 


— a 


s 2 + b 2 
- 2s 


, d 
as - — 
as 


a 


J. _L 

s + a 


- — Lt log 


s 2 + a 2 1, s 2 + a 2 


(s 2 +c 2 ) 2 

2as 


2 s-»« s* + f? 


2 . j .2 O l ° g „2 . t 2 ' /_2 , _ 2<,2 


s 2 +6 2 (s 2 + a 2 ) 2 


= i log 


i, i 

-2 l0g l 

( s 2 + a 2 ' 

1 2as , J 

r s 2 + 6 2 ^ 

i 

u + oj 

Is 2 +b 2 . 

1 V+o*)* g| 

L s 2 + a 2 J 

Example 21.15. Evaluate (i) L 

{" £ 


■ 


1/2 


j + 


(S' 




Sm f * (P.fttt, £005) (til) L I £ £ £ U sin /) dt d* df }■.. 


Solution, (i) We know that L (sin t) ~ 

"sin t 


s 2 + 1 


r” X TC 

= I —r- ds = — — tan" 1 s = cot“ 1 , 

Jo s 2 +l 2 

Thus by shifting property, L je - * ^ J ^ * dt j j =s ■ ^ ^ cot -1 (s + 1). 


(ii) Since 


L | —| =cot -1 s 


and 


Hence 


L _ co ^-1 ( s + i) 

i jjj e -< f!£L£rftj = I cot- 1 <s + 1) 

4 .jv^f 


d J cot 1 (s + 1}] 
ds s I 


s. 


i + (»+1 r 


- cot 1 (s + 1) 


s + (s 2 + 2s + 2) cot 1 (s +1) 
s 2 (s 2 + 2s + 2) 


(tit) Since 


L (sin 0 = 


s 2 +l 


L (t sin t) = — 


2s 


ds (s 2 + 1) (s 2 +1 f 


Thus L 


{j: £ £ 


(t sin t) dt. dt . dt\ ^ ~ L (£ sin 0 =s ^ 


2s 


s 3 (s 2 +1) 2 sV + X) 2 


2 as 

[v log 1 = 0] 
(Madras, 2006 ) 
(Mumfcat, 2006 ) 
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21.11 


EVALUATION OF INTEGRALS BY LAPLACE TRANSFORMS 


Example 21.16. EualuateU) f te 31 sintdt 

J o 

um J"f at - «" M j d , 


m r dt 

Jo t 


. , j r' e ' sin t . I 

( ‘" )i (Jo ~~i *)■ 

Solution, (i) J 


te 


3 1 


sin t dt = [ e~ {t sin t ) dt where s - 3 

Jo 

- L (t sin t ), by definition, 

2s 2x3 


= (-1) 4-' 1 1 


(ii) Since 


d$ t s 2 + 1J (s 2 + l) 2 (3 2 + 1) 2 50 

L (sin mi) = m/(s 2 + m 2 ) - f(s), say. 

ds 


or by Def., 
Now 


„ f sin mi) r™ ^ , r™ m . 

Using 121 . 10 . L[—J-j # . rt*)*-J 0 jq; 

sin mi 


m 


tan 1 — 
m 


r 


n . _i s 
- at - -— tan — 

£2/71 

Lt tan" 1 (s/m) = 0 if m > 0 or n if m < 0. 
s -+0 


Thus taking limits as s —> 0, we get 

i, 


Sin 7Tht J II *n rt tc\ ■ r 1*1 

--- dt = — if m > 0 or - n/2 if m < 0 

f o f 2 


5 S 

(Hi) We know that L (cos af) = —-- and £ (cos bt) ~ 


2 , 2 
s + o 


s 2 + b 2 


cos at — cos bt 


-r 


s 

s 

2 , 2 
s + a 

s 2 + b 2 J 


= - log 


^s 2 + a 2 ^ 
s 2 +6 2 


mi - - I- xi A f ^sl ( COB at ~ COS bt\ 1. 

This implies that e I---I dt == — log 


ds 


l ^ log 

i , » 2 +t 2 ^ 

t s 2 + a 2 J 


v s 2 + o 2 J 


„ t r~ ( _/ cos at - cos 6f 1 

Takings = 1, we get [e —- — - \ dt-~ 


, 1 , 

f 1 + 6 2 1 

dt = - log 

n 

) 2 

K l+a J 


( iv) Since 


Thus 


L I ?^LL) = f = tan 1 s = - - tan - : s = cot" 1 s. 

I f J j- s 2 +l 2 

L je* = cot -1 (s - 1), by shifting property (§ 21.4 ID 


= - cot -1 (s - 1), by § 21.8. 
s 


(V.T.tf, 2007) 
{Mumbai, 2009) 
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PROBLEMS 21.3 


1, Find L | J <T * cos l dt J. 

2, Given L |2V{//tc)H = I/s 3 ' 2 , show that L IlMrc/)! = 1/Js . 

3, Given L [sin ( ■Jt. )J e UA ", prove that L 


>sW7)l .('ll 1 ! 

TTT'U 


0 - l/4n 


Find the Laplace transforms of the following functions : 
4. t sin 2 / (Nagarjuna, 2008) 
t 2 cos of. 

K. £e® sin ( Madras, 2003) 

JO, t 2 c sin 2T. t Madras, 2000 S) 

12- (sin t)ft (P.TM~ t 2010) 

14* (f?* f -cos bt)/L (UP.T.tt, 2003) 

16 , (1 - cos 30/L (KT.U, 2006) 

cos 2t - cos 3i , . 

18. 2 l + —--—- + £ sin L 


5. sin 2i - 2t cos 2t 
7* t sinh at. 

9 , te ‘^sinAt. 

IK 

(sin t sin 5f) 


13. 


t 


15. Or 1 srijfc iYK 

17. 


t 


1 9, Evaluate (i) f 

k 

in) f 

Jt 


"* cos Ot - co s At 


dT 


sinh t sin f 


0 t 

[iu) f te ~ f sin 4 t dt, 

Jo 


dt (Mumbai, 2005) (in) f te~ tl dn 3t dt 

Jo 


illP.TM, 2005 ; Madras , 2003) 
(Mumbai, 2009) 

(Anna, 2003) 

(V.TM. t 2008) 
(Anna, 2005 S) 

{Mumbai, 2008) 

(V,$EA, 2009 Hi 
(Hazartbag, 2008 ) 

2004 ) 

(Mumbai, 2008 ; P/T U>, 2006) 
(V3TM, 2008) 




J 1W ™ 

--- df = log —. 

tit a 

m r f ifsinhf at = - log 3 (Mumbai, 2008} 
Jo t 2 


(S.V.T.U.. 2009; Mumbai, 2007 ;J.N.T.U„ 2006) 

(in) f f - 1 * ? ? - ? . ,0 . ( V.T.U., 2009S) 

Jo £ 4 


(it>) f " * f B1D ~ - dt = - log 5. 
Jo t 4 

21. Evaluate (i) L 1J ^ - dt | 


(Kuruk&hetru, 2006) 

{J.N.T.U.. 2005) 


(«) h 


( rt , r 1 e* sin t 

| J e~‘ cos t dt j («t) L J —-- dt. (F.T.IL, 2009 S ; S.V.T.V.. 2009; Bhopal, 2008) 


22. Shofw that (t) L [t J 0 (at)\ = — '% ■ ;, -,n (it) f te M Jq (40 dt - 3/126. 

(s a + ti 2 r' a Jo 


21.12 


INVERSE TRANSFORMS — METHOD OF PARTIAL FRACTIONS 


Having found the Laplace transforms of a few functions, let us now determine the inverse transforms of 
given functions of s. We have seen that L l/X£)l in each case, is a rational algebraic function. Hence to find the 
inverse transforms, we first express the given function of s into partial fractions which will, then, be recogniz¬ 
able as one of the following standard forms : 



(2) Lr 1 



= e 


at. 
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(3) L“ 1 
(5) L‘ 1 

(7) L-* 
(9) L-‘ 


- I 


(n — 1)! 


f n = 1^ 2f 3^ im 


(4) L 




(s - a) c 


^2 , 2 

s + a 


2 2 
V s ~ a J 


= — sin at. 
a 


- ^ sinh at. 
a 


<6)L ‘'(-r JL Tj 

\s -s- a ) 


(8) L 


-i 


2 2 
s - a 


e* 1 t n_1 
(n-I)!* 

= cos at. 

- cosh at. 


<11) L 




(s - a) 2 + b 2 


/ 2 2 *2 

(s + a ) 


= - e at sin bt. (10) L 


-i 


/ 

s -a 


2a 


t sin at. 


(12) L~ 


(s - a) 2 + b 2 

1 


(s 2 + a 2 ) 2 


“ e at cos bt. 


(sin at - at cos at). 


2a :i 


The reader is strongly advised to commit these results to memory?. The results (1) to (10) follow at once from 
their corresponding results in § 21,3 and 21,4. As illustrations, we shall prove (11) and (12), Example 21.4 gives 

2as s 2 - a 2 

L (t sin at.) = and L {t cos at) = 


{s z 4- a ) 


t sin at - 2a L~ 1 


C s 2 + a*f 


U 2 + « 2 ) 2 

, whence follows (11). 


Also 


t cos at = L ~ 1 


1 

05 

bs 

1 

[O 

__j 

- r l 

(s 2 + a 2 ) - 2a 2 


(s 2 +a 2 f 

— iv 

-1 

*N 

IN 

3 

+ 

Ol 

w 

_1 


s 2 + a 2 


= L-i 

= — sin ot - 2ct 2 IT 1 
a 


_1 

I 

to 

l 


_(s 2 +a 2 f 


whence follows (12). 


(s 2 + a 2 ) 2 

OtM* Go through the note on the 1 partial fractions' given in para 10 of'useful information 1 in Appendix /. 


Example 2L17. Find the inverse transforms of 
2 -3s+ 4 


(i) 


Solution. (/) L l 


in) 


s + 2 

s 2 -4s + 13 


(V.T.U.. 2008) 


s 2 -3s + 4) 


= L 1 - 3XT 1 j^J + 4 L~ l f-jj-j = J - 3t + 4 . t 2 /2 ! = 1 - 3* + 2 1 2 . 


(«) 


L ~ 5 


s + 2 ' 

J 

- /“I 

s + 2 

— 1 

s-2 + 4 

v s~ - 4s + 13 j 

—* i-j 

(s - 2) 2 + 9 

— L 

_(s - 2) 2 + 3 2 


= L _l 


s — 2 


(» - 2) 2 + 3 2 


+ 4L 


-i 


(s - 2 f + 3 2 


= e 2 * cos 3i + £ e 2 ' sin 3 1. 


Example 21.18. Find the inverse transforms of 


(i) 

07 ) 


2s 2 - 6s + 5 
s' 1 - 6s 2 + 1 Is - 6 
4s 4 5 

(s-lfis + 2) 


(V.T.U., 2007; U.P.T.U., 2004 ) 
(Kuruksketra, 2005) 
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and 


Solution. ( i ) Here the denominator = (s - 1) (s - 2) (s - 3). 
2s 2 - 6s + 5 


So let 


ABC 

+ - + 


(s ~ l)(s - 2Xs - 3) s-1 s - 2 s — 3 

Then A = [2 . I 2 - 6 . 1 + 5]/(l - 2)(1 - 3) = \ 

B = [ 2.2 2 - 6.2 + 51/(2 - 1)(2 - 3) = - 1 

C = [2.3 2 - 6.3 + 51/(3 - 1X3 - 2) = §. 


r —I 


2s a - 6s + 5 V.l r -if 1 "I r -i( 1 1} 

s 3 -6s 2 +lls -ej 2 L U-lJ ls-2j 2 U-sJ 


(h) Let 


4s + 5 


= je‘ -e 2t + §e 3 '. 
A B 


4(- 2) + 5 


(s-1) 2 (s +2) s-1 (s-l) 2 (- 2 - l) a (s + 2) 

Multiplying both sides by (s - l) 2 (s + 2), 4s + 5 = A (s - l)(s + 2) + B (s + 2) - | (s - l) 2 
Putting s = 1, 9 = 35, 5 = 3. 

Equating the coefficients of s z from both sides, 

0=A—A, A = |. 


1 


4s + 5 


(s - l) 2 (s + 2) 


= — zr 1 

3 


s — 1 


+ 35 


-1 


(s “ D . 


-Il 1 

3 


1 

s + 2 


= | e 1 + 3/e' — a . 


Example 21.19. fi/wf Z/ie inverse frans/brms of 
5s + 3 


ffl 

{ii) 


(s - IXs 3 + 2s + 5) 
s 


5s + 3 


5(1) + 3 


As + 5 


s* + 4a 4 

Solution, (i) Let „ - 0 ■ , 

(s - lXs 2 + 2s + 5) (s - 1)(1 2 +2.1 + 5) s 2 + 2s + 5 

Multiplying both sides by (s - 1) (s 2 + 2s + 5), 

5s + 3 = 1 . (s 2 + 2s + 5) + (As + 5) (s - 1). 

Equating the coefficients of s 2 from both sides, 

0 = 1 + A, a A—L 

Putting s = 0, 3 = 5 - 5, 5 = 2. 

r-i 


(Rohtak, 2009 ; U.P.T.U., 2005 ) 
(Afumiai, 2008) 


5s + 3 


+ IT 1 

- s + 2 ^ 

(s - lXs 2 + 2s + 5)^ 

U- 1 / 

k s 2 + 2s + 5j 


{ 1 1 

r _ 1 

‘-(s + D + 3' 

, J 1 Vl ' 1 

s + 1 

+ 3L" 1 

1 

U-iJ 

+ Lt 

_ (s + l ) 2 + 4 

=i U-iJ 1 

(s + l ) 2 + 2 2 _ 

_(s + l ) 2 + 2 2 


= e l - e~* cos 2t + | e ~' sin 2/. 

(«) Since s 4 + 4a 4 = (s 2 + 2c 2 ) 2 - (2as) 2 = (s 2 + 2as + 2a 2 )(s 2 - 2as + 2a 2 ) 

r s As+ 5 Cs + Z) 

Let —7-— = — -5- + —5-5- 

s 4 + 4a 4 s 2 + 2as + 2a 2 s d — 2as + 2a 

Multiplying both sides by s 4 + 4a 4 , 

s = (As + 5}(s 2 - 2as + 2a 2 ) + (Cs + D)(s 2 + 2as + 2a 2 ) 
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Equating coefficients of s 3 t Oj=A + C 
Equating coefficients of s 2 t 0 = - 2 aA + B + 2aC + D 
Equating coefficients of s, 1 - 2a 2 A - 2 aB + 2a fl C + 2a D 
Putting s — Oj 0 s= 2a 2 B + 2a 2 D 
From (to), B + D = 0 

(«) becomes - A + C = 0, and by (i), we get A = C = 0. 

Then (Hi) reduces to D - B = 1/2g and by (u), £ - - l/4a, D = 1/4a. 


r_ i 



s ^ 
+ 4a 4 J 


— ZT 1 ^ 1 ^ + J_ 

4a l s 2 + 2as + 2a 2 j 4a 


17 1 


( l } 

(s 2 ~2as 42a 2 ) 


.M) 

...(H) 

...an) 

...(iv) 

...(v) 


— XT 1 

i 

+ J_ L -i 

i 

4a 

(s + a) 2 + a 2 

4 a 

(s - a) 2 + a 2 


1 1 . 1 1 , . 

= - —, — e~ m sm at + — . — e" sm at 
4a a 4 a a 


i . ( 

= —— sma( 
2a 2 { 


e* -(f a ^ 


2 a 1 


sin at sinh at. 


PROBLEMS 21.4 


Find the inverse Lnplarv transforms of: 
, 2s-fi 4s —18 

1 . —5 -+-5". 

4s 2 + 25 9 - s 2 

3. -£- (V.T.U2010) 

(2s - l)(3s - 1) 

6. 3s + 2 . (V. T. U.. 2010 S) 

s 2 - s - 2 


7, 

1 - 7s 


(s-3Xs- lXs + 2) 

a 

2 p 2 - fi p + 5 

p 3 - Gp 2 + 1 lp - G 

Us 

l + % 

(s + 2) 2 (g - if 

13, 

$ 

(s + l) 2 (s 2 + 1) 

15, 

I 

s 3 - ct 3 ’ 


(B.P.T.U., 2005Si 
{U.P.TU, 2004) 


(Mumbai, 2003) 


17. 

s 2 + 4s + 13 

19 L__ + 2s + 3 

(s 2 + 2s + 2) (s 2 + 2s + 5) 

21 . 

$ 4 + 4a 4 


2. 

i 


s 2 - 5s + 6 

4, 

3s 

s 2 + 2s - 8 

C 

I 


s(s 2 - 11 

|2 

s 2 - 10s + 13 


(s - 7Xs 2 - 5s + 6) ‘ 

10, 

s 

U 2 - l) 2 ' 

12, 

S 

(4- 3)(s 2 + 4) ' 


,3 

14, 

V : 

s« - o 4 • 

ia 

s 2 + 6 

(s 2 + lMs 2 + 4) ‘ 

i& 

s 2 + s 

(s 2 + l)(s 2 + Zs + 2) 

20. 

5 

S* + S 2 + 1 


f&VX Ml 2008) 


(Nagarjuna, 2008 ) 


(Kurukshetm, 2005) 


(Kurukshetm, 2005) 


{Raipur, 2005) 
(Mumbai, 2009) 


IJUfcl OTHER METHODS OF FINDING INVERSE TRANSFORMS _ 

We have seen that the most effective method of finding the inverse transforms is by means of partial 
fractions. However, various other methods are available which depend on the following important inversion 
formulae. 
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I- Shifting property for inverse Laplace transforms. 

If L ~ 1 (f (s)l = f {t\ then 

L l [ f’ (s - a)] =e n( fit)*** 1 L~ l If is)). 

It If L Hf (s)} = f(t) and f(0) = 0, then 

L l [s /(s)]= ~{fit)\ 
at 


In general, L ~ 1 {s n f (s)l = {/’(£)) provided /'( 0) = f (0) = ... = f n ~ l (0) = 0. 

The above formulae at once follow from the results of § 21.7 (Transforms of derivatives). 
III. If L~ 1 \fis)\= fit), then 

L l jt^J = £ fit) dt 

This result follows from § 21.8 (Transforms of integrals) 

Also 


* i\f 

-£{£(£'«*)*} 


dt and so on. 


IV. If 


L 1 1 f is)} = fit), then 

t fit) = Lr* {--^[ft*)] 

This result follows from L {/ /(t)| = —[^(s)] 

as 

V, The formula of fi 21.10, i.e ., 

L 


m-t 


f(s) ds 


(§ 21.9) 


is useful in finding f(t) when f(s) is given, provided the inverse transform of f(s) ds can be conveniently 

Is 

calculated. 


Example 21J20. Find the inverse Laplace transform s of the following : 

is + 2f 


(i) 


is - 2f 


< H) 


s + 3 


s s - 4s + IS 


(Hi ) 


is 2 +4s + 8F 


( Mumbai, 2005) 


Solution, (i) Since s 2 - (s — 2) 2 + 4 is — 2) + 4 


Hi) 


L - 1 


(s - 2) 3 s - 2 (s - 2 ) 2 (s - 2) 3 

ji 


is - 2) 3 
s + 3 


r- 1 


+ 4 L 


-l 


s-2J [is-2f 

= e 2t + 4s 21 1 + 2e 2f f 2 . 

s- 2 5 


+ 4L 


-l 


(s - 2 f 


s 2 - 4s + 13 is - 2) 2 + 3 2 (s - 2) a + 3 2 


L- 1 


s + 3 


s £ - 4s + 13 


= L 




s-2 


I (s - 2) 2 + 3 2 


5 .-i 


+ -L 
3 


(s-2 2 )+ 3" 


[using shifting property] 
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= p 2 ' cos 3/ + - e 21 sin 3t. 
3 


[Using shifting property] 


(fit) L 


<s + 2 f 


(s 2 + 4s + 8) 2 


= LT 


{s + 2 f 


= L 


i (s -p 2) 2 


= e~ 2 ' L 


= e~ st L~ 1 


(s 2 + 4s + 4 + 4) 2 [( s + 2f+4f 

1 

4 | e" 2 i sin2f 


I (s 2 + 4 ) 2 


s 2 + 4 (s 2 + 4 ) 3 


- 4e 


- 2t 


i [ 1 

}{s 2 + 4 ) 2 


e 2/ Sin2t _ 4f ,~2' J_1 


sin 2/ 

f cos 2/"l 

l 4 

2 J 


= r“ 


f sin 2 / sin 2 / f cos 2/1 _ 2/ f sin 2t t cos 


= c 


[ sin 2t t cos 2 /) 

i 4 + 2 r 


Example 21.21. Find the inverse transform of(i) I fs (s 2 + a 2 ) 
{ii) 1/s (s + g ) :j . 


(P.T.U., 2003) 




Solution, (i) Since Lr 1 
therefore, by formula HI above, 

Lr 3 


s + a 


- — sin at. 
a 


(ii) 


Now 


Hence 


—-i ——1 = f — sin at dt = ™ [- cos at]l = (1 - cos at)/a 2 
s(s 2 +a 2 ) J J o a a 2 


L~ 


-1 




[is - a}s 


______ u i j_ \ _ _1 

s(s + a ) 3 [ j f(s + a) - a](s + ct ) 3 j 

Jr 1 \ —— \ = e»‘ L- 1 j - 1 t 1 = f e 0 ' * - — - - , by III above 

}s - a J [(s - a)f> j Jo a a ’ 

- 1 —A = - f (e ot -1 )dt=~ (e ai - at - 

(s - a)s z a Jo a 2 


r - 1 


1 ) 


L" 1 | - -— arj = f (<?** - at - 1 ) dt = f - a/ - 11 

(s-a).s 3 a 2 J o a 3 l 2 j 


r- 1 


+ af 


= e 


i r 


2*2 






^ 1 ( 


a 


T7 1 


- «f- 1 i = -V i 1 - <*“ n> - ate - — i V 


— Of ^ *2 - 


J- 


Example 21.22. Find the inverse Laplace transforms of: 

2 

(i) „ - - ( S.V.T.U ., 2009) (ii) „ s . ■ . {Hazaribag, 2009) ( Ui ) 


(s~ + o ’ 2 )” 


(s 2 + a 2 ) 2 


(s 2 4*t 3 ) 




£> 

Solution, (i) If fit) = Lr 1 —2 - , then by formula V above, 


(s' + aTY 


Aul _ p s j 1 f 
f J'i (s H +a 2 ) 2 *' 2 ! 


* (s 2 + a 2 ) 2 


2s j 1 

7J- US =- 


2 U J +o- 


2 ’ s 3 + a 2 


m = i L _i 


s +0 


sin ai 
2 a 
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Hence, fit) = — t sin at. 
2a 


or 


Otherwise : Let 


m=L~ i 


s 2 +a 2 J 


sin at ,, , , 1 

--so that / is) ~ 


J2 . 2 

S + 


Then 


by (IV) above, t / (i) = L ~ 1 {_ A [f ( s )]j = L~ 1 <-~ [-^j J 


t sin at x 

' ' = ii 


2s 


(s 2 + a 2 ) 2 


Hence L ~ 1 


(s 2 + a 2 ) 2 \ 2 a 


t sin at. 


(ii) In (t), we have proved that 


L-l 


1 _ 

2 o 


2 2,2 f = “ 1 sin ai - sa y 


| (s* +a 2 ) 

Since /"(0) = 0 , we get from formula II above, that 


r- 1 


I (s 2 + a 2 ) 2 


= 7T M s . 


-=4m 


(s 2 + a 2 ) 2 J dt 

= — f — t sin at 1 = — (sin at + at cob at) 
dt 1 , 2 a ) 2a 


(iii) In (t), we have shown that 
_ , s 


|(s 2 +a 2 ) 

By formula III above, we have 

1 


1 _ 

2 a 


2 2 \2 I = 7TT (t sin at ) = HO, say 


1 


(s 2 + a 2 ) 2 


= L 


-j 


•* t sin at 
o 2 a 


2a 


7 

in at] _ 1 

7"r2 a' 


dt 


- cos at 


a 


1 f — t cos at sin 
2 a 1 a 


Example 2L23, Find the inverse Laplace transforms of 

f x s + 2 ,„ mrT nftflnv s + 2 

(i) s -— 


(sin at - at cos at). 


Solution, (i) L~ 1 


By III above, £r 1 


(V.T.U., 2003) (it)- 

< 

I 5 + 2 1 


}(s + l) (s - 2 ) 

3 L [s 

s + 2 

l - f L ~i ( 

s(s + l)(s - 2 ) 

M° l 



(S.VTM., 2009 ; P,T.IL, 2005) 


s + 2 


is + 1 ) is - 2 ) 


dt 


= V fig 2 *- +-e~ l - 1 
Jo k 3 3 J 3 3 

Again by III above, L - 1 —— - - -= f A” 1 J — — S — - 

s 2 {s + 1 ) (s - 2 ) Jo 1 s(s + I) <s - 2 ) 


= f f— e 2 ‘ +-e 1 -l] dt = -(e 2 ' -e~‘ - t). 
'o \ 3 3 J 3 
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(u) 


L“l 


s +45 + 5 


= L 




u 

1 1 

jds 

K s 2 + 4 s + 5 j 




or 


r- 1 


r-I 


| — (2s + 4) 

I (s 2 + 4s + 5 ) 2 


s + 2 


(s 2 + 4s + 5 ) 2 


(s + 2) 2 + lj 

= (— l) 1 1. . e~ a sin t 

= - t. e~ 21 sin ( 


= At.e" 2 * sin t. 
2 


= e~ 2 * sin t 


Example 21.24. Find the inverse Laplace transforms of the following : 

ft 1— L J J 

(f> log — (S.V.T.U., 2009; Bhopal, 2008) Hi) (or --- 

s -1 s (s + 1) 


(ifi) cot' 1 1 L 


(iv) tan~ 1 \~\. 


(S.V.T.U., 2009; V.T.U., 2008) 
(V.T.U., 2011 ; Mumbai , 2005 S) 


Solution. (£) If fit) = L~ 1 log S + , then by IV above. 


Thus 
Hi) If 


Thus 
(£££) If 


Thus 

(iv) If 


s - 1 

tf(t) = L-'\-j- log 


^ s + l > 
s - 1 


= —L 


1 ^ + i ' ! } + L 1 log ^ ~ ^ 


= — L 1 | —-—"] + lr 1 \ - | - - e. 1 + e* = 2 sinh t 

U + iJ U-iJ 

f(t) = (2 sinh t)/t. 


f(t) = L~ 1 log 


s 2 +l 


s(s + 1 ) 


, then by IV above. 


tf(t) = L~l' 


= -L 


-l 


d. . 

- — log 
ds 


2 s 

s 2 + 1 


s 2 + 1 ^ 
i(s + 1 ) 


—‘•■‘It 


log (s 2 + 1 )\ + L log s 


+ £ \ — log (s + 1 ) 


+ L 


"(iMlTi 


— - 2 cos t + 1 + er * 


fit) - — (1 + e~t - 2 cos t ), 


fit ) = L 1 cot ” 1 then by IV above* 


2 ' 


s 2 + 2 2 


= sin 2 1 


f(t) = {sin 2t)/t. 


fit) = L 1 | tan " 1 -j ), then by IV above. 


t flt) = 


-*4 


d _ 1 
— tan 1 
ds 



^ L 


-i 


4s 


$ 4 + 4 I 
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= L -\ f 4k 1 = L -i f_4s__1 

[ (s 2 + 2f - (2s) 2 \ " [(s 2 + 2 + 2s) (s 2 + 2 - 2s) J 


= L 1 


1 


I s 2 - 2s + 2 s 2 + 2s + 2 


■ = ET l 


is - if +1 (s + if + i 


21.14 


— e* sin t - e 1 sin t = 2 sinh t sin t , 

CONVOLUTION THEOREM 


// and Lr 1 \gis)\ =g(t), 

then Lr 1 \f(s) g ($)} = f f (u) git - u) du=F*G 

Jo 

[F * G is called the convolution or falling of F and G ] 

Let (/) = F f { u ) g it - u ) du 

Jo 

£[<K*)I = £ j £ f(u ) g(£ - r/) dt = £ £ e~ si f (u) git - u) du 

The domain of integration for this double integral is the entire area lying 

between the lines u = 0 and u = t (Fig. 21.2). 

On changing the order of integration, we get 

L = f [ f (w) git - u) dt du 

JO hi 

- £ e~ 8U fiu) j £ “ u) g(t - u) df j du 

= £ fiu) j £ e~ sv g(v) dt/j du on putting t - u 1 = v 

- £ e~ m f(u)g(s)du = £ . g(s) 

= J is ), g (a) whence follows the desired result. 


dt 


-U) 



Example 21*25, CortooZufrrm theorem to era/nate 
a 




+ a*) 8 ' 
s* 

c^***k«* +&*>’ 


Solution, (£) Since fit) = L“ 1 
a by Convolution theorem, we get 
s 1 



{ > 


f \ 

1 

s 

- cos at and g it) - L~ 1 

s 


, S 2 + a 2 J 

2 2 

Is +0 J 


(V.TU, 2010) 

(V.TMi 2011 S; Bhopal , 2008: Mumbai 2007) 


1 - # 
— sin at 


r - 1 


s 2 + a 2 s 2 + a 2 


sin ait - u) 


- f- cos au - “ —— du 

J o a 


v flu) = cos au 

git - u) — — sin a(t - u) 
a 


1 

- —- (sin at - sin (2 au - at))dt = —- 
2 a Jo 2a 

s 1 1 


u sin at + — cos (2 au - at) 
2a 


2 a 


t sin at 


{$ 2 +a 2 f\ 2a 


/ sin at. 


Hence L 1 
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(it) Since fit) = L~ l 


2 L 2 

v s -t a 


= cos at and £{£) = L~ l 


2 k 1 
s + o 


- cos bt f 


by Convolution theorem, we get 


'-l 


s 2 +a 2 's 2 +b 2 
l r* 


r£ 

= J Q cos au cos b(t - u) du [v f{.u) = cos au,g(t - u) = cos bit - «)] 


= g | 0 (cos \(a - b) u + bt\ + cos [(a + 6) u - 6(1) du 


sin[(n — b)u + £rf] sin l(a + b)u - bl) 


a~b 


a + b 


1 f sin at - sin bt sin at + sin a sin at-bain bt 

■ Hh ■ 


a - b 


a + b 


a 2 -b 2 


Example 21.26. Evaluate (i) L~‘ —-—^ 


(s- + iXs + 9) 


(u) L' ; 


(s 2 + ;Xs 2 + 4Xs 2 + £>) ’ 


UUTaM&tfi, 2005 Sj 
( Madras , 2006') 


Solution, (i) Since L 


-1 


.s 2 + 1 / 

by Convolution theorem, we get. 


= sin t, L 


-i 


i ' 

\S 2 +9 j 


sin 3t 


r -1 


.? 2 +1 s 2 + 9 , 


t . sin 3(f - u) 


f sin u . 
Jo 


du 


1 f ' 
6 


f [cos {Au - 3t) - cos 13 1 - 2 u)\ du - - 
Jo o 


1 I sin (4 u - 3t) sin (3 1 - 2u) 


— — (sin t. + sin 3?) + (sin t - sin 3t)j = t (sin t - —sin 3tl 
6 14 2 J 8 3 


(it) Since L' 1 


'l 

s 

\ r2 +4 y 


= cos 2 1 and L 1 | —-— --1 = — ( sin t — — si 

|(s 2 + IXs 2 + 9)| 8[ 3 


4- sin 3/ 


(By <i)| 


by Convol ntion theorem, we get 

- 1 --- = Lr 1 


L 


(a 2 + IXs 2 + 4)(s z + 9) 


(s 2 + IXs 2 + 9) ‘ s 2 + 4 I 


ri i . i 

I — (sm u - — sm 3 u ). cos 2 U - u)du 

JO H A 


= ^ f [sin u cos 2(t - u) - 4 sin cos 2(i - u)\du 
O JO d 

-If 

8 Jo 

= J. 

16 


hsin (2t - w)- sin (3w - 2tJ| - hsin (u + 2 1) - sin (,5u - 2t)} 
Z b 


du 


— cos (2 1 - u) i cos {3 m - 2 1 ) 

t ~ 

1 

/ cos (5?^ - 2 t ) 

AA n IT* I* Q \ | 

i " 

-1 ' 3 


48 

L 

“ COS U/ r Zt J + 

K 

u 

0 


— cos t —— cos 21 + — cos 3f, 
12 ID 60 
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PROBLEMS 21.5 


Find the inverse transforms of: 


I. - 5 — . Madras, 2003 S) 2 . 


4 . 


7. 


s (a + 5) 

I 

s 2 (s 2 + a 2 ) 

2as 


5. 


8, 


s(s F 2) 3 4 

1 

W+i) 

s 2 


10* log 


s + a 
s + 6 


(s + a) 3 

(Anna, 2003; UP.T.VA 2003) 


12 . 




14. log 


s 2 + l 


(Mumftai, 2008 ; V.T.U., 2008 ) 

, (Madras, 2000 SJ 15, tair * 1 f - ] 

17* slog 


gS-D? 

10, coir Ms). iV.T.U.,2Q06) 

Using Convolution theorem, evaluate 

18, L 1 


2' 

s® J 

s-X 
s + 1 


— 1 _1 

r + a){s + 6) J 


21, L 


25, 



f 1 l 

i 

\ s 2 (s T l) 2 J 

L' 1 • 

s 

(s + 2)(s 2 + 9) 


l 


19- Lr l - 

(s 2 + a 2 ) 2 

22 . 7.4 - 1 - A 

|(s - 2Ks + 2) 2 j 
(V.T.t/., 200S S) 24. 


S 3 (s 2 i 1) 


i 3 ( 5 ( 7 


(s l + 4s + 13) z ' 

26. Shew that U)L-‘ [I,in I] (3 ,,, . „ |)S - ,, 

(ii) Lr 1 f-eo*-l = 1- + 

U sJ (2 !) 2 ( 41) 1 ( 6 !) 


Hh ... 


+ V.. 


3, 

6* 


s 

c's 2 + 6 3 
s + 2 

(s 2 +4s + 8) 2 ‘ 

9. 

"■ " g {i^rir 

>3. 


(Madras. 2000 S) 
(Mumbai, 2000) 


3) 


(Mumbai. 2007; P.T.U., 2005) 
{Madras, 1999) 


20 . L 


-l 


s 2 (s 2 +■ a 2 ) * 

{Mumbai, 2009 } 

(V.T.U., 2007; U.P.T.U., 2005) 
(Mumbai, 2008) 


21.15 


(1) APPLICATION TO DIFFERENTIAL EQUATIONS 


The Laplace transform method of solving differential equations yields particular solutions without the 
necessity of first finding the general solution and then evaluating the arbitrary constants. This method is, in 
general, shorter than our earlier methods and is specially useful for solving linear differential equations with 
constant coefficients. 

(2) Working procedure to solve a linear differential equation with constant coefficients by transform 
method: 

1 . Take the Laplace transform of both sides of the differential equation using the formula of §21, 7, and the 
given initial conditions . 

2. Transpose the terms with minus signs to the right 

3 * Divide by the coefficient of y, getting y as a known function of $. 

4, Resolve this function ofs into partial fractions and take the inverse transform of both sides. This gives % y 

as a function of t which is the desired solution satisfying the given conditions. 
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or 


Example 21.27. Solve by the* method of transforms, the equation 

f* +-y - 2y = 0 given y (0) =./(0) = 0 and y* (0) = 6. 

Solution- Taking the Laplace transform of both sides, we get 

[s 3 y - s 2 y(0) - sj'(0) -/'(0)] + 2[s 2 y - sy(0) -y'(0)I - [s 5? -;y(0)] - 2 y =0 
Using the given conditions, it reduces to 
(s 3 + 2s 2 - s - 2) y =6 


{V.T.U., 2011 S) 


y = 


(s - lKs + l)(s + 2) (s - 1){6) (- 2)(s +1) 3(s + 2) 

1 


On inversion, we get y = L 3 -—^-rr - 3L _1 -—-— + 2 L~ 1 


(s-1) 


(s + 2) 


s + 2 


y = e‘ - 3e"' + 2e" 21 which is the desired result. 
Example 21.28. Use transform method to solve 

- 2 — + x = e* with x~2, — = - 1 at t = 0. 
dt 2 dt dt 

Solution. Taking the Laplace transforms of both sides, we get 


(Aonu, 2005 S) 


[s 2 r - sr(0) -r'(0)] - 2[sr -x(0)} + x = 


s — 1 


Using the given conditions, it reduces to 


(s 2 — 2s + 1)S = — + 2s - 5 = 2sZ ~ 7s + 6 


s-1 


2s 2 -7s+6 


X = 


(s -1 r 

On inversion, we obtain x = 21r 


3 1 

- + ■ 


S-1 (s-1) 2 (s - l) 3 


d-L.1 

U-iJ 


-3 L 


-1 


s-1 

on breaking into partial fractions. 
1 , , 1 


(s - l) 2 


r- i 


(S - If 


= ^ = 2e ( - 3te* + jt 2 e l . 

1 ! 2 ! 2 

Exam ple 21.29. Solve (D 2 + n 2 i x ~ a sin (nt + a), x ^ fix = 0 at t = Q. 

Solution. Taking the Laplace transforms of both sides, we get 

Is 2 x - sx(0) - x ' (0)J + n 2 x = aL(sin nt . cos a + cos nt . sin a} 
On using the given conditions, 


{s 2 + n 2 )x =a cos a . 


s 2 +n 2 


+ a sin a . 


s 2 + n 2 


x = an cos a . 


(s 2 +rc 2 ) 2 


+ a sm ot 


(&* + n*y 


2\2 


On inversion, we obtain 


1 , . , t 

x - an cos a . —~ (sin nt - nt cos nt) + a sm a . -— sm nt 


2n d 

= a {sin nt cos a — nt cos (nt + a)[/2n 2 


2 n 


[By (11) and (12) p. 741] 


Example 21.30. Solve (D 3 - 3D 2 & 3D - l)y - given that y ( 0 ) = 1, y* (0) = 0 y y* (0) = - 2* 

(S.V.TM; 2009) 
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Solution. Taking the Laplace transforms of both sides* we get 

[s 3 y -s 2 y(0) - sy'(O)-y"(0)| -3 |.‘i 2 y - sy(0)-y'(0)) + 3 [sy -y(0)] - y = —?— 

(s-ir 

Using the given conditions* it reduces to 


_ s 2 - 3s + 1 2 

y =-— + 


(s-l) 3 Is-if 

1 1 1 


(s -if -(s-d-i 2 


is - 1 r 

o 


(s - If 


s-l (* - if (s - if {s-if 

11,-1 1 7-1 1 


On inversion, we obtain y = L~ 1 


s-1 


(s - l) 2 


(s - If 


+ 2 L 


-i 


(s -1) 6 


(, 2 60 J 


Exam pie 21 .3 1 . Solve + 9x = cos 2t, ifx (0) = 1, x (n 12 ) = - 1. {Bhopal, 2008; V.P. T. V., 2006) 

dr 

Solution. Since x'(Q) is not given, we assume x'(Q) = a. 

Taking the Laplace transforms of both sides of the equation, we have 


L [x") + 9 L ( x) - L (cos 21} Le, f Is 2 x - s *{0) - x' (0)] 4 9 x = 


s 2 4 4 


(s 2 4 9) x - s + a + 


s 2 + 4 


_ s + a 
or x = —-- 4 


(s 3 +4>(s 2 +9) 


or 


x - 


+ - . 


s 4 s 

• 4 — . ■ 


*r + 9 5 s J +4 5 ^+9 


o 1 4 

On inversion, we get x = — sin 3f + — cos 2t + — cos 3t 

3 5 5 


When t - 7i/2, — 1 = - a - - or — - — 
3 5 3 5 


- *(!H 


Hence the solution is x — — (cos 2t + 4 sin 3? 4 4 cos 3t). 

Obs, Laplace transform method can also be used for solving ordinary differential equations with variable coefficients 

d m 

of the form t m If) because L y*** = (_ j p —— |£, 


Example 21.32. Solve ty" + 2y f + ty - cos t given that y(0) = J, 


( S.V.T.U.. 2009) 


Solution. Taking Laplace transform of both sides of the equation and noting that 

L \t |f (*)}] = - ~ IL If«))]. we get 
as 

- ~ [s 2 y - sy(0) -y'(0)| + 2[sy —yCOj] - ~(yJ= — 

ds as s z +1 


or 


“I s 2< ^~ + 2 sy 1 + y(0) + 0 + 2s y - 2y(0) - ^~(y)~ -J -— 
ds ) ds s 2 +1 


or 


( S 2 + D^f +1 = - 
rfs 


dy 


- or 

,<f +1 ds 


1 


s 2 + 1 (if + If 
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or 


On inversion and noting that Lr 1 ) f'(s )| = —t f(t) t we get 

- ty — — sin t — wt sin t 


■i(“S 


sin t 


[See § 21.12 (11)] 

which is the desired solution. 


or 


or 


Example 21 ,33* Solve x —- + — + xy = 0, y 1 0) = 2, y' ( 0 ) = 0 . 

dhr dx 

Solution. Taking Laplace transform of both sides of the equation, we get 
L (xy") + L(y*) + L(xy) = 0 

- - 7 - [s 2 v - sy(0) -y'( 0 }] + [s y -y( 0 JJ - ~ = 0 or (s 2 + 1) “p + s y = 0 
as as as 


Separating the variables, f “ + f = c 

J y J s i + l 


stfs 


V(s 2 +1) 


log y + 2 log te 2 + 1 ) = log c' or y = 

Inversion gives y - c' J Q (x) 

To find c\ we have y (0) = c' J 0 (0) t Le* , c' = 2 
Hence y = 2r/ n (x). 

Example 21 »34* An alternating e*nuf> E sin (at is applied to an inductance L and a capacitance C in series. 

i Exd 

Show by transform method, that the current in the circuit is §—- y ^ 1 (cos 0 # - 00 s pt) 7 where p 2 = 1 ALC. 


t.e. 


or 


or 


Solution. If i be a current and q the charge at time t in the circuit, then its differential equation is 

[v R -01 


L — + = E sin tof 

dt c 


Taking Laplace transform of both sides, we get 


L [s i (s) - i(0)J + ^-Uq) = E, 


O) 


S * + 0 ) 


Since i - 0 and q - 0 at t = 0 


j y v 1 r/ v ^t*> 

L s e Cs-J + 77 L{q) = 


c ’ s 2 + (0 2 

Also taking Laplace transform of i — dqidty we get 

*(s) = L(dq/dt) - s L(q) - q(Q ) 
L(<?) = i(s)/s 

*\ (i) becomes L s i (s) + — [ i (s )/sj = 

C s l + or 


(>y rts) = 


Ed) 


s + OJ 


or i (s) - 


Ettas 


J ( x Em 
1 (s) = —- ■ 


i (s) - 


L (s 2 4- p 2 )(s 2 + to 2 ) 
Em s 


Lis 2 + 1 / LC)(s 2 +(o 2 ) 
where p 2 = ULC 


Lip 2 - co 2 ) [s 2 + co 2 s 2 +p 2 


...(i) 


9 ( 0 ) = 0 ] 
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Now taking inverse Lapiace transform of both sides, we get 

Eto r _i s s 


or 


i(t) = 
i(t) = 


Lip 2 - to 2 ) 
Eo> 

U? -w 2 ) 


Is 2 + to 2 (s 2 + p 2 )\ 


(cos co£ cos pt). 
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PROBLEMS 21.6 


Solve Hie following equations by the transform method : 

1. y" + 4 3y = y <m = 1. 

2, (D 2 -l)x- a cosh t, x (0) = (0) = 0. 

3. y"+y = t.y(0) - l,y'{0) - 0. 

4, y" - 3y' + 2y ~ e^\ when y (0) = 1 and y'(0) = 0. 

6, {D 2 -3 D ■¥ 2)y = 4e 21 with y (0) = - 3, y(0) = 5. 

6 . y" + 25y = 10 cos 5/ given that y ( 0 ) - 2 * y'( 0 ) - 0 - 

7. (D 2 + co a )y = cos tirf, t > 0* given that y - Cl and Dy = 0 at t = 0. 

8 . + 2 — - 3y ~ sin t,y - — = 0 when t - 0 , 

dt 2 dt ~ dt 

d* v 

0 , - k*y = 0 , where y( 0 ) - 1, /( 0 ) = y"( 0 ) =y m (0 ) = 0 . 

dT 

10, y^tf) + 2y" ft) + y</» = sin ( t when y(0) =/(0] t /(0) - 0, 

1 !• ^4 + 6 — + 5y = e * sin t f where v(0) = 0 andy'(0) = 1. 

dr dt 

12* y" + 2/ + 5y - 5y - 6(t - 2), y{0) = 0, y'tO) - 0, 

13, —5" _ 3 ^4 + 3— -y = t 2 e 2 l t where y = 1 ( — = 0 , ^4 ^ - 2 at t ^ 0 . 


fV'7!f/., 2008 S. tfuruAsfc/m, 2005) 

(Mumbai, 2009) 
(V.T. U* t 2010) 
(Mumbai, 2008) 
(S.V.TM., 2008) 


(Kuruhshetru, 2005 ; Madras, 2003) 


(PT.K t 20 / 0 ) 
(P.T.a, 20055) 




dr 


dl 3 df 2 " df 

14 (D 2 + l)r t cos 2 1, x = Dx = 0 at t = 0, 

15, £y* + 2y / + fly = sin t t when y (0) = 1. 

16, ty~ + (1 - ft )/- 2y = 0, when y (0) » I,y' (0) - 2, 

17, y* + 2ty' -y - l t when y (0) - 0, y* (0) = 1, 

18* iy" + y f + 4ty = 0 when y (0) = 3, yTO) = 0. 

19, A voltage Ee~ at is applied at f = 0 to a circuit of inductance L and resistance R, Show t by the transform method) that 

E 


(Raipur. 2005; UPTAL, 2005) 

(P.tAL, 2002 1 
(U.P.T.U., 2003} 


the current at time / is 




(V,TM. t 2000) 


R-aL 

20, Workout example 12 J7, p, 465 by the transform method, 

2 1 . Obtain the equation for the forced oscillation of a mass m attached to the lower end of an elastic spring whose upper 
end is fixed and whose stiffness is k t when the driving force is F 0 sin at. Solve this equation (using the Laplace 
transforms) w*hen a 1 * him , given that initial velocity and displacement (from equilibrium position) are zero. 


d z x k 


u a rv IY| .. . 

Hint: The equation of motion is - —~ + — x = — sin at and x — — - 0 when t - 0 


dx 


dt 


m 


m 


dt 


’■] 


21.16 


SIMULTANEOUS LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 


The Laplace transform method can also be applied with advantage to the solution of simultaneous linear 
differential equations. 


Example 21.35. Solve the simultaneous equations ~ + 5x -2y = t, — +2x +y = 0 being given x =y = 0 

dt dt 

when t = 0. (Ex. 13.381 














Laplace Transforms 


and 


Solution. Taking the Laplace transforms of the given equations, we get 
[sx ~ 3 c( 0 )J + 5x - 2y- Vs 2 (s + 5) x - 2y = Vs 2 

sy~y(0) + 2x + y=Q Le. t 2x+(s+ 1)^=0 
Solving (i) and (ii) for x f we get 


Mi)W x(Q) = Q] 
^(ii) l- y(0) = 0] 


x — 


1/s 2 -2 


s + 5 - 2 

s + 1 

1 

1 

L ___ 

1 

2 

0 s + 1 


2 s + 1 

i 

to 

01 

+ 

CO 

” 27s ' 

9s 2 

27(s + 3) 

9(s + 3 ) 2 


Substituting the value of x in (ii) ? we get 

2 4 2 4 

y = - 


s 2 (s + 3 ) 2 27s 9s 2 27(s + 3) 9<s + 3 ) 2 

On inversion, we get 

1 t 1 _3( 2 _g f 4 2t 4 2 3i 

x = ■—■ + — - —e - te ,y= ——-— e - te . 

27 9 27 9 27 9 27 9 

Example 21.36. The coordinates <x, ;y) of a particle moving along a plane curve at any time t, are given by 

dy/dt + 2x = sin 2t, dx/dt - 2y = cos 2t, it > 0). If at t = 0 , x = 1 and y = 0, show by transforms, that the particle 

moves along the curve 4x~ + 4xy +- 5y& — 4. iU.P.T. U., 2003) 


we get 

and 


Solution. Taking the Laplace transforms of the given equations and noting thaty ( 0 ) = 0 , x ( 0 ) = 1 , 

2 „ _ 2 


[sy -y( 0 )] + 2x = 
[sic — jc( 0 )j - 2y = 


s 2 + 2 2 


s 2 + 2 2 


or 2 x + s y = 


s 2 +4 


or s x - 2 y = 


s 2 + 4 


+ 1 


—d) 


Multiplying (i) by s and (ii) by 2 and subtracting, we get 

(s 2 + 4)y=-2 or y=-2^(s 2 + 4) 


On inversion, y = - 2L 1 

From the given first equation. 


s 2 +4 


- - sin 2 1 


or 


and 


2x = sin 2 1 — dyldt = sin 2t - — (— sin 2 t) 

2x “ sin 2t + 2 cos 2t or 4x 2 = (sin 2t + 2 cos 2t) 2 

Also 4 xy = (sin 2t + 2 cos 2 t) (- 2 sin 20 = - 2 (sin 2 2 £ + 2 sin 2£ cos 2t) ..Aiv) 

5y 2 = 5sin 3 2t Mv) 

Adding (m)» ( iv ), and (u), we obtain 

4v 2 + 4 xy + 5y 2 = sin 2 2£ + 4 sin 2Z cos 2£ + 4 cos 2 2^-2 sin 2 2 1 
- 4 sin 2* cos 2t + 5 sin 2 2f = 4 sin 2 2£ + 4 cos 2 2t - 4. 

Example 21,37* The smalt oscillations of a certain system with two degrees of freedom are given by the 

equations ; D^x + Sx - 2y = 0 r D 2 x + Dy - Sx + 5y = 0 where D-d/dt. Ifx = 0, y = 0, x = 3, y = 2 when t ~0 } find 

x and y when t = 112. [Example 13.41J 


Solution. Taking the Laplace transform of both the equations, we get 

\s 2 x -sx(Q) - x'(Q)] + 3x -2y = 0 Le., (s 2 + 3)x -2 y =3 

and is 2 x — sjc(O) - ^(0)] + (s 2 y - sjy(0) ~y(G)] - 3x + 5 y ~ 0 Le>, (s 2 — 3)x + (s 2 + 5) y ~ 5 

Solving (i) and (it) for x and y r we get 


Mi) 

...(H) 


x = 


3 -2 
5 s 2 +5 
11 1 


+ I. 


+ 3 - 2 
s 2 - 3 s 2 + 5 
1 


3s 2 + 25 
(s 2 + lHs 2 + 9) 


* s 2 + 1 4 s 2 +9 
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s 2 +3 3 


s 2 + 3 - 2 

2s 2 + 24 

_ 11 

13 1 

s 2 -3 5 


s 2 - 3 s 2 + 5 

(s 2 + l)(s 2 + 9) 

4 ' 

s 2 +1 4 ' s 2 + 9 


and y = 


On inversion, we get x = ~ sin t + ~ sin 3t; y = ~ sin t - i sin 3 1 

4 12 4 4 

which are the same as the solution in (u«) cm p. 499. 

Obs. The student should compare the earlier solutions of the above examples with those given now and appreciate 
the superiori ty of the transform method over others. 


PROBLEMS 21.7 


Solve the following simultaneous equations (by using Laplace transforms): 
1- — -y = e', +■ x = sin (, given x (0) = J,y(0) = 0. 

dx dy 

2. ~ +y = sin t, +x = cos i f given that x = 2 and y ~ 0 when t - 0. 


dt 

j2 


3. -x =y, + y = -r, given that at t = 0 ;r = 2,y = - 1, —■ = 0 and ^ = 0. 


dr 


dt 


dt 


4. 3 ~ + & + 2r = 1. ~ + 4 ^ + 3y = 0 ; given a: = 0 t y = 0 when t = 0. 
at at dt dt 


f UP.TM>, 2006; Delhi t 2002 ) 
(Kerala, 2005; URT.ll, 2004) 
(PX&.20Q9S) 

(Madras, 2003 S) 


5, (D - 2)x - (D + 1 )y - 6e **; (2 D - 3)z + (D - = 6c 3 ' given x - 3, y = 0 when f - 0. 

6. The currents ij and i % in mesh are given by the differential equations ; diJiU - tou = a cos pt t eU 2 /dt + tai l = a sir %pt. 
Find the currents i 1 and i 2 by Laplace transform, if i x - i 2 = 0 at / - 0. 


21.17 


(1) UNIT STEP FUNCTION 


At times, we come across such fractions of which the inverse transform 
cannot be determined from the formulae so far derived. In order to cover such 
cases, we introduce the unit step function (or Heaviside’s unit function*). 

Def* The unit step function u(t - a) is defined as follows : 

[0 for tea 
1 1 for t > a 

where r a is always positive (Fig. 21.3). It is also denoted as H (t - a). 

(2) Transform of unit function. 


u(t - a) - 


O 


u(t -a) 


a 

Fig. 21.3 


L[u(£ - a}} - f e ** u(t - a) dt - f a e st . 0 dt + f e st . 1 dt = 0 + 
jq JO Jo 

Thus 

The product f (f) uit - a)- 


- s 


Unit — a)] =e _aj5 /s. 

10 for t < a 
{ fit) for t > a. 

The function fit - a), uit - a) represents the graph of f it) shifted through a distance a to the right and is 
of special importance. 

Second shifting property. \lL\f{t)\ - f (s), then 
L(f(t - a). u(t - a)J = e - as f (s) 

L\fl,t - a). uit -a)[ = J fit. - a) uit-a) dt 


*Named after the British Electrical Engineer Oliver Heaviside (1850-1925). 





















Laplace Transforms 


= P e - ** fit - a)(0) dt + f e 51 f(t-a)dt 

■fO Ja 

= r 

Jo 


[Put t - a - u] 


+ a ) 


f{u.) du = e Stt | o e~ su fiu) du = e fis ). 


Example 21.38. Express the following function {Fig. 21.4) in terms of unit step function and find its 

(U.P.T.U., 2002) 


Laplace transform. 

Solution. We have f(t) = 


0, 0 < t < 1 

1 - 1 , 1 < 1 < 2 
1, t >2 

or f ( 1 ) = (1 - 1) fw{f — 1) — u(t — 2)1 + u(t — 2) 

= (t-1) u(t-l)~{t-2)u(t-2) 

By second shifting property, 

L\f{t -a) u(t-a)\ - e~ as L\f{t)[. 

Also l\f{t)] = L{t)=Vs 2 . 

L[{t - 1) u(t - 1)) 

= e~ s . \ an^L{{t-2)u{t-2))=e- 2£ . \ 
s s 


Hence 


L !/■(«]= L [(1 - 1)- (i — 2) u{t- 2)1 = 


a - 2s 

e — e 



Fig, 21.4 


Example 21.39. Using unit step function, find the Laplace transform of 

sin t, 0 < t < n 
fit) = - sin 2t., k < 1 < 2k, 
sin 3t, t>2n 


{V.T.U., 2004) 


Solution. f it) = sin t [u(t - 0) - u{t - k)] + sin 2 1 \u{t ~ k) - u(t - 2k)] + sin 31 . u{t - 2k) 
-- sin t + tsin 2f - sin 1) u{t — k) + (sin 3/ - sin 21) u{t - 2k) 


Since L\f(t ~a) u(t - a)] = e~ as f (s) and L (sin at) = 


2 2 * 
s +a 


L\f(t)\ = L(sin t) + /.[din 2 1 - sin t). u(t - k)I + L[(sin 31- sin 21) . u(t - 2k)] 

1 


s 2 +1 


+ e 


rest 

2 

1 ' 

+ e- 2TO 

3 

2 ^ 


^ s 2 + 4 

s 2 + l y 

+ 9 

s 2 + 4 j 


Example 21.49. (t) Express the function (Fig. 21.5) in terms of unit step function and find its Lapluce 


transform. 

(«) Obtain the Laplace transform of e~‘\l - u(t - 2 )]. 


(P.T.U., 2005 S) 


Solution, (i) We have/’d) - 


or 


1 - 1 , 1 < 1 < 2 
3-1, 2 < 1 < 3. 
fit) = (1 - 1) 1 u{t - 1) - Ltd - 2)} + (3 -1) lu(l - 2) - u(t - 3)} 
= (1 - 1) u(t - 1) - 2(1 - 2) lid - 2) + (1 - 3) uit - 3) 


Since L [fit - a) u (1 - a)l = e~ a * f (s) 

L [/’(!)] =e-.\~ 2e-* + e-*s,\= ■ * S) 


...a) 


-s\ 2 


Hi) L \er 1 [1 - u (1 - 2)]| =He~')-L {e-‘ u(t -2)1= -i- -<r?L {e-w-^n (1-2)]: 

s + 1 


[V f (f) = t] 
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Taking f(t) = e~f (s) = - - and using (X) above* 

s +1 


L {e-' t -®u(t- 2))=e- 2 s. 


s +1 


Hence 


Le~‘ - 2 )] = [1 - e“ 21s + 1) ]/(s + 1). 



Example 21.41. Using Laplace transform, evaluate e ! (J + 2t-fi +t 3 ) II it - Ddt. 

J o 


(Mumbai, 2007) 


Solution. We have L ((1 + 2t~ t z + f 3 ) H it- 1)} 

= e~* L[1 + 2 (t + !)-(( + I ) 2 + (t + 1 ) 3 I = e s L(3 + 3 1 + 2t 2 + t?) 


- e 


+ i- + J_ + A 
V 8* 8* 


By definition, this implies that 


( 3 'J + 3 '7 +2 -7 + 7)^"(? 

t 

r e ~ st (1 + 2t-t 2 + t 3 )H(t-l)dt = e-* [- + 4- + 4- + 4I 
Jo Us 2 s 3 s*) 

Taking s = 1 ( we obtain 

j“ e~ c (l + 2 t- 1 2 + t 3 ) H(t - 1 ) dt = e L (3 + 3 + 4 + 6 ) = 16/e. 


Example 21,42. Evaluate (t) L~ 1 


\E S -Se^) 


(U.P.T.U., 2002 ) 


(U)L 


- I \ SC 


I 2 2 

\S ~ W 


a > 0. 


Solution. 


L " - 7 H: 3 ' 


r _i j e 5 — 3c' 


■3s 


-1 e 


(ii) We know that L~ 1 


2 2 

s - w 


- L 


- cosh wt 


- 3L 


-i 


V 9 * 


= (f-l)tttt-l)-3(t-3)««-3) 




se 


2 2 
S - W J 


fee 

= l0. 


coshteU-a), t>a 


t <a 


= cosh wit — a) u (t — a), by second shifting property. 


Example 21.43. Find the inverse Laplace transform of: 


. se *' 2 + he' 6 
(i)-^^- 


s 2 + jt" 


(V.T.V., 2000) ( ii ) —- * (c > 0). 


s ($ + a) 


(Kurukshelra, 2005) 


Solution, (i) Since L * ■ - 2 - ? - cos nt,L f 

s + 7t 


7t ^ 

K S 2 +K 2 ; 


= sin nt 
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and 


L " 1 le" 0 -' f (s)] = f(t — a). u(t~a) 


...a.) 


r- \ 


f „ - s/2 ( _ 

I se + 7 CC 


2 2 
fi + 31 


= L~ l |c -s/2 , 


S 2 + Tl 2 


+ L 


- 1 - * 


' 2,2 
s + n 


= cos n (/ - 1 / 2 ). u (/ - 1 / 2 ) + sin n (t - 1 ). u (/ - 1 ) 

= sin nt , u (f - 1 / 2 ) - sin Jt/. u (t - 1 ) = In (/ - 1 / 2 ) - u (t - 1 )| sin Jtf 


(ii) L 


- 1 


e rs l.-XT 1 ~“ r * 


[s £ (s + a) 

Using (X) above, we have 

F.-l \ e 


Ui + i.i + 44]l 

la 2 * a s 2 o 2 s + aJJ 


sis + a) 


-- ~il .u W -c)I + -c) . uit -c)} + , u(t-c)\ 

a 2 a a 9 

- ~ la (/ - c) - 1 + e~ a{i ~ c *] u{t - c). 


Example 21*44. A particle of mm$ m can oscillate about the position of equilibrium under the effect of a 
restoring force mA a times the displacement. It started from rest by a constant force F which acts for time T and 
then ceases. Find the amplitude of the subsequent oscillation. 

Solution. The constant force F acting from / = 0 to t = T can be expressed as 

F[l-u(t-T)UO<t <T 

•\ equation of motion of the particle is 

m~ = F11-u(t-T)]-mk 2 x or ^ + k 2 x = 11 - u{t- T)J 


or 


dt z dF 

Taking Laplace transform of both sides, we get 

(s 2 + k 2 ) x = — (\-e~ sT ) 
ms 


m 


[ v x = 0 , i = 0 at t = 0 ] 


m 


s(« z + r) m 


s 


mk" 


* S 2 + k 2 


1 _ 

* s 2 + k 2 

s 


Taking inverse Laplace transform, we obtain 
F 


x - 


ink 1 


[(1 - cos kt) - (1 - cos k {t - T))\ uit-T) 


ue.y 

and 


x = 


mk 2 


x - 


(1 - cos At) for 0 < i < T 


(1 - cos kt) - |1 - cos k (t - T )| for t > T 


or 


x = 


mk* 

F 
mk 2 
_2F. A T 
mk 2 " 2 


{cos k {t - T) - cos kT] for t > T 
kT 

sin —— . sin k (t - 772) for t > T 


HF kT 

Hence the amplitude of subsequent oscillation (Le. r for t > T) = - - - sin . 

mfr 2 

Example 21.45. In an elect riml circuit with e.m.f Bit), resistance R and i rut u eta nee L f the current i 
builds up at the rate given by 

Ldi/dt+Ri = BUl J#f) 

If the switch is connected at t - 0 and disconnected at t = a, find the current i at any instant. 
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I E for 0 < t < a 

i= { 

[0 for t > a 


Solution. We have t = 0 at t - 0 and E(t) • 

taking the Laplace transform of both sides, (i) becomes 

(Ls + R)i = f" e-*‘ E(t) dt = f a e~ st Edt = — (1 - ™) 

JO Jo _c 


or 


i - 


E 

. e n*ai = 

Jo 5 

E Ee~ m 


s(Ls + R) s(Ls + R) 


On inversion, we get i = L~ 1 i ——^-i — L 1 < 

[s(Ls + i?J,J 


Ee 


s(Ls 4 - R) 


-Mi) 


and 


Now L ~* 

L~ l 

Thus (ii) becomes 
Hence 


E 


}-l{ £ "(;)- L ' 1 (rrs7E)}-i 


[By the second vShifting property] 


and 


s(Ls 4 R) 

_Ee ng I £ n _ e -RU-,,)/L\ u ( t _ a ) 
s(Ls + rt)J R [l 6 ]uit a) 

i = ^ (1 - e~ Rt/L \ — ~ [1 _ e -^<i-aW.j u(t - a) 

R n 

i = ~ 11 - e~ R<1L \ for 0 < / < a 
H 

i = ^ m - e- Rl/L \ -\l-e-M-^ L W = ^e~ m,L (e~ Ra,L - 1) for t > a. 


M sample 21.46. Calculate the maximum deflection of an encastre beam 1 ft. tong carrying a uniformly 
distributed toad m lb./ft on its central half length. 


Solution. Taking the origin at the end A, we have 

EI = w(x) 
dx 4 

where w(.x ) = w\u(x -1/4) - u(x - 3//4)| 

Taking the Laplace transform of both sides, (Fig. 21.6), we get 

Ells 4 y - s*y( 0) - s 2 y'(Q) - sy"{0) -y"'m 


A(x = 0) 1/4 1/2 3 1/4 


B{x = l) 



- w 


( -tehi -3te/4 > 
e e 


Using the conditions y{0) -y'(0) = 0 and taking y"(0) — c 1 andy"'(G) - c 2 , we have 


Ely = w 


( — Is/4 


C, c 2 

-i- L j- 

S “ ) S 3 s ' 1 


On inversion, we get Ely - ~ [(x - 1/4)* u(x - 1/4 ) - (* - 3//4) 4 u(x - 31/4)] + + jc 2 x 3 

For x > 32/4, Ely = [(x — U 4) 2 - (jc - 3//4) z ] + + |cgX 3 

and £// = |- [(.x - 2/4 ) 3 -(x- 3 1/4 ) 3 ] + c lX + f eje 2 

Using the conditions _v(2) = 0 and y'(l) = 0, we get 0 = ~ | + 2 £ V 2 + e c 2^ 3 

whence c x = 11 wl~! 192 ; c 2 = — wl/4. 


.. M) 
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’4 2 

Thus for //4 <x< 31 / 4 , (i) gives Ely - f x + i I + ~~~ x? ~ 7 ^ 7 x 3 

24 k. 4 J 384 24 

Hence the maximum deflection = y(l/2) = ^wl —_ 

6144 El 


21.18 


(1) UNIT IMPULSE FUNCTION 


The idea of a very large force acting for a very short time is of frequent 
occurrence in mechanics. To deal with such and similar ideas, we introduce the unit 
impulse function (also called Dirac delta function*)* 

Thus unit impulse function is considered as the limiting form of the function 
(Fig, 21*7): 

8 E (f-a)=l/e, a<t<n + e 
= 0, otherwise 

as e 0. It is clear from Fig, 21,7 that as e —> 0, the height of the strip increases 
indefinitely and the width decreases in such a way that its area is always unity. 
Thus the unit impulse function 8 (t — a) is defined as follows : 
ft(t - a) = for t = a ; = 0 for t ^ a. 


1 




£ 



5 z (t - a) 

0 

a 

g+e i 


Fig. 21*7 


such that J S(£ “ a) dt — 1* (a > 0) 

As an illustration, a load acting at the point x — a of a beam may he considered as the limiting case of 
uniform loading wje per unit length over the portion of the beam between x = a and x = a + e. Thus 
w(x) - £Op/e a < x < a + e, 

= 0, otherwise 

fe., w{x) — w 0 ft(x + a). 

(2) Transform of unit impulse function. If f(t) be a function of t continuous at t - a f then 

j“ fW 5 e Cf - a). dt = f “ + e m ■ l dt 

= (a + ?. - a) /’(fl). - = /"(-q), where a < 11 < a + e. 

e 

by Mean value theorem for integrals. 

As e 0, we get | fit) ft (t - a) dt - f(a ), 

In particular, when fit) = we have L{8(t - a)) = aE . 


Example 21*47. Evaluate (i) sin 2t ft (t - n/4) dt (ii) L~ ft (f — oh 

Solution* (i) We know that j f(t)ft(t -a) dt - f(a) 

sin 21 §(/ - n/4) dt = sin (2 . jt/4) = 1 
(u) We know that L (S (t - all - e^ aF 

L [i Ut - 0)1 - J” L [6 it - a)] ds = J s “ e ~ ns ds 



* After the English physicist Paul Dirac (1902-84) who was awarded the Nobel prize in 1933 for his work in Quantum 
mechanics. 
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Example 21.48* An impulsive voltage ES(t) is applied to a circuit consisting of L, R f C in series with zero 
initial conditions. If i be the current at any subsequent time t, find the limit of i as t 0 ? 

Solution, The equation of the circuit governing the current i is 

L ~ + Ri + ^ i dt = Eb[t) where i = 0, when t - 0. 
at u 

Taking Laplace transform of both sides, we get 


L [s i - i(0)] + R i + — — i = E 
C s 


[Using § 21.7 and 21.8] 


OF 


+ £, + iy = f, or (s 2 + 2as + a 2 + b 2 )i =(E/L)s 

Lij / 


where R/L -2a and 1/CL = a 2 + 6 2 


or 


l = 


E 

( 8 + a) - a 

E 

s + a 

a 1 

L 

(s + af + b 2 

L 

[(s + af + b 2 

C s + af 


On inversion, we get 

i = ^ cos bt - nt s ^ n itfj 


Taking limits as t 0, i E/L 

Although the current i ~ 0 initially, yet a large current will develop instantaneously due to impulsive 
voltage applied at t = 0. In fact, we have determined the limi t of this current which is E/L. 

Example 21.49. A beam is simply supported at its end x = 0 and is clamped at the other end x ~ /. // 
tarries a load w at x = 1/4 l Find the resulting deflection at any point 

Solution, The differential equation for deflection is 

£f=^8(x-//4) 

Taking the Laplace transform, we have s 4 y- s^ytO) — s^'fO) - s_v"(0) — y"(0) = lsli 

Using the conditions yCO) = 0, y"(0) = 0 and takingy'tO) = Cj and = c 2 , we get 

y = £L + £L + 

s 2 s 4 El s 4 ■ 

X 3 . w (X-If if 


On inversion, it gives y = c\x + c 2 ^-r + -=7 

1 £ o ! El 


3! 


n(jc — If A) 


ie„ y-CiX + l^x 3 , 


0 < x < 11 4 


and y = e*x + 4- - (x -1/ 4) 3 , 1/4 < x < l 

1 & 4 6 El 

Using the conditions y{l) = 0 and y'(l) = 0, we get 

0 = cf + L c ^3 + g w p/i28EI and 0 = c x + | c/+ 9wl 2 /32EI 

whence c 1 = 9u*/ 2 /256 EI f c 2 = - 81w/128EL 

Substituting the values of c 1 and c 2 in (/}, we get the deflection at any point. 


—(i) 


PROBLEMS 21.8 


] * Represent fit) ^ sin 2t, 2ir < t < 4x and 0 otherwise, in terms of the unit step function and hence find its Laplace 
transform. {Mumbai t 2005) 

2* Sketch the graph of the following functions and express them in terms of unit step function. Hence fmd their 
Laplace transforms : 
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(i) fit) - 2 1 for 0 < t < Ky fit) = 1 for t > n (Assam, J999) 

(ii) f{i) - i 2 for 0 < / £ 2 P fit) = 0 for t > 2 

(m) fit) “ cos (M 4 ♦) for 0 < f < T f /(f) - 0 for t > T. 

3* Express the following functions in terms of unit step function and hence find its Laplace transform. 




cos 1 1 0 < t < n 
1, ;r < t < 2 k 
sin f, t > 2k 


(VTjfe 2OT7) 


Cu)m- 


r, o < f < 2 
= < 4/ t 2<£<4 
B p t > 4 

4. Evaluate ii) L W ~ 1 *4* — 1)1 
(in ) h (1 + 2/ - St 2 + 4/ 3 ) //(f ^ 2) 


(Afuibfi&t* 2007) 


cos fp 0 <f < Jt 
cos 2 f t it < t < 2n 
cos 3r , t > TT 

(Mumbai 2008 ; VtE tt, 2003 S) 




Ik Evaluate* f c~ *(1 4 3f + * 2 ) u (t - 2) dt. 
Jo 

6. Find the inverse Laplace transforms of: 


U) 


s 2 + 1 


(«0 


- 2 * 


fliO 


t* + lf 


fp.r.a, 20 i 0 ) 


s +8s + 25 

& ^3i 

2~ 


(w) -~4 ^-+4- 


s 


(Mumbai 2006} 

(P.TM, 2002 S) 


d 2 y 


7, Solve using Laplace transforms + 4y - f(i) with conditions 

dr 


yii)) = O t y f (Q)= land/ft) 


= \ 1 ' 

} 0 ' 


when 0 < t < 1 
i when t > 1 

8, Using Laplace transforms, solvex*(t) + x (t) - u (t), x (0) - 1, x'(G) - 0 

)<t< 4 


(Mumbai 2007) 


where 


[2L~5, t > 4. 


9 . A beam has its ends damped at x = 0 and x ~ L A concentrated load W acta vertically downwards at the point 
x = V 3. Find the resulting deflection. 

d 4 y W 

Hint, The differentia] equation and the boundary conditions are -—^ - — & (x - l/S) and 

dx 4 El 

yCQ)=/( 0 ) = 0 p>(/)=/«)- 0 . 

] D. A cantilever beam is clamped at the end x - 0 and ie free at the end x = /. It carries a uniform load w per unit length 
from x - 0 to x = // 2 * Calculate the deflection y at any point. iKurukshetra, 2006) 

JHinL The differential equation and boundary conditions are 

&~m£4o '<x*lY»here Wfe) = 0< * <t/2 

El \0. x>l/2 

and y<0) = y'<0) = 0, y"<0) = y*'(0) = 0J 

IT. An impulse I (kg-sec) is applied to a mass m attached to a spring having a spring constant k. The system is damped 
with damping constant p. Derive expressions for displacement and velocity of the mass, assuming initial conditions 
*< 0 )=*'( 0 ) = 0 . 

•2 , 

Hint. The equation of motion is m = / &Uc) - kx - a _ 

dr d* 
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mu OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 21,9 


Fill up Ike blanks or choose the correct answer in each of the following problems: 

1 . Laplace transform of ft sin 0 = .. 

2 . L ( 8(01 =.... 

(a) 0 {&><?*" (c)« 

3. If L |/(0J = /(s), then L \e~ at flt)\ is 

(a) f(s - a) ( 6 ) f[s + a) (e) fis) (d) none of these. 

4. L (e 21 sin /) =. 5. Inverse Laplace transform of (s + 2J r ' 2 is 

6 . Inverse Laplace transform of 1 As 2 + 4s + 131 =. 7. Laplace transform of f (f) =.. 


a l-i 

_( 2 s + 31* 

10 . Lie') = . 


12 . 


r ir* 

Jfl 


cos 3t dt = . 


14. = 

16. L ( cos 3 4t ): 


0 , b (cosh 2 2t) =.. 

11 . He-'r*) = . 

13. L |u (t — a)] = .. 

15, If £, IF (()) - fis), then L 


f d 2 Plt) 

t W 




18 . 




"+ 3 ) 5 } ". 


( sin at \ 

* J 3 


20. b 1 (l/s n ) is possible only when n is 

(a) zero (b) -ve integer 

21 . If It 1 [fl> (s)| = f(t), the L~ * fe— 4 (all = .... 

22 . Liu ft+ 2 )) =...,. 


(o) i’" 2 , /s 2 


(61 e 2 


17. L 

10 . b cos (2t- + 3) = 

(c) +ve integer 


J* 

w V 


W) negative rational. 


id) 


- 2 » 


(V.T.U., 2011 S) 


23. L 


, j s 2 - 3s + 4 1 

' 1-x-r 


(V.T.U., 2010S) 


24. If L !/«)).* f (s). then L 


. 


25. If f(t) is a periodic function with period T, then L [/(til = _. 

26. rr.v satisfies y" + %y' + 2 y = e~* withy( 0 ) = y'( 0 ) = 0 , thenL|y (t)l = . 

27. b le 3 ' (2 cos St + 3 sin 4/)] = ........ 28. L (4'1 = 

29. I 




3) 

30. place transform of sin 2 * ft U - 2} is 
<o> e* sin 4 ( 6 ) e~ ^ sin 2 


(c) e' 4 * sin 2 


Ufl e~ * sin 4, 


31. If L 


-i 


is + 1 r 


t sin f 


then L 


i f fe 

j<4* 2 +l) 2 


(V.T.U., 2009 S) 
C P.T.U.. 2009) 


32 . L l \e-^Fi»)) = 

(a)fU)u(t) 


33. b 


-U 4 - 

l<s + a) 2 J 


(ot e at 
(rf) te 0 ' 


(61 f(t- a) nU) 


( 6 )e-“* 
(e) -t. 


(c) fit - a) u (t ~ a) M) None of these. (V.T.U., 2009 S ) 


ic)t(T at 















































Transforms 


765 


34. Laplace transform of t 1 er ul is 

4! .... 4! 


m 


(s + of 


(«) 


(s+af 


36. Laplace transform of te 01 sin {at), t > 0, is 


(f) 


s - a 


(s - of + a 


(it) 


o(i? -a) 

(S - o ) 2 + a 2 


(Hi) 


(ni) 


4! 


(s-n ) 4 

2a(a - a) 

Its -af + a 2 ? 


36. L- 1 


(s 2 + 4) 2 


is 


(i) - sin 2 t + f cos 2t (ii) — sin 2t + ^ cos 2 f (iii) sin 2 f + ^ cos 2t 


37. L l 


s(s® + I) 


IS 


U) 1 + sin t Ctl) 1 “ sin t (m> 1 + cos t 

38, L (u(* -a)] where - A) is a unit step function, is 


It) 


(it) — 


(iii) 




J -o +2 k 

fix) dx =.. 

o + 2ii 

40. L I &(( - o)l where S(f - ti) is a unit impulse function, is 
(i) e° f * (ii) «-“* (iii) e' 

41. Laplace transform of sin 2 3( is 

3 ..... 6 


(t> 3 
[Li 

(*) 


iT+36 

43. |L = 

l 


(s + 8 ) 


(ti) ■ «- 

<s 2 + 36) 


(ii) 


(in) 


18 


s(S 2 + 36) 


(* + 3f 


(t*t) 


(»+ ar 


r / 2 


43. ^\Lfm^m*r(t)\ = o. 

rfs* 

44, Laplace transform of f(t 1 is defined Tor +ve and —ve values of t . 
46. If LIAf)l = 4 (s), then L [t fit )I = ^ ty (s)l. 


(to) 


6 ! 


(s-o) 5 ' 


.. . (s-flf 

(lit) -=-5-. 

[s ~ af + a" 


(u 0 ^ sin 2 f + i-cos 2 f, 
z 4 


(id) 1 — cost. 


(iti) 


_2 ' 


(to) e'^/s 


/ 18 

(tv) -H- 

s“+36 


m 


(s + 3) 


(V.T.U., 2011) 
(P.T.r., W<Ah 

(V.T.U., 20J0S) 

(V.T.U., 2010) 

(V.T.U., 2011) 

(True or False) 
(True or False) 
(True or False) 
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I 1. Introduction. 2. Definition. 3. Fourier integrals — Fourier sine and cosine integral - Complex forms of Fourier | 

I integi al. 4. Fourier transform — Fourier sine and cosine transforms — Finite Fourier sine and cosine transforms. . 
5. Properties of F-transforms. 6, Convolution theorem for F-transforms. 7. Parseval’s identity for F-transforms. . 
8. Relation between Fourier and Laplace transforms. 9. Fourier transforms of the derivatives of a function— 

' 10. Inverse Laplace transforms by method of residues. 11. Application of transforms to boundary value problems. ' 
' 12. Objective Type of Questions. 


22.1 


INTRODUCTION 


In the previous chapter, the reader has already been acquainted with the use of Laplace transforms in the 
solution of ordinary differential equations. In this chapter, the well-known Fourier transforms will be 
introduced and their properties will be studied which will be used in the solution of partial differential 
equations. The choice of a particular transform to be employed for the solution of an equation depends on the 
boundary conditions of the problem and the ease with which the transform can be inverted, A Fourier 
transform when applied to a partial differential equation reduces the number of its independent variables by 
one. 

The theory of integral transforms afford mathematical devices through which solutions of numerous 
boundary value problems of engineering can be obtained e,g, t conduction of heat, transverse vibrations of a 
string, transverse oscillations of an elastic beam, free and forced vibrations of a membrane, transmission lines 
etc. Some of these applications will be illustrated in the last section. 


22.2 


The integral transform of a function fix) denoted by Iff(x)], is defined by 

f(s) = J f(x)K (s, x ) dx 

where K(s t *) is called the kernel of the transform and is a known function of s and x. The function fix) is called 
the inverse transform of /’{$). 

Three simple examples of a kernel are as follows : 

(i) When K(s , x) = e~ sx t it leads to the Laplace transform of f (x ), i.e, t 


f(s}- f(x)e sj: dx. [Chap. 211 

(ii)When K(s y x) = e*** t we have the Fourier transform of f(x) f i.e., 

f(s)=J” fWe^dx. 
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(Hi) When K(s , x) = x 5 “ \ it gives the Afe//m tra/is/b/ro of /(*) 

M(s ) - f A*) s* “ 1 dr. 

Jo 

Other special transforms arise when the kernel is a sine or a cosine function or a Bessel's function. These 
lead to Fourier sine or cosine transforms and the Hankel transform respectively* 

In order to introduce the Fourier transforms , we shall first derive the Fourier integral theorem* 


(!) FOURIER INTEGRAL THEOREM 


Consider a function fix) which satisfies the Diriehlet’s conditions (Art. 10.3) in every interval (- c, c) so 
that, we have 


ri\ °0 ( nJ t* l - 

f( x )= “ + 2, I a„ cos — + 6 n sin —- I 

It * I ^ 




where a 0 = - f A*) cfc, a„ » - f A*) cos — dt, and b n ~ - f fit) sin — dt. 

v c j-tf C J-<? C C J-f c 

Substituting the values ofa 0 , a n and b n in (1), it takes the form 

rtrt-ir r w—» 

2C J-c C “ J-e C 

n * 1 


...<2) 


If we assume that J | fix} | dx converges, the first term on the right side of (2) approaches 0 as c <*>, since 
The second term on the right side of (2) tends to 

u ±y r mcos^Mr x) 

f-+»- r , J-» c 


dt 


71“1 


= Lt — Y SX j fit) cos nSk it - x ) dt t on writing n/c = 
®^ 0n t fTi J " 

This is of the form Lt Y Fin&X), ie. t P FiX)dX 

" Jo 


5X 


nrn 1 


Thus as c -> oo T (2) becomes f(x) = - f f AO cos A(f - x) dtdX 

n Jo J^« 

wliich is known as the Fourier integral o fflx). 


US) 


Obs. We have given a heuristic demonstration of the Fourier integral theorem which simply helps in deriving the 
result 13). It cannot however, be taken as a rigorous proof for that would, involve a pritof of the convergence of the Fourier 
integral which is beyond the scope of this book. When f[x) satisfies the above-mentioned conditions, equation (3) holds 

good at n point of continuity. If however, x is point of discon linuity. we replace fix) by 11 f (x + 0) + fix — 0)1 as in the case 

of Fourier series. 


(2) Fourier sine and cosine integrals. Expanding cos X (t — x), (3) may be written as 

fix) = — cos Ax J fit) cos Xt dt dX + — sin Xx J fit) sin Xt dt dX 

If fix) is an odd function, fit) cos Xt is also an odd function while fit) sin Xt is even. Then the first term on 
the right side of (4) vanishes and, we get 

fix) = — f sin Ax f fit) sin Xt dt dX 

ft JQ Jo 

which is known as the Fourier sine integral. 


...(4) 


...( 5 ) 
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Similarly, if/'tx) is an even function, (4) takes the form 

fix} = — cos Xjc J o fit) cos Xt dt dX ...(H) 

which is known as the Fourier cosine integral * 

Obsp A function fix ) defined in the interval (0, **) is expressed either as a Fourier sine integral or m a Fourier cosine 
integral, merely looking upon it as an odd or even function in t- « B on the lines of half-range Fourier series. 

(3) Complex form of Fourier integrals. Equation (3) can be written as 

/■(*)= Jl r r fit) cos Xit-x)dtdX ..(7) 

2 tc j -“ j — 

because cos A(/! - x) is an even function of X. Also since sin X(t - x) is an odd function of X, we have 

0= — f f fit)sin X(t - x)dtdX ...(8) 

2 k j — j — 

Now multiply ( 8 ) by i and add it to (7), so that 

/(*)= -1 r r fit)e m ^dtd\ ...(9) 

2n J — 

which is the complex form of the Fourier integral. 

(4) Fourier integral representation of a function 

Using (4), a function F(x) may be represented by a Fourier integral as 

Fix) = I r I A(X) cos Xx + BiX) sin X*1 dX 

it Jo 


where AfW — J fit) cos X/ dt; B(X) = J fit) sin }J dt ...( 10 ) 

lff(x) is an odd function, then [By (5)1 

/ U) = - r B(X> sin ?j e dX where BiX) = 2 P fit) am Xt dt ...( 11 ) 

' n Jo 

If f (x) is an even function, then [By ( 6 )] 

f(x) = -f f A(X) cos A* dX where A(X) = 2 [ fit) eos Xt dt ...( 12 ) 

n J o Jo 

Example 22.1. Express fix) = 1 for OSxZn, 

= 0 for x>n, 

as a Fourier sine integral and hence evaluate 


»w J — f*t ~jc (ffA I 

Ip -jT^ sin (xX)dX 1 Kottaya in, 2005; J. N. T. U.. 2004 S ) 


Solution. The Fourier sine integral for fix) = — f sin (Xx) dX f fit) sin (Xt) dt 

A Jo jo 


= — sin (Xjc) dX sin (X/) dt 


= — f sin (Xjc) dX 
K 


- cos (Xl ) 


=-r 

71 ™ 


1 - cos (Xx) , 


sin (Xx)dX 


f“ 1 - cos(Xti) . . . it 

—--— sin (/jtiaA, = — fix) - 

X 2 


tt /2 for 0 <x<n 
0 for x> n 


At x “ Jt, which is a point of discontinuity of fix), the value of the above integral 


n T f(n - 0 ) + fin + 0)1 _ n 1 + 0 _ ti 

n o I o ‘ o a 
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22.4 


11 ) 


FOURIER TRANSFORMS 


Rewriting (9) of § 22,3 as 



fix) = — [~ e" 1 " ds f f{t)d* dt, 

2 7t J “ w 


it follows that if 

F(s)= f" fit) e* dt 


then 

fix)= — f" Fis) e^ ds 

2k j — 

...( 2 ) 


The function F(s) f defined by (1), is called the Fourier transform of f(x). Also the function fix), as given 
by ( 2 ), is called the inverse Fourier transform of F($\ Sometimes, we call (2) as an inversion formula corre¬ 
sponding to (IX 

( 2 ) Fourier sine and cosine transforms* From (5) of § 22,3, it follows that if 



F t is) = J fix) sin sx dx 

...(3) 

then 

fix) = — f K (a) sin sx ds 
n J o 

...(4) 


The function Fjs) f as defined by (3), is known as the Fourier sine transform of fix) in 0 < x < *>, Also the 
function fix), as given by (4) is called the inverse Fourier sine transform of FJ,s), 

Similarly, if follows from ( 6 ) of § 22.3 that if 


F c (s) = JJYUJcossx dx ,..(5) 

then f(x) — — J F f (s) cos sx ds .,.( 6 ) 

it 

The function F c (s) as defined by (5) is known as the Fourier cosine transform affix) in 0 < x < w. Also 
the function fix), as given by (6), is called the inverse Fourier cosine transform ofF c is). 

(3) Finite Fourier sine and cosine transforms* These transforms are useful for such a boundary- 
value problem in which at least two of the boundaries are parallel and separated by a finite distance. 

The finite Fourier sine transform affix), in 0 < x < c, is defined as 

F s (n)= f o f(x)Bin — dx ...(7) 

where n is an integer. 

The function fix) is then called the inverse finite Fourier sine transform of F K in) which is given by 
fix)- - £/?(«) sin — „.(8> 

e n-1 C 

The finite Fourier cosine transform affix\ in 0 <x < c, is defined as 

F r in) - fV(*) cos dx **.{9) 

where n is an integer. 

The function fix) is then called the inverse finite Fourier cosine transform of F c (n) which is given by 

fix r) = - F c (0) + - V F c in) cos — ...(10) 

c c n =3 c 

Ob»* The finite Fourier sine transform is useful for problems involving boundary conditions of heat distribution on 
two parallel boundaries, while the finite cosine transform is useful for problems in which the velocities normal to two 
parallel boundaries are among the boundary conditions. 


22.5 


PROPERTIES OF FOURIER TRANSFORMS 


(1) Linear property. If F{s) and Gis ) are Fourier transforms off (ar) and g(x) respectively, then 

F[a f{x) + bgix)] = a Fis) + bG(s ) 


where a and b are constants. 
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We have F(s) = J e*“ fix) dx and G(s) = j e ,xx gix) dx 

F[af (*) + bg (x)J s | e“ + bg (r)] dx = a J f (jc) dx + b J gix)dx 

= uFis) + bGis) 

(2) Change of scale property. IfF(s) is the complex Fourier transform of fix), then 
F\f(ax))= -f(-1,o/0 

We have F(s) = \~j isz fix)dx ...Ci) 


Put ax 

so that dx - dt/a 


F(/(a.v)l = J e ttJC f[ax)dx 

= C fit)dtla = - f e a * /a "fit)dt = - f(-1 
J - 1 - a a \a) 

Cor. If FJs) and FJs) are the Fourier sine and cosine transforms of ffxi respectively, then 

F t if(ax)) = i F. and F c \fiax)) = ^, (“) ■ 

(3) Shifting property. If Fis) is the complex Fourier transform of fix), then 
F\fix-a)\ = e^FXs) 


IBy(t)] 


We have 


Fis) = j f(xklx 
F\f(x - a )| = J" fix - a)dx 


= j: 


ts* f + <i > 


e~. fit)dt = e tM \”~j*fit)dt = e imt Fis) 


Put x - a -1 
so that dx = dt 

[By (01 


(4) Modulation theorem - If F(s) is the complex Fourier transform of f{x) t then 

F\f{x) cos tor] = ^ \F ($ + a > + Fis - a )) 

** 

We have Fis) ~ J fix)dx 

F\f ix) cos ax\ = f e ,SI fix ) cos ax dx = f e*“ .fix). 


.,*(0 


dx 


= I [ {“V** 011 /XxWr + J“ fix)dx ^ [F(S + a) + Fis - a)]. 


Cur. If Fis) and F c {s) tire Fourier sine and cosine transforms off U) respectively, then 
fO Fj{f (z) cos fix) = ~ \F m (s + a) + FJis - a I) {Anna t 2008} 

(ii)F c \fix) sin a*) = ^ + a) - Fjis - n)I 

tiH) FAfix) sin a*| = - |F ts - a) - FAs + oil 

s 2 e c 

Ob?s. Tliis theorem is of great importance in radio and television where the harmonic carrier wave is modulated by 
an envelope. 


Example 22.2* Find the Fourier transform of 

J l for | j: ] < 2 

Hence evaluate f Sin ~ dx, 

JO v 


(V.T.U., 2010; S.V.T.U., 2009 ; U.P.T.U.. 2008) 
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or 


or 


or 


or 


Solution. The Fourier transform of/'(*), Le rw 

F\f(x)] - fj(x)e ax dx=fa)e ls, ‘ dx = 


IS 


i 


€T ~e 
is 


FI f (jc)} = Fis) = 2 sin S - For s = 0 t we have F(s) = 2. 

s 


Thus 

Now by the inversion formula, we get 


1 *« t 1 f-* 2 sin s . 1 for * < 1 

/U) = JL f p( s)e *** 4 # or — I e txI ds = } 


0 for | x | > 1 


Putting a = 0 t we get 
sin s 


r — ds=K ... i 


sin s t 7i ■ * j * 

-- ds = — , since the integrand is even. 

os 2 


Example 22*3- Find the Fourier transform of : 

i - V, | x | s i 


fix) = 


iT | J r*x cos x - stn x x , 

Hetoce evaluate --—- cos — dx. 

A\ r' 1 


0 , | * | > / 
2 


(V.T.U., 2011 S ; Anna, 2005 S ; Mumbai, 2005 S) 


Solution. P\fix)\ = J dx — F(s),say 

= £<0> e ,XI dx+ fNl-r 2 )?'” dx + J"(0) <*'“ dx = 


, e 1 ** c '“ 

(1 - a - 2 ) V- - ( 2 *) + (- 2 ) 

i-s (fs) 2 (is) 3 


- 9 


e“ + «*” ^ , 

i> — e 


, -w 3 j 


= —Jr is cos s - sin s) 
s 


Now by inversion formula, we have 

/ U)= T [ F{ s )e-"“ds 

Ort J — 


2 tc 
1 r- 4 


1 f” 4 

-— (s los s - sin s) e~ ,xl ds - 

2n J — s 3 [0, | x | > 1 


1 -* J , |x|<l 


* / 2 </s=- 
4 


Putting x - 1/2, we obtain 

1 r~ 4 ^ 

— — —=r (s cos s - sin s)e 

2n s 

<■“ s cos s - sin s / s . . s ^ , 3n 

J — 8 3 y 2 2 ) 8 

p s cos s - sin s s . 3it 

L-J-. cos „ds= — 


8 

r“ xcosx-sin * x _ 3it . , 

-. cos — dx =-, since trie integral is even. 

t 3 2 16 


p A'CC 

Jo 


Example 22*4* fo) Find the Fourier transform of e al * x \ a < 0. Hence deduce that e' x r ~ is self reciprocal 
in respect of Fourier transform. (Madras, 2006; Kottayam, 2005 ) 

ib) Find F€}tirier transform of ii\ e~^ x ~ 3j (ii) e ~^ cm 3x. 

Solution, (a) F(e aV ) = f e“ aV . o ,sr dx = J" 
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- J-e-’ . 


e^ /4 ° J dt/a 


fl J ^ tl 
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[ Putting a(.r - is/ 2a 2 ) = t,dx = dt/a 

[v 


Hence 


a 

Taking a 2 = 1/2, we have 


% t*> _ 7 ^ /2 1=1 — _- 2 




( 1 / 72 ) 


e v ~ = 72 tc^ 


- s */2 




i.e. t Fourier transform of e ~** i2 is a constant times e~ F /2 . Also the functions e * u and e~* u are the same. 
Hence it follows that e x r2 is self-reciprocal under the Fourier transform . 

(6)Since **** = e “ l2 ^ /2 = 7(2x) where/U) = <r**' 2 

a by change of scale property , F(/'(2x)| = ^ F{$/ 2) 

U f Fie^)=Fle^* 2 ]=^-<* /2itf2 = &^ /s 

By shifting property F f(x - 3) = e*** F(3) 

Fle-**-*>* ] = ^ 72^’ /s = 

Also by modulation theorem, 

J^t/*( jc) cos 2x] = — IF(s + a) + /'Xs — a)| 

a 

F(e~ x 2 cos 3x) = - ^[e <s ^‘ 2 + e -**-^ n \ 

2 

Example 22.5. Find the Fourier cosine transform of e "**. 

Solution. We have F r (e~' T ) = J e~ x cos sx dx = 1 (say) 

Differentiating under the integral sign w.r.t. s. 


...(a) 

( V. T. U., 2010; Raja s sthan, 2006) 


dl_ 

ds 


= - f xe ^ sin sx dx = - f“( s in saeX-2xe"* 1 )dx 
Jo 2 Jo 


= ||| s in K .e-' ! [- 6 | i 

-it 


co s sx, e x dx 


} 


e * cos sx dx — — — / or = - f — ds + log c 
2 / j 2 


or 


log /= - — + log e = log ' 4 ) 


/ - ce s * 4 or f e * cos sx dx = ce s /4 

Jo 


Putting s - 0 p 


Hence 


C= I 


e * dr 
o 2 


yfc . . >& s*n 

= — . i.e. / = — e 
2 


F r (e' rS ) = ^e- s2f4 . 


Example 22.6. Find Me Fourier ainc transform of cH* 1 . 


Hence show that £ x ~~?- dx = 5L_I ,m>0. (V.T.U., 2010 ; S. V. T. U., 2008; Kottayam, 2005) 
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Solution, x being positive in the interval (0, »), e ”1*1 - e “ x 
Fourier sine transform of f(x) = is given by 


FJf (x)| “ J fix) sin sx dx = J e * sin sx dx 


1 + s" 


(- sin sx - s cos sx) 


l + s* 


Using Inversion formula for Fourier sine transforms p we get 

2 r 


f(x)= - f F' s {/(x)}sinsxdx or e~* = - f — - 
n Jo rt Jo i + 

, m 2 r s sin ms , 2 r- 

or changing x to m, e” m - — I - — ds = — I 

Jo 1 + s* n Jo 


sin sx ds 


i.e. 


2 f- x sin nix 


1 + m 2 


dx 


Hence 


f“ x sn 

Jo 1 + 


sin mx , ne 
- dx = — 


m 


Example 22*7. Find the Fourier cosine transform of fix) = - 

x, for0<x<ll 

2 - x, for 1 < x < 2 

0, for x >2 

U.N.T.U., 2006) 

Solution. Fourier cosine transform of fix) t\e f F* c I/Yx)| 


j; am 

cos sx dx = f 

Ju 

sin sx 

( - cos sx'] | 

X - L — 

s 

i s 2 n 

( sin s 

+ 

cos s 1 ) I 

. 

** 8* J 1 

2 cos s 

cos 2s 1 


J2 2 ‘ 

s 

5 S 


smsx — cos sx 

+ (2 ~ x)-- - (-1)-o— 


cos 2s sin s + cos s 


Example 22*8- Find the Fourier sine transform ofe r tEi /x, (V.T. U, t 2010 S; P. T. [/., 2006"; Rofitak, 2005) 
Solution. Let fix ) = e~ ci *fx, then its Fourier sine transform 

/^(/■(x)} = [ r f(x) sin sx dx = f~-— sin sx dx = FXs), say 
Jo Jo X 


Differentiating both sides w.r.t s, we get 

tf f" xe ~~ cos sx 

ds 


IFis) 1 = f 

Jo 


dx= r 

Jo 


2 , 2 
s + a 


r w a s 

Integrating w*r,t_ s* we obtain FXs) = I —z -« ds = tan —f c 

Jo s A + a £ a 

But FXs) = 0, when s - 0; *\ c - 0. Hence FXs) = tan' 1 isia ). 

Example 22,9* Find the Fourier cosine transform affix ) * 2/(1 + ar ). (VXt/., 2021 S; Anna, 2009) 

Hence derive Fourier sine transform oftyix) = xf(2 + x 2 ), {V*21K, 2009 S) 


Solution* 


cos sx 

J -- ^ dx = I, say 

Jo 1 + x 

rf/ r -a sin sx p- a 2 sin sx ^ 

ds Jo 1 + x 2 Jo x(l + a 2 ) 


~.(i) 


...(ii) 
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=-i, 


* [{1 + x 2 } —1| Fin sx 


or 


xil + x 2 ) 

dl Tt r«~ sin sx 

ds 2 

d 2 I r» A' cos sx , t 

—- = _—_ dx =s / 

ds" x(l+ x 2 ) 


, r~ sin sx . r~ sin at , 

ox = - I -ox + | - — dx 

Jo x Jo x(l+x) 


£// TC r- . 

— - — +-— dx 

dx 9 Jo x(l+x‘) 


«.(m) 


or 


—^ — / = 0 or (D~ - I)/ = 0, where D = — 
rfs as 


Its solution is / = c,e* + cyr * 

dlfds = c,e* - cyr * 


«,(e ) 


When s - 0* (i) and (if) give 


r*“ </x Jt 

,vec ' + c * = J» IT7 = 5 


and 


Also when 5 = 0, (in) and (o) give c x - c 0 = - nf 2. 

Solving these, c t = 0, r 2 = je/2. 

Thus from (i) and (*e), we have F.|/'(x)l = / = (nf2)e~* 

f« x sin sx . dl 

Now FJ0 (x)) = j --— dx = ——, from (/*) 

3 J# l + r ds 

= (n/2)e~*, from (t>), with r 5 = 0, c„ = n/2. 
Example 22.10. Find the Fourier sine and cosine transform ofx n ' t , n > O. 

Solution. We know that F (x" ~ ') = f x" -1 sin sx dx 

3 Jo 

Fix? " *) = f x n_I cos sx dx 

Jo 

F (x" * 1 ) + i F (x" ~ *) = f (cos sx + (sin sx)x" * 1 dx 
c * Jo 


(Madras, 2006) 

.M) 

...(«) 


= j"’e*“ x"- 1 dx = j"e~' — ) [Where isx - -(] 

■(-a - 1 


e~* t n ' 1 dt = 


(t) 2 " „ , {if 


{if s n 


r(n) = ~r(n) 


= ^cos^ + isin^j r(n)/s' t = (^cos-^ +i sin ^-j r(n)/s" 

Equating real and imaginary parts, we get 

F f (x'*' 1 >= I^lcos— and F, (*" - l ) = sin — * 

c s" 2 *" 2 


d d 

Example 22.11. (a) Show that F f \x f (x)j - - — [F r (s)|; F c \x f(x)\ - — iF^s)}. 
ib) Find. the Fourier sine and cosine transform of xe -nx 

Solution, (a) !F r (s)} = — J f f(x) cos sx cfxi =• f f{x){—.x sin sx)dx 

ds ds [Jo ] Jo 

= - J o [x /"(x)} sin sxdx = - ^[x f (x)| 

~ (/^.(s)) = — j f fix) sin sx dx} = f fix) (x cos sx)dx 

ds ds [Jo J Jo 

= J (x fix)} cos sxdx - F c (x f(x )J 


{Madras, 2006) 


...«) 


..Xii) 
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and 


-a* 

(6) We have F $ (e” ax ) = e - ** sin sx dx - - -- | -a sin sx - s cos sx (J 


a” + s 


E (e~«*) = e “* cos <j x - -| _ a cos sx + s sin ex C 

J ° a 3 + s z 


...(fit) 


Now 


a 3 + s z 


/7(xe"« < ) = - ^ [*>-“)) 


__ rf f a 1 

rfs [« 2 + s 2 j 


2as 


(a 2 + s z ) 2 


F r (x«-“ J )= 


d_f 

ds 


(a~ + s 2 )- s (2s) o 2 -s z 


a 2 + s 2 ) (a 3 + s 3 ) 


2 , „ 2y2 


(a 2 + s 2 ) 2 ’ 


...(to) 

tby (t) 

[by (io) 

[by (it) 
[by '(Hi) 


Example 22.12. If the Fourier sine transform of fix) = -—W < x < rt), find f ( x ). (Delhi, 2002) 

ft” Jt“ 

Solution. We have f(x} = inverse finite Fourier sine transform of F s {n) 


2 ip , . - FtTtX 2 v-> 11 
* - z ^(n)sm — = - X - 

n „ = ! * n *=i1 


- cos /itc 

~i?e~ 


H 


sin nx 


Jl 

it 3 


^ f 1 - cos /ini 

U—j— 1 81 


sin nx. 


Example 22,13. Solve the integral equation * 

t m . . . r; - o < o s / 

f f(Q) cos ccG dO = 

J o [ 0 ,a > 1 

Hence evaluate £ S ' n rr dt. 

Solution. We have J" f(Q) cos u6 d& = F c (a) 


[ 1 - a. 0 £ a < 1 
F r (a) = ’ , 

1 0 , a > 1 


By the inversion formula, we have 


ew 2 f 1 

/■(9) = — E c (a) cos a8 da = — (1 - a) cos a© da [Integrating by parts! 

it J(i it J0 


(V.T.U., 2011 S ; Kurukshetra, 2005 ) 




a-a) 


sin a0 


6 


- J 1 <-D 

Jo 


sin a0 

e 


da 


2 

cos «0 

1 2(1 - cos 0) 

Jt6 

e 

0 JI0 2 


Now F (a) = f f(Q) cos a© c/0 = f —— C * ) — 1 cos a0 dQ 

Jo Jo It© 3 


...Ui) 


* Refer to Chapter 26. 
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From (£) iind (ii), we have 
2 r 1 - cos 8 


2 r 1- cos 8 „ [1 - a,0 < a< 1 

— I -=-cos a8 d0 = \ 

tt Jo e 2 | 0 , a > 1 


2 f'" 5 

Now letting a^O.we get - 

71 Jo 


1 - cos 0 


= l 


or 


i; 


- 2 sin 2 8/2 


8 2 


8 2 

f/e = tt/2 


(V.T.U., 2008) 


(Put 0/2 = t, so that dQ = 2df| 


r“ sin t 
Jo t 


= jt/2. 


PROBLEMS 22.1 


„ t - * f 1 for | x IS1 

l* Express the function fix) = |q j | > i as a Fourier integral. 

Hence evaluate f" fi in * ™ ** dk, 

Ju X 

2. Find the Fourier integral representation for 


(Kottayam, 2005) 


<i) fix) 


fl -x z , for I* | £1 
}0, for | x J > l 
Fourier integral r 

# <v r “ x(t > j « . _ 

i) L —- i-rfto=- e -Mx>0) 

1 + or 2 

sin to cos xm 


* Mumbai,, 200$) (ii) f Cr) - 


e** t for x <, 0, a > 0 
f for x £ 0 a < 0 


3. Using the Fourier integral representation, show that 
f- to sin xm , it 


m (xZQ) 

JO I + j 


«>■) j: 


to 

4. Find the Fourier transforms of 
X\x\< a 


when0£jr<l h 

2 


to 


sin nor sin aO 


fUA7.U,JMM> 


f- sin Tta si 
(to) Jo i_ a 


da ^ 


- it sin 0,0 £ 0 5 ji 
2 

0, 9> n 


(t) fix) 


0, | x | > a 


Hence evaluate 


jj 


Kin ax 


dx 


(ii) fix) ■■ 


* 2 ,\x\<a 


0,| jc|> a 

5. Find the Fourier transform of f (x) 


= Jo 2 -x 1 for | a: 
|0 for | x | > a 


ISO 


Hence deduce that 


E 


—- dt - — . 
4 


iW B.T. tA, 2005 ; Madras* 2003 . RTJ!., 2003) 

(Mtimbai, 2009) 

(S V T.U., 2008) 

(V.T< £A t 2007) 
( Anna , 2009) 


0. Given Ftc"* ) - v/jrce - ** f A , find the Fourier transform of 


(i) e 






7. Find the Fourier sine and cosine transforms of f(x) 


= fLOsxc 
|0.x22 


(V.T.U., 2008) 


f 1 * V «; n A_v TT 

8. Using the Fourier sine transform ofer ** (a > 0), show that I - y - - y dx j= - {A > 0). 

Jo cr + jr 2 


Hence obtain the Fourier sine transform of xAa 3 + x 1 ). 
9. Find the Fourier cosine transform of e -a *. 

cos Xx 


_ _ _ f cos Xr 

Hence evaluate -y -—it ox. 

Jo jr + cr 


(Z?oA/aA t 2006"; Afadras, 2003 S) 
(Anna * 2009) 

(VTAL 2003 S) 


10* If the Fourier sine transform of f be ) is e~*Vs, find fix)* Hence obtain the inverse Fourier sine transform of Us. 

{Mumbaiy 2009) 
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II. Find the Fourier cosine transform of e and hence evaluate Fourier sine transform of xe . 

IS- Find the Fourier cosine transform of e a * for any a > 0 and hence prove that in self-reciprocal under Fourier 

cosine transform, (Anna, 2009) 

1 

13- Find the Fourier sine trunslorm of (t) *rg-5 7 , 

x(x* -t a*) 

(ii) \e **fx\, a > 0 

14. Obtain Fourier sine transform of 

4x t for 0 < x < I 
{Madras, 2000) {ii) fix ) ^ 4 - x* for 1 < * < 4 

0, for x > 4 

15. Find the Fourier cosine transform of (1 - x/k)* 

10 , Find the finite Fourier sine and cosine transforms affix) ~ 2x t Q < x < 4, 

—x , x < c 


ii)f(x) 


{ sin x, 0 <x < a 
0 , x>a 


17. Find the Unite sine transform affix) = 

K -X,X > C 

18, Show that the inverse finite Fourier sine transform of Fin) 


where 0 1 r $ it. 

1 + cos nic - 2 cos 




nnl . 

- >18 

2 f 


r 1, ocjt<it/2 

10, Solve the integral equation f fix) sin tx dx — 

Jo 

20- Solve the integral equation f fix) co &ax dx - 

Jo 


i f 0 s t< 1 

2 ,t it < 2 , 
0 . t >2 


\Rohtak. 200(1) 
(U.P.T.U., 2008 ) 

{V.T.U, 2006) 

(P.T.U, 2006) 
(V.7.[/., 2011) 


(V.T.U., 2008) 

I Kottayam, 2005) 

(S.v.T.U., 2008; Rahtuk, 2004) 


(1) CONVOLUTION 


The convolution of two functions f (r) and gix) over the interval (—«,■») is defined as 

f*g = f fiu) gix - u)du = hix). 

J-w 

(2) Convolution theorem for Fourier transforms. The Fourier transform of the convolution of fix) 
and gix) is the. product of their Fourier transforms, i.e., 

F\f(x)*gix)\ = F\f(x)\ .Figix)} 


We have 


F{f(x)*g(x)} 


= f|| fiu)gix - u)duj 

= j" | J f(u) gix - u)rfu| e 151 dx = J" fiu) 1 1 gix - u). e ,SJt dx jdu 

(Changing the order of integration] 

= j” fiu) | J" . gix - u) dix - 1 i) J e*®“ du 
= J e ,su fiu) | J e ,st git )dt j du where x-u = t 
= J" e“ u fiu) du . F[git)] = J fix) dx . Figix)) = F {fix)). F{gix )] 


PARSEVAL'S IDENTITY FOR FOURIER TRANSFORMS 


If the Fourier transforms off (x) and gix) are Fis) and G(s ) respectively, then 

Hi) ~ J lF(s )] 2 ds = J j fix) | 2 dr 


ii) ~ J" F{s)G is)ds = J" fix)g ix)dx 
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where bar implies the complex conjugate. 

(i) | fix) g (dx) | fix) -j J G(s) e l! * ds | dx [Using the inversion formula for Fourier transform) 
= ~ J" G(s) \L fix) e 1 ** c/a: j' [Changing the order of integration) 


or 


or 


- — f G{s)F(s)d3 t by definition of F-transform. 

2k 

Hi) Taking £(*) = /fx), we get 

~ f Fie) F ( s)ds = f fix) f(x)dx orf f" | Fin) | 2 ds = [" | fix) f dx 
2 K J-** 2n J— 


Ohs* The following Parsevar® identities for Fourier cosine and sine transforms can be proved as above 
(i) - J F c ( 9) Gjs)ds = J f(x}gix)dx to) - 

7C It 

(iii) - f IFffslf ds = j 1/"U)I Z dx (ip> 2 r- ‘ 

it J o f s> 


iii) ^ J (i F,(s) G,(s)ris = £ fix)g<x)itx 
OP) - d»= j~lfixi? dx. 


Example 22.14. Using PurscvaPs identities, prove that 

,.v r-_ dt _ n 

1 1" (a 2 +t 2 )fb S +t 2 )~ Sabia + , 


b) 


(S.V.T.U.,2009,n ‘'08) 


<i,:| ^"ft 5 T7?'* = T 


..... r - sin at .. 

(M») f — r —5 -dt= 

J ° t(a 2 + f‘ ) 


n l-e~ 


Solution, (i) Let/(.v) = e~ nx and^Ot) = e~ bx , Then F r is) = - ^ a —^,G ( .(s) = 

a + s 


6 2 + s 2 


Now using ParsevaFs identity for Fourier cosine transforms, Le. t 


We have 


^ J 0 F r is)G r (s)ds = j~f(x)gix)dx 

— f —2-- Z~ = I 

JI Jo (o 2 + s 2 Kh 2 +s 2 ) J ° 


.( 1 ) 


2 ab r- 


za o r 

ir J i 


ds 


Thus 


(ii) Let f (x) = 


it J ° (a 2 + s 2 X6 2 + s 2 ) 
dt 


-ia + b)x 


i, 


- (a + 6) 
71 


a + 6 


0 (a 2 + t 2 Xbr + / 2 ) 2ab(a + 6) 


* so that F g [/(*)] = ~e-“ 

4 


X 2 + 1 


Now using ParsevaTs identity for sine transform, i.e.. 


- n^Ar))] 2 ds= Ijfixt dx 

TT *0 JQ 


r * d, = l r-f**-") rf S = f| £ - 2 -/-2r=i(0-i) = J 

J °U z +lJ it J «V2 J 2l » -4 4 

r_* 

j ° ii 2 + 

(iii) Let /{x) = er ax and#(.x) = 


Hence 


(f z +l) 2 ^ 4 


*• 0<r<O -ThenF r ( S )=^L^,G,( s ).^ 

0, x> a a 2 +s z S 
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Now using (1) above, we have '£ f* > gfflDng f y s _ (" e - ax ] { j x _ 1_f 

a J ° s(o 2 + s 2 ) J° a 

r<- sin at k ^ 

L —r —~rdt = ~^i l-e >. 

3 °t(a 2 + t 2 ) 2 a 2 


Thus 


Example 22.15. Find the Fourier transform off{x) given by fix) = 


a -1 .r |, for \ x \ < a 
0 , for | x | > a 


Bence show that j\ c/f = ^ and | f ( — ic/.3. (Anna, 2008) 

Solution. Fourier transform of fix) i.e. F\f(pc)\ = f fix) e ,sx dx = f'" [o - [ x | le ,w dx 


* f |a -1 .r 11 (cos x + i sin $x\dx 

J— d 

= 2 f J (a - x) cos ax dx + 0 


\a - 1 x 11 cos x in an even function 
la - | jc 11 sin x is an odd function 


= 2 


(a - x) 


sin sx cos sx 


S 2 to 


_ n 1 - cos as _ A sin 2 as/2 

— 71 — * "rt 


(i) By inversion formula, 


fix) = -T r Fis)e^ ds = ~ r 

2 n 9lT J- 


I r« 4 sin L> as/2 „ 


To evaluate 


i ; (^) 2 *■ 


2n 


put x - 0 and « ^ 2 so that 


* ds 


it s 


_ 4 f f sin s "f 

"it « J 


tfs 


j— fsin s') 1 

" Jo lrr~ J 


rfs = — /TO) = -. 
4 2 


sm s , * 

-is an even function 


[v f(Q) = a = 2 


(ii) Using Parseval’s identity 

~ JT_ lF(s)fds=l~~ | fix) f dx 

x2 


1 r« f 4 sin 2 as /2 


2a 




5" 


J 


d*= J“ o |Ia-|*H 2 dx 


f sinas,2 T* = 2 f a (a - 1 ) 2 dx = 2 

(a - .vl 3 

{ s ) Jo 

-3 


= V 

3 


Putting i = us/2 and dt = ads/2 
16 


JT (^1 


dt=~. 


Hence 
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PROBLEMS 22.2 


I. Verify Convolution theorem for fix) = gix) = e~ x * 


{V.T'U» 2000 S) 


t <- 

2. Use Convolution theorem to find the inverse Fourier transform of-—-- , given that n tk is the Fourier 

(H?rr u * 

transform of e W, (V, T, V ., 20W S) 

3* Using Parseval's identity, show that 

P“ dr * **■ #2 


(i) f —s' = y r (Htsmr,2007) (ii) f--i-T ^ “ 77i ‘ 

Jo #4-1)* 4 Jo <4-M 2 X9 + /*> 10 

4. Find the Fourier transform of / fr) * i * ^ | ¥ K 1 

[0 if |xj > 1 

Hence deduce that J 
5* Evaluate J ^ j - cos x j' ^ 


* 3T 

dt ~ • 

2 


awtt) 


(Anna, 200$) 


RELATION BETWEEN FOURIER AND LAPLACE TRANSFORMS 


then 


if 


We have 


'•[o 


* gU), t>0 
, t<0 


m 

wm = 

Flfd) | = J“ e* Ar)rff = J° e* ,0.dt + J V f . e"* 

= J e <te ~ x)/ g(t)dt= £ e pr g(t)dt where p=x~ is 
Hence the Fourier transform of fit) (defined by (i )| is the Laplace transform of git), 

1 FOURIER TRANSFORMS OF THE DERIVATIVES OF A FUNCTION 

The Fourier transform of the function uix, t) is given by 
F[ii(x,t)] = J" ue™ dx 
Then the Fourier transform of drufdx 2 * i.e. 


dx 2 


OU 


P“ d ll 

= -Ua? 


dx = 


isx ^ . LSS 

e —— is e . u 
ox 


nsf r 

J-4* 


dx. 


du 


.M) 


on applying the general rule of integration by parts (p. 398). If u and ^ tend to zero as x tends to ± 00 , then 

’aV 


dx 2 


= - s 2 F[uj 


Similarly in the case of Fourier sine and cosine transforms, we have 
‘d 2 u 


and 


dx 2 

2 , 


= = o - sTF^Itil 


d 2 u fduA 

F C H = -ULo- SF ‘ 


[u] 


...( 1 ) 

...( 2 ) 

...(3) 


In general, the Fourier transform of the nth derivative of fix) is given by 





























Fou wen Transforms 


d n f 


dx" 


= (- is) n Filtx)] 


...(4) 


provided the first n — 1 derivatives vanish as * —* ± ■». 

For Fl/* n (a:)] = J~ f n ix)#**dx 

= |V» f n ~* ~ise ,sx f"~ z + (is) 2 f n ~ 3 +(~isT J“ f. dx 

by the genera] rule of integration by parts, whence follows (4). 

INVERSE LAPLACE TRANSFORMS BY METHOD OF RESIDUES 


22.10 


Let the Laplace transform of f Or) be f (s) so that 


fit) = f{t)e- m dt ...(1) 

Jo 

Multiply both sides by and integrate w,r,t. $ within the limits a - ir and a + in Then 

f e** f(s)ds - ( e xs f flfie"** dt ds (Put s = a - iu\ 

Ja-ir Ju-tr Jo 

= y 6*°- lu) \~me-* a -' u * dt i-idu) = ie ax f e~ uti J~[<T a/ f(t)]e iut dtdu 

= ie ax J e”**" | <f >(t)e ,ui dt du 


where = 


fit) for f > 0 
for t < 0 
Proceeding to limits as r 

+ Joe 


> » t we get 


c 


e 13 fis)ds = ie“* . 27i^(x), by (2) of § 22.4 - 2ide ax ,e~ aj ‘ fix) for x > 0. 


Hence fix) = [ c“ fis)ds ix > 0] 

J a -1** 

which is called the complex inversion formula. It provides a direct means for ob¬ 
taining the inverse Laplace transform of a given function. 

The integration in (2) is performed along a line LM parallel to the 
imaginary axis in the complex plane z = x + iy such that all the singularities of 

f(s) lie to its left* (Fig, 22,1), Let us take a contour C which is composed of the 
line LM and the semi-circle C f AWL). Then from (2) 

-i- [ e” fis)ds = ~ f f(s)ds - f. e“ ~fis)dx 
2m * LM 2?a 2m 

The integral over C f tends to zero asr~)« (under certain conditions 7 ). 

Therefore, 

fix) = Lt -L f e” f(s) dx 

r->« 270 JC 

= sum of the residues of e** J (s) at the poles of f(s) ...(3) 

[By §20.18] 



,.,( 2 ) 

Y 

+ ir) 


Lia - ir) 

Fig, 22.1 


* This has been so assumed simply to ensure the convergence of the integral (1), 

+ If positive constants A and k can be so found that | f [s) | < Ar~ k for every point on O', then 

U — f e”/(s)ds = 0. 
r-*« 2m 


(J\orda n’s Lem ma ) 
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Example 22AG.Evaluate L 


Solution, Since" 


-j 


_ L _| 

(s- l)(s 2 +■ l)j 


by ike method of residues. 


(s - lX*r + 1) 


^1 


Now 


(s-lXs 2 +l) 

(Res) . = Lt 

* * 1 £-*J 

(Resh ,= Lt 


for I $ I —* » t therefore, 
e 1 * 


= sum of Res 


{s- DnT + 1> 


at the poles $ = 1, ± i 


(tf-l).g" 

(s - IXs 2 + 1) 

(s - i ). <?*' 


IBy# 20.19 (1)1 


(s - IXs 2 + 1) 


1 e 


(i-l)U-l) 2 l + i 


1 *** 

Changing i to - r # we get (Rest = _ t - = - -, ——- 

1 


r-J 


e* l( e u e 


V i 


(s-IXs 2 +1) 

Example 22.17. Prove that L~ l 




2" ~ 2 [T +7 + T"- 7 J = 2 ^ - s * n x - cns a ’ ) ' 

’'•"'(af} 


Solution, By the complex inversion formula, 


(\ t fff+J 

L~ l I ~-U-±* | 

3 2lO Ja-r 




-to 


J m+fw p 

x fl“i« s 

Since s = 0 is a branch point of the integrand, we take a contour LMNPQST as shown in Fig, 22,2, so that 
it doesn’t include any singularity. Therefore, by Cauchy’s theorem (§ 20.13), we have 

if +1 + f + f + f + f ) xV* —— ds = 0 

1 Jut hiN JrVC MVS /nj 5 

If ON = p and OP = e, then along NP f s = Be**, therefore* 

c e* v —Jr/S 

f = f ^ <« 

J.v/* Jp /? 

Similarly along ST, s - Re' therefore, 

l ji^ - 


Along the circle PQS, s = e e rW , Also e* 1 * and c 'are both approximately 
1 since c is small. Therefore, 

J * r-n t _ 

= —— , iJ0 = - 2rc/ approximately. 

pqs Jtt ^ 

ForoO, j e" r ^/s | < |s|~\ 

But and both tend to zero as r —> «= 

Thus (i) takes the form 

^xs-rjs -n „-&4R 

p 1 ~ g dR- 2ju = 0 



fll +ir P~' " ffr — 

f -- -ds + \ e ^ 

*a-ir S 


R 


Taking limits as c —> 0 and p —» we get 


(3+ p 


f» tf + i 

J fl —i 


XX - C\ f S 






ds — 2ni — 2 i 


R 
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or 


1 fu+i-e** ^ 2 f“ 

— - ds = l -I e 

2m Ju-i- $ jr Jo 


sin (ct /Jx) dt * where = ( 2 jx 
t 


i 2 it 

- 1 - . — erf 

n 2 



whence follows the result. 


PROBLEMS 22.3 


Using tile method of residues, evaluate the inverse Laplace transform of each of the following : 


l 

2 1 

t§ + iKs - 21 s 

(s - 2K&* + 1) 

1 

5 1 

(s-UV + b' 

(s* +1$' 


3. 


_ _ 

» 3 (s 3 - (t V 


(V.T£r. t SQ088) 


22.11 


APPLICATION OF TRANSFORMS TO BOUNDARY VALUE PROBLEMS 


In one dimensional boundary value problems, the partial differential equation can easily be transformed 
into an ordinary differential equation by applying a suitable transform. The required solution is then obtained 
by solving this equation and inverting hv means of the complex inversion formula or by any other method. In two 
dimensional problems, it is sometimes required to apply the transforms twice and the desired solution is 
obtained by double inversion. 

(i) If in a problem u(x t s 0 is given then we use infinite sine transform to remove du 2 /chc 2 from the 
differential equation. 

In case IdwU, tVcbcl 0 is given then we employ infinite cosine transform to remove d 2 u/dx 2 . 

(it) If in a problem e/tO, /) and u{l r t) are given, then we use finite sine transform to remove jpu/dx 2 from the 
differential equation. 

In case (du/drV, _ 0 and (du/dx) x=t are given, then we employ finite cosine transform to remove iihd tlx 2 . 

The method of solution is best explained through the following examples* 

Meat conduction 

Example 22.18. Determine the distribution of temperature in the semi-in finite medium x > 0, when the 
end x = 0 is maintained at zero temperature and the initial distribution of temperature is f{xX 

( Osmania , 2003) 


Solution. Lot u{x, 1 1 be the temperature at any point x and at any time t. We have to solve the heat-flow 
equation (§ 18.5) 


— = c — ¥ (x > 0, t > 0) 
tfar 


dt 


subject to the initial condition u(x, 0) = f ix) 
and the boundary condition i/(0, /) - 0 

Taking Fourier sine transform of (1) and denoting 0] by u $, we have 

du s 


dt 


= C 2 i&u{0 t t) - s 2 u# 1 


* We know that f e~* cos 2m t dt - — ie m 
Ju 2 

Integrating both sides w.rt. m from 0 to c/2%fx. 

sin 2 mt ] c/5U * 


or 


r _i * sm zmt I , 1 r- ic/‘<?y= 

* — L 2^1 dm 

£ (_c_ ) 

f 2 V2JV 


...(*) 

...(Hi) 


[By (2) of §22.91 
[Example 20.44 


[By §7.18(1)1 
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or 


dus 

dt 


4 * C 2 S 2 U* = 0 


Also the Fourier sine transform of (ii) is = f ( s ) at t = 0, 

Solving (it;) and using {v) t we get u, = f 

Hence taking its inverse Fourier sine transform, we obtain 

U (jc, * - - r* 7 


[By (iii)] 


z f t)= - f f As)e ~ l **** mnxsds. 
n Jo 


Mxample 22.19. Solve dti /dt ~ 23^ti i/tt(0, 0 = 0 t u(x t 0) - e~ x (x > 0\ uix* t) is bounded where x > 0, 

t > (h (Bohtnk, 2006) 


Solution. Given du/dt = 23^u/d^ t x > 0, t > 0 

with boundary conditions : u{ 0, t ) - 0, u(x t t) is bounded 
and initial condition u(x* 0) = e~ x % x > 0 

Since u{0, f) is given, we take Fourier sine transform of both sides of (i) so that 

du „ * _ p* d 2 u . 


.M 

—Ui) 

...(iii) 


or 


or 


or 


or 


du 

f — sin px t/x 
Jo ot 


* 2 f —~ sin px dx 
dx 2 


1 

dt 

du 





r du 

1 u(x t t) sin px dx = 2 
Jo 

— sin px 
dx 

0 

; — ,p COS pxdx 

J o dx 


(Integrating by parts) 


tlu$ r w du du du t , , _ 

—— = - 2p I — cos px dx, if --> --* 0 as x -* « where u& (p, /) = u(x, t) sin px dx 

dt So dx dx dx 

= - 2p 11 uix, t)cos px (£ - f u(x , t) - (- p sin px) rfxl (Again integrating by parts I 

Jo 

= — 2p (0 - u(0, /) + p f u(x , t) sin px dxj 
Jo 


du du 


dus 

Ilf 


~ 2pu(0, 0 - 2p 2 u* 
= -2p 2 n. 


[ v n(x, t) -d 0 as x ->« by (a)] 


(By {it)] 


Integrating J - logc = * 2p 2 Jtf/ or log u £ - log c = - 2pH 

Us 

u„(p, t) = ce~ 2p ** 

Taking Fourier sine transform of both sides of (/ii), we get 


...(io) 


r 

Jo 


uix w 0) sin px dx 


cs e x si 
Jo 


sin px dx 


u$ (p, 0) = 


l + p J 


(- sin px — p cos px) 


Putting t = 0 in (in) and using (u), we obtain p/(I + p 2 ) = c 


1 + F 


...(u) 


Thus (in) becomes u e (p, t) = 


- ... p a -ip 2 t 


HV 


Now' taking inverse Fourier sine transform, we get 


u(x\ 


. 2 rw . 

c,t)~ - - 5 ~ sm pxap. 

it Jo l + p- 


.-2f?t 


du d 2 u 

Example 22,20, Solve the equation ■— — —te > 0 f t > 0) subject to the conditions 

dt dx J 


U) u = 0, when x = 0, t >0 {ii) u = 


1 ,0 < x < 1 
0,x< 1, when t-0 


Uii) ti(x , t) is bounded. {U.P.T. U., 2003 S) 
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Solution. Since u( G, t) = 0, we take Fourier sine transform of both sides of the given equation, we get 

r w du , - r- d 2 u , - 

— sin sx dx = I —^ sin sx dx 
J 0 3; Jo 


Jr- f u sin sx dx = - s 2 u(s) + s t* ( 0 ) 
Jo 


|v u - 0 ( when x - 0 ] 


or 


— = - s 2 u or — + s 2 u ~ 0 or CD 2 + s 2 ) u =0 Le ., D = ± is 

de a* 


Its solution is u (s, f} * e 
Since 




u (s, t) = ti(x, f) sin sx dx 

u {s, 0 ) =5 f u(x, 0 )sin sx dx = f 1 I. sin sx dx 
jo Jo 


I “ cos s 


s 


...to 

(By ( ii )] 

..*( 2 ) 


From ( 1 ) and ( 2 ), 


Thus ( 1 ) gives 


c = u (s, 0) - 


1 - cos s 


- . .. 1 - COS S _,j f 

u(s,f) =- e st 


Now taking inverse Fourier sine transform, we get 

f- 1 - cos s _,* r 


«(*.()= J 0 ‘ 


ds 


which is the desired solution. 


Example 22 + 21 . Using finite Fourier transform, solve 

du _ 

given u ( 0 , t)-0,u (4 t t) - 0 and u (x, 0) = 2x where 0 <x <4, t >0. (Rajasthan M 2006 ) 

Solution, Since u( 0, t) = 0 , we take finite Fourier sine transform of both sides of the given equation 

c* du . nn _ r 4 9 2 u * nn f 

— sin — x dx = I —- sin — x dx 
h 3f 4 Jo 4 


or 




dx 

sv 

& 2 J 


or 


du £ 

u s 


ft Tt 2 ** /lit r , . # ^ 

- —— + — lu(0, 0 - (- IT n(4 p f)] 

16 4 

nV- 
""16~ Us 
nV 
16 


tv t/(0, t) = 0,u (4, 0 = 0.1 


dt 


Integrating both sides, 


2 2 

, — n. 7t 

° g “ 5 = + e 

-nVt 


or 


Mx p G) = ae 16 

— r 4 fijix 

Putting f = 0 , a = u s (x, 0)= u(x, 0 )sin —— dx 

Jn 4 


.-(i) 

tv u 0 c t 0 ) = 2 xl 
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Thus (0 gives. 

Now taking inverse Fourier sine transform, we get 


u,<x, 0) = - — cos m«r nVf ' 16 = - —(-1)" e- nVm6 
im tin 


32 


u(x, 0) = - £ — (-1)' 


\n + t .-nPi^tt 16 


4 „Ti nn 

= ie £ (_1V 


,n + 1 


ab, I"” 


n = 1 


fill 


. f /ncc \ 
*in -— 

14 j 

)• 


Example 22,22, If the initial temperature of an infinite bar is given by 

j6(j/or|x|<a 
{ 0 for | x | > a, 

determine the temperature at any point x and at any instant t. (S.V. T.U., 2008; Rohtuk, 2004 1 

Solution. To determine the temperature 0U, t) at any point at any time, we have to solve the equation 


ae , a z e 

- c 


at 


ax 


J (t > 0) 


subject to the initial condition 0 (x, 0) = j 6(1 ^ or I x I < “ 

(0 for |x | > a 


Taking Fourier transform of (i) and denoting / r [6(x, t)) by 8, we find 

d 8 2 25 

— = -c s 0 


dt 


...U) 

..Mi) 

[by (1) of §22.9]... (iii ) 


Also the Fourier transform of (2) is 

8<s, 0) = J 8fx, 0) dx - J 8 0 e“* dx = 8 0 

Solving (iii) and using (in), we get 0 = g -rri 


e'"‘ - e-^" 


is 


= 20r 


sin as 


...( iv ) 


Hence taking its inverse Fourier transform, we get 


8(x,/) = 


2rt 

28, 


s n J- 


— f g * n 03 Ccoa xs - i sin xs) d$ 


sin as ji. 2 , , 

- e * f cos xs as 

s 

sin (o + x)$ + sin (o - x)s 


- f“ 

Jt Jtl 

= % r 

Jt Jo 

0<j f" f , (a + x)u , (a-x)ul dv u ■> 

= — \ e 1 sin-pr- + sin --— where v l - 

K h [ cjt C\t J V 


[The 
\ its i 


second integral vanishes as 
integrand is an odd function 


c 2 s 2 t 


-y 


erf +erf ia ~ x> 


2 c-Jt 


2cjt 


} 


[See footnote on p. 783] 


Example 22*23* A bar of length a is at zero temperature. At t = 0. the end x = a is suddenly roused to 
temperature u Q and the end x - 0 is insulated * Find the temperature at any point x of the bar at any time t > 0, 
assuming that the surface of the bar is insulated . 


Solution, Here we have to solve the differential equation 


subject to the conditions 
u(x, 0) = 0 


dw 2 

_, c _ «<*<„,,>0) 

...(ii) ; 11 ^( 0 , t) = 0 ...(Hi) and u(a, t ) = u 0 


..M) 

(Rohtak, 2005) ...(iv) 
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The Laplace transform of (i), if L j»(x, t )| = u (x, s), is 

, d 2 u 


su - uix, 0) = c 2 - 


d 2 u s _ 


dx 2 


Using (it), we get - -?u = 0 

ax c 

Similarly the Laplace transform of (iii) and (it/) are 

(7.(0, s) = 0 ...(t/i); u(a,s)=^ 

s 

Solving (u), we have U = 

Using (ui), we find Cj = C 2 so that 


...(e) 


...(vii) 


Now using (oii), we have 


u = C } {e^ k + <T ^ tc ) = 2C X crash (yf&c/c) 

_ iiu cosh (JsxM 
u = ~z --=—- 

s cosh w safe) 


and 


or at 


By the inversion formula (3) § 22.10, we get 

u(x, t ) = sum of the residues of -— • c [ >sh (Var/c) at a |j p 0 [ eg w hj c h occur at s = 0 

^ s cosh (yjsa/c) j 

cosh Unsafe) = 0 i.e., at s = 0, 4sak = - ^jro, n = 0, + 1, ±2,... 

(2n - l) 2 c 2 Jt 2 „ , „ 
s = 0, s (= s M ) =-—-- = 0, 1, 2,... 


4 a 


Now 


(Res), 


Lt J s — 

*-*0[ set 


'*#0 


COsh (yjsxfc)\ 

cosh [yfm/c) ( 

cosh A 


* T . L v cosh (JSg/ 6 )I 

(Res)^ =Uo Lt Us~s n ).^ -——— 

*-***[ s cosh (V safe) J 


= u o 


Lt J £ ~^_ l, Lt {g!> sh ^>l [0 

(cosh (%/sa/c)J *-»«„ ( s J [0 

1 


— Uq Lt — 


form 


Lt 


e gt cosh (Vsx/c) I 


>-**, sinh (Jsa/c) . (a/ 2 Vs/c) *-»»„[ s 

= 4tfo(- I)* 1 e ~i2n-l? nVirto* (2n -l)mr 
(2n - 1 )jt 2« 


Thus we get u(x, t) = u 0 + ^ e~ (2n 1 r K ~‘" !,4<r cos ——. 

u ji *-<, 2/i - 1 2a 

n* 1 

Vibrations of a string 

Example 22224. An infinite string is initially at rest and that the initial displacement is f(x) r (- « < x < «,). 
Determine the displacement y(x. t) of the string. (Rohtak, 2000) 

Solution. The equation for the vibration of the string is 

dy/dt 2 = c 2 &y!dx 2 „.{i) 

and the initial conditions are 

(dy/dt\ = 0 = 0 ; y(x, 0) = fix) 

Multiplying (i) by e*™ and integrating w.r.t. x from - « to we get 


...Ui) 
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3 2 Y/ 3£ 2 - c 2 (- s 2 Y) provided y and dytdx —* 0 as x » 

A a solution of cPYfdt 2 + c 2 s 2 Y = 0 is Y = A t cos cst + A 2 sin cst ,..(ui) 

Also Fourier transforms of (it) are 

dy/d? = 0 and Y = FXs) when t - 0 
Applying these to we get 

A 2 = 0 and A l = F(s) 

Thus Y = F{s) cos cst 

Now taking inverse Fourier transforms, we get 


y(x % t )= ~ f F(s ) cos cst * e~ iSX dx 
2n 


’it™—! 


test _J_ - 




= — r |F(«) *-«*-**> + F(s)e-“ lx+e ‘ ) ] ds 

An J— 

= i [fix - c/) + /Tjc + rf)l 


[v fix) = ~ f F(s)e-‘ 
2n 




Example 22*25. An jVi/mi/e/y tong string huving one end at x “ 0, is inittally at rest along the x-axi$> The 
md x-0 is given a transverse displucemen t ftih t > 0. Fuul the displacement of any point ofthe string at any time , 

Solution. Letytx, t) be the transverse displacement of any point x of the string at any time t Then we 
have to solve the wave equation {§ 18 4) 


2 

dt 2 dx 2 


(x > Q*t > 0) 


Ui) 


subject to the conditions y(x, 0) = G, y t (x t 0) - 0 f y(0 7 i) ~ fit) and the displacement y(x 7 1) is bounded. 
The Laplace transform of (i), writing L[y(x t /)! = y(x 7 s) is 


s 2 y -sy(x, 0)- 


<fy(x t Q) _ 2 d 2 y 
dt dx 2 


Using the first two conditions, we have 



Similarly the Laplace transforms of the third and fourth conditions are 


...(«) 


y(0 s s)= f(s) at x = 0 „.(£u) and y(x, s) is bounded, „Xiv) 

Solving (ii), we get 

y (x, s) = C i ^ tk + C a e“** 

To satisfy condition (£u), we must have C A = 0 
Using the condition (i£i) f we get C 2 - f Is)* 
y(x.s)= f(s)e 

Using the complex inversion formula, we obtain 

y = —— f“ + "* e {l ~ ** f(s) ds = fit - xlc). 

Example 22.28. A tightly stretched flexible string has its ends fixed at x~0 and x = l. At time t = 0, the 
string is given a shape defined by F(x) = \ix(\ - x), where [i is a constant and then released. Find the displace¬ 
ment of any point x of the string at any time t > 0, {V.T.U., M.E., 2006) 


3 2 v d 2 y 

Solution. We have to solve the wave equation - c 2 —~ 

dt 2 dx 2 


(x > 0, t > 0) 






Fou mn Tfwjs*ohms 


subject to the conditions y( 0, t) - 0 v y(U f) = 0 
and y(x , 0) = | xxd - x), y t (x, 0) = 0 

Now taking Laplace transform, writing L\y(x, t)\ = y (x, &), we get 


ot dr 


where 


>(0, s) - 0, y(t , s) = 0 


-*(i) 

~.(u) 


*% (i) reduces to y “ - - 

Its solution is s) - c, cosh (sx/c) -f c* sinh (sx/r) + 

* s 

Applying the conditions («),. we get 


Cj 5= 2c 2 \ds 2 and c 2 = 


2c 2 p 


1 — cosh (st/r) 
sinh (site) 


2 c 2 g 


tanh (s/2r ) 


Thus 


*<*!$) = 


2c a p 


cosh (${2x - 1)1 2d 
cosh (s//2c) 


px(/-x) 2c 2 p 


Now using the inversion formula (3) § 22.10, we get 
y(x t t )» sum of the residues of 

0 2 [ st cosh {s(2x - /V2c| 
2c^p e —r—-- 

s 3 cosh (s//2c) 

Proceeding exactly as in Example 22.23, we have, 
e** cosh !s(2x - /V2c} 


at all the poles + gx(/ -x) - e A p.t 2 


sum of the residues of 2c 2 p 


s 3 cosh s//2c 


at all the poles 


= e 2 p 


== c 2 \xt 2 - px(/ - x) + 


ip^vT_L_ 

* 3 


(2 n - 1) n(2.r - /) 

21 


}“ s { T I 


. (2n-l)7Lr (2n - l)jwt 

sin -;-cos -—- 


Hence y(x, t) = 


8^ J 


n - 1 L 


C2n - X? 


. (2n - l)nx (2n - Dnct 
sin *——:-cos ———-- 


Transmission lines 


Example 22*27, A semi-infinite transmission line of negligible inductance and Irakance per unit length 
has its voltage and current equal to zero. A constant voltage v 0 is applied at the sending end * x - 0) at t = 0. Find 
the voltage and current at any point (x > 0) and at any instant 

Solution, Let o(x, t) and i(x, t) be the voltage and current at any point x and at any time t lfL = Q and 
G - 0, then the transmission line equations [(1) and (2) of § 18.10] become 


do 

dr 




Le. f 


<> Z v _ Rr d v 

a?- HC 3T 


The boundary conditions are u(0, f) - l’ 0 and i(x, t) is finite for all x and t. 
The initial conditions are o(x, 0) = 0, i(x : 0) = 0. 


...(*) 

:M) 
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Laplace transforms of (i), are 

~ RC(sv - 0) or 
dx 

Laplace transforms of the conditions in (tY), are 
v(0, s ) = — at x = 0 


d 2 o 

d* 2 


- fiCso - 0 


and 


s) remains finite as x 

the solution of (Hi) is 

+ CgC“ 

To satisfy condition (o), we must have C t = 0. 
Using the condition (iv) $ we get C 2 = v^/s 

Thus jj(x >s ) = i* e -'/ 55 ** 

s 

Using the inversion formula, we obtain 


...(in) 

...( w ) 
.Jv) 


L'(x, t) - v 0 L ~ 1 


- JRC x ft 


= % erfc 


Jrc 

2 4t 


lBy Ex. 22.17] 


xfRC 

~ t ’° 2ji 


Jo 


-ZK e ~<FCS> 4 .) du 


1 dt> 


since i = —— —, we obtain bv differentiation, 
if ax 


i(x, t) = t' 3 * e { 

2jx\R 


-RCx^ftn 


Example 22*28. A transmission tine of length I has negligible inductance and lenhance. A constant 
voltage. v 0 is applied at the sending end (x = 0} and is open circuited at the far end. Assuming the initial voltage 
and current to he zero, determine the voltage and current. 


Solution. For a transmission line with L = G = 0, the voltage v and current i are given by the equations 

fix 

The boundary conditions are (for t > 0} 


d 2 v dv D . 

—- = if C -- and — + Ri - 0 
dx 1 dt dx 


dv 

v = v 0 at x = 0 and i - — = 0 at x ^ / 
ax 


Uii) 


The initial condition is v = 0 at i = 0 (x > 0) 
Laplace transforms of (i) and (u) are 


dx 2 


= RC(sv - 0) 


and 


dv 


v = v Js at x - 0 T —- - 0 at x = t 
dx 

*\ the solution of (Hi) is 

v = c 1 cosh V(ifCs) x + c 2 sinh >!RC$ x 
Applying conditions (it 1 )* it gives 

v^s - c }> 0 - Cj sinh V( RCs } l + c 2 cosh V(RCs) l 


..MU) 

..Mu) 


v = a 
s 


cosh ^(RCs)x - * l “ 1 — 1 sinh ^(ifCs)* 

cosh 'liRCs)l 
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_ % cosh pq\fs 
s cosh pjs 
By the inversion formula (3) § 22,10, we get 

v(x, t) = sum of the residues of v ) at all poles of e** u . 
These poles are at s = 0 and p Js = ± t(2n - l)n/2 - ± ipk (say) 


where p = -JiRCU and q - (l — x)/l 


Xiv) 


Now fl - Lt 


se $t c 0 cosh pq\^s 


= Vn 


and 


s '° scosh p-Js 

(s + k 2 )e o 0 cosh pqjs 


Resie v) - Lt 


= Lt 


a cosh p4$ 

0 0 ,e 5 ' cosh pqyfs + (s + A 2 )(.„) 

1 -I 


* * cosh ps/s + s sinh pyfs . - ps~ m 
Vq e" * 1 cosh ( ipqk ) + 0 _ 2v 0 e = k t cos ipqk) 


0 + 1/2 (ipk )sinh {ipk) 
Adding up all the residues, (it/) gives 


- pk sin pk 


u(x, t) =i v 0 + —S- y' -—— e " irj ^ f/4/?c ^ ] cos |(2« - 1) it(f - xV2/| 

v K " 2« - 1 

/i = 1 


(§H 


|v pfc = (2« - 1) Jt/2, - sin pk - (- 1 T.pqk = £(2n - 1) rt(/ -x)/l, 

k 2 = (2/i - l) 2 i?!4RCl 2 ] 

Also i= - ^ [By (i)] 

H OtX 


PROBLEMS 22.4 


1, Solve tho differential equation using Laplace transform method, ~ = 3^-^ 

dt 

where y(n/2, t) = 0, (dy/fe) s a 0 - 0 and y{x # 0) - 30 cos tier, 

a 2 v 3V 

2, Using suitable transforms, solve the differential equation —«- - — * 0 £ x £ 7t, f k 0. 

chr dl 

whore VTO, f) = 0 = Vto, f) and Vix , 0) - V# constant. 

3, The initial temperature along the length of an infinite bar is given by lifer, 0) = 


(b\P.TM:, 2005) 


2, | X | < 1 

0. (ai|> I 


. If the temperature 


q(x, t ) satisfies the equation ~ = find the temperature at any point of the bar at any point L 

\Rohtak f 2Q0$) 

4. Use the complex form of the Fourier transform to show that 

v= zjh)f f (u) ^ I ~ uM,idu 

is the solution of the boundary value problem 

““ = , - » < x < «*, / > 0 ; V =p /fa) when f = 0* 

dt dir 


(U.P/rAj..2008) 


5, A semi-infinite solid fa > 0) is initially at temperature zero. At time f - 0, a constant temperature f) 0 > 0 is applied 
and maintained at the face x = 0, Show that the temperature at any point x and at any tune t , is given by 0fa, t) = 

0 o (t/t(x/2c%/7 ). 
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6, A solid is initially at constant temperature 8 0 . while the ends j: j= 0 and x = a are maintained at temperature zero. 
Determine the temperature at any point of the solid at any later time t > 0. 

7. An infinite string is initially at rest along the x-axis* Its one end which is at x =■ 0* is given a periodic transverse 
displacement a 0 sin tstf, t > 0, Show that the displacement of any point of the string at any time is given by 

fao sin oitt — x /c) ( t > x/c 

where c is the wave velocity. 

8* An infinite string has an initial transverse displacement>fx t 0) = fix\~**<x < «** and is initially at rest Show that 

yfx* t) « i If (x + c t) + fix- ct)l 

0. A semi-in finite transmission line has negligible inductance and leakance per unit length. A voltage v is applied at 
the sending end (x = 0) which is given by 

fifc. 0 < I < t 
tKO,0 « { 0 i>x 

Show that the voltage at any point x > 0 at any time / > 0 is given by 

jl(x, t) = y 0 erfc . 


22.12 


OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 22.5 


Fill in the blanks or chootw the corrvet answer in each of the fallowing problems . 

1* Fourier cosine transform of fit) is 
% Fourier sino transform of 1/x is . 

3- Convolution theorem for Fourier transforms states that ...*. 

1. If Fourier transform of f is FCs), then the inversion formula is ... 

FixVWl = .. 

& [f F\f (x)l * F{s) t then F{f (x - a)) =*,*. 

'L Fourier sine integral representation of a function fix} is given by ......... 

a If F c \f[ox)} = k FJ&/ab then k = .,« 

8- Fourier transform of second derivative of u(x t t) is ... 


10* if fix) 


fl, Q£x£ n 

= K *>* 1 


then Fourier sine integral of fix) is 


11. Fourier sine transform of f'(x) in the interval (0, /) is ... . 

12- If FXX) is the Fourier transform of /(*}* then the Fourier transform of flax) is . 

IX Inverse finite Fourier sine transform of F t (p\ - - ■ P" for p * 1, 2, 3* ... and 0 < x < n is 

(pKr 


14* If Fourier transform of fix ) *= F(s) t then Fourier Transform of /t2x) is 
16- Fourier cosine transform of e~* is. 

10. fix ) s l t 0 <x < cannot be represented by a Fourier integral. 


17. r i ax) i 2 dx = r~v r M j 3 dx. 
Jo Jo 


18. Fourier transform is a linear operation. 

19. F>/-(x)J=- 4- F M 

as 

2ft. Kernel of Fourier transform is e* 1 . 

21, Finite Fourier cosine transform of fix) = 1 in {0, n) is zero. 


(True or False) 

(True or False) 

i True or False) 

(True or Faliie) 

(True or Faiee) 
(True or False) 



















Z-Transforms 


1. introduction. 2. Definition. 3, Some standard Z-transforms. 4. Linearity property. S. Damping rule. 6. Some 
standard results. 7. Shifting u n to the right and to the left. 8. Multiplication by n. 9, Two Basic theorems. 10. Some 
useful Z-transforms. 11. Some useful inverse Z-transforms. 12. Convolution theorems. 13. Convergence 
of Z-transforms. 14. Two-sided Z-transform. 15. Evaluation of inverse Z-transforms. 16. Application to Difference 
equations. 17. Objective Type of Questions. 


23.1 


INTRODUCTION 


The development of comm unication branch is based on discrete analysis. Z-transforTn plays the same role 
in discrete analysis as Laplace transform in continuous systems. As such, Z-transform has many properties 
similar to those of the Laplace transform (§ 21,2). The main difference is that the Z-transform operates not on 
functions of continuous arguments but on sequences of the discrete integer-valued arguments, Le. n = 0, ± 1, ± 2, 

. The analogy of Laplace transform to Z-transform can be carried further. For every operational rule of 

Laplace transforms, there is a corresponding operational rule of Z-transforms and for every application of the 
Laplace transform, there is a corresponding application of Z-transform. A discrete system is expressible as a 
difference equation (§ 30,2) and its solutions are found using Z-transforms. 


23.2 


DEFINITION 


If the function u n is defined for discrete values (n = 0, 1, 2,... ) and u n = 0 for n<0, then its Z-transform is 
defined to be 

Z (iz n ) = U(z) = ^ u n z n whenever the infinite series converges . ..Xi) 

n = 0 

The inverse Z-transform is written as Z~ l [U(z) ] = u n . 

If we insert a particular complex number z into the power series ( i) f the resulting value of Z{u n ) will be a 
complex number. Thus the Z-transform U(z) is a complex valued function of a complex variable z. 


23.3 


SOME STANDARD Z-TRANSFORMS 


The direct application of the definition gives the following results : 


(1) Z(a n ) = —£_ 
z - a 


(2) Z(n p ) --z XLzin^ 1 ) , P being a +ue integer . 
dz 


Proof (1) By definition, Z (a n ) = ^ a n z n 

0 


793 















794 


Higher Engineering Mathematics 



~ 1 + (a/z) + iaJz ^ + (alzfl + ... = * _ 2 

1 - (a/z) z-a 

( Kottayam, 2005) 

(2) 

Z (n p ) = f n p z- n =zf \ n p -' 

.—(*) 


n = 0 n = 0 


Changing p top - 1, we get Z(.n p ~ *) = ^ n p ~ 1 .z~" 

n = 0 

Differentiating it w.nt. z, 

~{Z{ 1 i p ~ l )J = £ ■ 1 . (- n) z' <n + IV ...(it) 

n * 0 

Substituting (it) in (i), we obtain Z ( ri ?) = - z~lZ(n p - 1 )] 

dz 

which is the desired recurrence formula. 

In particular, we have the following formulae : 

(amD^-^r ITakinga = 1 in (1) (4)Z(n)= —£— (Taking p = 1 in (2)1 

2 " 1 (z - l) 2 

2 3 2 

(5) Z(n 2 ) = ±JJL (V.T.U., 2006 ) (6) Z(n 3 ) = Z * — * 2 

(z - l ) 3 (z - l ) 4 

( 7 )Z(n*) = — + Ug3 * 1Lg2 + z . 

(z -1) 5 


23.4 


LINEARITY PROPERTY 


If a, b, c be any constants and u n , v n , w n be any discrete functions, then 
Z (au n + bv n - cu» n ) = aZ(u n ) + bZ(v n ) - cZ{w n ) 

HP 

Proof. By definition^ ( au n + bv n -cwj = ^ (au n + bv n - cw n )z~ n 

N =■ 0 


= u n z n + VnZ-'-C^ W n Z n 

n^O n-0 ti=Q 

= aZ(u n ) + bZ (u n ) - cZ (i u n ). 


23.5 


DAMPING RULE 


If Z {u n ) = U(z), then Z(a~” u n ) = U(az) 

Proof. By definition, Z (o^ 1 u n ) = £ ef "i i n . z ” = ^ u n . ( az)~" - U(az). [Madras, 2006) 

n-0 n-0 

Cor. Z (a"B„) = U{zJa) 

Obfi, The geometric factor a - " when | a |< 1, damps the function u n , hence the name damping rule. 


23.6 


SOME STANDARD RESULTS 


The application of the damping rule leads to the following standard results : 

(X) Z(na") = —^ (2 )Z(n 2 a”)= 

(z-a) 2 (z-af 

















Z-Transfohms 


795 


(3 )Z (cos nB) - 


z(z - cos 0) 


(S)Z(a n cos »0)* 


2“ - 2z COS 0 + i 
z(z - a cos 0) 


(4) Zisin nB) = 


z sin 0 


z 2 - 2az cos 0 + a 2 


(6) Z(a n sin n0) = 


z - 2z cos 0 + 1 
az sin 0 


z 2 - 2az cos 0 + a 2 


Proofs . (I) We know that Z(n) - 


(z - if 


, Applying damping rule, we have 


Z{na n ) - U(<r l z) “ 


a l z 


az 


(a 'z - l) 2 (z-af 


(Madras, 2000 S) 


(2) We know that Z(n 2 } - 


(z - 1 ) 
Z(n 2 a n ) = U(a^z) = 


. Applying damping rule, we have 


_ (a l zf + a l z a(z 2 + az) 
(a" l z — l) 3 ” (z-af 


(3) and (4) We know that Z(l) - —-— Applying damping rule, we have 

z -1 


Z(e- n0 ) - Z(e- i6 Y t .1= ~ 


_r0 


z(z - e' 6 ) 


ze ,e - 1 z-e~' 6 (z- e~’ e )(z - e ,e ) 


ziz - cos 6) - iz sin 0 ziz - cos 0) - iz sin 0 
z 2 - z(e l6 + e~ ie ) + 1 z 2 -2z cos 0 + 1 


Equating real and imaginary parts, we get (3) and (4). 

ziz — cos 0) 

(5) We know that Z (cos «9) = ——-— -. By damping rule, we have 


( V.T. U., 2010 S; Anna, 2009) 


z — 2z cos 0+1 
Z(a" cos R0) =_ a'^to^-cosei 


ziz - a cos 0) 


(a l zf - 2(a *z) cos 0 + 1 z 2 - 2 az cos 0 + o J 
Similarly using (4) above, we get (6), 

Example 23,1. Find the Z-tramform of the following: 

(i) 3/i - 4 sin nff/4 + 5a (ii) (n + if* 

(tit) sin (3n + 5). 

Solution, (i) Z(3n - 4 sin ^ + 5a) = 3Z(n) - 42 (sin + 5aZ(l) 

z sin nft/4 


(V.T.U.. 2006) 


(V.T.U ., 2010) 
(V, T. U„ 2009 S; Kottayain, 2005) 


= 3. 


(z-ir 


■ - 4 . ■ 


+ 5a . 


z — 2z cos jt/4 + 1 


z -1 


[By Linearty property! 
[Using formulae for Z(l), Z(n), Z(sin n0» 


(3 - 5a)z + 5az 2 2-j2z 
iz- l) 2 z 2 - Viiz + 1 

(it) Z(n + l) 2 = Z(n 2 + 2n + 1) = Z(n 2 ) + 2Z(n) + Z(l) 

_ 2 2 + Z Z z z 2 (2z + 1) 

(z-l) 3 + iz- 1) 2 + *~1 (z-1) 3 

(Hi) Z[sin (3 n + o)] = Z(sin 3 n cos 5 + cos 3 n sin 5) 

= cos 5*Z (sin 3n) + sin 5,Z (cos Zn) (using formulae for Z (sin nB), Z (cos /£0) 

k z sin 3 c ^(z - cos 3) (z sin 5 - sin 2) 

z 2 — 2z cos 3+1 z 2 - 2z cos 3 + i z 2 - 2z cos 3 + 1 
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Example 23.2. Find the Z-transforms of the following 

(f) e BI ' l«) ne''* (iii) nV". 

Solution, (t) Let u n = 1, e° n = (e~")~ n = k~ n where k = e~". By damping rule Z{k~ n u n ) = U(kz), 


Z(e° n ) = Z(k~ n . 1) = U(kz) = 


kz 


kz ~ 1 


v U(z) - Z(l) = 


z - 1 


(ii) Let 


z-l/k 

u n ~ n, e° n = («““)" n = k~ " where k = e ~“ 


By damping rule, Z (e° n . n) = Z(k~ n . n ) = U(k z) where U(z) = Z(n) =- 5- 

(z - ir 


kz 


e a z 


(kz-\f klz-VkT <z-e“) 


a \2 


(iit) Let 

By damping rule. 


u = n 2 , e an = (e^Y* = A"' where A = 


Z(e nn . n 2 ) = Z(k ~". n z ) * U(kz) where C/(z) = Z(n 2 ) = 


(kzf + kz z(z + 1/A) ze a (z + e a ) 


z 2 + z 
(Z-l) 3 


(A^ - l) 3 (z - 1/(A) 3 


<z-e“) 3 


Example 23.3. find the Z-transform of (i) cosh nQ. (V.T.U., 2011) Hi) n" rosft nflt 


Solution, (i) 


Z (cosh n0)= 


( e nB + e -«M 




= |[zj(e' 0 r" .l) +z{(e*r n .1]] 

Apply damping rule to both terms, taking u » 1. 


Z(cosh n0) = — 
2 


ze 


ze 


(ii) 




ze 9 - 1 ze 6 -1 

2z 2 - z(e° + e“®) 
„e , -e 


z l - z cosh 9 


V 2(1) = 


Z - 1 


z - z(e + e ) + 1 z - 2z cosh 0 + 1 


Z(a n cosh n8) = Z[(a~ l )r n . cosh o0] 

(cT'z) 2 - (cT 1 z) cosh 0 


[Apply damping rule using (t)J 
z(z - a cosh 0) 


(a -1 zf - 2(o“ l z) cosh 0+1 z 2 - 2oz cosh 0 + a 2 


Example 23.4. Find the Z-transforms of 

(i) e 1 sin Zt ( Madras, 2003) (ii) c* cos Aa. (A 5 0) 


Solution, (i) We know that Z (sin 2t) = 


z sin 2 


z — 2z cos 2 + 1 
Z (e* sin 2t) = Z [(e -1 )^ . sin 2t] 

(e -1 z)sin 2 


(U.P.T.U.. 2004 S) 

...(A) 

[Apply damping rule, using (A)] 
ez sin 2 


(ii)We know that 


Z (cos Aa) = 


(e~ 1 z) 2 - 2(e -1 z) cos 2+1 z 2 - 2ez cos 2 + e 2 
z(z - cos a) 
z 2 — 2z cos a + 1 


...(B) 


Z(c k cos Aa) = Z [(c 1 )"* . cos Aa] 

(c“‘ z)[c -1 z - cos a] 


[Apply damping rule, using (B)] 
z(z - c cos a) 


(c" 1 z) 2 — 2(c 1 z) cos a + 1 z 1 - 2cz cos a + c 2 
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Example 23 , 5 . Find the Z-tran&forms of 
U) cos {f + ^} (V- T. U„ 2011 S) (ill cosh + e). 


(U.P.T.U., 2008) 


Solution, (i) zTcos = Z^cos^ cos ^ - sin ^sin 

= cos ^ • Z ( cos ^pj - sin ^, Z f sin ppj fUsing formulae for Z (sin na) and Z (cos net) ] 


2(2 - cos rt/2) 


z sin rt/2 


( , 2 


) z(z -1) 


>/2 I z 2 - 2z cos Jt/2 + 1 z l - 2z cos x/2 + 1 [ -v/Sitz 2 -!-! z 2 + ij V2(z 2 + 


1) 


(it) 


cosh 




= Z 


rtn/2 + e -Om/2 + 0) 
e 4- e 


= |[e e Z(e nK,i ) + e" e Zfe""' 1 ' 2 )] 


Since. Z(a n ) = — ?— , Z(e nn ' 2 ) = Zfe"' 2 !' 1 = — z —~ , Zfe^”^) = - ?—~ 

z-a z-e KZ z-e 


Thus 


cosh 


(¥♦•) 


=i «•.- 


z - e 


«/2 


4 e 


z - e 


re /2 , 


f \ f J*/2-B> , -{*/2-0J 

_ Z Zl£ + € ) — le + € 


1 


z z cosh 0-2 cosh 


(H 


z 2 -z(e Ki2 + e- K < 2 ) + l 


z l - 2z cosh 5+1 




Example 23 . 6 . Fine/ Me Z-transform of 


(i) n C f (0 Sp <n) 


(it) n+p C p . 



Solution, (i) Z( n Cp) = X (" C p x_P ) = 1 + "Cj2~ l + "C^” 2 + ... + n CjT" = <1 + z~ l ) n 

p*Q 


(«) 


Z( n+ ^C n )= £ ' , + p c p 2-" 

p = 0 

= 1 + n * ‘Cjar 1 + n + 2 Ctf- 2 + n * 3 C^ + ... « 

, , , (n + 2)(n + l) , (n + 3 )(n + 2)(n + 1) „ 

= 1 + (n + l)z -J +- g j - - z“ z + -3]-z -3 + ... 

, , , w (- n -1) (- n - 2) n? 

- 1 + (- n - 1) (- 2 *) + - - - ■ — — - (- 2 i y 


= (l-2- 1 )- rt " 1 . 
Examine 23 . 7 . Find the Z-transform of 
(l.) unit impulse sequence S(n) = 


1 n = 0 
0 n*Q 


(- n - 1) (- n - 2) (- n - 3) 

+ -—---— (— 2~*)r + ... « 

d ! 


(a) unit step sequence ufn) = ^ > ^ ■ 


Solution, (i) Z[S(n)l - ^ 5(n)z "=1 + 0 + 0 + .., = 1 

n - 0 

(ii)Z[«{n)] = ^ u(n)z~ n = 1 +z~ l + zr 2 + z~ 3 + ... = - - 1 - ^ 

n = 0 1-2 Z_1 
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(1) SHIFTING U w TO THE RIGHT 


If Z{uJ = V{z), then Z (« n _ k ) = z~* V(z) 
Proof. By definition, 


(A»0) 


Ziu n _ k ) = jT I*n-k z ~ n *u 0 2"* + u 1 2r'* + 1!l + -. = z“*Z u n z ~” Viz) 

n-0 « = 0 

Obs. This rule will be very UBefui in applications to difference equations. 

(2) Shifting u n to the left. If Z (u n ) = Uiz), then 

Z(u n +k ) = Z k \Uiz) -U 0 - UjZ ' 1 - UtfT 1 - ... - U k _ , Z~ {h - u l 

Proof. Z{u n . k )= £ + 


n = 0 


= z k 


n *0 
k- 1 


Z u '* 2 ” n ~ Z “« 2 "' 

rt * 0 71 * o 

Hence Z(u n = z k \U{z) - u 0 - UjZ -1 - u^" 2 - ... - u h _ i z Ah ~ l l 
In particular, we have the following standard results : 

(1) Z(u n + ,) = z[U(z) - Up/; (2) Z(u n ^ 2 ) = z 2 fU(z) -u 0 - u,z ! j 
(3) Z(u n+3 ) - z-VU(z) - Up - u } z-‘ - u^z 2 ]. 


Example 23.8. Show that Z 


(S~ 


tilt 


Hence evaluate Z[U(n + l)!] and Zflffn + 2)1}. 


n = 0 


Solution. We have Z 
Shifting (1/n!) one unit to the left gives 
Z 


1 


r z rii_ii 

(n + 1)! 

— z 

L U U \ 


--1 -2 ~3 

z~ a - i + - . + 2 _ + £_ + - p\ti 

- 1 1! 2! 3! "" “ ' 


= z{e~ Vi — 1) 


Similarly shifting (1/n!) two units to the left gives 


1 


(n + 2)! 

MULTIPLICATION BY n 


= «V*- 1 -z- 1 ). 


If ZiuJ = u{«), then Z inuj = - z 

n n dz 


Proof. Z(nu n ) = £ n -V" s “ 2 Z u n (-n)z~ n 1 =-^Z u " 


0 


u = 0 


n = 0 


=- z Z s ( “" 2 ‘" ) '- z ^i i 

fl=s0 \fl = 0 

Ob«. We have, Z(n 2 u n ) = ( - r jQ u(z) 

In general, Z (n m u n ) = [ - z-j-'j u(r). 


= ~z^-U(z) 
dz 


(J.N.T.V, 2002) 


{Madras, 2006 ) 


{Madras, 2006) 
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Example 23.9. Find the Zdramform of U) n sin n& (it) n 2 &**i 

dU(z ) _zsin0 


Solution, (i) We know that Z ( nu n ) --z ^ 


and Z(sin n0) - 


z - 2z cos 0 + 1 


Z(n sin n6) = - 2 ~ \Z (sin nO)] ~-aJL\ -- 2 sm 6 -] 

dz <&W -2«cose + i; 


= — z ■ 


sin 9 - z sin 0 


z u - I) sin 0 


(ii) We know that 


Z(e nf> ) = — 


z - e 




4- if ” (Z Z 

~ 2z cos 0 + l) 2 

f_ 2 A1 

d 

f * 11 

l dz) 

2 dz 

- 

L-c'J 

J 

e e ) (1) - zU)| 

Z d \ 

(z~e°f 


j<2 


ze 


e 


<z-e a ) 2 (l>-z|2(z-e t> )| [ 

(z-eV 


= -z<r 


■ = - ze 


e ) 2 j 

z - e v “ 2z z(z + e & )e G 


(z-e & f (z-eV ’ 


23.9 


TWO BASIC THEOREMS 


In applications, we often need the values of u n for n = 0 or as n -»without requiring complete knowledge 
of u , We can find this as the behaviour of u- for small values of n is related to the behaviour of U(z) as z —* <*> and 

n n 

vice-versa. The precise relationship is given by the following initial and final value theorems : 

(1) Initial value theorem. IfZ{u n ) = U{z), then u 0 = Lt U{z) 

Proof. We know that V(z) = Z(u n ) = u 0 + u^z 1 + Ug 2 2 + — 

Taking limits as z -* we get Lt [U{z)\ - u o> as required. 

2 -)-' 

Similarly additional initial values can be found successively, giving : 

1*1= Lt ;«2 = Lt (z 2 [UU)-Uo -“i 2 " 1 !} M(lsottn ' 

(2) Final value theorem. IfZ{u n ) = fAen 

L( (u ) = Lt (z-l)U(z) 

n -*- i -t 1 

Proof. By definition, Z (u n + , - u n ) = ^ (u n + , - u n )z~ n 

n = 0 


or 


or 


or 


Z(u n ^ 1 )-Z(u tt )= £ (u„ + 1 ~u n )z~ 

tt=* 0 

zlt/(z) - U 0 ] - U(Z) = Y. ^ 




U(z) (z - 1) - , V = V (a* + 1 ~u n )z' n 

n-0 

Taking limits of both sides as z -+ 1, we get 

Lt [(z - 1) C/(z)] - Ii 0 = Y <u„ + 1 - = Lt - « 0 > + («2 - “l) + - + (“n + 1 - ' 2 „)J 

2-»I „ 11 


n = 0 
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Hence 


= Lt K + I )-“o = u -- u o 

IT -HI ^ 

u_ = Lt [{z - 1) U(z )]. 
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(Anna, 2005 S) 


2 

Example 23.10. If Viz) — —-— * ,J2 * {?_ ^ guatuat^ and u T 

(z -1) 4 


U(z)=± 2 + fo -1 + M»- a 
z 2 (1 -z' 1 ) 4 


Solution. Writing 

By initial value theorem, « 0 = Lt t/(z) = 0 
Similarly, u, = Lt \z i U{z) - uJI = 0 

I — 

Now u 2 = Lt |z 2 |E/(z)- u 0 — UjZ -1 ]} = 2- 0-0 = 2 

Z ~ 

and u 3 = z 3 [U(z)~u 0 ~u l z~ 1 ~u^~ 2 \- Lt z 3 {U{z) - 0 - 0 - 2z -2 ) 

= Lt *=> " Z^LL±1 -Jl. = Lt z*\ — —- i. =13. 


2z 2 + 5z+14 2 

= Lt z a J 

Jf 

|l3z a +2z 2 +8z-2j 

(z-l) 4 z 2 

[ * 2 (z -1) 4 j 

PROBLEMS 23.1 



L Find the Z-transforms of the following sequences : 
-* 1 


(0 fn > 0) {& V .: T. tt, 2CKW 

n! 


Cw) 


4m) (cos 0 + i sin 0)*\ 


(n + l)t 

2. Using the linearity property, find the Z- transforms of the following functions ; 

(i) 2 n 4 5 sin nn/4 - 3a 4 
(m) (n + I)(n +2) 

3 . Show’ that (*) Z (sinh n 0 ) - 


(Anna, 2008) 

z sinh 0 


(ti) ifn- l)(/i +2) 
2 

(w) (2n - l) 2 


X 


4- Show that (i) Z(c~^ cos n0) 


z - 2z cosh 0 4-1 

ze q Ue d - cos 8) 
zV° - 2ze a coa 0 + I 


(V.T.U,. 2011 ) 


(#) Z(o n sinh «0) i 


(VLStS, 20/ IS) 

az sinh 0 

—s---- 2 # 

z - 2az cosh 0 + a 


; sin nB 1 


ze sin 6 __ 

z 2 e 2a - 2ze° cos 0 + 1 


Also evaluate Zte 3 * sin 2nl 


(S t V,T*U. t 2007) 


6. Using Z(n 2 ) 


4 z 


, show that 2 (n + l) 2 = 


3 2 

2 4 2 


U~- l) 3 ' ‘ ' . (z -1) 3 

6, Find the Z-transformR of (t) sin (n + 11 0, iii) cos + qJ . 

7* Find the Z-transform of cos nB and hence find Z (n cos n0}. 

8- Find the Z-transform of cos (rtftffi) and a n cos (/ik/ 21 
9* Find the Z-transforms of the following 

(i) r*" lit) e- * (VS U., 2010 S ) (iiil r™ n* 

Ilk Show that (i) ZiUn + 1)1 = 1 fz (it) (1/2 V 1 u(n} ^ ~^~T * 

2 z - 1 

11. Show' that Z( n *f*C } - (1 ~ lh)^* l \ Using the damping rule„ deduce that 


{ Mamthwada t 2008) 

(Anna, 2009 ) 
(Anna, 2008 S) 


12. if#(4j 


2 + -7T- 


Z - 1 


ZT 4 1 


Z(«**C p a n ) = lh alzr * + l K 
t find the Z-transform of u tj +2 . 


(S.VSL\ t 2009) 


13* If U (z) - +3z +12 V€L \ ue 0 f u an£ j u 

(z-l) 4 1 3 
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t 2 

14. Given that Zlu n ) = — , | z | > 3, show that o, = 2, u„ = 21. u 3 = 139. 

(i - 3T 


15. Show that lQ Z [ —} = z log —— . {Madras, 2003 S) 




a , 

10, Using Z(n) ^ —-—- , show that Z in cos nB\ = f z - 4 *-**** 9 . —, 

(r- ir (* 2 ~ 2 zeos 0 + ir 


(Aitiui, S) 


li • *: 


23.10 


SOME USEFUL Z-TRANSFORMS 



Sequence u (n c 0} 


7, 

8, 
9. 


^0 

*{J 


ufn) 

a" 

f*CJ rt 


I 1 * 

]D n 

Jo «<eh 

n*o) 


10* 

n a a' 1 

lb 

sin n8 

12. 

cos nB 

13. 

a n sin nB 

14; 

a n cob nB 

15, 

sinh nB 

16. 

cost) nB 

17- 

a * sinh nB 

18. 

a n cosh /i0 

19. 

«X 

20, 



U n*2 


3 

21, 

«*-* 

22, 


23. 


24, 

Lt («„) 




Z trtimform U(t) = ZfiiJ 

foA* + 1} 
zl{z- If 
(z 2 + z Viz - 1 ) 3 

-z of/cfc + oe integer, 

1 

ztlz - 1) 

zAz~a) 
azAz - 

< 02 * + “ a) 3 

zsm 8 

z 2 - 2z cm 8 + 1 
zte - cos 8) 

- 2z cos 8 + 1 
az sin 0 




“2-Q 

z - 2az cob 0 + a~ 
ziz - a cos 8) 
z 2 - 2nz cos 0 + a 2 
z sinh 8 

2 2 - 22 cosh 8 + 1 
2(2 - ctrnh 9) 
z 2 - 2 2 cosh 0 +1 
az sinh 0 

2 2 - 2tt? cosh 0 + a 2 
2(2 - a cosh 8) 

2 Z - 2a* cosh 6 + a 2 
Z/(z/a) 

2jC f (3)- U 0 [ 

z 3 [t/tz) -tip- « t 2' J - tt./ ‘®I 

Z^[/(2) 

- zd/dz\U{z)\ 

Lt U(z ) 

* -4« 

Lt |tz-l)t/(z)) 

x-hl 
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23.11 


SOME USEFUL INVERSE Z-TRANSFORMS 


Sr .. /Vo. 

U(z) 

Inverse Z’transfarm u n =z 

1 

1 

a «-i 


Z~Cl 


2. 

L 

z + o 

l-o)" 1 

3. 

1 

U - a) z 

(n - l)^ 8 

4. 

i 

I<n- IXn - 2)a° 3 


U-«J 3 

2 

6, 

rni z 

z-a 

a" 

6. 

z 

z + a 

J 

(-o>" 

7, 

z 

(z - a) 2 

(n + Da" 

a. 

** 

J-<n + D(n + 2) a" u(/0 


(z - a) 3 

21 


23.12 


CONVOLUTION THEOREM 


IfZ ‘ \U(z)) = u n and Z^WU)] = v n , then 

Z->[U(z).V(z)]= 2 

m » 0 

where the symbol * denotes the convolution operation , 

™ « 

Proof. We have U{z) = ^ u n z n , Viz) = ^ 

« = 0 

•\ t/(z) V(z) - (tig + + UoZ " 2 + + tl n Z n + *** °°) x (t r 0 + y l ^ _1 + + — + U rt 2"' 1 + 00 ) 

= X {u 0 l ' n + + “a L ' n .*+••• + u n v 0^'" = ZUt 0 l, n + u l v n - 1 + - + “nV 

n*Q 

whence follows the desired result. 

ill ik. The convolution theorem plays an important role in the solution of difference equations and in probability 
problems involving sums of two independent random variables. 


Exnmple 23.11, Use convolution theorem to evaluate Z~ l a 
Solution, We know that Z~ l J_l =a n and Z~ 


(z - a) (z 


4 


- 1 1—?—l =a n and Z _1 1_ z _ A = b n 

U-«f U-6J 

1 {te-a)U-6l} =Z '{j^-7^h\ = ° n * bn 


= ^ a m . b n m = b n ^ which is a G.P. 


m -0 m-0 

(a/b) n+l -X o" +1 - 6" +1 


= b" . 


alb -1 


a — b 
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23.13 


CONVERGENCE OF Z-TRANSFORMS 


Z-transform operation is performed on a sequence it n which may exist in the range of integers - ™ < n < 
and we write 

« 

U(z) = £ u n z' a ...(1) 

n = - 

where u n represents a number in the sequence for n - an integer. The region ofihez ptane in which (1) converges 
absolutely is known as the region of convergence (ROC) of U(z). 

We have so far discussed one-sided Z-transform only for which n > 0, Here the sequence is always right- 
sided and the ROC is always outside a prescribed circle say | z | > ij a j Fig. 23.2 (i)|. For a left-handed sequence, 
the ROC is always inside any prescribed contour | z | < | b |. (Fig. 23.2 (ft')h 


23.14 


TWO-SIDED Z-TRANSFORM OF u r IS DEFINED BY 


U(z)= Y, li » z ' n ...C2) 

ll*-w 

In this case, the sequence is two-sided and the region of convergence for (2) is the annular region \ b \ < 
| z j < | c | [Fig. 23.2 (iii)\. The inner circle bounds the terms in negative powers of 2 and the outer circle bounds 
the terms in positive powers of z. The shaded annulus of convergence is necessary for the two sided sequence and 
its Z-transfbrm to exist. 



M * M 

(0 




I* I < I* I < 1*1 

(Hi) 


Example 23.12. Find the Z-t runs from and region of convergence of 
(a) u{«) = iZ. '* tf>) u(n) - n c h , n > k. 


14* forn<0 
~\ 2 K forn>0 


Solution. By definition Z\u(n)\ = ^ u(n)Z~ n = £ 4 "z n + ^ 2 n z n 

— —■ •>* rj =?0 

Putting ~ n - m in the first series, we get 

ZUKn )| = £ 4~ m z m + £ 2" z n 

7 + -} + { 1+ ! + 7 + -j 

(f) + (f) !+ -W i+ (fHS 2+ - 


f + 7 + 


_ Z 


1 + 1 


2 +■ 2 


22 


...d) 


4 1- (z/4) 1 — (2/z) 4-z 2-2 (4 - z)(z - 2) 
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Now the two series in (i) being G.P, will be convergent if \ z/4 \ < \ 
and | 2/2 | < 1 Le* f if | z \ < 4 and 2 < j z J . Le. 2 < z < 4. 

Hence Z (ti(rt)] is convergent if z lies between the annulus as shown 
shaded in Fig. 23,3. Hence ROC is 2 < z < 4. 

(6) By definition, Z\u(n)\ = £ n C k z~ R = £ n C t 2 n z~ n 

- ** n - k 

To find the sum of this series, we replace n by h + r 

Z[u(n )|= £ t * r C k z rik * r) £ k * r C r z~ r 

fsO r»0 

= z-*[l + * + *C, z- * 1 + * + >C 2 2- 2 + ...I 
= 2 '*( 1 - VzV k + X) 

This series is convergence for | \!z J < 1 i.e., for | 2 | > 1. 

Hence ROC is | z \ > 1. 



Fig. 23.2 

[v *C, = *£?,_,] 


Example 23 .1 3. Find the Z-transform and the radius of convergence of 

(a) fin) = 2 n , n < 0 (b)fin) = 5"/*!, /i 2 a {Mumbai, 2009) 

Solution, (a) Assuming that fin) = 0 for n > 0 we have 

Ml - 1 93 

Z\f(n)\ = £ = £ 2V" = £ 2 m z m where m = -n 

- « n = -** m = 1 

= f + (i) !+ (f) 3+ -"f a+w2,tw2)2t -"' 


- £ 1 _ z 

2 1- ( 2 / 2 ) “ 2 - z 

This series being a G.P. is convergent if | z/2 j < 1 Le. f \ z [ < 2. 
Hence ROC is [ z | < 2. 


( b > By definition, Z[u(n)\ 



The above series is convergent for all values ofz. 
Hence ROC is the entire z-plane. 


... « 


PROBLEMS 23.2 


Find the 2-transform and its ROC in each of the following sequences : 
I, fi(n) = 4 n t n £ 0* 2, uin) = 2% n < 0. 

3. - 4\ for n < 0 and = 3 71 for n £ 0. 4, uf/i) = n5 r \ n >0. 

5. uin ) = 2 # Vn, n > I- 6. win) = B n Jn ! t n ^ 0, 

7, u(n) = e*\/f 2 0* 


23.15 


EVALUATION OF INVERSE Z-TRANSFORMS 


We can obtain the inverse Z- transforms using any of the following three methods : 

I- Power series method. This is the simplest of all the methods of finding the inverse Z-transform. If 

U(z) is expressed as the ratio of two polynomials which cannot be factorized, we simply divide the numerator by 
the denominator and take the inverse Z-transform of each term in the quotient. 
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Example 23.14. Find the inverse Z-transform of log (z/z + 1J by power series method. 

Solution. Putting z = Ut, U(z) = log [— llX. . I = - log (1 +y) = -y + ^y 2 - iy 3 + ... 

U/v + U 1 a 


My 


Thus 


“■ = {° it- 


for n = 0 
In otherwise 


Example 23. J 5, Find the inverse Z transform of zl(z + l) 2 by division method. 


Solution. 


U(z) = 




2 + z 


-i 


z* + 2z + 1 2 4- 2z + 1 

32* + 22 


■, by actual division 


= 2“ l - 2z -2 + 


2 * + 22 + 1 


= z~ l - 2 z ~ 2 + 3Z - 3 - — 


4z ” 2 + 32 !i 


2 + 22 + 1 


Continuing this process of division , we get an infinite series Le. % 

» 

t/(2)= £ t-ir 1 


n = 0 


Thus u n = (- l) n " 1 it. 

II. Partial fractious method. This method is similar to that of finding the inverse Laplace transforms 
using partial fractions* The method consists of decomposing U(z)/z into partial fractions* multiplying the 
resulting expansion by z and then inverting the same. 


Example 23.16. Find the inverse Z-tmnsforms of 
2z s +3z 


(i) 


(V.T. U., 2008 S ; S. V. T. U., 2007> (U) 


(z + 2) (z - 4) 


.Solution, (i) We write U(z) = — + — — as 

(z + 2) (2 - 4) 2 


TTt . 1 2 11 2 

U(z) =-+ ■ 


e - 20z 

(Z - 2) 3 (z - 4) 
2z + 3 A 


{V.T.U.,2011) 


B 


(z + 2) (2 - 4) z + 2 z-4 

where A = 1/6 and B = 11/6 


On inversion, we have 


(ii) We write 


62 + 2 6 2 — 4 

« * A (- 2E + — (AT 

n 6 6 

2 3 - 202 


[Using §23.10 (9)| 


1/(2) = 


£/(*) 


(2 - 2 ) 3 (2 - 4) 
z 2 - 20 


as 


A + Bz + Cz 2 D 

■ + ' 


z {z-2f{z-4) (z-2f Z-4 

Readily we get D = 1/2. Multiplying throughout by (2 - 2J 3 (2 - 4)* we get 
z 2 - 20 ^ (A + Sz + Cz 2 ) (z - 4) + D(z - 2) 3 . 

Putting z - 0 * l f — I successively and solving the resulting simultaneous equations, we get A = 6 , B - 0 , 
C = 1/2. 


Thus 


U(z)= 1 12z + z 


1 ziz - 2 ) 2 + 4z 2 + 82 


2 (2 - 2) a 2-42 (2 - 2) 3 

z _ 2z 2 + 42 ] 2 

+ 2 - 


2 — 4 


2z-2 


(2 - 2 ) 


2-4 
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On inversion, we get 


u = -<2" + 2. n 2 2")-4" 
" 2 

= 2" " 1 + n 2 2" - 4”. 


fUsing § 23.10 (9) & (11)] 


Example 23.17. Find thv inverse Z-transform of 

2(z s - 5z + 6.5)/[(z -2) ( 2 - 3p) r for2<\z \ <3. 

Solution. Splitting into partial fractions, we obtain 


U(z) = 


2iz z ~ 5z + 6.5) 

(z -2) (2 - 3) 2 z-2 2-3 (z-3 f 


ABC 

+ - + 


TTf ,11 1 

U(z) = -+-+ 


-2 z - 3 (2 - 3) 2 


where A = B = C = 1 


■H'-iHHMi 


so that 2/2 < 1 and z/3 < 1 


1 


2 2 2 2 3 . — 

1+- + - +-+ ... + - 1 + — + 

3 9 27 


22 32 2 42 3 


Hh -Hr ... 

3 9 27 


where 2 < | z | < 3. 


{- 2 3 

1 Z Z 2 


' 1 2 2 2 2 3 ) 

“(2 + 2 2 + 2 3 + Z< + "'J 

-jra-V'-x + x 

/i =! n=0 «-0 


1 22 3z 2 4z 3 


s + a* + a3 + s< + H + k* + ^3 + TT + ^T + - 


« +2 


On inversion, we get u n = 2"“ I ,/i > 1 and = — (/i + 2)3 n “ 2 , n < 0* 

///. Inversion integral method. The inverse Z-transform of U(z) is given by the formula 


U = ~ f tAz) 2 n -' dz 
n 2m Jr 


= sum of residues of U{z) z n ~ 1 at the poles of U(z) which are inside the contour 
C drawn according to the ROC given* 

The followi ng examples will illustrate the application of this formula : 


Example 23,18. Using the inv ersion integral method, find the inverse Z-tmnsfonn of 


Solution, Let U(z) = ---- 

(z-lHz-2) 

Using U(z ) in the inversion integral, we have 


(z-l)(z-2) 

. Its poles are at z = 1 and z = 2, 


(V.T.U., SOWS) 


u - f 17 ( 2 ) 2 ” 1 dz , 
n 2m Jr 


2m Jc 

where C is a circle large enough to enclose both the poles of t/{z). 


Now 


and 


of [7(2 ) 2 n - 1 

at 2 

- 1 and 2 = 2. 

Lt 

(2-1). 


«■ i-i 

e-t 1 J 

(z - 

IX 2 - 2) j 

Lt 

J (2 - 2) 


Z " 1 = 2" 

n2 

(z - 

-1) (2 -2)j 


Thus the required inverse Z-transform // = 2 n — 1, n = 0, 1, 2,... 
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Example 23.19. Find the inverse Z-transfvrm of 2z f[(z - 1} (z 2 + 1)1 

2z 


( Madras, 2000 S) 


Solution. Let L/(z) = 


.. It has three poles at z - 1 ,z = ±i. 


(z - 1) (z + i) (z - i) 

Using U(z) in the inversion integral, we have 

u = — f U(z) z"" 1 dz , where C is a circle large enough to enclose the poles of U(z). 
n 2m Jc 

= sum of residues of U(z ). z" -1 at z - 1, z = ± i. 


Now 


IMD u |<»-<> te . 1)(g+i)( - 2 r 7 ))-177 

U j(z + i)- -~r^-—--1 = ^ 

* z-+-i[ (z-l)iz + i)(z~i)\ 1*1 


Hence 


t (if C- if 

u n - 1- : -r 

n 1 + i 1 - i 


PROBLEMS 23.3 


Using convolution theorem, evaluate the inverse Z-transforms of the following : 
z 2 tfj ' 2 


(z>l)fz-8) 




{Madras, 2003) 


■ fcS 


4, 


Show that (o) JL. = — <fc> Zr'L -~-7:1 = 7-— 1 * 1 - - 

n! n\ n l ^te + a3(* + 6)j h- a 


Find the im'onseZ’tninKrnrinfi (>f the following 


, J 2 | > | a |. iKottayam > 2005 J 


5, 


42 

2 -a 


52 


( 2 - 21 ( 32-13 


I 82 2 


tf. 

11 . 

Ik 


02 - 2 3 


(4 - 2 )' 


I 


Az 2 - %Z 


sP - 5 z 2 + 82 - 4 
(1 - 


.. (V.TM.,2011 S) 


10, 


Ik 


(2z‘U(42 + i) 

3* 2 -18^ + 26 
(z - 2) (2- 3)(z -4) 

z 3 + 32 

(«-!)* (|* + 1)‘ 


14. Obtain Z HUIU - 2) (z - 3H1 for (i) | z | < 2; UO 2 < | z | < 3; («i) | z | > 3. 

IB. Evaluate Z" 1 |(z - 5Jr*| for | z | >6. 

Using inversion integral, find the inverse Z-transform of the following functions 
z+-3 17 . (2z-l)z 


16. 


18, 


20. 


(* + l)(*- 2 > 


zfz - 1 )(z + 0.5) 

2z<z 2 -1) 

(z 2 +1) 2 ‘ 


19. 


2<z - 1) {z + 0.5) 


2 2 + z 


fz-l)(z 2 + I) 


t Anna, 2009) 

(Madras, 1999) 

(S.V.T.U.. 2009) 

[Anna, 2005 S3 

i Anna t 2009) 


{Mamthwado, 2008) 
( Mumbai, 2009) 


( iVT.tt, 2008) 


(Madras, 2003) 
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23.16 


(1) APPLICATION TO DIFFERENCE EQUATIONS 


Just as the Laplace transforms method is quite effective for solving linear differential equations (§21.15), 
the Z-transforms are quite useful for solving linear difference equations. 

The performance of discrete systems is expressed by suitable difference equations. Also Z-transform plays an 
important role in the analysis and representation of discrete-time systems. To determine the frequency response of 
such systems, the solution of difference equations is required for which Z-transfbrm method proves useful. 

(2) Working procedure to solve a linear difference equation with constant coefficients by Z-transforms: 

L Take the Z-transform of both sides of the difference equations using the formulae of§ 26.16 and the given 
conditions. 

2, Transpose all terms without Viz) to the right . 

3, Divide by the coefficient of U(z) f getting U(z) as a function of z. 

4, Express this function in terms of the Ztransforms of known functions and take the inverse Z-transform 
of both sides, This gives u n as a function of n which is the desired solution. 


or 


or 


Example 23.20. Using the Z-transform, solve 

u n + 4u n + j + Su n = 3* with u Q a 0, = L 

Solution. If Z{u n ) - U(z ), then Z(u n + x )- - u Q U 

Z(u n + 2 ) = z 2 [U(z) - « 0 - u^“ l l 
Also Z(2 JI ) a z/(z - 2) 

■\ taking the Z-transforms of both sides, we get 

z 2 lU(z) - u 0 - u x z~ l \ + 4 z ll/(z) - u Q ] + 3 Viz) = zKz - 3) 
Using the given conditions, it reduces to 
Viz) (z 2 + 4z + 3) = 2 + z!(z - 3) 

U(z) 1 . I 


mPXU i$ 2003) 


3 11 1 

T 


(z + l)(z + 3) (z - 3) (z + 1) (z + 3) 8 z + 1 24 z - 3 !2z + 3’ 

on breaking into partial fractions. 

U(z)= + 

8z + 124z-3 12 z 4 3 

On inversion, we obtain 

“* ~ I Z ^‘ (t+x) ^ A 2 "' (7^3) 'S 2-1 (7^3) ■ 

Example 23.21. Solve y n 42 + 6y n 4; + 9y n = 2” with y Q ~y t = 0, using Z-transforms. 

(V. T. [/,. 2011; Anna. 2009 ; S. V. T. U., 2009) 

Solution. I (Z(y n )= Y(z), then Z(y n + l ) = z KYlz) -y 0 l, Z(y, r + 2 ) = z l \Y{z) 

Also Z(2") = zKz - 2). 

Taking Z-transforms of both sides, we get 

z 2 \Y(z) -y 0 -y,*- 1 ] 4 6 z |Y(z) -y 0 \ 4 9Y (z) = zliz - 2) 

Since y 0 = 0, and y r j = 0. we have Y(z) (z 2 4 6z 4 9) = z/(z — 2) 


Y(z) 


1 


(z-2)(z + 3) 2 25 


1 


1 


y< *> = h 


- 5 


z - 2 z 4 3 <* + 3 ) 2 

z 


, on splitting into partial fractions. 


z - 2 z 4 3 (z 4 3)" 

On taking inverse Z-transform of both sides, we obtain 


y n = 


25 




N 5 , ^ 

4-Z" 1 


3z 


(2 4 3 f 


= _A_ (2 n -(-3y 4 |n<-3H 
25 3 


v Z-'I 

f 02 1 

n 

> = na 

L 1 

Sz-a?\ 
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Example 23.22. Find the response of the system y a +2 - 5y n + ; .+ = u ti , with y 0 = 0, y } = 1 and u n = 1 for 

n = 0, 1, 2. 3. .... by “Z-transform method. (V.T.U., 2010 ) 

Solution. Taking Z-transform of both sides of the given equation, we get 

zHY(z)-y 0 -y lZ -'} - 5z(Y(z)-y 0 ) + 6 Yiz) = 

Substituting the values y 0 = 0,.Vj = 1, it reduces to 

(z 2 -5z + 6) Yiz) = ~J— +z = _£L 
2-1 z- 1 


or 


so that 


Yiz ) 


(z-l)(z-2)<z-3) 


- A ■ + ■ G 


z-1 z - 2 z - 3 
Wz)ajr-2-r- 2—^r + l * 


where A = I, B = - 2, C = 

2 


22-1 


2-2 22-3 


On inversion, we obtain 1 = 1 

Obiu The initial values given in the problem automatieally appear in the generated sequence. 


y n = i -2(2)" +f (3)" 


Example 23.23. Solve the difference equation y n + y w ; = u n ± ^ u n _ ; U’/tem is a uni/ *s/ep segutwre. 

Solution, Taking Z-transform of both sides of the gi ven equation, we get 
7(2) + |2->7(2) = 1+ i2' 1 

yw=.( i + i^)/(i + iv , ) = (z + |)/(z + i) 

There being only one simple pole at z = - 1/4, consider the contour | z J > 1/4. 



Hence by inversion integral method, we have 






Example 23*24. Using theZ-transform, solve - 2u n ^^u n - 3n +■ 5. (S.V.T. f/., 2007) 

Solution. Given equation is u n +2 - 2u n + 1 + u n = 3 n + 5. 

Taking the Z-transforms of both sides, we get 

2 2 [C 7 (z) - u Q - ugr 1 ] - 2zII7(z) - u Q \ + f/(z) - 3 . —£_ + 5 

( 2 ^ 1) 2 2-1 


or 


Uiz) (z 2 -2z + 1) = ——~ + uJz 2 — 2z) + u.z 
iz -if ° 1 


or 


im= 


52 -22 


4 ■ u t)“ 

(z-i) 4 (z-n 


2 2 — 22 


“l 


(2 - ir 


K)|CO 
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or 


or 


On inversion, we obtain 
u^Z 1 


5z 2 - 2z 


( 2 - 1 ) 


T \ + 


\z 2 - 2z | 

U-D 2 


+ it jZ 


--I 


u-ir 


...(0 


Noting that Z(1 )=_£_, Z(n) = 


2-1 


(2 - If 


Z</! 2 ) = S. + Z . , Z(/I 3 ) = ^ + 4z “ + * 


( 2 - 1 )' 


(2 - 1)* 


We write ^ ~ 2z = >1 - + B + C + D 

U-l) 4 (2-1) (2-1) 3 (z-1) 2 z-1 

Equating coefficients of like powers of*, we find 

= 1,C = - |,Z) = 0 


= I fl s + n* - |n = i«(n- l)(n + 3) 


Also 


and 


A = 

1 

2 ’ 

H 

5z‘ 

(2 

Z" 1 ■ 

K 


1(2 

z 5 j 





(2 -If 


= 1 - /1 


= n. 


[(z - If, 

Substituting these values in (i) above, we get 


u n = i n(n - 1) (n + 3) + u 0 (l -n) + u t n 

£* 

= — n(n - 1) (n + 3) + c Q + c,n. 

2 


where c 0 - u Qt Cj - u { - u c 


1 J bn 

Example 23.25. Using residue method* solve y A + s = —^ cos —, k > 0. 
Solu tion. Taking Z-transform of both sides of the given equation, we get 


yk + \yk - 2 


‘ z i?“ s f} 


1 _2 2 ' 


Yiz) + ±z~ 2 Y(z) = 


z 1 + 1/9 


or 




Y(z) = 


*S 


Y(z) = 


( i+ § i i(* ,+ §) ( z2+ §f 

There are two poles of second order at z = i/3 and z - - i/3 . 

Residue at (z = i/3) = 


djfz 

-V z ‘' z * 11 

dz \{ 

3 J (z 2 + 1/9) 2 1 


d 

f 2 A+3 j 

<2z 

[(z + i/3) 2 


* = */ 3 L 


]z + i/3) 2 (A + 3)z** 2 - z‘** 3> . 2(2 + i/3) 

(2 + i/3) 4 


-h=if 3 


(z + t/3) (k + 3)z k + 2 -2z A * 3 

fj 

3f 

(2Jfe + 6) (; 

*Y +S 2 f o* +3 

(z + i/3) 3 

2- i/3 

JiJ 

3/ 2 UJ 
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= I( 2 * + 4)(|)‘ = i(* + 2 | (|) (cosf+isinf) = 
Changing i to - £ in (i), we have 
Residue at. (z = - i/3) = + 2) [cos ~ - i sin 

Adding (!) and (it), we obtain y* - A( k +- 2) 

2 



~(* + 2 ) 
4 



-M) 

-Mi) 


PROBLEMS 23.4 


Solve the following difference equations using ^transforms < 1 - 8); 

1. fy***->*+ 1 -?* = 0* P ven thaty<0) = y<I) = 1. 

2. yfn + 2) + 2yfn + 1) + jy'f«) = 0, given that.y (0) =y(l) = 0. 

3- y n . a “ 4 y„ = 0 ?i ven that >o = °- - v i = 2. 

4. fin) + Hfln - U - 4f(n - 2! = 0, n Z % given that /(0) = 3,/'(II = - 2. 

5. y {n . 3) - 3y(n * 1) + 2v(n) = 0, given that y{0> = 4,y(l) = 0 and v(2l = 8. 

6. y„ 1 2 ~ 5y„, 1 + Gy„ = 36. given t hat. ,v(0) = y(l) = 0. 


(Kottayam, 2005) 
(V.T.U., 2008 S) 
(UP.T.U, 2008) 
(Madras, 2003 S) 
(Anna, 2005 S) 
(Anna, 200.9) 


10- u x 4 2 + u x = 5(2" ) given that u Q = 1, u 9 = Q, 

11 - >„ * * + ^ ♦1 + 3j» = 20 wilh Vo = °-* = l - 

12. u „ t2 -% , i + «* = 2* wit,hy Q = 2, yi = 1. 13. y„ , s -6y n „ , + 8y n = 2" + 6 n. 

M. >*+- (* ao t . 


(Mamthwada* 2008) 
{Madras % 2008) 


15. Find the response of the system given by y n + 3y (fl _ l} - u n where u n is a unit step sequence andy ( , ^ = l. 

16. Find the impulse response of a system described by y {n 2y^> = & n ; y 0 = (1 


23.1 


OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 23.5 


Choose the correct answer or ftll up the blanks in each of the following problems : 


I* Z (!) = .._ 2. 

3* Z-Lranaform ofn = .*.* {Anna* 20019} 4* 

5, Z {nm rtW - **.... 6. 

% Z </i a ) *. S. 

9. Z-.(-L) =.... 

11. Initial value theorem on Z-transform states that__ 

12* Z-transform is linear. (True or False) 13* 


If u r . is defined for n = 0, l, 2 S .. only* then ZiuJ = 

Zina 71 ) ~ 

Z-transform of (I/n!) is 

Linear property of Z-transform states that... 



If Z(u n ) = u(z), then Lt iu n ) = Lt (z -1) u(z) * 

n -»^ x -*** 


14, Z-transform of the sequence J2*1 T k > 0 is z/(z - 2). 

15* Z-transform of (aV>t!K k £0 = c 1 ^** 

16* Z-transform of [ w C r l, (0 < r < «) is (1 4 z) n . 

17, Z-transform of unit impulse sequence Un) - |^ T ” ^ ^ 


(True or F^J^) 
(True ur False) 
(True or False! 
(True or False) 

is z!z - 1. (True or False 1 


18. Z-lranafonn of unit step sequence u(n) = 


n < 0, 
n >0, 


is 1. 


( True or False) 
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I 1. Introduction. 2. Graphical method. 3. Laws reducible to the linear law. 4. Principle of Least squares. 5. Method 
of Least squares. 6. Fitting of other curves. 7. Method of Group averages. 8, Fitting a parabola. 9. Method of 
' Moments. 10. Objective Type of Questions. 


n 

I 

I 


J 


24.1 


INTRODUCTION 


In many branches of applied mathematics, it is required to express a given data, obtained from 
observations, in the form of a Law connecting the two variables involved. Such a Law inferred by some scheme 
is known as Empirical Law . For example, it may be desired to obtain the law connecting the length and the 
temperature of a metal bar. At various temperatures, the length of the bar is measured. Then, by one of the 
methods explained below, a law is obtained that represents the relationship existing between temperature and 
length for the observed values. This relation can then be used to predict the length at an arbitrary temperature. 

(2) Scatter diagram. To find a relationship between the set of paired observations x andy (say), we plot 
their corresponding values on the graph taking one of the variables along the x-axis and other along they-axis 
i.e. (Xp^), ( x 2 , y 2 ), (x n , y n ). The resulting diagram showing a collection of dots is called a scatter diagram. A 
smooth curve that approximates the above set of points is known as the approximating curve . 

(3) Curve fitting. Several equations of different types can be obtained to express the given data 
approximately. But the problem is to find the equation of the curve of ‘best fif which may be most suitable for 
predicting the unknown values. The process of finding such an equation of'best fit* is known as curve-fit ting. 

If there are n pairs of observed values then it is possible to fit the given data to an equation that contains 
n arbitrary constants for we can solve n simultaneous equations for n unknowns. If it were desired to obtain an 
equation representing these data but having less than n arbitrary constants, then we can have recourse to any 
of the four methods : Graphical method „ Method of Least squares. Method of Group averages and Method of 
Moments, The graphical method fails to give the values of the unknowns uniquely and accurately while the other 
methods do. The method, of Least squares is, probably, the best to fit a unique curve to a given data. It is widely 
used in applications and can be easily implemented on a computer. 


24.2 


GRAPHICAL METHOD 


When the curve representing the given data is a linear lawy - mx + c; we proceed as follows : 

(i) Plot the given points on the graph paper taking a suitable scale . 

Hi) Draw the straight line of best fit such that the points are evenly distributed about the line. 

(Hi) Taking two suitable points ( x y y x ) and (x 2 ,y 2 ) on the line , calculate m , the slope of the line and c r its 
intercept ony-axis. 

When the points representing the observed values do not approximate to a straight line, a smooth curve is 
drawn through them. From the shape of the graph, we try to infer the law r of the curve and then reduce it to the 
form y = mx -i- c. 
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24.3 


LAWS REDUCIBLE TO THE LINEAR LAW 


We give below some of the laws in common use, indicating the way these can be reduced to the linear form 
by suitable substitutions: 

(1) When the taw isy = mx n + c. 

Taking x n = X and y = Y the above law becomes V' = ntX + c 

(2) When the law is y = ax' 1 . 

Taking logarithms of both sides, it becomes Iog |0 y = log 10 a + n log |0 x 

Putting log 1Q x = X and log 10 y = Y, it reduces to the form Y= nX + c, where c = log 10 a. 

(3) When the law is y = ox JJ + b log x. 

V 

Writing it as — — = a —— + b and taking x n flag x = X and y/log x ~ Y * 

log JT togX 

the given law becomes, Y = aX + b, 

(4) When the law isy = ae hx 

Taking logarithms, it becomes log 10 y = ib log to e) x + Iog 10 a 

Putting x - X and log l0 y = Y t it takes the form Y = rnX + c where m - b log 1Q e and c = log 10 a. 

(5) When the law is xy = ax + by. 

y 

Dividing by x, we have y = 6 — + a* 

x 

Putting yfx - X and y = Y, it reduces to the form Y - bX + a. 

Example 24*1, i? i> Me resistance to maintain a train at speed V; find a law of the type E = a + bV$ 
connecting E and V\ using the following data : 


V(miles/hour): 

10 

20 

30 

40 

50 

R (lb ! ton) ; 

8 

10 

15 

21 

30 


Solution, Given law is R - a + bV 2 „Xi) 

Taking V 2 = x and R = y, ( i) becomes 

y - a + bx ,.,(«) 

wtiich is a linear law. 

Table for the values of x and y is as follows : 


JC 

100 

400 

900 

1600 

2500 

y 

8 

10 

15 

21 

30 


Plot these points. Draw the straight line of best fit 
through these points (Fig. 24,1) 

Slope of this line (= b ) 


MN 21*15 
JM ” 1600 - 900 


-= 0,0085 nearly. 

700 


Since L (900, 15) lies on {«), 

15 - a + 0,0085 x 900, 

whence a = 15 - 7.65 = 7.35 nearly. 


Yi 


X 



1 





tz 500 

m 




N 








Umo 

M 

21 } 


"ooo 

15) 

000,8 

1 1400 

\ 

101 






Fig, 24.1 


Example 24*2, The fallowing values ofx and y are supposed to follow the law y - ax 2 + b log w x. Find 
graphically the most probable values of the constants a and h. 


X 

2.85 

3.88 

4.66 

5.69 

6.65 

7.77 

8.67 

y 

16.7 

26.4 

35.1 

47.5 

60.6 

77.5 

93.4 
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Solution. Given law is y = ax 2 + h Iog 10 x 

* v x^ 

t— -= a;- + & -M) 

log 10 x log 10 x 

Taking x 2 f\og m x = X and yflog lQ x = P 

(/) becomes P - aX + 6 

This is a linear law , Table for the values of A’ and Y is as follows : 


X = * a /Iog ln JC 

17.93 

25.56 

32.49 

42.87 

53.75 

67.80 

80.83 

Y = v/log 1D * 

35.59 

44.83 

62.50 

62.90 

73.65 

87.04 

99.56 

Points 


*% 

P* 

P< 

Ps 

$ 

h 


Plot these points and draw the straight line of best fit through these points (Fig, 24.2), 



Slope of this line (= a) = 


A/A 73.65-52,50 21.15 


P 3 M 53.75 - 32.49 21.26 

Since P 3 lies on (ii), therefore, 52.50 = 0.99 x 32.49 + b 
Hence (i) becomes y = (0.99) x 2 + (20.2) log m x. 


= 0.99 

whence b - 20.2 


Ex ample 24.3, The values of x and v obtained in an experiment are as follows : 


X 

2.30 

3.10 

4.00 

4.92 

5.91 | 7.20 

y 

33.0 

39.1 

50.3 

67.2 

85.6 

125.0 


Th probable law Is y = ae hx . Test graphically the accuracy of this law and if the law holds good t find the 
best values of the constants . 

Solution, Given law is^y = ae bx „Xi) 

Taking logarithms to base 10, we have log 10 y = log 10 a + (b Iog 1Q e ) x 

Putting x = X and log J0 y - Y, it becomes^ = (b 1og m e) X + log 10 a „iii) 

Table for the values of X and Y is as under: 


H 

II 

* 

2.30 

3.10 

4.00 

4.92 

5.91 

7.20 

Y = Iog lfl y 

1.52 

1.59 

1.70 

1.83 

1.93 

2.1 

Points 

Py 

P* 

P* 

% 


P s 
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Scale ; 1 small division along x-axis * 0.1 
10 small divisions along y~axis = OX 
Plot these points and draw the line of best fit. As these 
points are lying almost along a straight line, the given law is 
nearly accurate (Fig. 24,3), 

Now slope of this line (- b log ]0 e) 


whence 




MN 
NM ~ 
0.12 
loglO e 


0.12 


= 0.12 x 2.303 = 0.276 


Since the point L (4, 1.71) lies on («), therefore. 1.71 = 
0.12 x 4 + log ltJ a whence a = 17 nearly. 

Hence the curve of best fit is y = 17 e 0276 '. 



Fig. 24.3 


PROBLEMS 24.1 


L If p is the pull required to lift the weight by means of a pulley block, find a linear law of the form p * a + bw> 
connecting p and ie, using the following data : 

w (lb): 50 70 100 120 

pflb); 12 15 21 25 

Compute p * when w = 150 lb. 

2. The resistance /? of o carbon filament lamp was measured at various values of the voltage V and the following 
observations were made : 

Voltage V.,* 62 70 78 84 92 

Resistance ML 73 70.7 69.2 67.8 60.3 


Assuming a law of the form R - ^ +6, find by graphical method the best value of a and b. 

& Verify if the values of x and y\ related as shown in the following table, obey the law y = a + b Jx . W so, find 
graphically the values of a and b. 

x: 500 1,000 2,000 4,000 6,000 

y : 0.20 0.33 0.38 0,45 0.51 

1. The following values of T and / follow the law T ~ al n . Test if this is so and find the best values of a and a, 

T = 1.0 1.5 2.0 2-6 

U 25 56.2 100 1*58 

5, Find the best value of a and b if y = ax + b log w x is the curve which represents most closely the observed values 
given below r : 


*: 2 3 4 

y: 3,74 5.99 7.47 

0. Fit the curve y - at** to the following data: 

x: 0 2 4 

y: 5,1 10 31.1 


5 6 

8.92 9.86 


(Coimbatore^ 1997) 


7. The following are the results of an experiment on friction of bearings. The speed being constant, corresponding 
values of the coefficient of friction and the temperature are shown in the table : 

it 120 110 100 90 80 70 60 

p: 0.0051 0.0059 0.0071 0.0085 0,00102 0.OQ124 0.0014$ 

If p and t are given by the law p = find the values of a and b by plotting the graph for p and /. 
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PRINCIPLE OF LEAST SQUARES 


»■(!) 


The graphical method has the obvious drawback of being unable to give a unique curve of fit. The principle 
of least squares, however, provides an elegant procedure for fitting a unique curve to a given data. 

Let the curve, y =* a 4 bx + cx 2 + + kx ffl " 1 

be fitted to the set of n data points ix v yj\ (x 2 , y 2 )» *(* n , y n ). 

Now we have to determine the constants a t b, such that it 
represents the curve of best fit. In case n = m y on substituting the values 
(x i$ y-) in (1), we get n equations from which a unique set of n constants can 
be found. Rut when n > m, we obtain n equations which are more than the m 
constants and hence cannot be solved for these constants. So we try to 
determine those values of o, b % c,„.k which satisfy all the equations as 
nearly as possible and thus may give the best fit. In such cases, we apply 
the principle of least squares. 



At x = x it the observed (or experimental ) value of the ordinate is y t — 

P i L l and the corresponding value on the fitting curve (1) is a 4 bx t 4 cx 2 4 ... 

+ kxf' - MjLj (= q ( , say) which is the expected (or calculated) value (Fig. 

24,4). The difference of the observed and the expected values Le, y- —r\ i (= e ^ 
is called the error (or residual) at x = Clearly some of the errors e v e 21 
e n will be positive and others negative. Thus to give equal weightage to each 
error, we square each of these and form their sum Le. E - e/ + e 2 + «- c/. 

The curve of best fit is that for which e's are as small as possible i,e. r E, the sum of the squares of the errors 
is a minimum* This is known as the principle of least squares and tvas suggested by Legendre* in 1806. 

Obs. The principle of least squares does not help us to determine the form of the appropriate curve which can lit a 
given data. It only determines the best possible values of the constants in the equation when the form of the curve is 
known before hand. The selection of the curve is a matter of experience and practical oomuderatiems* 


24.5 


( 1 ) 


METHOD OF LEAST SQUARES 


For clarity, suppose it is required to fit the curve 

y = a + bx 4 cx 2 *..{!) 

to a given set of observations (x 2 ,y 2 ),(x v y 5 ), For any x., the observed value isy ■ and the expected value 

is q, = a + bx ( + cx? so that the error =y t - T| ( . 

a the sum of the squares of these errors is 

E = e 2 4 e/ 4 4 e 2 

= |y, - (a 4 bx j 4 cx 2 )] 2 + (y 2 - ( a + bx 2 4 cx 2 )] 2 4 ... + [y s - (a 4 bx 5 4 cx/)] 2 [See § 5,12 (3)1 
For E to be minimum, we have 

- 0 - 2(yj - {a 4 bx j + cxj 2 )| - 2|y 2 - (a 4 bx 2 4 cx/)] - ... - 2 [y 6 - (o + bx 5 4 cx/)] ,..(2) 

= 0 = - 2x, [yj - {a + bx j 4 cx/)] - 2x a \y 2 - (a + bx 2 4 cx 2 2 )] 

- ... - 2x 5 \y 5 - (a 4 6 x 5 4 cx/) 1 ,..(3) 

= 0 = - 2x^ Lv, - (a 4 bx t 4 cx/)l - 2x/ Lv 2 - (a 4 6x 2 4 cr 2 2 )| 

- - %x 2 ]y B - (a 4 bx B 4 ac 5 2 )) ...(4) 

Equation (2) simplifies to 

y Y + y 2 + ... + _y 5 = 5a + h(x 1 + x 2 + ... + x 5 ) + dxf + x 2 2 + ... + x fl 2 ) 
i.e., ^b'i = 5a + b’Lx j + c Jjc 2 ...(5) 


dE 

da 

dE 

db 

dE 

dc 


* See footnote on p. 311. 
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Equation (3) becomes 

x x y x + x^y 2 + + x^r B - a(x l +■ x 2 + + x r J + 6(x^ + x| + + x|) + e(x 3 + x| + ... + x|) 

j;-e M = a ^- x i + ^^x, 2 + cLx t - 3 „,(6) 

Similarly (4) simplifies to - a£r f 2 + 6Ix f 3 + clx/ *,.(7) 

The equations (5), (6) and (7) are known as Normal equations and can be solved as simultaneous equa¬ 
tions in a f b> c. The values of these constants when substituted in (1) give the desired curve of best fit. 

(2) Working procedure 

(a) To fit the straight line y = a + bx 

( i ) Substitute the observed set of n values in this equation. 

Hi) Form normal equations for each constant 
Le. t ly =na + 6£r t Zxy = alx + blx 2 

JThc normal equation for the unknown a is obtained by multi plying the equations by the coefficient of a and adding. 
The normal equation for b is obtained by multiplying the equations by the coefficient otb {Le. f x) and adding.) 

(iii) Solve these normal equations as simultaneous equations fora and 6. 

(it?) Substitute the values of a and b iny = a + bx, which is the required line of best fit. 

(6) To fit the parabola : y = a + 6x + ex 2 
(i) Form the normal equations ly = na + feLr 4* cLr 2 
Ixy = alx + blx 2 + cZjc 3 
and lx 2 y = alx 2 + 6 Lx 3 + clx 4 

[The normal equation fore has been obtained by multiplying the equations by the coefficient of c (i.e. t x 2 ) and adding,! 
(nj Solve these as simultaneous equations fora, b f c. 

(Hi) Substitute the values of a, b f c iny = a + bx + cx 2 t which is the required parabola of best fit. 

fc) In general, the curve y = a + bx + cx 2 + ... + kx m ' 1 can be fitted to a given data by writing m normal 
equations. 

Example 24.4. IfP is the pull required to lift a load W by means of a pulley block, find a linear law of the 
form P = m W + r connecting P and E using the following data : 


P = 12 

IB 

21 

25 

IV = 50 

70 

100 

120 


where P and W are taken in kg wt. Compute P when W = 150 kg . wt (U P. T, U., 2007 ; V. T.U., 2002) 

Solution. The corresponding normal equations are 

IP — 4c + mlW 
I WP = clW + mlW 2 

The values of IW etc. are calculated by means of the following table : 


w 

P 


tvp 

50 

12 

2500 

600 

70 

15 

4900 

1050 

100 

21 

10000 

2100 

120 

25 

14400 

3000 

Total *.340 

73 

31800 

6750 


The equations (i) becomes 73 = 4c + 340m and 6750 = 340c + 31800m 
Le., 2 c + 170m = 365 

and 34c + 3180m = 675 

Multiplying (if) by 17 and substracting from (m), we get 

m = 0.1879 from (ti), c - 2.2785 


...Hi) 

...HU) 
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Hence the line of best fit is 

P = 2.2759 + 0.1879 W 

When W = 150 kg., P = 2.2785 + 0.1879 x 150 = 30,4635 kg. 


Obs. The calculations gel simplified when the central values or x is zero. H is therefore, advisable to make the 
central value zero, if it be not so. This is illustrated by the next example. 


Example 24,5, Fit a second deg nr. parabola to the following data : 


X 

0 

1 

2 

3 

4 

y 

1 

1.8 

1.3 

2.5 

6.3 


iP.T.U., 2006) 


Solution. Let u = x~ 2 and v = y so that the parabola of fit y = a + bx + cx 2 becomes 

v = A + Bu + Cu 2 ...ft) 

The normal equations are 

Iv = 5A + BIu + Clu 2 or 12.9 = 5A + 10C 
luv = AZu + BIu 2 + CZu 2 or 11.3 = 105 
Zu 2 v = AZtt 2 + BIu 3 + CIu 4 or 33.5 = 10A + 34C 
Solving these as simultaneous equations, we get 

A = 1.48, B = 1.13, C = 0.55. 

(£) becomes, v = 1.48 + l,13u + 0.55u 2 

or y = 1.48+ 1.13 (x- 2) + 0.55 <*-2) 2 

Hence y = 1.42 - 1.07x + 0.55x 2 . 


fix am pie 24.5. Fit a second degree parabola to the following data : 


x - 1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

11 

1.3 

1.6 

2.0 

2.7 

3.4 

4.1 


(V.T.U., 2009 ; Bhopal, 2008 ) 

Solution. We shift the origin to 12.5, 0) and take 0.5 as the new unit. This amounts to changing the 
variable x to X, by the relation X = 2x - 5. 

Let the parabola of fit bey = a + bX + rX 2 . The values ofH.Y etc., are calculated as below : 


X 

X 

y 

Xy 

X 2 


X 1 

U 

1.0 

-3 

1.1 

-3.3 

9 

9.9 

27 

81 

1.6 

-2 

1.3 

-2.6 

4 

5.2 

-8 

16 

2.0 

-1 

1.6 

-1.6 

1 

1.6 

-1 

1 

2.5 

0 

2.0 

0.0 

0 

0.0 

0 

0 

3.0 

1 

2.7 

2.7 

1 

2.7 

1 

1 

3.5 

2 

3.4 

6.8 

4 

13.6 

8 

16 

4.0 

3 

4.1 

12.3 

9 

36.9 

27 

81 

Total 

0 

16.2 

14.3 

28 

69.9 

0 

196 


The normal equations are 

7a + 28c = 16.2 ; 285 = 14.3 ; 28a + 196c = 69.9 

Solving these as simultaneous equations, we get 

a = 2.07, 5 = 0.511,c = 0.061 
y = 2.07 + 0.51LY+ 0.061X 2 
Replacing X by 2x - 5 in the above equation, we get 

y = 2.07 + 0.511 (2x - 5) + 0.061 <2x - 5) 2 

which simplifies toy = 1.04 — 0.198a: + 0.244.x 2 . This is the required parabola of best fit. 
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Kxample 24,7 . Fit a second degree parabola to the following data : 


X 

1989 

1990 

1991 

1992 

1.993 

1994 

1995 

1996' 

1997 

y 

352 

356 

357 

358 

360 

361 

361 

360 

359 


OJ.P.T.U. 2009) 

Solution. Taking u = x — 1993 and v -y — 357, the equation y = a + bx + c* 2 becomes 

v = A + Bu + Cu 2 


X 

«=*- 1993 

y 

v =y - 357 

uv 

H* 

U%v 

i* s 

tlf 

1989 

-4 

352 

-5 

20 

16 

— 80 

-64 

256 

1990 

— 3 

360 

*1 

3 

9 

— 9 

-27 

81 

1991 

-2 

357 

0 

0 

4 

0 

— 8 

16 

1992 

-1 

358 

1 

- 1 

1 

1 

-1 

1 

1993 

0 

360 

3 

0 

0 

0 

0 

0 

1994 

1 

361 

4 

4 

1 

4 

1 

1 

1995 

2 

361 

4 

8 

4 

16 

6 

16 

1996 

8 

360 

3 

9 

9 

27 

27 

61 

1997 

4 

359 

2 

8 

16 

32 

64 

256 

Total 

© 

11 

a 


Iv^ll 

Jjw = 51 

tu* = 60 

Z»*tr«-9 

£w 3 a 0 

Zu *= 708 


or 


or 

or 


The normal equations are 

le = 9.A + BIh + Cla 2 


or 11 = 9A + 60C 


lue = AIu + SIfj 2 + CLiF 
hi 2 v = Aljt 2 + BTu 3 + CLu 4 


or 51 = 60B or B = — 

20 

or - 9 = 60A + 708C 


694 17 247 

On solving these equations, we get A = ——, B = — , C = - —— 

231 20 


(i) becomes 


694 17 247 2 

v = -+ — u - -—- a 

231 20 924 


Hence 


y - 357 = — + — <* - 1933) 19331 2 

J 231 20 924 

694 32861 247 „ no „, 2 17 247x3866 247 2 

231 20 924 20 924 924 

y = 3 - 1643.05 - 998823.36 + 357 + 0.85* + 1033.44* - 0.267* 2 

y = - 1000106.41 + 1034.29* - 0.267* 2 . 


PROBLEMS 24.2 


1. 


By the method ofleast squares, find the straight line that best fits 
*: 1 2 3 4 

y: 14 27 40 55 


the following data: 

5 

68 


(UiP.T.U., 2003) 


2. Fit a straight line to the following data : 

Yearx : 1961 1971 1981 1991 2001 

Production y : B 10 12 10 16 (in thousand tone) 

and find the expected production in 2006. 

3. A simply supported beam carries a concentrated load P 0b) at its mid-point. Corresponding to various values of P, 
the maximum deflection Y (in) is measured. The data are given below : 
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Pi 100 120 140 ISO 100 200 

Y : 0*45 0,55 0*60 0,70 0.80 0,85 

Find a law of the form Y = a + bP * 

4. The results of measurement of electric resistance R of a copper bar at various temperatures t Q C are listed below ; 
t i 19 25 30 36 40 45 50 

R : 76 77 79 80 82 83 85 

Find a relation R = a + bt where a and b are constants to be determined b 3 T you, 

5* Find the best possible curve of the form j»=<i * far, using method offcast squares for the data : 



x : l 

3 

4 

6 

8 

9 

U 

14 



y: 1 

2 

4 

4 

5 

7 

8 

9 

(V.T.U., 2011) 

fi* 

Fit a straight line to the following data 








(o) x : 

1 

2 3 

4 

6 

6 

7 

8 

9 


y : 9 

8 

10 12 

11 

13 

14 

16 

6 

( Bhopal, 2008) 


(6) *: 

6 

7 7 

8 

8 

8 

9 

9 

10 


y : 6 

5 

4 5 

4 

3 

4 

3 

3 

(J.N.T.V., 2008) 

7* 

Find the parabola of the form y = a + bx + ex 2 which fits most clogely with 

the observations: 



x : —3 

-2 

-1 0 

i 

2 

3 





y: 4.63 

2,11 

0.67 0,09 

0.63 

2*15 

4,68 

(V.T.U., 200$ 

; J.N.T.U., 2tmS) 

8, 

Fit a parabola y = a 

+ bx + Of 2 

to the following data : 







x: 2 

4 

0 8 

JO 







y : 3.07 

12.85 

31.47 57.38 

91.29 





< V.T.U., 2008 S) 

& 

Fit a second degree parabola to the following data : 







x: t 

2 

3 4 

5 

6 

7 

8 

9 

10 


y i 124 

129 

140 169 

228 

289 

315 

302 

263 

210 


{UpJ'.U., 2009} 

19* The following table gives the results of the measurements of tram resistances ; V is the velocity in miles per hour, 
R is the resistance in pounds per ton 

V: 20 40 60 80 100 120 

Rt 5,5 9.1 14,9 22.8 33.3 46.0 

If R is related to V by the relation f? = a + bV + eV 2 find a, b r and c, (U.PT, t/„ 2002) 

1 1* The velocity Vofa liquid is known to vary with temperature according to a quadratic law V = a +■ bT + cT 2 * Find the 
bent values of a, 6 and c for the following table : 

T; 1234567 

V : 2,31 2.01 3.80 1.66 1,55 1.47 1.41 (UBTM.. MCA, 2010) 


24.6 


FITTING OF OTHER CURVES 


( 1 ) y = ax* 

Taking logarithms, log 10 y - log 10 a + b log 10 x 

LeY = A + bX where X - Iog 10 x, Y - log 10 y and A - log 10 a , (i) 

*'* The normal equations for (i) are : XY = nA + blX, IXY = AYX + blX 2 
from which A and b can be determined. Then a can be calculated from A - log 10 a, 

(2) y - ae** (Exponential curve ) 

Taking logarithms, log 10 y - log 10 a + bx log 10 e 

Le. t Y = A + Rx w here Y = log 10 y, A - log i0 a and B = b Iog 10 e 

Here the normal equations are ; I Y = nA + BIx, IxY = Alx + Six 2 
from which A, B can be found and consequently a, b can be calculated, 

{3)*y^&(orpi;T = A) 

Taking logarithms, log J0 x + a fcg 10 y = log I0 b or log 10 y - — log 10 6 - — log 1Q x, 

a a 


(Gas equation) 
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This is of the form Y = A + BX 

where X = Jog, 0 x,Y= log... y. A = - log 10 6, B = - -. 

a a 

Here also the problem reduces to finding a straight line of best fit through the given data. 


Example 24 M. Find the least squares fit of the form y = a 0 4 ap? to the following data: 


x: 

- 1 

0 

1 

2 

y: 

2 

5 

3 

0 


(UJKTM., 2008) 


Solution. Putting x 2 = X t we havey = a 0 + 

a the normal equations are : ly = 4a 4 a ] ZX ; ZY = a^ZX 4 a l IXr> 
The values of TX t IX* etc. are calculated below : 


A 

y 

X 

JP 

XY 

-1 

2 

1 

1 

2 

0 

5 

0 

0 

0 

1 

3 

1 

1 

3 

2 

0 

4 

16 

0 


o 

it 

a 

% 

it 

*- 

© 

£F = 16 

ZXY = 5 


A the normal equations become 1U - 400 4 6a j ; 5 = 600 4 18a t 

Solving these equations we get, a Q = 4.167, = - 1.111. 

Hence the curve of best fit is y = 4.167 - hlllX Le, t y = 4.167- 1.1 Ilx 2 . 


Example 24iJ + An experiment gave the following values : 

u (ft/min) : 350 400 500 600 

t (min) : 6/ 26 7 26 

It is known that v and t are connected by the relation v = af*. Find the best passible values of a and b . 

Solution. We have tog J0 v = log^ a 4 b log J0 1 
or y = A 4 6X, where X = log 10 1, y = log m t\ A = log m a 

A the normal equations are 

XY=4A4fcIX 
IXY^AIX+blX 2 

Now IX etc. are calculated as in the follow ing table : 


V 

t 

X = log w t 

y = lQ8 lt> v 

XY 


350 

61 

1.7853 

2.5441 

4.542 

ai87 

400 

26 

1.4150 

2.6021 

3.682 

2.002 

500 

7 

0.8451 

2.6990 

2.281 

0.714 

600 

2.6 

0.4150 

2.7782 

1.153 

0.172 

Total 


4.4604 

10.6234 

11.658 

6.075 


A Equations (i) and (it) become 

4A 4 4.466 = 10.623 ; 4.46A 4 6.0756 = 11.658 
Solving these, A - 2.845,6 = - 0.1697 
a a = antilog A - antilog 2.845 = 699.8. 

Example 24*10, Predict the mean radiation dose at an altitude of 3000 feet by fitting an exponential 
curve to the given data : 

Altitude (x) : 50 450 780 1200 4400 4800 5300 

Dose of radiation (y) : 28 30 32 36 51 58 69 

2007; JMT.U„ 2003) 
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Solution. Let y ~ ab* be the exponential curve. 

Then log 10 y = log J0 a + x log 10 b 

or Y = A + Bx where V = log I0 y, A = log l0 a, B = iog 10 b 

the normal equations are 

IV^^ + BIx ...(0 

Ijc Y = A Lx + B Lx 2 ...(it) 

Now Ex etc. are calculated as follows : 


X 

y 

Y=l<w I0 y 

xY 

X 2 

50 

28 

1.447158 

72,3579 

2500 

450 

30 

1.477121 

664.7044 

202500 

780 

32 

L505I50 

1174.0170 

608400 

1200 

36 

1.556303 

1867.6636 

1440000 

4400 

51 

1,707570 

7513,3060 

19360000 

4800 

58 

1,763428 

6464.4544 

23040000 

5800 

69 

1.838840 

9745.8997 

28090000 

= 16980 


11,295579 

29502.305 

72743400 


equations (t) and (it) become 

11.295579 = 7A+ 16980B 
29502.305 = 1698QA + 72743400 B 
Solving these equations, we get A = 1.4521015, B = 0.0000666289 

logjQ_y = Y~ 1.4521015 + 0.0000666289x 
Hence y (at x = 3000) = 44.874 i.e. 44.9 approx. 

Example 24.11. The pressure and volume of a gas are related by the equation pv y =■ k , yand k being 
constants. Fit this equation to the following set of observations : 

p (kg/cm 2 ) : 0.5 1.0 LB 2.0 2.5 

v (litres) : 1.62 1.00 0.75 0.62 0.52 


3.0 

0.46 


( V.T.U., 2011) 


Solution. We have log 10 p + 7log i0 v - log 10 k 


or 


log 10 v = ^ log 10 k - ^ Iog 10 p or Y = A + BX 


where X = log, 0 p.Y = Iog J0 v, A = ^ log 10 k. B = - ^. 
.*. the normal equations are 

LY = 6A + BIX 
IXY = AIX + BIX 2 

Now IX etc. are calculated as follow's : 


...(i) 

,..(ii) 


P 

17 

x = bg w p 

Y = log w v 

XV 

X 2 

.5 

X62 

- 0.3010 

0.2095 

-0.0630 

0.0906 

1,0 

100 

0.0000 

0.0000 

- 0.0000 

0.0000 

1.5 

0,75 

0.1761 

-0.1249 

- 0.0220 

0.0310 

2.0 

0.62 

0.3010 

- 0.2076 

- 0.0825 

0.0906 

2,5 

0,52 

0.3979 

-0.2840 

-0.1130 

0.1583 

8.0 

0,46 

0.4771 

- 0.3372 

-0.1609 

0.2276 

Total 


1.0511 

- 0.7442 

-0.4214 

0.6981 


equations (i) and {«) become 

6A + 1.0511B = - 0.7442 





Ewrrm:al Laws and Curve -rrmm 


823 


1.051 LA + 0.5981 B = - 0.4214 
Solving the.se, we get-A = 0.0132, B = - 0.7836. 

.-. 7 = - 1 JB = 1.1276 and k = antilog (Ay) = antiiog (0.0168) = 1.039. 
Hence the equation of best fit is pu 1276 = 1.039, 


PROBLEMS 24.3 


1 . IfV (km/hr) and R (kg/ton) are related by a relation of the type It = a +■ bV 2 , find by the method of least squares*! and 
b with the help of the following table : 

V : 10 20 30 40 60 

R 8 1.0 15 21 30 (.Indore. 2008) 

Using the method of least squares fit the curve y = ax + bx 2 to following observations : 


2 . 

*i 1 2 3 

yz 1.8 6.1 8.9 ♦ 

3. Fit the curvey = ox + b/x to the following data : 
xz l 2 3 

y : 6.4 6:3 8.2 


4 

14.1 


6 

19.8 


6 . 


4 6 6 7 8 

10.3 12.6 14.9 17.3 19.6 

ai.P T.ll, 2010) 

Estimate y at x = 2.25 by fitting the indifference curve of the form xy = Ax + fi to the following data : 
x : 1 2 3 4 

yz 3 1.6 6 7.6 

Find the least square curvey = ax + b/x for the following data : 
x: 1 2 3 4 

y: - 1.6 0.99 3.88 7,66 

Predict y at x = 3 . 75 , by fitting a power curve y = ax b to the given data : 


{J.N.T.U., 2003) 


(Madras. 2003) 


x: 1 2 3 4 5 6 

y: 298 4.26 5.21 6.10 6.80 7.50 

7. Fit the curve of the form y = ae 1 " to the following data : 

x; 77 100 186 239 286 

yz 2.4 3.4 7-0 11.1 19.6 

8. Obtain the least squares fit of the form f(t) = ae F s a for the data : 

x : 0.1 0.2 0.3 0.4 

/ft): 0.76 0.58 0.44 0.36 

6. The voltage v across a capacitor at time / seconds is given by the following table : 

I : 0 2 4 6 8 

v : 160 63 28 12 6.6 

Use the method of least squares to fit a curve of the form v = ae kl to this data 
10. Using method or least squares, fit a relation of the form y — ab* to the following data : 
x: 2 3 4 5 6 

y: 144 172.8 207.4 248.8 298.5 


(J.S.T.U., 2003) 


(V.T.U., 2011 S; J.N.T.U., 2006) 


IU.P.TM. 2008) 


(TirwchirapaHi, 2001 ) 


METHOD OF GROUP AVERAGES 


Let the straight line, y = a + bx 

fit the set of n observations 

(x 2 ,y 2 ),.... (x n , y n ) quite closely. 


...( 1 ) 


(Fig. 24.5) 
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When x - x v the observed {or experimental) 
value ofy = L { P X and from (1), 
y = a * bx 1 = L l M v 

which ib known as the expected (or calculated} value 
of y at L r 

Then e, = observed value at L x - expected value 

at Lj 

- t Y, -(fit bxfl-M X P V 

which is called the error (or residual ) at x v Similarly 
the errors for the other observations are 

e 2 = y 2 - {a + bx 2 ) = M^ 2 



e - v — (o + bx ) - M P 

Some of these errors may be positive and others negative. 

The method of group averages is based on the assumption that the sum of the residuals is zero. To find the 
constants a and 6 is (1), we require two equations. As such we divide the data into two groups : the first contain¬ 
ing k observations 

(* P y,h <*2 ’>2* — (**>y*); 

and the second group having the remaining n - k observations 

♦ P** * !>• <** * 2--V* , 2 >- "•* <W.>- 
Assuming that the sum of the errors in each group is zero, we get 

IVj - (a + £>*,)} + {y 2 - [a + 6*,,H + ... ly ft - {a + bx k )) = 0 

tv* ♦ 1 - <« + ***♦ 1» + t>'* + 2 - + bx k*2» + + tv„- (a + K>l = 0 

On simplification* we obtain 


yitt + = c + 6 *i + *a+-+** 
k k 

y* + l + y* + 2 +“‘ + y n L x k + l + ** + 2 + — + x n 

- = a + b ----- 

n - k n - k 


U2) 

US) 


In (2), j te|+x-++x 4 )and (yj + y 2 + — + y^ are simply the average values oix’s and y’s of the first 
k k 


group. Hence the equations (2) and (3) are obtained from (1) by replacing x andy by their respective averages of 
the two groups. Solving (2) and (3)* we get a and ft. 

The main drawback of this method is that a different grouping of the observations will give different values of 
a and b. In practice* we divide die data in such a way that each group contains almost an equal number of observations. 

Example 24.12* The latent heat of vaporisation of steam r t is given in the following table at different 
temperatures t: 

t : 40 50 60 70 SO 90 100 110 

r: 1069.1 1063.6 1058.2 1052.7 1049,3 104 L8 1036.3 1030.8 

For th is range of temperature ,* a relation of the form r = a + bt is known to fit the data. Find the values 
of a and b by the method of group averages. { Madras , 2003) 


Solution. Let us divide the data into two groups each containing four readings. Then we have 


t 

r 

t 

r 

40 

1069.1 

80 

1049.3 

50 

1063.6 

90 

1041,8 

60 

1068.2 

100 

1036.3 

70 

1052.7 

no 

1030.8 

It = 220 

£r = 4243.6 

It = 380 

lr = 4158.2 
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Substituting the averages of t's and r’s of the two groups in the given relation, we get 
4243.6 
4 

4158.2 

4 4 

Solving (» ) and (ii), we obtain 

o = 1090.26. 6 = - 0.534. 


. 220 

= a + b - 

4 

i.e., 1060.9 = ti + 556 

...ti) 

A . 380 
= a + o - 

i.e., 1039.55 = a + 956 

...(it) 


FITTING A PARABOLA 


We have applied the method of averages to linear law involving two constants only. To fit the 

y = a + bx + cx 2 

which contains three constants, to a set of observations, we proceed as follows : 

Let Upy,) be a point on (1) satisfying the given data so that 

y, = a + bx j + rx ( 2 

Then y ~y 1 = b lx - Xj) + c (* 2 -*j 2 ) 

or ——— = b + c (* + x.) 

x ~ x % 

Putting* + Xj = X and (y — y^J/tx - Xj) = Y, it takes the linear form 
y = 6+cX. 

Now b and c can be found as before. 

Example 24,13. The corresponding values of x and y are given by the following table : 
x: 87.5 84.0 77.8 63.7 46.7 36.9 

y: 292 283 270 235 197 181 

Solution. Taking* = 84, y = 283 as a particular point ony - a + bx + cx 2 , 
we get 283 = a + b (84) + c (84) 2 

y - 283 = b lx — 84) + c lx 2 - (84) 2 ] 

or ——=6 + e (x + 84) 

*-84 

i.e., Y = b +cX 

where X = x + 84, T = (y — 283 V(* - 84). 

Now we have the following table of values : 


X 

y 

X = X + 84 

Y = (y-283)/(x 

87,5 

292 

171.6 

2,571 

84.0 

283 

— 

— 

77.8 

270 

161.8 

2.097 



ZX= 333.3 

ZY ^ 4.668 

63.7 

235 

147.7 

2,364 

46.7 

197 

130.7 

2,306 

36.9 

181 

120,9 

2.166 


IX = 399.3 


ZY = 6.836 


Substituting the averages ofX and V in (it), we get 

i.e., 2.33 = b + 166.65 c 


4.668 , 333.3 

= b + c 


2 

6,836 


= b + r 


2 

399.3 

3 


i.e., 2.28 = b + 131.1 c 


parabola 

...(I) 


...ti) 


Mi) 


Xiii) 

.Xiv) 





















826 


Higher Engineering Mathematics 


(iojMifiE) gives c ~ 0,0014 

and (iii) gives b - 2.0967 Le. t 2*1 nearly 

From (i), we get a = 96*9988 Le *, 97 nearly. 

Hence the parabola of Fit is 

y = 97 + 2*lx + ,G014x 2 , 

Ivxample 21.14. The train resistance R (lbs/ton) is measured for the following values of its velocity 
V* (km/hr); 


V: 

20 

40 

$0 

SO 

100 

R: 

5 

9 

14 

25 

36 


If R is related to Vby the formula R = a + bV n $ find a b, an o. 

Solution. To Find a , we take the following three values of v which are in G.P, : 

v x = 20, v 2 - 40, v 2 = 80 

Then = 5, R 2 = 9, ^ = 25 

(R l -a)(R. A -a) = (R 2 -af 

whence a - — ——— — 3*67 

R } + R s - 2R> 

Thus R - 3.67 - fcV* or log l£> (i? - 3.67) = log m b + n log l0 V 
Le. t Y=k + nX U0 

where X = log 10 V,Y = Iog 10 (/? - 3*67), k = log 10 6* 

Now we have the Following table of values r 


V 

R 

X = log w V 

Y - log w (R- 3.67) 

20 

5 

1.3010 

0.1238 

40 

9 

1.6021 

0.7267 

60 

14 

1 7782 

1*0141 



IX = 4.6813 

IY = 1.8846 

80 

25 

1.9031 

1.3290 

100 

36 

2.0000 

1.5096 



IX = 3.9031 

LX = 2.8396 


Substituting the averages of Xs and Ys in (i), we obtain 


1.8646 

2 

= k + n 

4.6813 

2 

i.e., 0.6215 = k + 1.5604 n 

...(it) 

2.8386 

2 

- k + n 

3.9031 

2 

Le., 1.4193 = /; + 1.9516 » 

...(iii) 


Solving (if) and (iii), we get n - 2*04, k = — 2.56 approx* 

6 = antilog k = antilog (— 2*56) = 0*0028* 


PROBLEMS 24.4 


L 


% 


Fit a straight line of the form y = o b* to the following data by the method of group averages : 
x: 0 5 10 15 20 25 

y ; 12 15 17 22 24 30 (Tinirhirapalli, 2001) 


The weights of a calf taken at weekly intervals are given below 

Age : I 2 3 4 5 6 7 8 9 10 

Weight : 52*5 58.7 65.0 70.2 75.4 81*1 * 87.2 95.5 102,2 108.4 

Find a straight line of best fit 
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3. Using the method of averages, fit a parabola y = nr 2 + bx * c to the following data : 

x : 20 40 60 80 100 120 

y : 6.5 9.1 14.9 22.8 33.3 46.0 

4. While testing a centrifugal pump, the following data is obtained. It is assumed to fit the equation y = a + bx + cx 2 , 
where x is the discharge in litre/sec and y, head in metres of water Find the values of the constants a, b, c by the 
method of group averages. 

*: 2 2.6 3 3.6 4 4,6 5 6.5 6 

y: 18 17.8 17.5 17 16.8 14.8 13.3 11.7 9 

6. By the method of averages, fit a curve of the form y = ad a to the following data : 
x: 5 15 20 30 36 40 

y: 10 14 26 40 50 62 (Madras. 2002) 


24,9 


METHOD OF MOMENTS 


Let (Xj.yj), (x 2 ,y 2 ),... Or n ,.Y„) be the set of n observations such that 

x 2~ X l =*3-*2 = = x n = h (sa ^ 

We define the moments of the observed values of y as follows : 

m v the 1st moment = hZy 
m 2t the 2nd moment = kZxy 

the 3rd moment = hXx*y and so on* 

Let the curve fitting the given data bey = fix). Then the moments of 
the calculated values of y are 


p p the 1st moment = 
p 2 , the 2nd moment = 



jig, the 3rd moment - 



dx and so on* 



P 2 [x^y 2 ) 

♦ 


Fig. 24.6 


L^B X 




This method is based on the assumption that ike moment of the observed values of y are respectively equal 
to the moments of the calculated values ofy Lem j = p p m 2 ~ p^, rn 3 = p 3 etc. These equations (known as observa¬ 
tion equations) are used to determine the constants in f (x). 

m’s are calculated from the tabulated values ofx andy while p T s are computed as follows : 

In Fig. 24.6, y 1 the ordinate of P i (x = x % ), can be taken as the value ofy at the mid-point of the interval 
(x 3 - h/2yX l + hJ2 ). Similarly, y n , the ordinate ofP,, (x - x n ), can be taken as the value ofy at the mid-point of the 
interval ix n - hi 2, x n + A/2). If A and B be the points such that 

OA = x r — hi2 and OB = x n + h 1 2, 


then 

pi= 

r + hi 2 

[Y<fjc= F f(x)dx 

j Jot, -A/2 


p 2 = 

pot„ *ht 2 

j xf(x) dx 

Jot, -A/2 

and 


r*n+A/2 

x 2 f(x) dx. 

Jor,-A/2 


Example 24.15. Fit a straight line y = a + bx to the following data by the method of moments : 
x; 1 2 3 4 

y: 16 19 23 26 (Madras, 2001 S) 

Solution. Since only two constants a and b are to be found, it is sufficient to calculate the first two 
moments in each case. Here h - 1. 

m } = hly = 1 (16 + 19 + 23 + 26) = 84 

m 2 = hlxy -I(lxl6 + 2xl9 + 3x22 + 4x 26) = 227 
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To compute the moments of calculated values of y = a + fax, the limits of integration will be 1 - hi 2 and 
4 + hJ2Le. t 0,5 to 4,5 

Pi 31 2 f (a 4 fax) dx = 

Jo 5 

f 4 S Q1 

Mo = xia + fax) dx = 10a + —fa. 

Jos 3 

91 

Thus, the observation equations m r « r| r (r = l f 2) are 4 a + lOfa = 84 ; 10a + — fa = 227 

o 

Solving these, a = 13,02 and 6 = 3.19, 

Hence the required equation isy = 13.02 + 3.19x. 

Example 2-1.16. Given the following data ; 

x : 0 2 2 3 4 

y; 1 5 10 22 38 

find the parabola of best fit by the method of moments 

Solution. Let the parabola of best fit be_y = a + bx + ex* ...(i) 

Since three constants are to be found, we calculate the first three moments in each case. Here h = 1. 

m, = KLy = 1 (1 + 5 + 10 + 22 + 38) = 76 
m 2 = hlxy = 1 {0 + 5 + 20 + 66 + 152) = 243 
m 3 = hlx^y = 1 (0 + 5 + 40 + 198 + 608) = 851 

For computing the moments of calculated values of (i), the limits of integration will be 0 — h/2 and 4 + /i/2 

i.e ., -- 0.5 and 4,5. 

Ji, = f (a + bx + cx 2 )dx = 5a + 106 + 30.4c 
J-0.S 

f 4 6 „ 

Po = I x (a + 6x + ex 2 ) fits: = 10a + 30.46 + 102.5c 

J-0.5 

*4 5 

= x 2 (a + fax + cx 2 )dx = 30,4a + 102.56 + 369,1c 

J—0.5 

Thus the observation equations m r - p r (r = 1, 2, 3) are 

5a + 106 + 30 4c = 76 ; 10a + 30 4 + 102.5c = 243 ; 30,4a + 102,56 + 369.1c = 851 
Solving these equations, we get a = 0,4,6 = 3,15 t c - 1,4, 

Hence the parabola of best fit is y - 0,4 + 3.1 fir + I.4x 2 . 


. x* 
ax + fa — 
2 


= 4a + 106 


n s 


PROBLEMS 24.5 


L Use the method of moments to fit the straight liney = a + fax to the data : 
x; I 2 3 4 

y ; 0.17 0,18 0.23 0.32 

2, Fit a straight line to the following data, using the method of moments : 

xi 13 5 7 9 

y: 1.5 2.8 4.0 4,7 6.0 Madras, 2001) 

3, Fit a parabola of the form y = a +■ bx + vx 2 to the data ; 

x: 12 3 4 

y t 1*7 IS 2.3 3.2 

by the method of moments, 

4, By using the method of moments, fit a parabola to the following data : 

x: I 2 3 4 

y: 0.30 0.64 1.32 BM tMadras, 2000 S) 
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24.10 


OBJECTIVE TYPE OF QUESTIONS 








I PROBLEMS 24.6 


Fill up the blanks nr choose the corn'd nnstver m the following problems : 

1. The law y - ax 2 + bx converted to linear form is . 

2. The gas equation ptft = k can be reduced toy = a + bx where a = 

3. The principle of 'ten&t squares* states that . . 

4. y - ax* f 4 c in linear form is *«***«. 

5. To fit the straight liney = mx + c to n observations, the normal equations are 

(i) Xy * n Ex + Xcm t Xxy = c Xx 2 4 c Xn, 

(i i) Xy *mlr + nr* Xxy* « m Xx 2 4 c Xx, 

(in) Xy « c Xx 4 m In, I xy ^ c Xx 2 4 m Xx . 

6 * To fltj 3 ab x by least square method* normal equations are .,***„*■ 

7. The observation equations for fitting a straight line by method of moments are .. 

6* The method of group averages is based on the assumption that the sum of the residuals is 
0- y ~ ax 2 + b Iog w x reduced to linear law takes the form 

x : 0 1 2 

yr OH 2, 

11. The mefhod of moments is based on the assumption that ,.***..** 

12. In y = a 4 bx, Er = 60, ly = SO* Xxy = 1030, Xx 2 = 760 and n - 10, then a = ..*** b = .. 

13. y = xftax 4 6) in linear form is. 




10. Given 


a 


then the straight line of best fit is *... 



It If y 4 bx rex 2 and 

*: 0 1 

y: l 1.8 

then the first normal equation is : 
(a) 15 - 5a 4 106 4 2flfc, 

(y) 12.9 = 5a 4 106 + 30c 


2 

1*3 


3 

2.6 


4 

7*3 


(p) 15 = 5<i 4 106 + 31c 
(8) 34 ^ 5a 4 106 4 27c* 

16* Ify = 2x + 5 is the best fit for 8 pairs of values Cx t y) by the method of least squares and I^y = 120* then XX 

(6) 40 (c) 45 (d) 30. 


(a) 35 






‘II Wm- 


' 
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25.1 


INTRODUCTION 


Statistics deals with the methods for collection, classification and analysis of numerial data for drawing 
valid conclusions and making reasonable decisions. It has meaningful applications in production engineering, in 
the analysis of experimental data, etc. The importance of statistical methods in engineering is on the increase. 
As such we shall now introduce the student to this interesting field. 


25.2 


(1) COLLECTION OF DATA 


The collection of data constitutes the starting point of any statistical investigation. Data may be 
collected for each and every unit of the whole lot {population), for it would ensure greater accuracy. But 
complete enumeration is prohibitively expensive and time consuming. As such out of a very large number of 
items, a few of them (a sample) are selected and conclusions drawn on the basis of this sample are taken to 
hold for the population. 

(2) Classification of data. The data collected in the course of an inquiry is not in an easily assimilable 
form. As such, its proper classification is necessary for making intelligent inferences. The classification is done 
by dividing the raw data into a convenient number of groups according to the values of the variable and finding 
the frequency of the variable in each group. 

Let us, for example, consider the raw' data relating to marks obtained in Mechanics by a group of 64 
students: 


79 

88 

75 

60 

93 

71 

59 

85 

84 

75 

82 

68 

90 

62 

88 

76 

65 

75 

87 

74 

62 

95 

78 

63 

78 

82 

75 

91 

77 

69 

74 

68 

67 

73 

81 

72 

63 

76 

75 

85 

80 

73 

57 

88 

78 

62 

76 

53 

62 

67 

97 

78 

85 

76 

65 

71 

78 

89 

61 

75 

95 

60 

79 

83 


830 
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This data can conveniently be grouped and shown in a tabular form as follows : 


Class 

Frwjtitmcy 

Cumulative frequency 

60—54 

1 

1 

55—59 

2 

3 

60—64 

9 

12 

66—69 

7 

19 

70—74 

8 

27 

75—79 

17 

44 

80—64 

6 

50 

85—89 

8 

58 

90—94 

3 

61 

95—99 

>3 

Total =£ 64 

64 


It would be seen from the above table that there is one student getting marks between 50—54* two 
students getting marks between 55—59* nine students getting marks between 60—64 and so on. Thus the 64 
figure have been put into only 10 groups, called the classes. The width of the class is called the class interval 
and the number in that interval is called the frequency. The mid-point or the mid-value of the class is called the 
class mark. The above table showring the classes and the corresponding frequencies is called a frequency table . 
Thus a set of raw data summarised by distributing it into a number of classes along with their frequencies is 
known as a frequency distribution. 

While forming a frequency distribution* the number of classes should not ordinarily exceed 20* and should 
not, in general* be less than 10. As far as possible* the class intervals should be of equal width, 

(3) Cumulative frequency. In some investigations* we require the number of items less than a certain 
value. We add up the frequencies of the classes upto that value and call this number as the cumulative 
frequency * In the above table* the third column shows the cumulative frequencies* Le. f the number of students, 
getting less than 54 marks, less than 59 marks and so on. 


GRAPHICAL REPRESENTATION 


A convenient way of representing a sample frequency 
distribution is by means of graphs. It gives iv the eyes the general 
run of the observations and at the same time makes the raw' data 
readily intelligible* We give below the important types of graphs 
in use : 

(1) Histogram* A histogram is drawn by erecting 
rectangles over the class intervals, such that the areas of the 
rectangles are proportional to the class frequencies. If the class 
intervals are of equal size, the height of the rectangles will be 
proportional to the class frequencies themselves l Fig. 25.1)* 

(2) Frequency polygon. A frequency polygon for an 
ungrouped data can be obtained by joining points plotted with the 
variable values as the abscissae and the frequencies as the 
ordinates. For a grouped distribution* the abscissae of the points 
will be the mid-values of the class intervals. In case the intervals 
are equal, the frequency polygon can be obtained by joining the 
middle points of the upper sides of the rectangles of the histogram 
by straight lines (shown by dotted lines in Fig. 25.1). If the class 
intervals become very very small, the frequency polygon takes the 
form of a smooth curve called the frequency curve. 

(3) Cumulative frequency curve-Ogive. Very often* it is desired to show in a diagrammatic form, not 
the relative frequencies in the various intervals, but the cumulative frequencies above or below a given value. 
For example* we may wish to read off from a diagram the number or proportions of people whose income is not 
less than any given amount, or proportion of people whose height does not exceed any stated value. Diagrams of 



Murks 


Fig. 25.1 





















832 


Higher Engineering Mathematics 


this type are known as cumulative frequency curves or ogives. These are of two kinds 'more than ’ or Hess than 9 
and typically they look somewhat like a long drawn S (Fig, 25,2), 



Fig, as .2 

Example 25*1, Draw the histogram, frequency polygon, frequency curve and the ogive Hess than 9 and 
'more than* from the following distribution of marks obtained by 49 students : 


Class 

f Marks group} 

Frequency 
(No. of students) 

Cumulatii 

:e frequency 

{Less than) 

(More than ) 

5—10 

5 

5 

49 

10—15 

6 

11 

44 

15—20 

l * 15 

26 

38 

20—25 

10 

3$ 

23 

2S -—df) 

5 

41 

13 

30-^35 

4 

45 

8 

35—40 

2 

47 

4 

40—45 

2 

49 

2 


Solution. In Fig. 25,1, the rectangles show the histogram; the dotted polygon represents the frequency 
polygon and the smooth curve is the frequency curve. 

The ogives less than' and 'more than 1 are shown in Fig, 25:2. 


25.4 


COMPARISON OF FREQUENCY DISTRIBUTIONS 


The condensation of data in the form of a frequency distribution is very useful as far as it brings a long 
series of observations into a compact form. But in practice, we are generally interested in comparing two or more 
series. The inherent inability of the human mind to grasp in its entirety even the data in the form of a frequency 
distribution compels us to seek for certain constants which could concisely give an insight into the important 
characteristics of the series. The chief constants which summarise the fundamental characteristics of the 
frequency distributions are (i) Measures of central tendency r ( ii ) Measures of dispersion and (it) Measures of 
skewness. 


25.5 


MEASURES OF CENTRAL TENDENCY 


A frequency distribution in general, shows clustering of the data around some central value. Finding of 
this central value or the average is of importance, as it gives a most representative value of the whole group. 
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Different methods give different averages which are known as the measures of central tendency. The commonly 
used measures of central value are Mean , Median , Mode r Geometric mean and Harmonic mean * 

(1) Mean. If x v x 2 , x 3> are a set of n values of a variate, then the arithmetic mean (or simply mean) 

is given by 


■*1 

x = —- 


x, + x*> + 


*3 


+ ... + X „ 




Ex, 


».(1) 


«.< 2 ) 


n n 

In a distribution, ifx {t x 2 , ... 3 x n be the mid-values of the class-intervals having frequencies/^,/!,, 

respectively, we have 

_ _ fjX 1 + / 2 X 2 + ... + />„ If,X, 

A + k + - + A, £ f , 

Calculation of mean. Direct method of computing especially when applied to grouped data involves 
heavy calculations and in order to avoid these, the following formulae are generally used ; 

ZfM. 

t. Short-cut method x = A + 


//* Step-deviation method x = A. + h 


3* 

If.u. 


If. 


...(3) 

...(4) 


where d-x-A and a = (x -A)/h,A being an arbitrary origin and h the equal class interval. 

Proof. Ifx r x.>, .... x n are the mid-values of the classes with frequencies f v f . lt .... f u , we have 

Lf iX< ~ If iA + d t ) = Alf + 1fd i 

if, zf, 

Further u t = d/h or d i = An*. Substituting this value in (3), we get (4), 

Ot>5, The algebraic sum of the deviations of all the variables from their mean is zero, for 

V, Uer 


Cor- If Xj t be the means of two samples of size and n 2 , then the mean x of the combined sample of size n A + n 2 

is given by 


x - n t x i * n 2% 

+ n 2 


For f?j Xj ss sum of all observations of the first sample, 
and o 2 x 2 “ sum observations of the second sample, 

«\ sum of the observations of the combined sairiple - « x -v 1 + n 2 x 2 * 

Also number of the observations in the combined sample — 

mean of the combined sample = + n 2 x 2. 

n l +n 2 

Example 25*2, The following is the frequency distribution of a random sample of weekly earnings of 509 
employees: 

Weekly earnings; 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 

No. of employees: 3 6 10 15 24 42 75 90 79 55 36 26 19 13 9 7 

Calculate the average weekly earnings. 

Solution, The calculations are arranged in the following table. The arbitrary origin is generally taken as 
the value corresponding to the maximum frequency. 

By direct method, we have 

Mean x = = = 26.16 

If 509 

By step-deviation method, we have 


- , , 0 295 

a ‘ ’ y J+2>I 509 

~ 25 + L16 - 26.16, which is same as found above. 
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Weekly 

tamings 

Mid value 

No * of 
employees 

f 


Step deviation# 


X 

f X X 

u*ix~26V2 

/x n 

10—12 

u 

3 

S3 

— / 

-21 

12—14 

13 

6 

78 

~G 

-36 

14—16 

15 

10 

150 

-5 

— 50 

16—18 

17 

15 

255 

-4 

-60 

IB—20 

10 

24 

456 

-3 

-72 

20—22 

21 

42 

882 

-2 


22—24 

23 

76 

1725 

- 1 

-75 

24—26 

25 

90 

2260 

0 

-398 

26—28 

27 

79 

2133 

1 

79 

28—30 

20 

55 

1595 

2 

110 

30—32 

31 

36 

1116 

3 

108 

32—34 

33 

26 

868 

4 

104 

34—36 

35 

19 

665 

5 

96 

36—38 

37 

13 

481 

6 

78 

38—10 

39 

9 

361 

7 

63 

40—42 

41 

7 

287 

8 

56 






■+ 69 3 



09 

Zfx = 13.315 


Lfu = 296 


(2) Median. If the values of a variable are arranged in the ascending order of magnitude, the median is the 
middle item if the number is odd and is the mean of the two middle items if the number is even . Thus the median 
is equal to the mid-value, Le. % the value which divides the total frequency into two equal parts. 

For the grouped data , 

(*N -C) 


Median = L + 


x h 


where L = low er limit of the median class, N = total frequency, 

f = frequency of the median class, h - width of the median class, 
and C = cumulative frequency upto the class preceding the median class. 

Quantiles. Qunrtiles are those values which divide the frequency into four equal parts, when the values are 
arranged in the ascending order of magnitude. The lower quart Ue (Q r ) is mid-way between the lower extreme and the 
median. The upper quartile is midway between the median the upper extreme. 

For the grouped data, these are calculated by the formulae : 

(iN-C) 


and 


Q,=L 


Q a = L + 


xh 


(f N-C) 


x h 


where L - lower limit of the class in which or lies, f = frequency of this class, h - width of the class 
and C - cumulative frequency upto the class preceding the class in which Q x or Q^ lies. 

The difference between the upper and lower quartdes, he., — Q } is called the inter-quartile range. 

Gbs, The ogives give a ready method of marking on the curve the values or the median and the quantiles. The two 
ogives less than 1 and 'more than* cut each other at the median (Fig. 25.2 j, 

(3) Mode- The mode is defined as that value of the variable which occurs most frequently, i.e, t the value of 
the maximum frequency. 

Fora grouped distribution, it is given by the formula 

A, 


Mode = L + 


Aj + Ag 


where L = lower limit of the class containing the mode. 
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= excess of modal frequency over frequency of preceding class, 

Ag = excess of modal frequency over following class, 
and h - size of modal class. 

For a frequency curve (Fig, 25,l) f the abscissa of the highest ordi nate determines the value of the mode. 
There may be one or more modes in a frequency curve. Curves having a single mode are termed as unimodal, 
those having two modes as bi-modal and those having more than two modes as mutti-modaL 

0ba. In a symmetrical distribution, the mean, median and mode coinride. For other distributions, however, they 
are different and are known to be connected by the empirical relationship: 

Mean - Mode = 3(Mean - Median). 


Example 25*3. Calculate median and the lower and upper quart lies from the distribution of marks 
obtained by 49 students of example 25A. Find aha the semidn terQuartite range and the mode , 

Solution. Median (or 49/2) falls in the class (16—20) and is given by 

15 + f49/ ^~ U X 5 = 15 + = 19.5 marks. 

15 o 

Lower quartile Q { (or 49/4) = 12,25) also falls in the class 15—20. 

^ _ (49/4)-11 t _ 12.5 

/. Qj e 15 + —-—- x 5 = 15 + = 15.4 marks 

iv J 

Upper quartile (or f * 49 = 36,75) falls in the class 25—30. 


- 25 + 


36.75 - 36 


x 5 = 25,75 marks. 


c * * 4 . 4 *t j n , 25.75-15,4 10.35 - 

Semi-interquartile range = |( Q 3 - Qj) = *---- = —= 5,175. 

Mode. It is seen that the mode value falls in the class 15—20. Employing the formula for the grouped 
distribution, we have 

15-6 


Mode = 15 + 


(15 - 6) + (15 -10) 


x 5 = 18,2 marks. 


Ohs. In Fig. 26.2, the ogives meet at a point whose abscissa is 19.5 which is the median of the distribution. The 
values for the lower and upper quartile* are similarly seen to be 15.4 (for frequency' 12,25) and 25.7 (for frequency 38,76), 


Example 25.4* Given below are the marks obtained by a batch of 20 students in a certain class test in 
Physics and Chemistry. 


Roll No. of 
students 

Marks in 
Physics 

Marks in 
Chemistry 

Roll No. of 
students 

Marks in 
Physics 

Marks in 
Chemistry 

l 

53 

58 

11 

25 

to 

2 

54 

55 

12 

42 

42 

3 

52 

25 

13 

33 

15 

4 

32 

32 

14 

48 

16 

5 

30 

26 

15 

72 

50 

6 

60 

85 

16 

51 

64 

7 

47 

44 

17 

45 

39 

8 

46 

80 

18 

33 

38 

9 

35 

33 

19 

65 

30 

10 

28 

72 

20 

29 

36 


In which subject is the level of knowledge of the students higher ? 

Solution* The subject for which the value of the median is higher will be the subject in w hich the level of 
knowledge of the students is higher. To find the median in each case, we arrange the marks in ascending order 
of magnitude : 
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Sk No. 

Marks in 

Marks in 

Sr. No. 

Marks in 

Marks in 


Physics 

Chemistry 


Physics 

Chemistry 

1 

25 

10 

11 

46 

42 

2 

28 

15 

12 

47 

44 

3 

20 

25 

13 

48 

46 

4 

30 

26 

14 

61 

60 

5 

32 

30 

15 

52 

56 

6 

33 

32 

16 

63 

58 

7 

33 

33 

17 

64 

64 

8 

35 

36 

18 

60 

72 

9 

42 

38 

19 

65 

80 

10 

45 

39 

20 

72 

B6 


Median marks in Physics = A.M. of marks of 10 th and 11th terms 

= ^= 45.5 

Median marks in Chemistry = A.M. of marks of 10th and 11th items. 

39 + 42 


2 


= 40.5 


Since the median marks in Physics is greater than the median marks in Chemistry; the level of knowledge 
in Physics is higher. 


Example 25.5. An incomplete frequency distribution is given as below : 

Variable : 10—20 20—30 30—40 40—50 50—60 60—70 

Frequency : 12 30 f 65 ? 25 

Given that the total frequency is 229 and median is 46, find the missing frequencies. 


70—80 

18 


Solution. Let f v f 2 be the missing frequencies of the classes 30—40 and 50—60 respectively. 

Since the median lies in the class 40—50, 

229^2^0^ 

65 

which gives f l = 33*5 which can be taken as 34. 

f 2 = 229 - (12 + 30 + 34 + 65 + 25 + 18} = 45, 

(4) Geometric mean. If x v x 2 , x n are a set of n observations, then the geometric mean is given by 

G.M. = (x t x 2 ... x n ) yn 


or 


log G,M, = — (logafj + logx 2 + ... + lGgx n ) 


-( 1 ) 


In a frequency distribution, let x r x n be the central values with corresponding frequencies f v f 2 , 
f n , we have 

G.M. = [( Xj /> . (,r 2 (x n /’ j 1 "' where /) = Zf. 


or 


log G.M. ~ - Ifi log* x + h lo £ *2 + - + fn ! °£ X J 


U2) 


Hence (1) and (2) show that logarithm of G.M. = A.M. of logarithms of the values. 

(5) Harmonic mean. Ifxj, ... x be a set of n observ ations, then the harmonic mean is defined as the 
reciprocal of the (arithmetic) mean of the reciprocals of the quantities . Thus 

1 


H.M, = 


1 4 + - 1 + 

n [ .v, s. 


i) 


In a frequency distribution, H.M. = 


i(A.A + _.A] 

n K x x x 2 x n ) 


where n - 'Lf. 









Statistical Methods 


837 


Example 25,6. Three cities A t B t C are equidistant from each other* A motorist travels from AioB at 30 
krn/hr, from B to Cat 40 km!hr, from C to A at 50 km!hr. Determine the average speed. 

Solution. Let AB = BC = CA = s km 
Time taken to travel from A to B = s/30 
Time taken to travel from B to C = s/40 
Time taken to travel from C to A - s/50 

a average time taken 
Thus the average speed 

In other words, the average speed is the harmonic mean of 30, 40 , 50 km/hr. 

Hence the average speed = ——--— = 38,3 km/hr, 

3 (36 + 40 + 5o) 


= IfjL + _L + JLl 
3 1.30 40 50 ) 

_s_ 

“ 1 ( s + A + .?_) 
3l30 40 50/ 


Obsu Gf the various measures of central tendency, the mean is the most important for it can he computed easily. The 
median , though more easily calculable, cannot be applied with ease to theoretical analysis. Median is of advantage when 
there are exceptionally large and small values at the ends of the distribution. 

The mode* though most easily calculated, hot; the leant significance. It is particularly misleading in distributions 
which are small in numbers or highly un*ymmtftricaJ 

The gfometnmi mean though difficult to compute, finds application in cases like populations where we are 
concerned with a quantity whose changes tend to be directly proportional to the quantity itself 

The hftrmonic mean is useful in limited situations where time and rate or prices are involved. 


PROBLEMS 25.1 


1. Draw the histogram and frequency polygon for the following distribution. Also calculate the arithmetic mean : 

Class interval : 0— 99 109—199 200—299 300—399 409—499 500—599 600—699 TOO—799 

Frequency ; 10 54 184 264 246 40 1 1 

2, The following marks were given to a batch of candidates : 


66 

62 

46 

79 

32 

61 

56 

60 

51 

49 

26 

42 

54 

54 

68 

70 

43 

68 

50 

52 

as 

67 

SO 

59 

43 

68 

71 

30 

46 

55 

82 

51 

63 

45 

63 

40 

35 

66 

70 

52 

67 

55 

57 

30 

63 

42 

74 

58 

44 

65 


Draw a cumulative frequency 1 curve. 

Hence find the proportion of candidates securing more than 50 marks. Also mark off the median, the first and third 
quarliles. 

3» Find the mean, median and mode for the following : 

Mid Value : 16 20 - 25 30 35 40 45 50 55 

Frequency: 2 22 19 14 3 4 6 1 l (Kcmta, 1990) 

4. Calculate mean, median and mode of the following data relati ng to weight of 120 articles : 

Weight (in gm) : 0—10 10—20 20—30 3Q--40 40—50 50—60 

No, of articles : 14 17 22 26 23 18 

5. The population of a country was 300 million in 1971- It became 520 million in 1989. Calculate the percentage 
compound rate of growth per annum. 

mint. Use P r - P D ( 1 +rV\ r being the growth rated 

B* The number of divorces per 1000 marriages in the United States increased from 84 in 1970 to 108 in 1990. Find the 
annual increase of the divorce rate for the period 1970 to 1990. 

7. An aeroplane Hies along the four sides of a square at speeds of 100, 200, 300 and 400 km/hr respectively. What is 
the average speed of the plane in its flight around the square. 

8. A man having to drive 90 km. wishes to achieve an average speed of 30 km/hr. For the first half of the journey* he 
averages only 20 ksn/hr. What must be his average speed for the second half of the journey if his overall average is 
to be 30 km/hr. 
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9. 


10 , 


Following table gives the cumulative frequency of the age of a group of 199 teachers Find the mean and median age 
of the group* 

Agein years: 20—25 25—30 30—36 36—40 40^45 45—50 50—55 65—60 60—<if5 65—70 

Gum, frequ.: 21 40 90 130 146 166 176 186 195 199 

Recast the foil owing cumulative table in the form of an Ordinary frequency distribution and determine the median 
and the mode: 


A to. of 
days absent 

No. 

of students 

No. of 
days absent 

tfo, 

of students 

Less than 6 

29 

Less than 30 

644 

Less than 10 

224 

Less than 35 

660 

Less than 15 

465 

Less than 40 

863 

Less than 20 

582 

less than 45 

666 

Le*« than 25 

634 




MEASURES OF DISPERSION 



Same mean different dispersion 
Fig, 25.3 


Although measures of central tendency do exhibit one of the 
important characteristics of a distribution, yet they fail to give any idea 
as to how the individual values differ from the central value, fa, 
whether they are closely packed around the central value or widely 
scattered aw T av from it. Two distributions may have the same mean and 
the same total frequency, yet they may differ in the extent to w hich the 
individual values may be spread about the average (See Fig. 25.3), The 
magnitude of such a variation is called dispersion. The important 
measures of dispersion are given below*: 

(1) Range. This is the simplest measure of dispersion and is given by the difference between the greatest 
arid the least values in the distribution* If the weekly wages of a group of labourers are 

? 21 23 28 25 35 42 39 48 

then range - Max. value - Min. value = 48 - 21 = ? 27. 

(2) Quartile deviation or semi-interquartile range. One half of the interquartile range is called 
quartile deviation, or semi-interquartile range. If Q { and are the first and third quartiles, the semi* 
interquartile range 

Q- 2 ^ 3 ^ 

(3) Mean deviation. The mean deviation is the mean of the absolute differences of the values from the 
mean, median or mode. Thus mean deviation (Af.O.) 


= \*f s K-Al 

where A is either the mean or the median or the mode. As the positive and negative differences have equal 
effects, only the absolute value of differences is taken into account. 

(4) Standard deviation. The most important and the most pow erful measure of dispersion is the stan¬ 
dard deviation (S.D. ) : generally denoted by o. It is computed as the square root of the mean of the squares of the 
differences of the variate values from their moan. 

Thus standard deviation (S,D„) 

a = ^ 

where IV is the total frequency I f r 

If however, the deviations are measured from any other value, say A, instead of x T it is called the root - 
mean-square deviation . 

The square of the standard deviation is known as the variance. 

Calculation of S.D. The change of origin and the change of scale considerably reduces the labour in the 
calculation of standard deviation. The formulae for the computation of o are as follows : 


Xf,(x, -x) 2 


N 


...( 1 ) 
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/. Short-cut method 

a - V 

//. Step-deviation method 

a = h V < 


If d 2 | 

I I 

(*Af 

r 

JS 

1 

{ if, J 

J 


' 3$ 2 | 


if, l 

»J J 


>,*( 2 ) 


<„(3) 


where d f = x f ~ A and = (x i ~ A)fh, being the assumed mean and h the equal class interval. 
Proof ! We know that x t - x = Lx i -A)-(x - A) 

Zffa - x f = ~(x - A)] 2 = I ffi 2 + (x -AfZf i -2(x ~A) Zfd, 


»w 2 - 


2 


91 


: =i4 + 


^ J 


Hence 


, 2£(jc-*) 2 

O' = 




y.rff fwf 
^ l ^ J 


Further d\ - 0r f - A)//i = d/A or d t - hd* it then substituting this value in (2) t we get (3). 

Ohs- The toot mean square deviation is least when measured from the mean 
The mot mean square deviation it* given by 

j.M. 


r>t j 8M f, TA1 . - . 

r “ nd 


n, 

*\ from f2) t we have s 2 ^ a 2 * < x -Ai 2 

This shows that r* is always > c 2 and the least value of a 2 ^ o 2 . This occurs when A = x. 


*,*(4) 


25.7 


U) 


COEFFICIENT OF VARIATION 


The ratio of the standard deviation to the mean, is known as the coefficient of variation. As this is a ratio 
having no dimension, it is used for comparing the variations between the two groups with different means. It is 
often expressed as a percentage. 

Coefficient of variation = = x 100 

x 

(2) Relations between measures of dispersion 

(i) Quartile deviation -213 (standard deviation ) 

(iV) Mean deviation = 4/5 {standard deviation) 


25.8 


STANDARD DEVIATION OF THE COMBINATION OF TWO GROUPS 


If m v o A he the mean and S.D. of a sample of size n l and g,, be those for a sample of size n 2 * then the S.D, 

O of the combined sample of size n l + n 2 is given by 

(iij + n z )g 2 - n t af + n 2 o|+ n t D^+ n.jD 2 
where D i = m i - m y m being the mean of combined sample. 

From (4), we have ns 2 = no 2 + n( x ~ Air where n is the size of the sample. 

Le. sum of the squares of the deviations from A - no 2 + ni x - A) 2 

Now let us apply this result to the first given sample taking A atm. Then, sum of the squares of the 
deviations of n x items from m = m) 2 - (5) 

Similarly for the second given sample taking A at m y sum of the squares of the deviations of n £ items from 
m = n 2 of + n 2 (m 2 - m) 2 ,,.(6) 

Adding (5) and (6), sum of the squares of the deviations of n r + n., items from m 

- /ijO 2 + n 2 o| + n l (m 1 - m ) 2 + n 2 (m 2 - m ) 2 
(fi-j + n 2 ) a 2 - /ijaf + /? 2 a| + n Y Df + nj ) 2 

This result can be extended to the combination of any number of samples, giving a result of the form 

(Zrcpo 2 - linp 2 ) + ZfnD 2 ). 
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Example. 25.7* Calculate the mean and standard deviation for the following : 


Size of item : 6 

7 8 

9 10 11 

12 


Frequency : 3 

6 9 

13 8 5 

4 

(V.T.U. 

, 2001) 

Solution. The calculations are arranged as follows : 



Size of item x 

Frequency f 

Deviation d = x — 9 

fxd 

fxd? 


6 

3 

-3 

- 9 

27 


7 

8 

- 2 

-12 

24 


8 

9 

~1 

-9 

9 


9 

13 

0 

0 

0 


10 

8 

1 

8 

8 


11 

6 

2 

10 

20 


12 

4 

» 

12 

36 



Zf- 48 


Zfd = 0 

Ifd* = 124 



Ifd 

wean = 9 + ~r = 9 


Standard deviation = 


iation = 


lf{x-xf 



~i *) 


=m 


1,607. 


Example ‘MM. Calculate the. mean and standard deviation of the following frequency distribution; 


Weekly wages is 7 

No. of men 

4.0—12.5 

4 

12.5—20,5 

24 

20.5 — 28.5 

21 

28.5 — 36.5 

18 

36.5 — 44.5 

5 

44,5—52.5 

3 

525—60.5 

5 

60.5 — 68.5 

8 

68.5—76.5 

2 


Solution. The calculations are arranged in the table below : 


Wages class 

r 

Mid value x 

No. of men f 

Step deviation 

- 

fd* 

fd** 

4.5—12.5 

8-5 

4 

-3 

-12 

36 

12.5—20,5 

16.5 

24 

— 2 

-48 

96 

205—28.5 

24.5 

21 

- 1 

-21 

21 

28,6—36.5 

32.5 

18 

0 

0 

0 

36,5—44.5 

40.5 

5 

1 

5 

5 

44.5—52.5 

48.5 

3 

2 

6 

12 

52.5-60.5 

56.5 

5 

3 

15 

45 

60,5—68,5 

64*5 

8 

4 

32 

128 

68.5—76,5 

72.5 

2 

6 

10 

50 



S/= 90 


Ifd" = - 13 

Ifd" 1 = 393 


mean wage = 32.5 + 8k = 32,5 + 81 -^p j = * 31.35 
Standard deviation = 8 j'- - \ j - = ? 16.64. 
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Example 25.9* The following are scores of two batsmen A and B in a series of innings ; 

A: 12 115 6 73 7 19 119 36 84 29 

B: 47 12 16 42 4 51 37 48 13 0 

Who is the better scorn getter and who is more consistent ? (V, T, U., 2004) 


Solution. Let x denote score of A and y that of B> 
Taking 51 as the origin, we prepare the following table : 


■X 


d a 

y 

5(=y-5i) 

8 1 



1521 

47 

- ■! 

16 

116 

64 

4096 

12 

"39 

1621 

6 

-45 

2025 

16 

— 35 

1225 

73 

22 

484 

42 

-9 

81 

7 

-44 

1936 

4 

"47 

2200 

19 

-32 

1024 

51 

0 

0 

119 

68 

4624 

37 

- 14 

196 

36 

- 15 

225 

48 

- 3 

9 

84 

33 

1089 

13 

"38 

1444 

29 

-22 

484 

0 

-51 

2601 

Total 

- 10 

17508 


- 240 

9302 


Fo r A, 


A.M. x = 51 + — = 51 - ~ = 50 
n 10 

S.D, Oj = | = V(1750.8 - (- 1) 2 1 =41.8 


>\ coefficient of variation 
For B t 


= ^ X100 = X 100 = 83.6% 
x 50 


A.M. y - 51 + — = 51 - ~ ^ 27 
n 10 


S.D. 



= \M930.2 - {- 24 ) 2 1 = 18.8 


/. coefficient of variation = x 100 = -Itt' x 100 = 69.6% 

y 27 

Since the A.M, of A > A.M. of B , it follows that A is a better score getter (i.e,, more efficient) than B. 
Since the coefficient of variation of B < the coefficient of variation of A, it means that B is more consistent 
than A. Thus even though A is a better player, he is less consistent. 


Example 25*10. The numbers examined, the mean weight and S, D, in each group of examination by 
three medical examiners are given below. Find the mean weight and S.D. of the entire data when grouped 
together 



H j = 50, x t = 113, Oj “ 6 
n 2 - 60, Xg = 120, g 2 = 7 
n 3 - 90, x 3 = 115, o 3 =: 8. 


Solution. We have 
















B42 


Higher Engineering Mathep/atics 


If x is the mean of the entire data, 


_ _ /t 1 j, + HgX; + n 3 x 3 50 x 113 -f 60 x 120 4- 90 x 115 23200 _ 


50 + 60 + 90 


200 


= 116 lb. 


Ifo is the S.D. of the entire data. 

A T o~ = /i jCfJ + /i 2 o| + n.,a| + n x D\ + np\ + n 3 D% 

where N = n x + n 2 + n 3 = 200, £), = if, - x = - 3, D 2 = x 2 - x = 4 and D. x =■ ic y - x = - 1. 

200o 2 = 50 x 36 + 60 x 49 + 90 x 64 + 50 x 9 + 60 x 16 + 90 x 1 
= 1800 + 2940 + 5760 + 450 + 960 + 90 
12000 


o 2 = 


200 


= 60, Hence o = Jgo = 7.746 lb. 


PROBLEMS 25.2 


L 


2 , 

X 

4, 


The crushing strength of 8 cement concrete experimental blacks* in metric tonnes per sq, cm„ was 4,8,4,2, 5J, 3.8, 
4,4, 4.7, 4.1 and 4 . 5 . Find the mean crushing strength and the standard deviation. 

Show that the variance of the first n positive integers is ^ (n 2 - I). {V.F.f/,, 200$) 

The mean of five items of an observation is 4 and the variance is 5,2. If three of the items are 1, 2 and 6, then find 
the other two. 

For the distribution 


x : 5 6 7 8 9 10 Lt 13 13 14 15 

f: 18 15 34 47 68 90 80 62 35 27 II 

find the mean, median and lower and upper quart lies, variance and the standard deviation. 

X The following table shows the marks obtained by 100 candidates in an examination. Calculate the moan, median and 
standard deviation : 

Murks obtained : 1—10 11—20 21—30 31—40 41—60 61—60 

No. of candidates; 3 16 26 31 16 8 

(Qsmania. 2003 S; V.T U. t 2003 S) 

6, Compute the quart*le deviation and standard deviation for the following : 

*: 100—109 110—119 120—129 130—139 140—149 150—159 160—169 170—179 

f 15 44 133 150 125 82 35 16 

7, Calculate (i) mean deviation about the mean, (0) mean deviation about the median for the following distribution : 

Class : 3—4.9 5—6.9 7—8.9 9—10.9 11—12,9 13—14,9 15—16.9 

f : 5 8 30 82 45 24 6 (Madras, 2002) 

8, Two observers bring the following two sets of data which represent measurements of the same quantity ; 

l, 105.1 103.4 104.2 104.7 104.8 106.0 104.9 

H. 105.3 105.1 104.8 105.2 106.7 102.9 103.1 

Calculate the standard deviation in each ease. Which set uf data is more reliable ? Can the same conclusion be 

reached by calculating the mean deviation ? 

Ohv The smaller the coefficient of variation, the greater is the reliability or camistmcy in the data. 

Ik The heights and weights of the 10 armyznen are given below. In which characteristics are they more variable ? 
Height in cm, 170 172 168 177 179 171 173 178 173 179 

Weight in kg. 75 74 75 76 77 73 76 76 74 75 

10* The index number of prices of two articles A and B for six consecutive weeks are given below : 

A t 314 326 336 368 404 412 

0; 330 331 320 318 321 330 


Find which has a more variable price ? 

11. The scores of two golfers A and B in 12 rounds are given below. Who is the better player and who is the more 
consistent player ? 

A: 74 75 78 72 78 77 79 81 79 76 72 71 

B: 87 84 80 88 89 85 86 82 82 79 86 80 

12, The scores obtained by two batsmen A and B in 10 matches are given below 1 : 


-4 : 36 44 66 62 60 34 80 46 20 38 

B: 34 46 70 38 55 48 60 34 45 30 


Calculating mean, S.D. and coefficient of variation for each batsman, determine who is more efficient and who is 
more consistent. 
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13, Find the mean and standard deviation of the following two sampler put together : 


Sum pie No. 

Size 

Mean 

S.D. 

1 

50 

158 

0 A 

2 

60 

164 

4.6 


14. A distribution consists of three components with frequencies 200* 250 and 300 having means 25, 10 and 15 and 
SDh. 3, 4 and 5 respectively. Show that the mean of the combined distribution i* 16 and its S.D. is 7.2 
approximately. 


25.9 


(1) MOMENTS 


The rlh moment about the mean x of a distribution is denoted by |i f and is given by 

The corresponding moment about any point a is defined as 

M,'-= SfV, 

In particular, we have jj g = g G ' = I 

n, = jjV.lXi -x)= 0;m/= Jj WMi - a) = X - a = d, say 

M 2 = jj ZfMi - x j 2 = a 2 . 

(2) Moments about the mean in terms of moments about any point. 

We have 


...(1) 

...(3) 

...(4) 

...(B) 


M r ~ jj VM, “ xf = y IfKXj -a)-<x - «t| r 

= -t - dV where X i = - a, d - x -a. 

= —iifiX; - r c l dy i x r l ~' + -...) 

= n; - r c } 4C-1 + r c 2 rfV;_ 2 -.- ...(«) 

In particular, 

- (7) 

= n’ 3 - 3fi' 2 M', + 2 M '? ,..(8) 

Ri = V-‘< ~ + 6 M>'? - 3m'? ..-(9) 

These three results should be committed to memory. It should be noted that in each of these relations, the 
sum of the coefficients of the various terms on the right side is zero. Also each term on the right side is of the 
same dimension as the term on the left. 


25.10 


SKEWNESS 


Skewness measures the degree of asymmetry or the 
departure from symmetry. If the frequency curve has a 
longer TaiT to the right, Le ,, the mean is to the right of the 
mode las in Fig. 25.4 (all, then the distribution is said to 
have positive skewness . If the curve is more elongated to the 
left, then it is said to have negative skewness [Fig. 25.4 (fri). 

The following three measures of skewness deserve 
mention : 


(i) Pearsons* coefficient of skewness - 


mean - mode 




Fig, 2S.4 


* After the English statistician and biologist Karl Pearson (1857—1936) who did pioneering work and found the English 
school of statistics. 
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where 


(if) Quartile coefficient of skewness - —— ^ 

Its value always lies between - 1 and + 1. 

(Hi) Coefficient of skewness hosed on third moment y l = , 

Pi = nf/Mf 

Thus y, = gives the simplest measure of skewness. 


25.11 


KURTOSIS 


Kurtosis measures the degree of peakedness of a distribution and is given by p„ = p 4 /p;>. 


A \ 

{a) Leptokurtic (b) Platykurtic (c) Mesokurtic 

Fig. 25.5 

y 2 - p 2 “ 3 gives the excess of Kurtosis, The curves with p 2 > 3 are called Leptokurtic and those with 
P 2 < 3 as Platykurtic. The normal curve for which p 2 = 3, is called Mesokurtic |Fig, 25.5]. 

Example 25 A 1* The first frmr moments about the working mean 28.5 of a distribution are (1294 1 7. 144, 
42.409 and 454.88 ■ Calculate the moments about the mean. Also evaluate p^ ji. f and comment upon the skew- 
ness and kurtosis of the distribution, (V. T. 13. p 2^ & J 

Solution. The first four moments about the arbitrary origin 28.5 are = 0,294, p' 2 = 7.144, p' 3 = 42.409, 
M' 4 = 454.98. 

P'l = X ~ 28 ‘ 5) = jj Z fa ~ 28 ‘ 5 = * ' 28 5 = 0 294 0r * = 28 794 

p 2 = p* 2 - p'f = 7.144 ~ (0.294) 2 = 7.058 

p 3 = p' 3 - 3p' 2 p'j + 2p'J = 42.409 - 3t7.144H0.294) + 2{0.294) 3 = 36.151. 
p< = p' 4 - 4p>'j + 6p',p' 2 - 3p'f 

= 454.98 - 4(42.409) x (0.294) + 6(7.144X0.294) 2 - 3(0.294)“ = 408.738 
Now p, = p|/p 3 = (Se.lSlF/a.OSS) 3 = 3.717 

P 2 = p 4 /pf = 408.738/(7.058) 2 = 8.205. 

Yj - TPi" = 1928, which indicates considerable skewness of the distribution. 
y 2 = p Q - 3 = 5.205 which shows that the distribution is leptokurtic. 

Example 25,12, Calculate the median, quurtiles and the quartile coefficient of skewness from the 
following data 


Weight (lbs) 

: 70-80 

80-90 

90-100 

100-110 

110-120 

720-730 

730-240 

140-150 

No. of persons 

; 12 

18 

35 

42 

50 

45 

20 

8 

Solution. Here total frequency N = 
The cunimulative frequency table is 

if t = 230. 






Weight (lbs): 

70-80 

80-90 

.90-200 

100-110 

220-220 

120-130 

130-140 

140-150 

f- 

12 

18 

35 

42 

50 

45 

20 

8 

cum , f ; 

12 

30 

65 

107 

157 

202 

222 

230 


Now N/2 ~ 230/2 = 115th item which lies in 110—120 group. 

,, n r N/2-C . 115-107 

median or Q 2 = L +---x h = 110 +-x 10 = 111.6 

f 50 

Also AT/4 = 230/4 = 57.5 i.e. Q 1 is 57.5th or 58th item which lies in 90-100 group. 
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Q x = L + * - 4 - - - x h = 90 + 57 5 ~ 30 xlQ = 97.85 
1 f 35 

Similarly, 3iV/4 = 172.5 Le. Q 3 is 173rd item which lies in 120-130 group. 

_ r 3A74-C , 172.5-157 

Q., = L + - - —-- x h = 120 +-—-x 10 = 123.44 


f 


45 


Hence quartile coefficient of skewness = ^ >1 - 

Qz-Qx 


97.85 + 123.44-2x111.6 
123.44-97.85 


= - 0.07 (approx.). 


PROBLEMS 2S.3 


1, Calculate the first four moments of the following distribution about the mean : 

* : 0 12 3 4 5 8 7 8 

f: 1 8 28 56 70 56 28 8 1 

Also evaluate P T and (V, T U ,, 2004 ; Madras, 2003 ) 

2 , The following table gives the monthly wages of 72 workers in a factory. Compute the standard deviation, quartile 

deviation, coefficients of variation and skewness. (WT.IK, 2001) 


Monthly utnges 
(in Z) 

No, of workers 

Monthly usages 
(in Z) 

No , of workers 

12.5—17,6 

2 

37.5—42.5 

4 

17 5—22.5 

22 

42.5—47.5 

6 

22.5—27,5 

19 

47.5—62.5 

1 

27,5-32.6 

14 

52.5—57,6 

1 

32.5—37.6 

3 




3. Find Pearson's coefficient of skewness for the following data z 

Class : 10-19 2CK-29 30-39 40-49 50-59 60-69 70-79 80-89 

Frequency : 5 9 14 20 26 15 8 4 (VTM> 2000 $) 

Compute the quartile coefficient of skewness for the following distribution : 

x: 3-7 8-12 13-17 18-22 23-4*7 28-32 33-37 38^42 

/: 2 108 680 175 80 32 18 5 

Madras, 2002 ; V TXl, 2000) 

Also compute the measure of skewness based on the third moment, 

6, The first three moments of a distribution about the value 2 of the variable are 1, 16 and - 40, Show that the mean 

- 3, the variance = 15 and p a ^ - 86. ( V'T. U. r 2003 S) 

6- Compute skewness and kurtnsis, if the first four moments of a frequency distribution fix ) about the value x - 4 are 
respectively 1, 4. 10 and 45, [Cot mb at are, 1999) 

7, In a certain distribution, the first four moments about a point are - 1.5, 17,-30 and 108. Calculate the moments 
a bout the mean, and fi,; and state whether the distribution is leptokurtir or ptatykurtic ? 


25.12 


CORRELATION 


So far we have confined our attention to the analysis of observations on a single variable. There are, 
however, many phenomenae where the changes in one variable are related to the changes in the other variable. 
For instance, the yield of a crop varies with the amount of rainfall, the price of a commodity increases with the 
reduction in its supply and so on. Such a simultaneous variation, i,e, when the changes in one variable are 
associated or followed by changes in the other, is called correlation . Such a data connecting two variables is 
called bivariate population. 

If an increase (or decrease) in the values of one variable corresponds to an increase (or decrease) in the 
other, the correlation Is said to be positive. If the increase (or decrease) in one corresponds to the decrease (or 
increase) in the other, the correlation is said to be negative. If there is no relationship indicated between the 
variables, they are said to be independent or uncorrelated. 
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To obtain a measure of relationship between the two variables, 
we plot their corresponding values on the graph, taking one of the 
variables along the x-axis and the other along they-axis* (Fig* 25.6)* 

Let the origin be shitted to (x, y\ where x > y are the means of x'b 
and y's that the new co-ordinates are given by 
X = *-*, T- y-y. 

Now the points (X, Y ) are so distributed over the four quadrants 
of XT-plane that the product XY is positive in the first and third 
quadrants but negative in the second and fourth quadrants. The 
algebraic sum of the products can be taken as describing the trend of 
the dots in all the quadrants* 

(i) If IXTis positive, the trend of the dots is through the first 
and third quadrants, %- 25.6 

(«) if EXT is negative the trend of the dots is in the second and fourth quadrants, and 
(i«) if IXY is zero, the points indicate no trend Le, the points are evenly distributed over the four 
quadrants* 

The IXY or better still ~ IXY , Le., the average of n products may be taken as a measure of correlation. If 
we put X and Y in their units, Le*, taking o x as the unit forx and c y fory, then 

EXT 



i v x y * 

-I —*—,i*e*, 
n 


a 4f °y 


n< 5 x C \ 


is the measure of correlation. 


25.13 


COEFFICIENT OF CORRELATION 


The numerical measure of correlat ion is called the coefficient of correlation and is defined by the relation 


IXY 

r = -- 

nOjOy 

where X = deviation from the mean x - x Y = deviation from the mean y = y - y, 

a x = S*D, of x-series, a y = S.D* ofy-series and n - number of values of the two variables* 

Methods of calculation : 

(a) Direct method . Substituting the value of o x and a y in the above formula, we get 

_ Exy 

r ~ <ax 2 i: y 2 ) 

Another form of the formula (1) which is quite handy for calculation is 


ttZry - Lrly 

\[[nZx 2 -Or) 2 1 x Inly 2 -(Iy) 2 || 


...( 2 ) 


(b) Step-deviation method. The direct method becomes very length} and tedious if the means of the two 
series are not integers* In such cases, use is made of assumed means* If d x and d } are step-deviations from the 
assumed means, then 


nld x d y - Id x Id y 

r ~ V 1 lnl</ 2 - (Ltf, ) 2 } X lust/ 2 - (U y f II 
where d y = (x - a )fh and d y - (y - b)/k. 


*.*(3) 


Glm, The change of origin and units do not alter the value of the correlation coefficient since r is a pure mimber. 

(c) Co efficient of correlation for grouped data. When x and y series are both given as frequency 
distributions, these can be represented by a two-way table known as the correlation-table. It is double-entry 
table with one series along the horizontal and the other along the vertical as shown on page 848, The co-efficient 
of correlation for such a bivariate frequency distribution is calculated by the formula* 
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n(lfd x d r ) - {Ifd^lfdy) 

V|( nlfd* ~(lfd x f | x Inlfd* - (Ifd y f )] " X 

where d x - deviation of the central values from the assumed mean of a-series, 
rf y = deviation of the central values from the assumed mean of y-series, 
f is the frequency corresponding to the pair (x f y) 
and n(= If) is the total number of frequencies. 

Example 25*13* Psychological tests of intelligence and of engineering ability were applied to 10 students. 
Here is a record of ungrouped data showing intelligence ratio (LRJ and engineering ratio CE.RJ. Calculate the 


coefficient of correlation . 









Student 

A 

B 

C 

D 

E 

F 

G 

H 

1 

J 

I.R. 

105 

104 

102 

101 

100 

99 

98 

96 

93 

92 

E.R. 

101 

Jft? 

100 

98 

95 

96 

104 

92 

97 

94 

(Andhra, 2000) 


Solution. We construct the following table : 


Student 

Intelligence ratio 

x x- x = X 

Engineering ratio 

y y-y=Y 

X* 

y 3 

XY 

A 

105 

6 

101 

3 

36 

9 

18 

R 

104 

5 

103 

5 

25 

25 

25 

C 

102 

3 

100 

2 

9 

4 

6 

D 

101 

2 

98 

0 

4 

0 

0 

E 

100 

1 

05 

-3 

1 

9 

-3 

F 

99 

0 

m 

-2 

0 

4 

0 

G 

m 


104 

8 

1 

36 

- 6 

H 

96 


92 

— 0 

9 

36 

18 

l 

93 

-6 

97 

-l 

36 

t 

6 

J 

92 

— 7 

94 

-4 

49 

16 

28 

Total 

990 

0 

980 

0 

170 

140 

92 


From this table* mean of x, i.e, x - 990/10 = 99 and mean ofy, i.e. y - 980/10 = 98. 

IX- = 170, IY A ^ 140 and IXY = 92. 

Substituting these values in the formula (lip. 744, we have 

EXT 92 


r - 


^(ZX^ZY 2 ) V(170 x 140) 


= 92/154.3 = 0.59. 


Example 25.14. The correlation tuhlcgiven below shows that the ages of husband and wife of 53 married 
couples living together on the census night of 1991. Calculate the coefficient of correlation between the age of the 
h u&band and that of the wife . {J. N. T. V., 2003 ) 
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Solution. 


Age af husband 

Age of wife x -series 

a 

ti 

Suppose 
. x =40 
*" 10 
. _,v - 4 0 

»— nr 

15-25 

25-36 

35-45 

46-55 

55-65 

66-75 

Total 

Years 

Mid 

pL X 

20 

30 

40 

50 

60 

70 





- 20 

-10 

0 

10 

20 

30 

f 




Age 

Mid 


\. d x 

-2 

-l 

0 

1 

2 

3 


fd v 

in* 

fd/K 

group 

pt y 































4 

2 








6 

15-25 

20 

-20 

-2 















1 

X 





2 

-4 

8 






4 

12 

0 







16 

25-35 

30 

-10 

-X 















2 

12 

1 




15 

-15 

15 







0 

0 

0 






0 

35-45 

40 

0 

0 
















4 

10 

1 



15 

0 

0 








0 

6 

2 





8 

45-65 

50 

10 

1 

















3 

6 

t 


10 

10 

10 









4 

16 

12 




32 

55-65 

60 

20 

2 


















2 

4 

2 

8 

16 

32 










6 

18 




24 

66-75 

70 

30 

3 



















1 

2 

3 

9 

27 


Total f 

3 

17 

14 

0 

6 

4 

53 = n 

16 

92 

86 


fd. 


-6 

-17 

0 

9 

12 

12 

10 















Thick figures in 


fd 1 


12 

17 

0 

9 

24 

36 

98 

small sqs. stand for 



■M 










ft! 

















fdjdy 


S 

14 

0 

10 

24 

30 

B6 

Check: 













= 86 













from both sides 


With the help of the above correlation table, we have 
_ nafit x d y )~(Ifd x HIfit,) 

VI! nlfd* - OfdJ 2 } x Unlfd; ~ <Xfd y f]\ 

__ 53 x 86 - 10 x 16 _ 4398 _ 4398 

V 1(53 x 98 - 100) x (53 x 92 - 256)1 ” V(5094 x 4620) “ 4850 


0.91 f approx,), 


25.14 


LINES OF REGRESSION 


It frequently happens that the dots of the scatter diagram generally, tend to cluster along a well defined 
direction which suggests a linear relationship between the variables x and y. Such a line of best-fit for the given 
distribution of dots is called the line of regression (Fig, 25.6). In fact there are two such lines, one giving the best 
possible mean values ofy for each specified value of* and the other giving the best possible mean values of x for 
given values ofy. The former is known as the line of regression ofy on x and the latter as the line of regression of 
x on y. 
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Consider first the line of regression ofy on x. Let the straight line satisfying the general trend of n dots in 
a scatter diagram be 

y-a+bx ...( 1 ) 

We have to determine the constants a and b so that (I) gives for each value of x f the best estimate for the 
average value ofy in accordance with the principle of least squares (page 816), therefore, the normal equations 
for a and b are 

Zy = no + 6Zr „,(2) 

Ixy = uZx + blx 2 ...(8) 


and 


— S y =a + 6. — lx Le ., y = a + bx . 
n n 


(2) gives 

This shows that (x, y) t Le. t the means ofx andy, lie on (1). 

Shifting the origin to (3c t y), (3) takes the form 

Kx-3eXy-y) - oZ(x -x) + bUx-xf 9 but alix -x) = 0, 


b = 


Hx - 5 tty - y ) ZXY IXY a 


Hx-x) 




IX 2 nal 




IXY 


r = 


no x o y 


a. 


Thus the line of best fit becomes y-y = r—(x~x) 

0 *. 


...(4) 


which is the equation of the line of regression of y on x. Its slope is called the regression coefficient ofy on x. 
Interchanging x andy, we find that the line of regression ofx on y is 


and 


x-x = r—(y - y) 
a y 

Thus the regression coefficient of y on x = ru y lo x 
the regression coefficient ofx any - ra x /o v 

Cor, The correlation coefficient r is the geometric mean between the two regression co-efficients . 
0 V 


-(5) 

,*.( 6 ) 

«.(7) 


For 




Example 25.15. The two regression equations of the variables x andy are x - 19.13 - 0.87y andy = 11.64 
- 0.50x. Find (i) mean ofx’s, (ii) mean ofy’s and (iii) the correlation coefficient between x andy. 

(V. T. U., 2004 ; Anna, 2003 ; Burdwan, 2003 ) 

Solution. Since the mean ofx’s and the mean of y’s lie on the two regression lines, we have 

x = 19.13 -0.87y ...(if 

y = 11.64 - 0.50x ...(ii) 

Multiplying (ii) by 0.87 and subtracting from (i), we have 

11 - (0.87X0.50)] x = 19.13-(11.64X0.87) or 0.57 % = 9.00 or x = 15.79 
y = 11.64 - (0.50X15.79) = 3.74 

/. regression coefficient ofy on x is — 0.50 and that ofx on y is - 0.87. 

Now since the coefficient of correlation is the geometric mean between the two regression coefficients. 

r = V[<- 0.50X- 0.87)] = V(0.43) = - 0.66. 

1“ ve sign is taken since both the regression coefficients are — vej 


Example 25,16. In the following table are recorded data showing the test scores made by salesmen on an 


intelligence test and their weekly sales : 
Salesmen 12 3 

4 

5 

6 

7 

S 

9 

10 

Test scores 40 70 50 

60 

80 

50 

90 

40 

60 

60 

Sales (000) 2.5 6.0 4.5 

5.0 

4.5 

2.0 

5.5 

3.0 

4.5 

3.0 

Calculate the regression line of sales on test scores and estimate the most probable w 

eekly sales volume if 

a salesman makes a score of 70 . 
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Solu tion. With the help of the table below, we have 

x = mean of x (test scores) = 60 + 0/10 = 60 
y = mean ofy (sales) - 4.5 + (- 4.5V10 = 4.05, 
Regression line of sales (y) on scores (x) is given by 
y-y = rto y /o x )(x-x) 


where 


Qy IXY o y IXY 
o x " a x a y a x ~ (a x f 






Idl -{I d s ?ln\ 


140 — 


0x<-4-5) 

~io - 


2400 - 0 s /10 


140 

2400 


= 0.06 


A the required regression line is 

y - 4,05 = 0.06(x - 60) or y - Q,06x + 0.45. 

For x - 70, y ~ 0.06 x 70 + 0.45 = 4 65* 

Thus the most probable weekly sales volume for a score of 70 is 4.65. 


Test 


Deviation of x from 

Deviation of y from 




scores 

Sales 

assumed mean 

assumed average 

d * d 

X ) 


d 1 

r 



(=50) 

(=4.5) 




X 

y 

4 

d y 




40 

2,5 

-20 

- 2 

40 

400 

4 

70 

6.0 

10 

1.5 

15 

100 

2.26 

50 

4.5 

-10 

0 

0 

im 

0 

60 

5.0 

0 

0.5 

0 

0 

2.25 

80 

4,5 

20 

0 

0 

400 

0 

50 

2.0 

-10 

-2.5 

25 

100 

6.25 

90 

5.5 

30 

1 

30 

900 

1.00 

40 

8.0 

-20 

- 1.6 

30 

400 

2.25 

00 

4.5 

0 

0 

0 

0 

0 

60 

o 

0 

-1.5 

0 

0 

2.25 


Id x = 0 

= — 4.5 

!H. 

Id a 

X 

U y* 






= 140 

= 2400 

=18.25 


Example 25-17. IfB is the angle between the two regression lines f show that 


tan 0 - 


l-r 2 o s o y 

r + CT^ 


Explain the significance when r - 0 and r- ± I. 


OJ.P.T.U., 2007 ;V.TM„ 2007) 


Solution, The equations to the line of regression ofy on x and x ony are 


y - y = r —(x - x) and x - x = r—(y - y) 


a their slopes are = ™ > /a j and m 2 = o^/ra^ 


Thus 


m 2 -m l a y /ra x -ra Y /a x \^ r 2 c x a y 
1 + m 1 m 2 l + a; /a* r <j 2 x + 0 * 


When r = 0 t tan 8 « or 0 = ji/ 2 i.e. ta/ten the variables are independent, the two lines of regression are 

perpendicular to each other. 

When r = ± l t tan 0 = 0 Le. ,0 = 0 or it Thus the lines of regression coincide i.e.> there is perfect correlation 
between the two variables . 
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Example 25*18, In a partially destroyed laboratory record f only the tines of regression ofy on x and x on 
y are available as 4x - 5y + 33 = 0 and 2Qx - 9y = 107 respectively. Calculate x t V and the coefficient of ca* 
relation between x and y. (S,V.T. U-, 2009 ; U.P.T. U* t 2009 : V\TM, t 2006) 


Solution* Since the regression tines pass through (x, y ), therefore* 


4x-5y + 33 = 0, 20x-9y = 107, 
Solving these equations, we get x = 13, y = 17. 

4 33 

Rewriting the line of regression of y on x asy - —x + —, we get 

5 5 


y* 



4 

5 


Rewriting the line of regression of x on y as x - 



we get 



Multiplying ( i ) and (a), we get 

r 2 = ~ x dL. m o.36 r = 0.6 

5 20 

Hence r = 0.6, the positive sign being taken as 6 vt and b xy both are positive. 


Mi) 


.Mi) 


Example 25.19. Establish the formula r = 
Hence calculate r from the following data : 


2a,a y 


x: 21 23 30 

y : HO 71 72 


54 57 58 72 

83 110 84 100 


78 

92 


87 90 

113 135 < U.P.T.U., 2002 ) 


Solution, (a) Let z = x -y so that z = x ~y, 

z- z ~(x~x)~(y -y) 

or (z-J) 2 =(x- xf + (y - y ) 2 - 2(x - xXy - jy) 

Summing up for n terms, we have 

Xz-D 2 =Ux-x?+Uy-y?-ZKx-xXy-y) 

Kz-I) 2 Hx-J? Iiy-y) 2 n llx-TKy-y) 

or - = -+- 2 - 

n n n n 


t.e.. 


a 2 = of + a 2 - 2ro I o. 



2Xx-xX>’- i y> 


no,o v 


which is the required resuit. 

(6) To fine r, we have to calculate a x , o v and <j . We make the following table ; 
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a 2 = 

X 


a 2 - 


■•2 — 


IX 2 

~N~ 

ZY 2 

N 


- f TX\* = 5636 _ 30 f = 

^ N) 10 UoJ 

(Zy f _ 5328 f-80f _ 

[ N I ~ 10 l, 10 J 


Kx-y? fZU-y) 


^ N 

From the above formula, 


•RH- 


532.8 - 64 = 468.8 


1359.6 - 1225 = 134.6 


= oj + a; - g;_ v 584.6 + 468.8 - 134.6 = g?6 

2o,o v 2x24.18x23.85 


Example 25.20. While calculating correlation coefficient between two variables x andy from 25 pairs of 
observations, the following results were obtained: n = 25, Zx = 125, Hi* - 650, Zy = 100, Zy 2 — 460, Zxy = 508. 


X 

y 

X 

y 

8 

12 

were copied down as 6 

hi. 

6 

8 

8 

6 


Obtain the correct value of corrida tion coefficient. ( V.T.U,, 2011 S ; S.V.T.U., 200.9) 


Solution. To get the correct results, we subtract the incorrect values and add the corresponding correct 
values. 

The correct results would be 

Zn = 25, Zx = 125 — 6 — 8 + 8 + 6= 125, Zx 2 = 650 - 6 2 - 8 2 + 8 2 + 6 2 = 650 
Hy = 100 - 14-6 + 12 + 8 = 100, Xy 2 = 460 - 14 2 ~6 2 + 12 2 + 8 2 = 436 
2xv = 508-6x 14- 8x6 + 8x 12+ 6x8 = 520 


nSry -(XrXXy) _ 25x520-125x100 _ 

V[(«X* 2 -(Xx) 2 ) {nZy 2 - (Ey 2 )}] ~ V[|25 x 650 - (125) 2 ) (25 x 436 - (100) 2 }) 

20 2 
V(25x 36) 3 ' 


25.15 


STANDARD ERROR OF ESTIMATE 


The sum of the squares of the deviations of the points from the line of regression ofy on x is 
I (y - a - bx} 2 = Z{Y - 6X) 2 , where X = x — x t Y = y — y 

= ZY 2 — 2r(o y /a j ) ZXY + r 2 (a 2 /o 2 ) ZX~ 

= na 2 - 2 ria/a x ) r . na r a y + /^(a^/a 2 ). no 2 = no 2 ( 1 - r 2 ). 

Denoting this sum of squares by «S 2 , we have = a y J(l - r 2 ) ...(1) 

Since S y is the root mean square deviation of the points from the regression line of y onx, it is called the 
standard error of estimate of y. Similarly the standard error of estimate of x is given by 

<l-r ! > ...(2) 

Since the sum of the squares of deviations cannot be negative, it follows that 
r*< 1 or - I <r< L 

Le ., correlation coefficient lies between — 1 and L (J,N.T,U., 2006 ) 

If r = 1 or-1, the sum of the squares of deviations from either line of regression is zero. Consequently each 
deviation is zero and all the points He on both the lines of regression. These two lines coincide and we say that 
the correlation between the variables is perfect. The nearer r 2 is to unity the closer are the points to the lines of 
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regression. Thus the departure of r 2 from unity is a measure of departure from linearity of the relationship 
between the variables * 


25.16 


RANK CORRELATION 


A group of n individuals may be arranged in order to merit with respect to some characteristic. The same 
group would give different orders for different characteristics. Considering the orders corresponding to two 
characteristics A and B > the correlation between these n pairs of ranks is called the rank correlation in the 
characteristics A and B for that group of individuals. 

Let x f ,y- be the ranks of the (th individuals in A and B respectively. Assuming that no two individuals are 
bracketed equal in either case, each of the variables taking the values 1, 2, 3, ft, we have 

_ _ l + 2 + 3 + „* + /i n(n +1) ft +1 

* = * = —ir— 

tf X , Y be the deviations of x f y from their means, then 

IX? -Iix t -x) 2 = Lx? + n(x) 2 -2x!x i =Ln 2 + - - * U ~ - 2^^ . I>i 


n(n + 1K2/J + 1) M/i + l) 2 n(n + l) 2 
— 6 " + 4 ' 2 


12 <« 3 «) 


Similarly EYj 2 = ^(n 3 - n) 

i- 4 

Now let d, = x i - y t so that d f = (x t - x)-[y j -y) = X t - Y t 

Ld 2 = LX 2 + LY' 2 - 2LX'Y t 

IX, Y' = \{IX 2 + LY 2 -Id 2 ) = ^2 in3 ~ n) " I ^f 2 * 
Hence the correlation coefficient between these variables is 


r - 


IX Y 

M i* r 


iV" 3 -")-1H Z t 6 Id, 


3 

n — n 


j(IX 2 LY 2 ) 

This is called the rank correlation coefficient and is denoted by p. 




Example 25.21. Ten participants in a contest are ranked by two judges as follows: 
x : 1 6 5 10 3 2 4 9 7 8 

y : 6 4 .9 8 1 2 3 10 5 7 

Calculate the rank correlation coefficient p. (V.T.U., 2002) 


Solution. If 


Hence 


d' = jt ( - y it then d ; = - 5. 2, - 4, 2, 2, 0, 1, - 1, 2 ,1 
Id ; 2 = 25 + 4 + 16 + 4 + 4 + 0 + I + 1 + 4 + 1 = 60 


P= 1- 


6£d> 

„3 „ 

n — n 


6x60 

= 1 990~ = °' 6 near 


Example 25.22. Three judges, A, B, C, give the following ranks. Find which pair of judges has common 
approach 


A : 1 

B : 3 

C : 6 


6 5 

5 8 

4 9 


10 3 

4 7 

8 1 


2 4 

10 2 

2 3 


9 7 8 

16 9 

10 5 7 {J.N.T.U., 2003) 
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Solution. Here n - 10. 


A(*x) 

Raliks by 

R (=y) 

* 

C (=z) 

4, 

x-y 

d t 

y-z 

*3 

z-x 

d* 

4 

4 

1 

8 

6 

-2 

-3 

5 

4 

9 

25 

6 

5 

4 

1 

1 

-2 

I 

1 

4 

5 

8 

9 

- 3 

- I 

4 

9 

I 

16 

10 

4 

8 

6 

-4 

- 2 

36 

16 

4 

3 

7 

l 

- 4 

6 

-2 

16 

36 

4 

2 

10 

2 

- 8 

8 

0 

64 

64 

0 

4 

2 

3 

2 

- 1 

-1 

4 

l 

1 

9 

1 

10 

8 

-9 

1 

64 

61 

1 

7 

# 6 

5 

l 

1 

-2 

1 

1 

4 

8 

9 

7 

-1 

2 

-1 

1 

4 

1 

Tot*] 



0 

0 

0 

200 

214 

60 


P <x,y) = 1 - 


-i 6 x 200 = _ 02 


n(n 1 -1) 

>2 


10 x 99 


P(y,z) 


P {z, x) 


6^2 ! 6x214 . 0 , 

n(n 2 -1) 10x99 

,0. 6 


n(rt-l) 10x99 

Since p (2, x) is maximum, the pair of judges A and C have the nearest common approach. 


PROBLEMS 25.4 


t. Find the correlation co-efBdent and the regression lines of y and x and x on y for the following data : 
x : 1 2 3 4 5 

y : 2 5 3 8 7 (VXU, 2010) 

2* Find the correlation coefficient between x and y from the given data : 

* : 78 89 97 69 59 79 68 57 

y : 125 137 156 112 107 138 123 108 (JMTM.,2005) 


3. Find the co-efGcient of correlation between industrial production und export using the following data and comment 
on the result. 

Production {in crore tons) t 55 56 58 59 60 60 62 

Exports (In crore tons) : 35 38 38 39 44 43 45 (Madras, 2000) 

4. Ten people of various heights as under, were requested to read the letters on a car at 25 yards distance. The number 
of letters correctly read is given below : 

Height (in feet) r 6.1 5.3 6.6 5.7 5 T S 5.9 

No. of letters : 11 17 19 14 8 15 

Is there any correlation between heights and visual power ? 

9 9 O 

a* 4<r * 

5. Using the formula r - - - - - —- —find r from the following data : 

*o x a y 

x : 92 89 87 86 83 77 

y ; 86 88 91 77 68 85 


5.10 

5.11 

6.0 

6.1 

20 

6 

8 

12 



71 

63 

53 

50 

52 

82 

37 

57 


8, Find the correlation between x (marks in Mathematics) and y (marks in Engineering Drawing) given in the 
following data : 
















Statistical Methods 


855 




X 

y 

70=40 

40—70 

70 —/00 

Total 

0-30 

5 

20 

— 

25 

30—60 

— 

28 

2 

30 

60—90 

— 

32 

13 

45 

Total 

5 

80 

15 

100 


7. Find two lines of regression and coefficient of correlation for the data given below : 

n = IS, lx - 12, £y ^ 16, lx 2 = 60, Zy 2 * 96, Zxy = 48. {U.P.TU, MCA, 2009) 

8. If the coefficient of correlation between two variables x and y is 0.6 and the acute angle between their lines of 

regression is tan * 1 r3/8), show that a x = | a y (V.T.U., 2004) 

0, For two random variables x andy with the same mean, the two regression lines arey =s ax + b and r*qy + p. Show 
1 - a 


that r 


1 - a 


. Find also the common mean. 


IURTA1.20W) 


10* Two random variables have the regression lines with equations 3x + 2y = 26 and Bx #y = 3L Find the mean values 
and the correlation coefficient between x andy* {Madras, 2002) 

11. The regression equations of two variables x and J are x s 0,7y * 5-2, y - 0*3x + 2.8* Find the means of the variables 

and the coefficient of correlation between them. iOsmania, 2002) 

12. In a partial Ly destroyed laboratory data, only the equations giving the two lines of regression ofy on x and x on y arc 
available and are respectively, 7* ~ 16y + 9 ^ 0, 5y - 4x - 3 = 0. Calculate the eo-efficient of correlation, x and y. 

13* The following results were obtained from records of age (x) and blood pressure (y) of a group of 10 men : 


and Z(x- x >(y- y) = 1220. 


x y 
Mean 53 142 

Variance 130 165 

Find the appropriate regression equation and use it to estimate the blood pressure of a man whose age is 45* 

I t. Compute the standard error of estimate S s for the respective heights of the following 12 couples ; 

Height x of husband (inches) : 68 66 68 65 69 66 68 65 71 67 68 70 

Height y of wife (inches) : 65 83 67 64 68 62 70 66 68 67 69 71 

16* Calculate the rank correlation coefficient from the following data showing ranks of 10 students in two subjects : 


Maths : 3 8 9 2 7 10 4 

Physics : 5 9 10 | 8 7 8 

10. Find the rank correlation for the following data : 

x : 56 42 72 36 63 47 55 49 38 

y i 147 125 160 118 149 128 150 145 115 


OBJECTIVE TYPE Of QUESTIONS 


6 

4 


42 

140 


1 

2 

68 

152 


5 

6 

60 

155 


(S, V TM2009 ; J,NT. U., 2003) 


PROBLEMS 25.5 


Stikct tfu* correct answer or fill up the blanks in each of the fnthwmg questions ; 

1. The median of the numbers It* 10, 12,13, 9 is 

(a) 12*5 (6)12 fc) 10.5 id) II. 

2* The mode of the numbers 7 # 7 t 7, 9, 10, 11,11, 11, 12 is 

(a) 11 (6)12 (c) 7 W) 7 and 11. 
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a. 


4, 


fi. 


6. 

7. 

8. 
a 

10, 

a. 

12 . 

IS, 

14« 

15, 

t6. 

17. 

18. 
TO. 
20 , 
21 . 
22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30, 


S.D. is defined as 


te> 


Ilfix-T? 

V V 


( 6 ) 


V(i-x) 

V 


<*> 


W(x-x? 

U ' 


Coefficient of variation is 


(a) ^ * 100 
* 


CM ~ 
* 


(c) J— x 100. 
V x 


Average scores of three batsman A. B, C are respectively 40, 45 and 55 and their S,D.s are respectively 9, 11, 16. 
Which batsman is more consistent ? 

(a) A tb) B (c) C 

The equations of regression lines arey = O.fir + a and x. = 0.4y + 6. The correlation coefficient is 
(o) >^2 (b) 0.4f> (<■)- \f(L2. 


If the correlation coefficient is 0, the two regression lines an? 

(a) parallel (6) perpendicular (c) coincident ( d ) inclined at 45* to each other. 

If Cj and r a are two regression coefficients* then signs of r t and r 2 depend on. 

Regression cue indent of y on x in 0.7 and that of jc on y is 3,2. Is the correlation coefficient r consistent ? 

The standard deviation of the numbers 24* 48* 64, 36, 53 is .. 

If y ft x + 1 and x => By - 7 are the two lines of regression then x = y = and r * ........ 

If the two regression lines are perpendicular to each other, then their coefficient of correlation is.. 

Quart! le deviation is defined as 

The minimum value of correlation coefficient is 

Prediction error of 1' is defined as ........ 

If X and V are independent, then the correlation coefficient between A F and Y is ___ 

The point of intersection of the two regression lines is ... 

The smaller the coefficient of variation, the greater is the in the data- 

The moment coefficient of skewness is given by.. 

Kurtosis measures the ... of a distribution. 

The equation of the line of regression ofy on x is__ 

Coefficient of variation ^ „„„„ 

The angle between two regression lines is given by .*. 

A frequency curve is said to be Mesokurtic when is *-*. 

Correlation coefficient is the geometrical mean between.. 

When the variables are independent, the two lines of regression are ........ 

Arithmetic mean of the coefficient of regression is.than the coefficient of correla tiun- 

if two regression lines coincide then the coefficient of correlation is ,.. 

The rank coefficient is given by 

The ratio of the standard deviation to the mean is known as ... 


31* The value of Xf(x - x) - 

32. The value of coefficient of correlation lies between . and ........ 

33, If the two regression coefficients are - 0.4 and — 0,9. then the correlation coefficient is- 

■54, A distribution with the following constants is positively skew : Q t - 25,8, median = 49.0, Q s = 64,2. 

(True or False! 


85. 

36. 


Quartile coefficient of skewness is ^ 1 ^ - 

Skewness indicates peakedness of the frequency distribution. 


(True or Paine) 
(True or False) 




























Probability and Distributions 


1. Introduction, Principle of counting, Permutations and Combinations. 2. Basic terminology, Definition of j 
probability. 3. Probability and Set notations. 4. Addition law of probability. 5. Independent events — Multiplication i 
law of probability. 6. Baye's theorem. 7. Random variable. 8. Discrete probability distribution. 9. Continuous , 
probability distribution. 10. Expectation, Variance, Moments. 11. Moment generating function. 12. Probability 
generating function. 13. Repeated trials. 14. Binomial distribution. 15. Poisson distribution. 16. Normal 
distribution. 17. Probable error. 18. Normal approximation to Binomial distribution. 19. Some other distributions. 
20. Objective Type of Questions. 


26.1 


( 1 ) 


INTRODUCTION 


We often hear such statements : 'It is likely to rain today’, T have a fair chance of getting admission', and 
There is an even chance that in tossing a coin the head may come up\ In each case, we are not certain of the 
outcome, but we wish to assess the chances of our predictions coming true. The study of probability provides a 
mathematical framework for such assertions and is essential in every decision making process. Before defining 
probability, let us explain a few terms : 

(2) Principle of counting. If an event can happen in n x ways and thereafter for each of these events a 
second event can happen in n 2 w*ays, and for each of these first and second events a third event can happen for 
n 3 ways and so on, then the number of ways these m event can happen is given by the product . n 2 . n 3 n m . 

(3) Permutations. A permutation of a number of objects is their arrangement in some definite order. 
Given three letters a s b T c t we can permute them two at a time as “be, cb ;ca, ac ; ab t ba ” yielding 6 permutations. 
The combinations or groupings are only 3, i.e., be, ea , ab* Here the order is immetrial. 

The number of permutations of n different thing taken rat a time is 

n (n - 1) (n - 2)... (n - r + 1), which is denoted by n P r . 

Thus n P =re(n~l)(rt-2)...#-r + l)= — 

(n - r)l 

Permutations with repetitions. The number of permutations of n objects of which n 1 are alike, n 2 are alike 
and n . r . are alike is-—- 

(4) Combinations. The number of combinations of n different objects taken rat a time is denoted by n C r 
If we take any one of the combinations, its r objects can be arranged in r! ways. So the total number of 
arrangements which can be obtained from all the combinations is n P r = n C r . r!. 


Thus 

Also 




n P nl 

nQ — r _ 

r r\ rl(n — r}\ 


25 P, = 25 x 24 x 23 x 22; Z5 C 21 = 25 C 4 = 


25 x 24 x 23 x 22 
4 x 3 x 2 x 1 
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Example 26*1. In how many ways can one make a first; second* third and fourth choice among 12 firms 
teasing construction equipment (J.N, T, U, t 2003 ) 

Solution, First choice can be made from any of the 12 firms. Thereafter the second choice can be made 
from among the remaining 11 firms. Then the third choice can be made from the remaining 10 firms and the 
fourth choice can be made from the 9 firms. 

Thus from the principle of counting* the number of ways in which first, second, third and fourth choice can 
be affected - 12 x 11 x 10 x 9 = 11880. 

Example 26*2. Find the number ofpermutations of all the letters of the word (i) Committee (ii) Engineer- 

ing . 

Solution, (f) n — 9, n 1 (m f m) = 2, n 2 (t , t) = 2, n 3 (e, e) - 2 

TJ 1 Q I 

no. of permutations = --——— -—— - = 45360. 

n x \.n 2 \.n s \ 2!. 2!. 2! 

(ii) n = 11, n ^s) = 3, n 2 (g f g ) - 2, n 3 (i\ i) - 2, n 4 (n's) = 3 

11! 

*\ no. of permutations - ————- - 277200. 

1 312123 3! 

Exam pie 26.3* From six engineers and five architects a committee is to be formed having three engineers 
and two architects. How many different committees can he formed if (i) there is no restriction, (ii) two particu¬ 
lar engineers must be included. (iii) one particular architect must be excluded. 

Solution. (£) Number of committees 6 C,. x 5 C« = ^ ^ x ^ ^ - 200. 

3 3,2.1 2.1 

07) Here we have to choose one engineer from the remaining four engineers. 

5*4 

*\ no. of committees = (i) * * 4 C, x 5 C 0 = 4 x -- - 40 

i s 2.1 

(iii) Here we have to choose two architects from the remaining four architects* 

/. no. of committees = & C q x 4 Co = — —' ^ x ^ ^ = 120. 

'* 3.2.1 2,1 


PROBLEMS 26.1 


1. If a Lest consists of 12 true-false questions, in how man y (Efferent ways can a student make the test paper with one 

answer to each question, ( J.N.TM., 2003) 

2, How many 4-digit numbers can be formed from the six digits 2, 3, 5, 6, 7 and 9, without repetition ? How many of 
these are less than 500 ? 

3* A student has to answer 9 out of 12 questions. How many choices has he (*) if he must answer first two questions 
(ft) if he must answer at least four of the first five questions. 

4. How many car number plates can be made if each plate contains two different letters followed by three different 
digits ? Solve the problem (a) with repetitions and ib) without repetitions. 


26.2 


(I) BASIC TERMINOLOGY 


(i) Exhaustive events. A set of events is said to be exhaustive, if it includes all the possible events. For 
example, in tossing a coin there are two exhaustive cases either head or tail and there is no third possibility. 

(ii) Mutually exclusive events. If the occurrence of one of the events precludes the occurrence of all other, 
then such a set of events is said to be mutually exclusive. Just as tossing a coin, either head comes up or the tail 
and both can’t happen at the same time, i.e, these are two mutually exclusive cases, 

(iii) Equally likely events. If one of the events cannot be expected to happen in preference to another then 

such events are said to be equally likely. For instance, in tossing a coin, the coming of the head or the tail is 
equally likely. 
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Thus when a die* is thrown, the turning up of the six different faces of the die are exhaustive, mutually 
exclusive and equally likely. 

( iv ) Odds in favour of an event* If the number of ways favourable to an event A is m and the number of 
ways not favourable to A is n then odds in favour of A - min and odds against A = aim. 

(2) Definition of probability- If there are n exhaustive, mutually exclusive and equally likely cases of 
which m are favourable to an event A, then probability (p) of the happening of A is 

P(A) = min. 

As there are n - m cases in which A will not happen (denoted by A"), the chance of A not happening is q or 
P (A') so that 

n - m * m t 

-= 1 = 1-p 

n n 

le. 9 P(A') = 1 - P(A) so that P(A) + P(A') = 1, 

i.e., if an event is certain to happen then its probability is unity, while if it is certain not to happen f its probability 
is zero, 

Obs. This definitions of probability fails when 

( i ) number of outcomes is infinite (not exhaustive) and (u) outcomes are not equally likely, 

(3) Statistical (or Empirical) definition of probability- If in n trials , an event A happens m times , 
then the probability (p) of happening of A is given by 

p = P(A)= Lt — 
n —* ™ n 


Example 26-4. Find the chance of throwing (a) four ; (b) an even number with an ordinary* six faced die . 
Solution* (a) There are six possible ways in which the die can fall and of these there is only one way of 
throwing 4, Thus the required chance = i- 

(6) There are six possible ways in which the die can fall. Of these there are only 3 ways of getting 2,4 or 6. 

Thus the required chance = 3/6 = — ■ 

2 


Example 26.5- What is the chance that a leap year selected at random will contain 53 Sundays ? 

(Madras, 2003 ) 

Solution* A leap year consists of 366 days, so that there are 52 full weeks (and hence 52 Sundays) and 
two extra days. These two days can be { i ) Monday, Tuesday (ii) Tuesday, Wednesday, (Hi) Wednesday, Thursday 
(iv) Thursday, Friday (v) Friday, Saturday (lu) Saturday, Sunday (vii) Sunday, Monday, 

2 

Of these 7 cases, the last two are favourable and hence the required probability = — ■ 


Example 26-6. A five figure number is formed by the digits 0, 2, 2, 3, 4 without repetition. Find the 
probability that the number formed is divisible by 4 . 

Solution* The five digits can be arranged in 5! ways, out of which 4! will begin with zero. 

/. total number of 5-figure numbers formed = 5! — 4! = 96, 

Those numbers formed will be divisible by 4 which will have two extreme right digits divisible by 4, Le. t 
numbers ending in 04, 12, 20, 24, 32, 40. 

Now numbers ending in 04 - 3! = 6, numbers ending in 12 - 3! - 2! = 4, 

numbers ending in 20 = 3! = 6, numbers ending in 24 = 3! - 2! = 4, 

numbers ending in 32 = 3! — 2! = 4, and numbers ending in 40 = 3! = 6. 

[The numbers having 12, 24, 32 in the extreme right are (31 - 2!) since the numbers having zero on the extreme left 

are to excluded J 


* Die is a small cube. Dots X, 2, 3, 4, 5, 6 are marked on its six faces. The outcome of throwing a die is the number of dots on 
its upper face. 
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♦\ total number of favourable ways = 6 + 4 + 6 + 4 + 4 + 6^30. 

30 5 

Hence the required probability - — = —■ * 

96 16 

Example 26.7* A bag contains 40 tickets numbered 1, % 3, ... 40 f of which four are drawn at random and 
arranged in ascending order (t x <t 2 <t^< t 4 ). Find the probability of t 3 being 25? 

Solution. Here exhaustive number of cases - 40 C 4 

If - 25, then the tickets t Y and t 2 must come out of 24 tickets numbered 1 to 24. This can be done in 24 C 2 

Then t 4 must come out of the 15 tickets (numbering 25 to 40) which can be done in ]5 C X ways. 

A favourable number of cases - 24 C 2 x l5 C t 

24 C 2 x 16 Ci 414 


ways. 


Hence the probability of being 25 = 


40 


Ca 


9139 


Example 26.8* An urn con tains 5 red and 10 black balls . Eight of them are placed in another urn . What 
is the chance that the latter then contains 2 red and 6 black balls ? 

Solution. The number of ways in which 8 balls can be drawn out of 15 is l5 C a , 

The number of ways of drawing 2 red balls is 5 C 2 and corresponding to each of these b C 2 ways of drawing 
a red ball, there are l0 C 6 ways of drawing 6 black balls. 

the total number of ways in which 2 red and 6 black balls can be drawn is 5 C 2 x l0 C G . 


the required probability = 


5 C 2 x 10 C 6 


140 


lb Co 429 


Example 26.9 .A committee consists of 9 students two of which are from 1st year, three from 2nd year and 
four from 3rd year. Three students are to be removed at random. What is the chance that (i) the three students 
belong to different classes, (ii) two belong to the same class and third to the different class , (Hi) the three belong 
to the same class ? (V , T 2002 S) 

Solution, (i) The total number of w r ays of choosing 3 students out of 9 is 9 C 3 , Le, , 84. 

A student can be removed from 1st year students in 2 ways, from 2nd year in 3 ways and from 3rd year in 
4 ways, so that the total number of ways of removing three students, one from each group is 2 x 3 x 4. 

2x3x4_24_2 
C7~ ~ 84 - 7 


Hence the required chance = 


(ii) The number of ways of removing two from 1st year students and one from others 

The number of ways of removing two from 2nd year students and one from others 

= 3 C 2 x 6 C r 

The number of ways of removing 2 from 3rd year students and one from others 


removed 


= 4C 2 *5C r 

the total number of ways in which two students of the same class and third from the others may be 

= 2 C 2 x 7 C X + 3 C 2 x 6 Cj + 4 C 2 x «C, = 7 + 18 + 30 = 55. 

55 


Hence, the required chance - —. 

84 

(Hi) Three students can be removed from 2nd year group in 3 C 3 , Le . 1 way and from 3rd year group in 4 C. p 
Le. t 4 ways. 

the total number of ways in which three students belong to the same class -1+4 = 5. 

5 

Hence the required chance - — ■ 

84 







Probability and Distributions 


861 


Example 26.10, A has one share in a lottery' in which there is 1 prize and 2 blanks ; B has three shares in 
a lottery in which there are 3 prizes and 6 blanks ; compare the probability ofA's success to that ofB’s success 

Solution. A can draw a ticket in 3 4 5 C l ~ 3 ways* 

The number of cases in which A can get a prize is clearly 1. 


the probability of As success = 


Again B can draw a ticket in 9 C 3 — 


1 

3 

9-8-7 

3-2-1 


- 84 ways. 


The number of ways in which B gets all blanks - 6 * * C„ = — - — = 20 

j 3 2 . i 

*•* the number of ways of getting a prize - 84 - 20 - 64, 

Thus the probability of B's success = 64/84 = 16/21. 

1 16 

Hence A’s probability of success : B’s probability of success = —: — = 7 : 16. 

3 21 


26.3 


PROBABILITY AND SET NOTATIONS 


(1) Random experiment- Experiments which are performed essentially under the same conditions and 
whose results cannot be predicted are known as random experiments . e.g. t Tossing a coin or rolling a die are 
random experiments. 

(2) Sample space. The set of all possible outcomes of a random experiment is called sample space for that 
experiment and is denoted by S, 

The elements of the sample space S are called the sample points * 
e.g> 7 On tossing a coin, the possible outcomes are the head iff) and the tail (D< Thus S = \H\ T]. 

(3) Event. The outcome of a random experiment is called an event. Thus every subset of a sample space S 
is an event. 

The null set <j) is also an event and is called an impossible event Probability of an impossible event is zero 
i.e., P (<j)) = 0, 

(4) Axioms 

(i) The numerical value of probability lies between 0 and L 
le. f for any event A of S, 0 < P (A) < 1. 

(ii ) The sum of probabilities of all sample events is unity Le. r P (S) = L 

(iii) Probability of an event made of two or more sample events is the sum of their probabilities , 

(5) Notations 

(i) Probability of happening of events A or B is written asP(A + i?)orP(AuBl. 

(it) Probability of happening of both the events A and B is written as P (AB) or P (An B). 

(iii) 'Event A implies (=>) event R* is expressed as AaR. 

(to)* Events A and B are mutually exclusive 1 2 is expressed as A n B - 

(6) For any two even ts A and B, 

P (A n B') = P (A) - P (A n B) 

Proof From Fig. 26.1, 

(A n £') u (A n B) = A 
P[(A nB')v(An B)] = P (A) 
or P(An B') + P (A n B) = P (A) 

PtAnB r ) = P(A)-P{AnB) 

Similarly, P(A'nB)^P (B) - P (A n B) 



or 


Fig. 26.1 
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26.4 


ADDITION LAW OF PROBABILITY or THEOREM OF TOTAL PROBABILITY 


(1) If the probability of an event A happening as a result of a trial is P(A)and the probability of a mutually 
exclusive event B happening is P(B), then the probability o/'either of the events happening as a result of the trial 

is P(A + B) or P(A u B) = F(A) + P(B). 

Proof Let n be the total number of equally likely cases and let m } be favourable to the event A and m 2 be 
favourable to the event B. Then the number of cases favourable to A or B is m 1 + m r Hence the probability of A 
or B happening as a result of the trial 

= mi =^L + H^ = P(A) + P(B), 
n n n 

(2) If A f B> are any two events (not mutually exclusive)* then 

P (A + B) = P (A) + P {R) -P t AB ) 
or P {A uB)- P (A) + P (B) -P(AnB) 

If the events A and B are any two events then, there are some outcomes which favour both A and B . If m 3 
be their number, then these are included in both and m 2 . Hence the total number of outcomes favouring 
either A or B or both is 

m l + m 2 - m 3 . 

Thus the probability of occurrence of A or B or both 

_ m x +m 2 - m 2 

n n n n 

Hence PiA + B) = P(A) + P(B) ~P(AB) 

or PiA u B) = P(A) + P(B) -P(AnB) 

Obs* When A and B are mutually exclusive FtAB) or FlA nB}-0 and wo get 
PiA + 6) orP(AuB) = P(A)+ PiBl 

In general, for a number of mutually exclusive events A v A^, A fi , we have 

PtAj _ + A n ) or u A 2 \j uAJ = FtA x j + W 2 ) + + PtA n l 

(3) IfA f B f C are any three events, then 

P (A + B + C) = P (A) + P (B) + P (C) -P {AB) - P (BC)-P (CA) + P (ABC)- 
or P (A u B u C) = P (A) + P (B) + P (C) - P (A nB) - P (B nC) - P <C n A) + P(AnBnC) 

Proof. Using the above result for any two events, we have 
P(AuUuC) = P|(AuB)uC) 

= P (A u B) + P (C) - P t(A u B) n C] 

= IP (A) + P (B) - P (A n B>] + P (C) - P 1(A nC)u(Bn C)1 (Distributive Law) 

= P(A) + P (B) + P (C)-P(AnB)-!P(AnC) + P(BnC)-P(AnBn C)) 

[v (AnC)n(BnC)=AnBna 
= P (A) + P (B) + P (C) - P(An B) -P (B nC)-P(CnAl+P(AnBn C) E v AnC = CnA. j 

Example 26.11* In a race , Me bdefs in favour of the four horses H v H 2 , // ? H 4 are 1: 4, l: 5, 1: 6 , 2 ; 7 
nptia Assumi/^ MaJ a dead heat is not possible, find the chance that one of them wins the race - 

Solution, Since it is not possible for all the horses to cover the same distance in the same time (a dead 
heat), the events are mutually exclusive. 

Ifp r p 2 *p 3 , p 4 be the probabilities of winning of the horses H v H 2 , H 4 respectively, then 

Pi - —-— = — [v Odds in favour of H, are 1: 4j 

1 + 4 5 1 * * * 5 

I 1 1 

P2~ -.Pa=y.P4= g- 

Hence the chance that one of them wins = p l + p 2 + p 3 + p t 

1 1 1 1 533 

^ — + “ + —+ — — -■ 

5 6 7 8 840 


and 
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Example 26.12. A bag contains 8 white and 6 red balls. Find the probability of drawing two balls of the 
same colour . 

Solution. Two balls out of 14 can be drawn in 14 C 2 ways which is the total number of outcomes. 

Two white balls out of 8 can be drawn in S C 2 ways. Thus the probability of drawing 2 white balls 

.. a C 2 = 28 
U C Z ” 91 

Similarly 2 red balls out of 6 can be drawn in fi C, 2 ways. Thus the probability of drawing 2 red balls 

_ *0, _ 15 

h C 2 91 

Hence the probability of drawing 2 balls of the same colour (either both white or both red) 

- 28 15 43 

“ 91 + 91 ~9l 

Example 26.13, Find the probability of drawing an ace or a spade or both from a deck of cards* ? 
Solution. The probability of drawing an ace from a deck of 52 cards - 4/52. 

Similarly the probability of drawing a card of spades = 13/52, and the probability of drawing an ace of 
spades = 1/52. 

Since the two events (te,, a card being an ace and a card being of spades) are not mutually exclusive, 
therefore, the probability of drawing an ace or a spade 

4_ 13 _ J_ = 4_ 

~ 52 + 52 52 ” 13 


26.5 


( 1 ) 


INDEPENDENT EVENTS 


Two events are said to be independent t if happening or failure of one does not affect the happening or 
f ailure of the other. Otherwise the events are said to be dependent. 

For two dependent events A and B, the symbol P(B / A) denotes the probability of occurrence of B, when A 
has already occurred. It is known as the conditional probability and is read as a \probability of B given A\ 

(2) Multiplication law of probability or Theorem of compound probability. If the probability of an 
event A happening as a result of trial is P(A)and after A has happened the probability of an event B happening as 
a result of another trial (f e., conditional probability of B given A) is P(B/A) y then the probability of both the 
events A and B happening as a result of two trials is P(AB) or P(A nB) = I J (A) . P(B/A). 

Proof. Let n be the total number of outcomes in the first trial and m be favourable to the event A so that 
P(A) - min. 

Let n x be the total number of outcomes in the second trial of which m x are favourable to the event B so that 
P(BIA) = m t /n v 

Now each of the n outcomes can be associated with each of the n T outcomes. So the total number of 
outcomes in the combined trial is nn r Of these mm i are favourable to both the events A and B . Hence 

P(AB ) or P(A n B) = = P(A). PlB/A). 

nn t 

Similarly, the conditional probability of A given B is PiA/B ). 

PiAB) or P(A n B) = P(B). PiA/B ) 

Thus HA n B) = HA). PiB/A) = P{B ). PiA/B ). 

(3) If the events A and B are independent* £,e,, if the happening of B does not depend on whether A has 
happened or not, then P(B/A) = P(B) and PiA/B ) = HA). 

PiAB) or PiA n B) m P(A) . P{B). 

In general, P(A X A 2 .. A n ) or P(A l nA 2 n n A n ) = P(A S ). P(A 2 )... . HA w ). 

* Cards : A pack of cards consists of four suits t.e., Hearts, Diamonds, Spades and Clubs, Each suit lias 13 cards : an Ace, a 
King, a Queen, a Jack and nine cards numbered 2, 3, 4, 10. Hearts and Diamonds are red while Spades and Clubs are 

black. 
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Cor. Ifp t ,p 2 be the probabilities of happening of two independent events, then 

ii) the probability that the first event happens and the second fails is p t (l — p 2 ). 

(ii ) the probability that both events fail to happen is (1 - p x ) {1 - pj). 

(ill) the probability that at least one of the events happens is 
1 - (1 — pf) (1 — p 2 ). This is commonly known as their cumulative probability. 

In general, if p v p 2 , ... p n be the chances of happening of n independent events, then their cumulative probability 

(i.e >, the chance that at least one of the events will happen) is 

1-(1 -p L ) Cl -p- A ) (1 -p 3 ) .„(l-p n ). 

Example 26.14, Two cards are drawn in succession from a pack of 52 cards , Find the chance that the 
first is a king and the second a queen if the first card is ft) replaced f {ii) not replaced- 


_ 4 1 

Solution, (i) The probability of drawing a king - — = — - 

52 13 

if the card is replaced, the pack will again have 52 cards so that the probability of drawing a queen is 1/13* 
The two events being independent, the probability of drawing both cards in succession = ^ x ^ ” 1^9 


(ii) The probability of drawing a king = -—-- 

13 

If the card Is not replaced, the pack will have 51 cards only so that the chance of drawing a queen is 4/51. 

14 4 

Hence the probability of drawing both cards - — x — = --- 

13 51 663 


Example 26.15. A pair of dice is tossed twice , Find the probability of scoring 7 points (a) once, (b) at least 
once (c) twice- {Kuruksketra, 2009 S; V-T. U. f 2004} 

Solu tion. In a single toss of two dice, the sum 7 can be obtained as ( 1 , 6 }, ( 2 , 5), (3, 4), (4, 3), (5, 2), ( 6 , 1) 
i.e, in 6 ways, so that the probability of getting 7 = 6/36 = 1/6* 

Also the probability of not getting 7 = 1 - 1/6 = 5/6, 

(a) The probability of getting 7 in the first toss and not getting 7 in the second toss = 1/6 x 5/6 - 5/36. 
Similarly, the probability of not getting 7 in the first toss and getting 7 in the second toss - 5/6 x 1/6 - 5/36. 
Since these are mutually exclusive events, addition law of probability applies. 

5 5 5 

required probability = — + — = — 

'36 36 18 


(b \ The probability of not getting 7 in either toss 
the probability of getting 7 at least once = 1 


5 x 5 = 25 
6 6 ~ 36 

25 11 

36 " 36' 


(c) The probability of getting 7 twice - 


1 1_J_ 
6 X 6 ~ 36 


Example 26,16. There are two groups of objects ; one of which consists of 5 science and 3 engineering 
subjects, and the other consists of 3 science and 5 engineering subjects * An unbiased die is cast If the number 
3 or number 5 turns up t a subject is selected at random from the first group, otherwise the subject is selected at 
random from the second group * Find the probability that an engineering subject is selected ultimately 


Solution. Prob. of turning up 3 or 5 = 


2 1 

6 ~3 


Prob. of selecting an engg. subject from first group = 


3 

8 


•\ Prob of selecting an engg* subject from first group on turning up 3 or 5 


1 3 1 

3 X 8 ” 8 


».(i) 
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Now prob. of not turni ng 3 or 5 = 1 - i = — 

3 3 


Prob. of selecting an engg. subject from second group = — 

3 

.\ prob. of selecting an engg. subject from second group on turning up 3 or 5 

_ 2 y 5 = _S_ 

~ 3 X 3 “ 12 

Thus the prob. of selecting an engg. subject 

- A -AA 

“ 8 + 12 “ 24 ' 


.Mi) 


[From (i) and Ui)\ 


Example 26 A 7, A box A contains 2 white and 4 black bulls. Another box B contains 5 white and 7 black 
balls . A ball is transferred from the box A to the box B. Then a bull is drawn from the box B. Find the 
probability that it is white. iV.T 2004) 

Solution. The probability of drawing a white bail from box B will depend on whether the transferred ball 
is black or white. 

If a black ball is transferred, its probability is 4/6. There are now' 5 white and 8 black balls in the box B. 

5 

Then the probability of drawing white ball from box B is 


4 5 

— — x -— 

6 13 


13 

Thus the probability of drawing a white ball from urn B. if the transferred ball is black 

10 
39 

Similarly the probability of drawing a white ball from urn B y if the transferred ball is white 

2 6 __ _2 
" 6 X 13 ” 13 ’ 

Hence required probability = — + AA = AA. 

H 39 13 39 


Example 26.IS. (a) A biased coin is tossed till a head appears for the first time . What is the probability 
that the number of required tosses is odd. (Mu mbai f 2006) 

(b) Two persons A and B toss an unbiased coin alternately on the understanding that the first who gets the 
head wins. If A starts the game, find their respective chances of winning. i Madras „ 2000 S) 

Solution, (a) Let p be the probability of getting a head and q the probability of getting a tail in a single 
toss, so that p + q = 1 . 

Then probability of getting head on an odd toss 

- Probability of gett ing head in the 1 st toss 

+ Probability of getting head in the 3rd toss 
+ Probability of getting head in the 5th toss + ... <« 

= p + qqp + qqqqp + — 013 

- p (1 + q 2 + q 4 + .„) = p . —(q < 1 ) 

1 -Q 1 

1 1 1 
P (1-tfHl + Q) P p(l + qi 1 + q 

(fcj Probability of getting a head = 1 / 2 . Then A can win in 1 st, 3rd, 5th, ... throws. 


the chances of A's winning 


2 l2j 2 \ 2 ) 2 UJ 2 

1/2 1 42 

1 - Cl/2 ) 2 ~ 2 3 ~ 3 


Hence the chance of B’s winning = 1 - 2/3 - 1/3. 
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Example 26.19. Two cards arc selected at random from 10 cards numbered 1 to 10, Find the probability 
p that the sum is odd, if 

ft) the two cards are tfrawn together. 

(it) the two cards are drawn one after the other without replacement* 

iiii) the two cards are drawn one after the other with replacement. {J.N/L 0\, 2003) 

Solution, ii) Two cards out of 10 ran bo selected in m C 2 = 45 ways. The sum is odd if one number is odd 
and the other number is even. There being 5 odd numbers (1> 3,5, * s 9 J and 5 even numbers (2,4, 6 , 8 ,10), an odd 
and an even number is chosen in 5 * 5 = 25 ways. 


Thus 


25 5 

P ~ 45 9 


P = 


(ii) Two cards out of 10 can be selected one after tbe other without replacement in 10 x 9 = 90 ways. 
An odd number is selected in 5 x 5 - 25 ways and an even number in 5 x 5 = 25 ways 

2 5 + 25 5 

90 ~ 9 

iiii) Two cards can be selected une after the other with replacement in 10 x 10 = 100 ways. 

An odd number in selected in 5x5 = 25 ways and an even number in 5 x 5 = 25 ways. 

25 + 25 1 

100 " 2 


Thus 


Thus 


Example 26.20. Given P (A) = 114,P (B) -1/3 andPiA'jB) = 1/2, evaluate P{A/B),P(B/A),P l.A r, B'i 
and P (A/B'h 

Solution, ft) Since P (A u B) = P (A) + P (B) - P (A r, B) 

- - P(AnB)orP(AnB) =— 

2 4 3 12 

PIAnB) _ 1/12 _ 1 

PLBt ” 1/3 ” 4 

P(AnB) 1/12 l 

3 

P CA)- P (A n B) = 

4 12 6 

P(AnB') 1/6 1/6 1 


Thus 

P (A/B) = 

(ii) 

PiB! A) = 

( Hi) 

P (A n B') = 

Uv) 

P(Al B’) - 


P (A) 


1/4 


PiB') 


1 -P(B) 1-1/3 4 


Example 28.21. The odds that u booh will be reviewed favourably by three independent critics are 5 to 2, 

4 to 3 arid 3 to 4. What is the probability that of the three re views, a majority will be favourable. 

<v,za, 2003 S) 

Solution. The probability that the book shall be reviewed favourably by first critic is 5/7, by second 4/7 
and by third 3/7. 

A majority of the three reviews will be favourable when two or three are favourable. 

prob. that the first two are favourable and the third unfavourable 

5 4 (\ 80 

= -x — xl~- =- 

7 J { 1) 343 

Prob. that the first and third are favourable and Second unfavourable 

“ 7 X 7 X i 7 J~~ 343 

Prob. that the second and third are favourable and the first unfavourable 

24 


7 7 1. 7 ) 


343 
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Finally, prob. that all the three are favourable - — x — x — = —- 

7 7 7 343 

Since they are mutually exclusive events* the required prob. 

80 45 24 60 209 
343 + 343 343 343 “ 343 

Example 26.22. / can hit a target 3 times in 5 shots, B 2 times in 5 shuts and C 3 times in 4 shots. They 
fire a volley. What is the probability that (i) two shots hit, lit) at least two shots hit ? 

UM.LE.TE., 2003 ; Madras t 2000 $) 

Solution. Prob. of A hitting the target “ 3/5, proh. of B hitting the target = 2/5 
Prob. of C hitting the target = 3/4. 

(i) In order that two shots may hit the target, the following cases must be considered : 

32/ 6 

p. - Chance that A and B hit and C fails to hit - — x — x 1 -=- 

1 5 3 [ 4} 100 


2 3 


p 2 = Chance that B and C hit and A fails to hit = — x — x I 1 — =- 


5 4 


12 


100 


3 3 / 2 ^ 27 

n, = Chance that C and A hit and B fails to hit = —x~ x 1 -=- 

3 4 5 l fij 100 

Since these are mutually exclusive events, the probability that any 2 shots hit 

6 12 27 ft ._ 

- p.+ p 9 + p„= -+-+- = 0.45. 

100 100 100 

(ii) In order that at least two shots may hit the target, we must also consider the case of ail A, B , C hitting 
the target [in addition to the three cases of (i)l for which 

3 2 3 18 

n A - chance that A, B, C all hit = — x — x — =- 

5 5 4 100 

Since all these are mutually exclusive events, the probability of atleast. two shots hit 

6 12 27 18 . _ 

— p. + p 9 -i- p .j H" p. —-h-i- y -— — 0.63. 

J 2 3 4 100 100 100 100 


Example 26.23. A problem in mechanics is given to three students A, B, and C whose chances of solving 

(V.T% 2004) 


it are L and -j respectively. What is the probability that the problem will he solved. 


Solution, The probability that A can solve the problem is 1/2. 

The probability that A cannot solve the problem is 1 ~ 

Similarly the probabilities that B and C cannot solve the problem are 1 - — and 1 — —' 

3 4 

4 \ the probability that A, B and C cannot solve the problem is — ™J^1 — j 11 —J J" 
Hence the probability that the problem will be solved, Le., at least one student will solve it 


= 1-1 


4)H 




Example 26.24. The students in a class are selected at random, one after the other, for an examination , 
Find the probability p that the boys and girls in the class alternate if 
(i) the class consists of 4 boys and 3 girls. 

Hi) the class consists of 3 boys and 3 girls * (J.N. T U , 2003 ) 


Solution, (i) As there are 7 students in the class, the first examined must be a boy. 
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proh. that first is a boy = — 

3 

Then the prob. that the second is a girl - 

3 

prob. of tlie next boy — — 

5 

2 

Similarly the prob. that the fourth is a girl = —, 

4 

c j 

the prob. that the fifth is a bov = — , 

3 

the prob. that the sixth is a girl - — 

2 


and the last is a bov = 


Thus 


1 

_ 4 3322111 
P ~ 7 6 5 4 3 2 1 35 


Hi) The first student is a boy and the first student is a girl are two mutually exclusive cases. If the first 
student is a boy, then the probability p x that the students alternate is 

3 3 2 2 i 1 J_ 
l>1 ~ 6 5 4 3 2 l ^SS* 

If the first student is a girl, then the probability p 2 that the students alternate is 

= 3322 1 1_J l 
P ~ 6'5 ‘ 4 3'2 1 _ 20 ' 

Thus the required prob. p s= p, + p 0 ~ — + -=—-• 
v 20 20 10 

Example 26*25, {Huygken’s problem) A and B throw alternately with a pair of dice, A hint if he throws 
6 before B throws 7 and B wins if he throws 7 before A throws 6\ If A begins, find his chunee. of winning* 

[Madras, 2006 ; JMT.U., 2003) 


Solution. The sum 6 can be obtained as follows : (1, 5), (2, 1 ), (3, 3), (4 t 2), (5, 1 }, i.e., in 5 ways. 

5 

The probability of A's throwing 6 with 2 dice is — ■ 

.-. the probability of A's no t throwing 6 is 31/36. 

Similarly the probability of B f s throwing 7 is 6/36, /.c., — - 

6 

th e p ro ha bill ty of B s n ot throwing 7 is 5/6. 

Now A can win if he throws 6 in the first, third, fifth, seventh etc, throws, 
t he chance of A*s wining 


5 31 5 5 31 5 31 5 5 

“-h-- x — X --1- -X“X—X-X-fr * ■ ♦ 

36 36 6 36 36 6 36 6 36 



5 1 _ 5 36x6 30 

36 1 - (31/3G)x i'5/6) “ 36 > 61 "el 


PROBLEMS 26.2 


1 * It"J Given P (A) » 1 / 2 , P (B) - L/3 and P (AB) - 1/4, find the value P (A + B ). iBttrdimn, 2003) 

(it) Let A and B l>e two events wdth P(A) ^ 1 / 2 , P{B) - 1/3 and PiA W B) - 1/4. Find PfA/B)* PfA aj B) f PlAVB'). 

{Kiwuhsketra. 2009 ; V.TM, 2003 S) 
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2. In a single throw with two dice, what in the chance of throwing 

fa j two aces ? (6) 7 ? Is this probability the same as that for getting 7 in two throws of a single die ? 

3, Compare the chances of throwing 4 with one dice, S with two dice and 12 with three dice. 

4, Find the probability that a non-leap year should have 53 Saturdays ? (Madras 20f}3\ 

5. When a coin h tossed four times, find the probability; of getting h) exactly one head, (it) at most three heads and 

Hd) at least two heads ? (V. T.IK , 2000 S ) 

6. Ten coins arc thrown simiiltfinwfasly, Fjnd the probability of gelling at least seven heads, (P.T f/., 2003) 

7, If nil the letters of word 'ENGINES 1C he written at random, what is the probability that all the hitters E are found 
together. 

8, A ten digit member is formed using the digits from zero to nine, every digit being used only once. Find the 
probability that the number is divisible by 4. 

9. Four cords are drawn from a pack of 52 cards. What is the chance that 
(!) no two cards are of equal value ? (fi) each Iwdongs to a different suit ? 

10. ^Suppose 5 cards are drawn at random from a pack of 52 cards. If all cards ore red what is the probability that all of 

them arc hearts? 20G&\ 

11. Gut of 50 rare hooks, 3 of which are especially valuable, 5 are stolen at. random by a thief. What is the probability 
that 

fn) none of the 3 is included ? (6) 2 of the 3 are included ? 

12. Five men in a company of twenty are graduates. If 3 men are picked put of 20 at random, what ta the probability 

that 

fa) they irre all graduates ? (p) at lepst one is graduate ? 

13. From 20 tickets marked from J to 20, one tickc-t is dmwn at random. Find the probability that it is marked with a 
mnHipb of 3 or 6. 

14* Five balls nrti drawn from a bag containing B white and 4 black bails;, Whai is the chance thpl 3 while anrd 2 black 
balls are drown ? 

15. The probability of n independent events are ;j lf p 3 ,p 3 , U p n . Find the probability that at least one of the event- will 
happen, Use this remit to find the chance of getting at least one six in a throw of 4 dice. 

16. Find the probability of drawing 4 while bills and 2 binds halls without replacement from a bag containing 1 red, I 
black and H white balls. 

17. A hag contains 10 white and 15 black brills. Two balls are drawn in succession. What is the probability that one of 
them is black and the other white ? 

18. A ptM-e coniUiths 2 rilvor and 4 copper coins and a second purse contains 4 silver and 4 copper coins If a coin .is 
' selected at random From one of the twfc purses, what is the probability that if is a silver coin ? (Osmondt 2002 < 

10. A box t contains 5 >vhit.e halls and 6 black balls. Another box II contains 6 white balls and 4 black balls. A box is 
selected at random-unri then a bitll is drawn from it ; frj what is the probability that the ball drawn will be white 7 
id) Given that Uie bull drawn is white, whol is the probability that it came from box 1. (Mumhui, 2006' 

26, A parly of n persons lake their seats at random at a round table ; find the probability that two specified persons do 
not sit together. 

21. A speaks i he truth in 75% eases, and ft in 80% of the cases. 1 □ what percentage of cases, are they likely to conf rndicl 

each other in stating the some fad ? iV.7* R. 2002 .St 

22. The pmhabilii y that Swriiil will solve a problem is 1/4 and lhe probability that Ram will solve it is 2/3. IC&tDthd rind 
I trim work independently, what is the p^Hliflitythfll the problem will bo solved by fat both ofthem.fh l at least one 
of them ? 

23. A student takes his examination in four subjects, P, Q, ft, S. lie esti mates his chances of passing in P as 4/5, in Q as 

3/1, in ft as 5/3 and in S ns 2/T To qualify, tie must pass in P and nl least two other subjects. What is the probability 
that he qualifies ? {Madras 2000S) 

24* The probability) that n 50 year old man will be alive at fin is 0 83 and the probability that a 46 year eld women will 
bu nbve at fib is:0.87. WTint is the probability that a man who is 50 and his wife who is 45 will both be alive IU yam 
bonce '* 

25. If on an average one birth in 8ft is ti case nf twins, what is the probability that there will be at least one case of twins 
in a nm term tv hospital on a dav when 20 births occur ? 

26. Two persons A and ft fire at a target independently- and have a probability Otfi and 0.7 respw lively of hitting ttu* 
target Find the probability that the target is destroyed. 

27. A pifri ft throw allonraUdy with d puir or dice the one who thronte 9 first wins. Show that the ch antes of their 
winning are ft ;;H 
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26.6 


BAYE'S THEOREM 


An event A corresponds to a n umber of exhaustive events B. A ,...,B ir If Pi Bf and Pi A! £}.) are given, then 

p(b /a) = miPiAm. 

1 IPi B, )P( A / B,) 

Proof. By the multiplication law of probability, 

P(ABf) - Pi A) P(B/A) = P(B ( .) PC A (B .) ...(1) 

... w 

PIA) 

Since the event A corresponds to B p B, 2 ,.... B n , we have by the addition law of probability, 

P(A) = PCASj) + P(AB 2 ) + + P(AB n ) = = XP{B.) P(A/B,) IBy (1)] 

TT r U rvt> / A \ P(Bi) P(A f Bi) 

Hence from (2) ? we have P(BjA) - - 1 --—— 

LP(B,) P(AtB t ) 

which is known as the theorem of inverse probability. 


Obn. The probabilities PiB } h i-f 2 , n are called a priori probabilities because these exist before we get any 
information from the experiment. 

The probabilities; Pi A / B t ), i = l t 2 ,n are called posteriori probabilities* because these are found after the experi¬ 
ment results are known. 


Example 26.26* Three machines M v M n and M :[ produce identical items. Of their respective output 5% f 
4% and 3% of items are faulty. On a certain day. M l has produced 25% of the total output, M. z has produced 
30% and Af 3 the remainder. An item selected at random is found to be faulty. What are the chances that it was 
produced by the machine with the highest output? 

Solution. Let the event of drawing a faulty item from any of the machines be A, and the event that an 
item drawn at random was produced by JV/. be B t . We have to find P(£7A) for which we proceed a s follows : 



M y 

M 2 

M s 

Remarks 

P(R,) 

0.25 

0.30 

0.45 

y sum - 1 

PiA/Bf 

0.05 

fl.04 

0.03 


P(R t ) PiAtB') 

0.0125 

0.012 

0.0135 

sum = 0.38 

PiBJA) 

0.0125 

0.038 

0.012 

0.038 

0,0135 

0.038 

by Baye's theorem 


The highest output being from M 3 , the required probability = 0.0135/0.038 = 0.355* 


Example 26.27, There are three bags: first containing 1 white, 2 red, 3green balls; second 2 white, 3 red, 
l green balls and, third 3 white, 1 red , 2green bails. Two bulls are drawn frtmi a bag chosen at random. These 
are found to be one white and one red . Find the probability that the balls so drawn came from the second bag. 

iJMTM.,20m 

Solution. Let B 2 , B 3 pertain to the first, second, third bags chosen and A : the two balls are white and red. 


Now 


Similarly 
By Baye’s theorem, P (BJA) = 


P (BA = P(BA = P (BA = - 

2 3 3 

P (A/Bj) = P (a white and a red ball are drawn from first bag) 

= (*c. x s cyc 2 = — 

1 2 15 

P ( A/B 2 ) = ( a C, X 2 cy*c 2 =\,P ( A/B s ) = ( 3 C, x ‘C^Oj = 1 

h 5 


P(B 2 )P{A/B 2 ) 


PiBJ P (A/Bi I + P(B 2 ) p (A/B< 2 ) + P (B 3 ) P(A/B 3 ) 
1 2 

- x - „ 

3 5 _ 6 


i 2 i 2 i i n 

— X- T — X - + — X — 

3 15 3 5 3 ' 5 
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PROBLEMS 26,3 


1. In a certain college, 4% of the boys and 1% of girls are taller than 1.8 m, Further more 60% of the students are girls. 
If a student is selected at random and is found |o he taller than 1,8 m,, what is the probability that the student is a 
girl 7 

2. In a bolt, factory, machines A, B and C manufacture 25%, 35% and 4fKf of the total. Of their output f#% p i% and 235 
are defective bolls. A bolt is drawn at random from the product and is found to be defective. What are the 
probabilities thaL it was manufactured by machines A t B or C ? I VT tL 2006 ; Rohiak* 2005; Madras, 2000 S\ 

3- In a bolt, factory, there are four machines A. B, C D manufactuxinp 20%, 15%, 25% and 40% of the total output 
respectively. Of their outputs 5%, 4% , 3% and 2% in the same order are defective bolts. A bolt is chosen at random 
from the factory^ production and is found defective. What is the probability that the bolt was manufstrlured by 
machine A or machi ne D ? 1 Hismr. 2007 ; J. N.l\ U. t 2003} 

1. The contents of three urns are : 1 white, 2 red, 3 green balls ; 2 white, 1 red, 1 green balls and 4 white, 5 red* 8 green 
balls. Two balls are drawn from an urn chosen at random. These are found to be one white and one green. Find im¬ 
probability that the balls so drawn came from the third urn. (Kurukshelmj2007) 


26.7 


RANDOM VARIABLE 


If a real variable X be associated with the outcome of a random experiment, then since the values which X 
takes depend on chance, it is called a random variable or a stochastic variable, or simply a variate. For instance, 
if a random experiment E consists of tossing a pair of dice, the sum X of the two numbers which turn up have the 
value 2, 3, 4, ..., 12 depending on chance. Then X is the random variable. It is a function whose values are real 
numbers and depend on chance. 

If in a random experiment, the event corresponding to a number a occurs, then the corresponding random 
variable A" is said to assume the value a and the probability of the event is denoted by P(X - a). Similarly the 
probability of the event A" assuming any value in the interval d <X < b is denoted by P(a <X< b). The probability 
of the event X <c. is written as P(X < c ). 

If a random variable takes a finite set of values, it is called a discrete variate ♦ On the other hand, if it 
assumes an infinite number of uncountable values, it is called a continuous variate . 


26.8 


(1) DISCRETE PROBABILITY DISTRIBUTION 


Suppose a discrete variate X is the outcome of some experiment. If the probability that A" takes the values 
x jf is p f , then 

P (X = x<) = p i or p(Xf) for i - 1,2,.*. 
where (0 p(x t ) > 0 for all values of i y (ii) I p(x t ) - 1 

The set of values a - , with their probabilities p . constitute a discrete probability distribution of the 
discrete variate X. 

For example, the discrete probability distribution for A, the sum of the numbers which turn on tossing a 
pair of dice is given by the following table : 

X = x t 2 3 4 5 6 7 S 9 10 11 12 

pixf 1/36 2/36 3/36 4/36 5/36 6/36 5/36 4/36 3/36 2/36 1/36 

fv There are 6 x 6 - 36 equally likely outcomes and therefore, each has 
the probability 1/36. We have X - 2 for one outcome, i.e. <1, T) ; X - 3 for two 
outcomes (1, 2) and (2, 1); X - 4 for three outcomes (1, 3), (2, 2) and (3, 1) and so 
on.] 

(2) Distribution function* The distribution function F (x) of the discrete 
variate X is defined by 


Fix) - P iX<x) - ^pLv,) where.r is any integer. The graph ofF(x) will be 

t = 1 

stair step form (Fig. 26.2). The distribution function is also sometimes called 
cumulative distribution function. 
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Example 26.28, A die is tossed thrice. A success is 'getting 1 or 6’ an a toss. Find the mean and variance 
of the number of successes. iV.T. U, t 2011 S ; Rohtak, 2004) 

2 1 12 
Solution, Probability of a ft access - — — — , Probability of failures = 1 — “ = “* 


6 3 

2 2 2 8 

prob. of no success - Prob. of all 3 failures = — x — x — = — 

3 3 3 27 

12 2 4 

Probability of one successes and 2 fail ures = 3c , x - x - x — - - 

1 3 3 3 9 

112 2 

Probability of two successes and one failure = 3c. > * — x — x — - — 

2 3 3 3 9 

Probability of three successes - — x — x — = — 

3 3 3 27 


Now 


*i = 0 

p, = 8/27 


1 

4/9 


O 

u 

2/9 


3 

1/27 


mean 


Also 


variance 


4 4 1 

LI = X PX : = 0+ - + — + - =1. 
p ' ' ' 9 9 9 

„ 4 8 9 5 

^ ,x t 9 g 27 3 

.j 2 5 2 

o~ = Z pfxf — p"= — 1 = — ■ 


Example 26.29. The probability density function of a variate X is 
X 0 1 2 3 4 5 

p(X): k 3k 5k 7k 9k Ilk 

( i) Find P(X < 4 ). PCX > 5\ PC3 <X< 6). 

(M) WkeU will be the minimum value ofk so that PCX <2) > 3- 


6 

13k 


(V.T.V.. 2010) 


i.e.. 


Solution, (r) If AT is a random variable, then 

y pCXf 1 = 1 i.e., k + 3fe + 5 k + 7k + 9k + life + 13fe = 1 or fe = 1/49. 

i=o 

PCX < 4) = fe + 3fe + 5fe + 7fe = lGfe = 16/49. 

PCX i 5) = life + 13fe = 24fe = 24/49. 

P(3 < X < 6) = 9fe + 1 lfe + 13fe = 33fe = 33/49. 

Cii) P CX< 2) = fe + 3fe + 5fe = 9fe > 0.3 or fe > 1/30 

Thus minimum value of fe = 1/30. 

Example 26.30. A random variable X has the fo/lowinp probability function : 
x : 0 l 2 3 4 5 6 7 

p(x) : 0 k 2k 2k 3k k 2 2k 3 7k 2 + A 

til Find the mine of Ike k In) Evaluate. P (X < 6), PCX > 6) 

(Hi) P (0 < X < 5). (W.B.T.U., 2005 ; J.N.T. U., 2003) 

Solution. (0 If X is a random variable, then 

7 

y p(x t ) = l, i.e ,., 0 + fe + 2fe + 2fe +■ 3fe + fe 2 + 2fe- + 7fe 2 + fe = 1 

i =0 

7fe 2 + 9fe - 1 = 0 i.e. (10 - fe) (fe + 1) = 0 i,e„ k = 

(it) P (X < 6) = P (X = 0) + P (X - 1) + P (X= 2) + P (X= S) + P (X= 4) + P (X = 5) 

Q 1 fit 

= 0 + fe + 2ft+ 2fe + 3fe + fe 2 = 8fe + A 2 = — + ~ = - 


10 100 100 
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9 1 19 

P (X> 6 ) = P (X = fi) + P (X= 7) - 2k 2 + Ik 2 + ft = ^ + ^ = ^ 

(if) P(0 <X< 5) = P(X= 1) + P(X= 2) + P(X= 3) + P(X = 4) 

= k + 2k + 2k + 3k = 8 * = — = -■ 

10 5 


26.9 


( 1 ) 


CONTINUOUS PROBABILITY DISTRIBUTION 


When a variate X takes every value in an interval, it gives rise to continuous distribution of X The 
distributions defined by the variates like heights or weights are continuous distributions, 

A major conceptual difference, however, exists between discrete and continuous probabilities. When 
thinking in discrete terms, the probability associated with an event is meaningful. With continuous events, 
however, where the number of events is infinitely large, the probability that a specific event will occur is practi¬ 
cally zero. For this reason, continuous probability statements must be worded somewhat differently from 
discrete ones, instead of finding the probability that y equals some value, we find the probability ofx falling in a 
small interval. 

Thus the probability distribution of a continuous variate x is defined by a function f (x) such that the 


probability of the variate x falling in the small interval x — ^rdx to x + dx is fix) dx , Symbolically it can be 

A A 


expressed as p|V— — dx < .y < x + i dx 


- f (x ) dx. Then fix) is called the probability density function and the 


continuous curve y = fix) is called the probability curve . 

The range of the variable may be finite or infinite. But even when the range is finite, it is convenient to 
consider it as infinite by supposing the density function to be zero outside the given range. Thus if fix) - <j>(*) be 
the density function denoted for the variate x in the interval (a, />), then it can be written as 


f (y) = 0 , x < « 


= a <x < b 

= 0, x > b* 


The density function fix) is always positive and j f (x)dx — 1 (be., the total area under the probability 

curve and the x-axis is unity which corresponds to the requirements that the total probability of happening of an 
event is unity). 

(2) Distribution function 


IfF(x) = HX<x) = f f(x)dx , 

J- C.'i 

then F (x) is defined as the cumulative distribution function or simply the distribution function of the 

continuous variate X. It is the probability that the value of the variate X will be < x. The graph of Fix) in this case 

is as shown in Fig. 26.316). 

The distribution function F(y) has the following properties : 

(/') F* fx) = fix) > 0 , so that F (x) is a non-decreasing function, 
ft) F (-<*>) = 0 ; Mi) F (<*0 “ 1 

ii.v) Pin <x<b) = j ; f (x) dx = J* f (x) dx - J" fix) dx = F (a). 

Example 26*31. (!) Is the function defined as fallows a density function? 

f(x)= ir\ x >0 

= 0, x <Q> 

Hi) If so, determine the probability that the variate having this density will fall in the interval (I, 2) ¥ 

(Hi) Also find the cumulative probability function F(2) I 

Solution* {i)f (y) is clearly > 0 for every x in f 1, 2) and 
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Hence the function f Or) satisfies the requirements for a density function. 

r 2 

f ii) Required probability - P (1 < x < 2) = ye x dx = e~ 1 -e " 2 = 0*368 - 0.135 - 0.233. 

This probability is equal to the shaded area in Fig. 26.3 (u). 

(Hi) Cumulative probability function F( 2) 

J 2 f (x) dx =|" 0 - dx + J V* dx = 1 - r 2 = 1 - 0.135 = 0.865 

which is shown in Fig, 26.3 (b). 




Fig. 26.3 


26.10 


(i) EXPECTATION 


The mean value iji) of the probability distribution of a variate X is commonly known as its expectation 
and is denoted by E(X). If fix) is the probability density function of the variate X, then 

f (Xj) (discrete distribution) 


or 

E(X)= f xfix)dx 

J-oo 

In general, expectation of any function <j)(x) is given by 

(continuous distribution) 


i 

(discrete distribution) 

or 

£fi(>(.v)) = j* f GO dx 

(2) Variance of a distribution is given by 

(continuous distribution) 


o 2 = - |if f (x,) 

t 

(discrete distribution) 

or 

o 2 = J (x - g ) 2 f (jc> dx 

(continuous distribution) 

where a is the standard deviation of the distribution. 

(3) The rth moment about the mean (denoted by p) is defined by 



g r = S(*.-gr/(x ; ) 

(discrete distribution) 

or 

g r = J {x - g) r f (j) dv 

(4) Mean deviation from the mean is given by 

(continuous distribution) 


I | *,-g| f lxfi 

(discrete distribution) 

or by 

f | x - g | f (*) dx 

(continuous distribution) 




Example 26,32. In a lottery', m tickets are drawn at a time out of ti tickets numbered from 1 to m Find the 
expected value of the sum of the numbers on the tickets drawn. 
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Solution. Let x r x 2r x n be the variables representing the numbers on the first, second, nth ticket. 
The probability of drawing a ticket out of n tickets being in each case 1/tt, we have 

E(x-) = 1 - — + 2 - — + 3 - — + ... + n • — = — («+ 1) 
n n n n 2 

expected value of the sum of the numbers on the tickets drawn 
= E(x t + * 2 + ... + x in ) = E(x$) + E(x 2 ) + ... + 

= mE{x { ) = Ji m (n + 1 ). 

2 

Example 26.33* X is a continuous random variable with probability density function given by 

fix) = kx (0 <x<2) 

= 2k(2<x<4) 

= - kx 4 * 6k ( 4<x<6) 

Find k and mean value of X. (JJ4.TM., 2003) 

Solution. Since the total probability is unity 

f f(x) dx ss 1 

Jo 

f2 r4 

Le. f J kx dx 4- J 2 kdx + {- kx + 6 A) dx = 1 

or k j x 2 12 | + 2k j x ]* + kx 2 /2 + = 1 

or 2k 4- 4k + {— 10& + 12ft) = 1 Le. $ k - 1/8. 

Mean of X = f x fix) dx 

Jo 

r 2 ? r 4 r e 

- J kx dx + J 2kx dx + J x {- kx + 6k)dx 

= k\ x 3 /3 r + «U»/2| 4 +(--k\ ±®V3 [ e +6^| x 2 /2 r I 

I to I I?-. 1 U I I 4 jl 

= k (8/3) + k (12) -k (152/3) + 3/? (20) = -(24) = 3. 

8 

Example 26.34. A variate X has the probability distribution 

x : -3 6 9 

P(X = x) : 1/6 1/2 1/3 

Find E (XI and E (X’). Hence evaluate E12X + 1 J 2 . 

Solution. E(X> = -3 x - + 6xi + 9x- = 11/2. 

6 2 3 

E (X) 2 = 9 x - + 36 x - + 81 x - = 93/2 
6 2 3 

E (2X + l) 2 = E (4X + 4X + 1) = AE (X) + 4E (X) + 1 
= 4 (93/2) + 4 (11/2) + 1 = 209. 

Example 26-35* The frequency distribution of a measurable characteristic varying between 0 and 2 is as 
under 

/’<x)=r ? , 0<x<l 

= (2-x>\ l$x<2. 

Calculate the standard deviation and also the mean deviation about the mean. 
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Solution.Total frequency N = x 3 dx 4 (2- x) 3 dx = i 4 i = 

u/ (about the origin) = — f jc ■ jt 3 rfac + f x(2 - x) n dx 
- 1 AT Jo Ji 


= 2 


- x 


( 2 -*r 


(2-xr 

20 


. =2 fl4 + J-4 

U 4 20 j 


^ " j 2 

H 2 ' (about the origin) = — J fl * 2 ■ JC 3 d* + ^ x 2 (2-xf dx 


= 2 


x 6 

1 

4 

2 (2 - X)* 

- x -— 

•2 

4 ( 

" a: (2 - x) 4 dx 

6 

0 

A 

1 . aJ 

1 


fl 

1 

1 

n 

1 

< — 

4-4 — 

- 4 —- 

1.6 

4 

2 

L5 

30 


16 

15 


Hence 


i e., standard deviation a = 


C^ = M 2 =^-^=- 


v/l5 


Mean deviation about the mean 


= — { f I x - 11 x 3 dx + f [ x — 11 (2 - x ) 3 dx \ 
N { Jo Jj J 

= 2 1 J" fl - x)x 3 dx 4 | (x - 11 (2 -xf dx 

= 2 {(HH°4B- 


26.11 


MOMENT GENERATING FUNCTION 


(1) The moment generating function of the discrete probability distribution of the variate X about 

the value x = a is defined as the expected value o/V u “"‘ and is denoted by Afjtl Thus 

MJtt) = Ip ie «*-* x ...( 1 ) 

which is a function of the parameter t only. 

Expanding the exponential in (1), we get 

f 2 f 

M it) - Ip. 4 tl.p t (x- - a) 4 — IpAXz - aft + + — lx- lx. -aY +. 

ii • ( • f i 2i ‘if ^.| ii 


f 




= 1 + ^r+ - 4' 3 +- + --7PV+.... 


...( 2 ) 

2! A r! 

where p f x , is the moment of order r about a. Thus M il) generates moments and that is why it is called lhe 
moment generating function. From (2), w-e find 

- coefficient of £7r! in the expansion of MJt)* 

Otherwise differentiating (2) r times with respect to / and then putting t - 0, we get 

d r 


M r ~ 


df 


■MM) 


.43) 


Jf -0 


Thus the moment about any point x - a can be found from 12) or more conveniently from the formula (31 
Rewriting (1) as 

M (0 = c~ at I.p e lXl or M it) - c ~ ut MJt) .44) 

fl * I if ll 

Thus the m.g.f about the point a - e~ ai (rng.f about the origin 


Obs. The rng.f Of the Hum of two independent variables is the prods * / of their 


.j$i 
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( 2 ) If fix) is the density function of a continuous variate X, then the moment generating function of this 
continuous probability distribution about x = a is given by 

M"(t)= P fix)da. 

Example 26.36. Find the moment generating funrdon of the exponential distribution 

{Karukshetra, 2009) 


fix) = l e~ xh , 0 s x 0. Hence find Us mean and S.D. 

e 

Solution. Tile moment generating function about the origin is 

MJt) = [ e lx ■ — ■e~* fe dx = — f e {t ^ l/l)x dx 
Jo c c h) 

| pK-ww 1“ 

JL = tl - ct)~ 1 = X + ct + c?t 2 + c 3 / 3 + , „ 


c | (t-1/c) | 


l l i = 


^Meity 


= ic 4 2 c 2 t 4 3 c :i f 2 4 ...) f = c - c 


t=u 


dt 


- 2 c 2 , and p 2 = p ' 2 - (ji^ ) 2 = 2 e 2 — c 2 ~ c 2 . 


if = 0 

Hence the. mean Is r and S,D. is also c. 


\t\<- 

c 


26.12 


PROBABILITY GENERATING FUNCTION 


The probability generating function ip.g.f) P ft) for a random variable x which takes integral values 0, I, 
2, 3 ,... only , is defined by 


p/t)=p 0 +/jj/+ p/ 2 + ... = jr p„t" = e (t x ) 


n = 0 


The coefficient of / 11 in the expansion of P (t) in powers off gives P (t) x 


dP 

<?p 

r)/“ 


= Z npj 1 - 1 


I? ' 0 




Also 


f ii'P 
[ iiC 


^nln-l) P r t "~ 2 or 
- p 2 4 \xf 2 — and so on 
~n\p„,k = 1 , 2 ,... n. 


^2 J) s | 


c ¥P 
i)f 2 


= Ln(n -l)p n = g 2 ' - pj' 


A = i 


f - 0 


For integral valued variates, we have 

P x U j/ ) = E {e**) = m.gifi for x* 

Obs. The p,g.f. of I he sum of t wo independent random variables is the product of their p.gX's, 


Example 26,37. If x be a random variable with probability genera ting function P/th find (he probability 

generating function of 

ii\x + 2 Ui)2x. 


Solution, We have Pft) - ^ Pk t k 


k - o 
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(i) Probability generating function of x + 2 = ^ p h t k * 2 - t 2 ^ p,. f* = f 2 P x (t). 

k =0 *=S 

« « 

(z7) Probability generating function of 2 jc = ^ p* / 2A = ^ /fyU 2 )* - P it 2 }, 

£=0 A = 0 


1 . 


2 . 


3. 

4 * 

5. 

6 - 

7, 


8 . 


9, 


10 * 


11 . 


PROBLEMS 26.4 


A random variable x has the following probability function : 

Values of x i ~ 2 — 1 0 1 2 3 

pixl : 0.1 k 0.2 2 k 0.3 k 

Find the value of A and calculate mean and variance. iB.V.T.U*, 2007; V.TM., 2004 ; Madras, 2003) 

Find the standard deviation for the following discrete distribution : 

* fi 1 8 12 W 20 24 

p(x) : 1/8 1/6 3/8 1/4 1/12 

Obtain the distribution function of the total number of heads occurring in three tosses of an unbiased coin. 

Show that for any discrete distribution P 2 > 1, 

From an urn containing 3 red and 2 %vhite balls, a man is to draw 2 balls at random without replacement* being 
promised Rs. 20 for each red ball he draws and Rs. 10 for each white one. Find his expectation. 

Four coins are tossed. What is the expectation of the number of heads ? 

The diameter of an electric cable is assumed to be a continuous variate with p.d.f. fix} = 6r (1 - x) t 0 < x < 1, Verify 
that the above is a p.dX Also find the mean and variance. 

A random variable gives measurements X between 0 and 1 with a probability function 
/Trj = IZv 3 - 21 x 2 + 10r, OSr < 1 
= 0 

U) Find P f X < i ) and P ( X > * ) 


(wj Find a number & such that P (X < A) - — 


2003) 

The power reflected by an aircraft, that is received by a radar can be described by an exponential random variableX 

jr £0 


The probability density of X is given by fix; - 




0 . 


x< 0 


where x 0 is the average power received by the radar, 

(j) What is the probability that the radar will receive power larger than the power received on the average ? (it) 
What is the probability that the radar will receive power less than the power received on the average ? 

{Mumbai, 2006) 


A function is defined as follows : 

f(x) = 0 , x<2 


= — (2x + 3)> 2Sr<4 

18 

- 0, x > 4. 

Show that it is a density function. Find the probability that a variate having this density will fall in the 
interval 2£x£& ? 

A continuous distribution of a variable x in the range i- 3, 3) is defined as 
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Verify that the area under the curve is unity. Show that the mean is zero. (Kuntkshetra, 2005} 

12 . The Frequency function of a continuous random variable is given by 

fix)=ytfct2-x).Q<x<2< 

Find the value of y 0 , mean and variance of x {Kerala, 200$ ; J.N.T.Lh, 2003 ) 

13, The probability density pix) of a continuous random variable is given by 

p(x) -y 0 tr I * K - ** < x < «. 

Prove that y 0 ^ 1/2. Find the mean and variance of the distribution. 

\SW\TU. t 2008- KurukshetnL, 2007 ; V.TAL 2004 ) 


- hr +1), — 1 < X < 1 
2 

0 t elsewhere 

represents the densi ty of a random variable X, find E{X) and Var {X} 
15- A function is defined as under; 


14, If f\x} — 


fix)=l/h r x l <x<x 2 
= 0 , elsewhere. 

Find the cumulative distribution of the variate x when k satisfies the requirements for fix) to be a density function. 


26.13 


REPEATED TRIALS 


We know that the probability of getting a head or a tail on tossing a coin is —. If the coin is tossed thrice, 
the probability of getting one head and two tails can be combined as H~ T— T, T~H—T, T — T— H. The probabil¬ 
ity of each one of these being i x i x i, t.e , their total probability shall be 3( 1 / 2 ) 3 . 


Similarly if a trial is repeated n times and ifjo is the probability of a success and q that of a failure, then 
the probability of r successes and n — r failures is given by p r q tl ^ r . 

But these r successes and n-r failures can occur in any of the n C r ways in each of which the probability is 

same. 

Thus the probability of r successes is n C r p r q n ~ r . 

Cor, The probabilities of at least r successes in n trials 

- the sum of the probabilities of r, r -§- 1 , n successes 
= n C p r q n ~ r + n C j p r + ® q n ~ r ~ i + + 71 C p l} 


26.14 


( 1 ) 


BINOMIAL DISTRIBUTION* 


It is concerned with trials of a repetitive nature in which only the occurrence or non-occurrence , success or 
failure, acceptance or rejection t yes or no of a particular event is of interest. 

If we perform a series of independent trials such that for each trial p is the probability of a success and q 
that of a failure, then the probability of r successes in a series of n trials is given by ,t C r p r q It _r * where r takes any 
integral value from 0 to n. The probabilities of 0 , 1 , 2 ,... r, ...» n successes are, therefore, given by 
q n \ n C l pq n - \ ll C t2 p 2 q n ~ 2 , „. t n C r p r q n ~ r p n . 

The probability of the number of successes so obtained is called the binomial distribution for the simple 
reason that the probabilities are the successive terms in the expansion of the binomial {q + p ) n . 

/. the sum of'the probabilities 

= q tl + "Cjpq" “ 1 + n Cj} 2 q n ~ 2 + ... + p n = (q + p) n ~ 1 . 

(2) Constants of the binomial distribution. The moment generating function about the origin is 

M c (t) = E(e tx ) = X n C x p x q n ~ x e** |By (1) § 26.11) 

= X n C x {pe f Y q n -■* = (q + pe*)" 


* It was discovered by a Swiss mathematician Jacob Bernoulli and was published posthumously in 1713. 









or 
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Differentiating with respect to t and putting t - 0 and using (3) § 26.11, we get the mean 
= np . 

Since M {} (t ) = e~ ai the m.g.f. of the binomial distribution about its mean (m) - np, is given by 

MJt) = e-w* (g + pe*T - (girt* + peFY 


t 2 f 3 t 4 T 

1 + p<? — + pq(<J z + / j3 >^7 + ■ ' 


f 2 * 3 ,- 4 

1 + + (J-y — + II, - + Jl, '- + ■ ■ ■ 

2 2! 3! 4 ! 


t 2 t 3 t* 

= 1 + npq -— + npq(q -p) — + npq [1 + 3 (n — 2) pq\ — + ... 

2! 3! 4[ 

Equating the coefficients of like powers of t on either side, we have 

M 2 = "P<7. M y - -P). M.j = npQ fl + 3(n - 2)pq\. 

Also ,i, .. K.* <? P) 5 U 2p:" ^ p 2= Jt^ + iz5££ 

p 2 3 npq npq Ji 2 ^pq 

Thus mean - np, s/undart/ deuiatiora = J(npq ). 
sAeuniess = (i — 2p)/ J(npq) t ftwrtqsis = p 2 . 


Obs. The skewness if positive for p < and negative for p > i- When p - 


probability curve of the binomial distribution will be symmetrical (bell-shaped). 
As n the number of trials increase indefini tely, flj 0, and p 2 -> 3, 


- P the skewness is zero, t.e> % the 
2 


(3) Binomial frequency distribution. If n independent trials constitute one experiment and this 
experiment be repeated N times, then the frequency of r successes is N r 'C r p r q n The possible number of 
successes together with these expected frequencies constitute the binomial frequency distribution. 

(4) Applications of Binomial distribution. This distribution is applied to problems concerning : 
(i) Number of defectives in a sample from production line, 

Iti) Estimation of reliability of systems, 

(iii) Number of rounds tired from a gun hitting a target. 


(iti) Radar detection. 


Example 26,38, The probability that a pen manufactured by a company will hr defective is 1110 , If 12 
such pens aw manufactured, find the probability that 

[a ) exactly tivo will be defect we. ( 6 ) ut least two will be defective, 

(c) none will be defective, (V. T. i/., 2004; Burdwan, 2003} 

Solution. The probability of a defective pen is 1/10 - 0,1 
The probability of a non-defective pen is 1 — 0.1 = 0,9 

(a) The probability that exactly two will be defective 

= l 2 c 2 (0,i ) 2 (0-9 ) 10 = 0,2301 

(b) The probability that at least two will be defective 

- 1 - (prob. that either none or one is non-defective) 

= 1 - | 12 C 0 ( 0 . 9) 12 + %( 0 . 1 ) {0,9) ll | - 0.3412 

(c) The probability that none will be defective 

= 12 C 12 (0.9 ) 12 = 0,2833, 

Example 26,39, In 256 sets of 12 tosses of a coin, in haw many cases one can expect 8 heads and 4 tails . 

2003) 

Solution. P(head) = — and P(tail) — — 

2 2 
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By binomial distribution, probability of 8 heads and 4 tails in 12 trials is 

495 




4096 


the expected number of such cases in 256 sets 
= 256 x P (X = 8 ) = 256 


495 


4096 


= 30.9 = 31 (say). 


Example 26.40. In sampling a large number of parts manufactured by a machine, the mean number of 
defectives in a samp/e of 20 is 2. Out of 1000 such samples, how many would be expected to contain at least 3 
defective parts. (V. T. U., 2004 ) 

Solution. Mean number of defectives = 2 = np = 20p. 

.'. The probability of a defective part is p = 2/20 = 0.1. 
and the probability of a non-defective part = 0.9 

.-. The probability of at least three defectives in a sample of 20. 

= 1 — (prob. that either none, or one, or two are non-defective parts) 

= 1 - [ 2O C o (0.9) 2 ° + 20 C,(0.1) (0.9) 19 + 2 °C 2 (0.1) 2 (0.9) 18 ] 

= 1 -(0.9) 18 x 4.51 = 0.323. 

Thus the number of samples having at least three defective parts out of 1000 samples 
= 1000 x 0.323 = 323. 


Example 26.41. The following data are the number of seeds germinating out of 10 on damp filter paper 
for 80 sets of seeds. Fit a binomial distribution to these data : 

x: 0 1 2 3 4 5 • 6 7 8 9 10 

f: 6 20 28 12 8 6 0 0 0 0 0 


Solution. Here n = 10 and N = Z f = 80 

E/& 20 + 56 + 36 + 32 + 30 174 

mean = —M- = —-—-=- 

I f 80 80 


2.175 


Now the mean of a binomial distribution = np 

i.e., np = 10p = 2.175 p = 0.2175, q = l-p = 0.7825 

Hence the binomial distribution to be fitted is 


N (q + p) n = 80 ( 0.7825 + 0 . 2175) 10 

= 80 . 10 C o ( 0 . 7825) 10 + 80 . 10 Cj ( 0 . 7825) 9 ( 0 . 2175) 1 + 10 C 2 ( 0 . 7825) 8 ( 0 . 2175) 2 + 

... + 80 C g ( 0 . 7825) 1 ( 0 . 2175) 9 + 80 C 10 ( 0 . 2175) 10 
= 6.885 + 19.13 + 23.94 + ... + 0.0007 + 0.00002 
the successive terms in the expansion give the expected or theoretical frequencies which are 
x : 0 1 2 3 4 5 6 7 8 9 10 

f: 6.9 19.1 24.0 17.8 8.6 2.9 0.7 0.1 0 0 0 


PROBLEMS 26.5 


1 . Determine the binomial distribution for which mean = 2 (variance) and mean + variance = 3 . Also find P {X < 3 ), 

(Kerala, 2005} 

2 . An ordinary’ six-faced die is thrown four times. What are the probabilities of obtaining 4, 3, 2, 1 and 0 faces ? 

3 . If the chance that one of the ten telephone lines is busy at an instant is 0 * 2 . 

(a) What ia the chance that, 6 of the lines are busy f 

(b) What is the most probable number of busy lines and what is the probability of this mimher ? 

(e) What is the probability that all the lines are busy ? (V.T,U. t 2002 S) 

1 If the probability that a new-born child is a male is 0 - 6 , find the probability that in a family of 5 children there are 
exactly 3 boys, (Kurukshetra^ 2005) 
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5, If on an average 1 vessel in every 10 its wrecked, find the probability that nut of 5 vessels expected to arrive, at least 

4 will arrive safely. (P, T.ll, 2005) 

6. The probability that a bomb dropped from a plane will strike the target is 1/5. If six bombs are dropped, find the 
probability that U ) exactly two will strike the target, fit) at least two will strike the target, 

7. A sortie of 20 aeroplanes is sent od an operational flight. The chances dial an aeroplane fails to return is 5$, Find 

the probability that (i) one plane does not return (#) at the most 5 planes do not return, and (£&) what is the most 
probable number of returns ?. {Hfcssor; 2007) 

8, The probability that an entering student will graduate is 0.4. Determine the probability that out of 5 students 
[a * none (h) one and (e) al least one will graduate, 

!), Out of 800 families with 5 children each, how many would you expect to have (ci) 3 buys, (hi 5 girls, (c) either 2 or 3 
boys ? Assume equal probabilities for boys and girls. (V.T* V. t 2004) 

IQ, ino per cent of the rivets produced by a machine are defective, find the probability that out of 5 rivets chosen at 
random (i ) none will be defective* fir) one will be defective, and (to) at least two wall be defective, 

! L In a bombing action there is 50$ chance that any bomb will strike the target Two direct hits are needed to destroy 
the target completely. How many bombs are required to be dropped to give a 99$ chance or better of completely 
destroying the target. (V.T.U. t 2003 S ) 

12* A product is 0,5$ defective and is packed in cartons of 100, What percentage contains not more than 3 defectives ? 

Kb If in a lot of 500 solenoids 25 are defective, find the probability of 0,1* 2, 3 defective solenoids in a random sample 
of 20 solenoids* 

14. 590 articles were selected at random out of u batch containing 10,000 articles, and 30 were found to he defective. 
How many defectives articles would you reasonably expect to have in the whole batch ? I JM.T.U*, 2003) 

16. Fit a binomial distribution for the following data and compare the theoretical frequencies with the actual ones ; 
x: 0 12 3 15 

/: 2 14 20 34 22 8 {Bhofc&2Q0ty 

16, Fit a binomial distribution to the following frequency distribution : 
jr: 0 1 2 3 4 5 6 

f : 13 25 52 58 32 36 4 (Kurukshetra, 2009 ; S.V.TM., 2007\ 


26.15 


(1) POISSON DISTRIBUTION* 


It is a distribution related to the probabilities of events which are extremely rare P hut which have a large 
number of independent opportunities for occurrence * The number of persons born blind per year in a large city 
and the number of deaths by horse kick in an army corps are some of the phenomena, in which this law- is 
followed. 

This distribution can be derived as a limiting case of the binomial distribution by making n very large and 
p very small * keeping np fixed (= m, say). 

The probability of r successes in a binomial-distribution is 


P(r) = !I C r p r q”~ r ^ 


n(n - 1) (n - 2) - - (n - r + 1) 

7 \ 


p r q 


n-r 


nplnp - p) {np - 2 p) • ■ ■ (np -r-lp) ^ j„- r 
r! 


As n —> p 0 (np - m ), we have 


m 


P(r) = — Lt 


r I « —* c 


so that the probabilities of 0,1, 2..** r*. 


(1 ~m!n) n m r m 
(1 -mint e 

.. successes in a Poisson distribution are given by 


e^ m t me~ m ) 


- 

m e 


roV M 


2! 


r! 


The sum of these probabilities is unity as it should be. 


* It was discovered by a French mathematician S.D. Poisson in 1837. 
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(2) Constants of the Poisson distribution. These constants can easily be derived from the 
corresponding constants of the binomial distribution simply by making n—> p —> 0, (^r —> 1) and noting that 
np = m 

Mean ~ Lt (np) = m 

p 2 - Lt (npq) - m Ll ( q ) = m 

Standard deviation = \fm 
Also p 3 = m, p 4 = m + 3 m 2 

Skewness (- ) — 1/m, Kurt os is (- p 2 ) - 3 + Urn. 

Since p 3 is positive, Poisson distribution is positively skewed and since J3 2 > 3, it is Leptokurtic. 

(3) Applications of Poisson distribution. This distribution is applied to problems concerning : 
(f) Arrival pattern of‘defective vehicles in a works hop', ‘patients in a hospital* or Telephone calls*, 

(if) Demand pattern for certain spare parts* 

(Hi) Number of fragments from a shell hitting a target. 

(iv) Spatial distribution of bomb hits. 


Example 26.42. If the probability of a had reaction from a certain injection is 0.001 , determine the 
chance that out of2 1 000 individuals more than two will get, a bad reaction. (V. T. LL, 2008; Kb tt ay am, 2005 ) 

Solution. It follows a Poisson distribution as the probability of occurrence is very small. 

Mean rn = np - 2000(0,001) = 2 

Probability that more than 2 will get a bad reaction 

= 1 — [prob. that no one gets a bad reaction + prob. that one gets 
a bad reaction 4* prob, that two get bad reaction] 


= 1 


[.. mV" 

mV"' 

4- 

— 1 _ 

" 1 2 

2 1 

|_ 1! 

2! 

~~ 1 JL 

2 + 2 
te e 

e 2 J 


I v m = 2] 


= 1 


-Y = 0.32. 
e 


[v e = 2,718] 


Example 26.43. In a certain factory turning out razor blades, there is a small chance of 0.0Q2 for any 
blade to be defective. The blades are supplied in packets of 10, use Poisson distribution to calculate the approxi¬ 
mate number of packets containing no defective, one defective and two defective blades respectively in a 
consignment of 10,000 packets. (Kurukshetra, 2009 S; Madras, 2006; V.T.U., 2004) 

Solution. We know that m = np = 10 x 0,002 = 0.02 


e -o.C2 = j _ o,02 + 


(0.02) 2 

2! 


— = 0,9802 approximately 


Probability of no defective blade is e~ m = e 0 02 = 0.9802 
/. no. of packets containing no defective blade is 
10,000 x 0.9802 = 9802 


Similarly the number of packets containing one defective blade = 10,000 x me~ 

= 10,000 x (0.02) x 0.9802 = 196 
Finally the number of packets containing two defective blades 


= 10,000 X 


mV™ 


2! 


= 10,000 x 


(0.02f 

2! 


x 0,9802 = 2 approximately. 


Example 26.44, Fit a Poisson distribution to the set of observations : 
x; 0 1 2 3 4 

f; 122 60 15 2 1 (Bhopal 2007 S ; \LT.U. t 2004; U.PZU., 2003) 


Solution, Mean = 


Ifet _ 60 4 36 + 6 + 4 
Zfi ~ 


= 0,5. 


200 
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mean of Poisson distribution Le. r m = 0.5* 
Hence the theoretical frequency for r successes is 


Ne~ m (rn) r _ 200tf 05 (.6/ 
r! “ r! 


where r = 0,1, 2, 3, 4 


the theoretical frequencies are 

x: 0 1 2 3 4 

f: 121 61 16 2 0 


Higher Engineering Mathematics 


(V e~ s =0.61) 


PROBLEMS 26.6 


1- If (i random variable lias a Poisson distribution such that P(I) = /\2), line] 

li) mean of the distribution. 07) P(4l (P.T.t/., 2003 ) 

2. X is a Poisson variable and it is found that the probability that A" - 2 is two-thirds of the probability that AT =* 1. Find 
the probability that X = 0 and the probability Lhaf A' = 3. What is the probability that A" exceeds 8 ? 

3. For Poisson distribution, prove that m pg Y| " 1* where symbols have their usual meanings. (S.V.T.LK, 2008) 

4. A certain screw making machine produces on average of 2 defective screws out of 100, and packs them in boxes of 

500; Find the probability that a box contains 15 defective screws. {Rurukshetnt, 2006) 

5. A manufacturer knows that the condensers he makes contain on the average 1 % defectives. He packs them in boxes 
of 100, What is the probability that a box picked at random will contain 3 or more faulty condensers ? 

6. A car-hire firm has two cars which it hires out day by day. The number of demands for a ear on each day is 

distributed as a Poisson distribution with mean 1.5. Calculate the proportion of days (i) on which there is no 
demand, {//) on which demand is refused. [e~ 1-5 = 0.2231)- {Bhopal r 2008 S ; J.N.T. £f r 2003) 

7. The incidence of occupational disease in an industry is such that the workmen have a 10% chance of suffering from 
it. What is probability that in a group of 7, five or more will suffer from it ? 

8. The frequency of accidents per shift in a factory' is as shown in the following table ; 

Accidents per shift : 0 1 2 3 4 

Frequency : 180 92 24 3 1 

Calculate the mean number of accidents per shift and the corresponding Poisson distribution and compare with 
actual observations, 

9. A source of Liquid is known to contain bacteria with the mean number of bacteria per cubic centimetre equal to 3. 
Teh l cx„ test-tubes are filled with the liquid. Assuming that Poisson distribution is applicable, calculate the 
probability that all the test-tubes will show growth contain atleast 1 bacterium each, 

10. Find the expectation of the function - xe J in a Poisson distribution, l V.71IX, 2003) 

[Hint: If m be the mean of the Poisson distribution, then expectation of 

'jrttxkrt e m 

4w) = > — t - = m exp. m k r 1 -m - ] j 
“ ' xl 

X—0 

11. Fit a Poisson distribution to the following : 

x: 0 1 2 3 4 

f : 4b 38 22 9 I (Kmiikshetra, 2009; Bhopal, 2008 :V.TJl. 2im $\ 

12. Fit a Poisson distribution to the following data given the number of yeast cells per square for 400 squares : 

No. of cells per sq. ; 0 1 2 3 4 5 6 7 8 9 10 

No. of squares : 103 143 98 42 8420000 

* {S.VS. Ll, 2007) 


26.16 


m 


NORMAL DISTRIBUTION* 


Now we consider a continuous distribution of fundamental importance, namely the normal distribution. 
Any quantity whose variation depends on random causes is distributed according to the normal law . Its 
importance lies in the fact that a targe number of distributions approximate to the normal distribution. 


* In 1924, Karl Pearson found this distribution which Abraham De Mature had discovered as early as 1733. See footnote 
p. 843 and G47. 











PROEAHOJTV AND DISTRIBUTIONS 


Let us define a variate z = *— n _. 

qinpq) 


-(l)' 


where jc is a binomial variate with mean rip and S.D. \j(npq) so that z is a variate with mean zero and variance uni ty. 
In the limit as n tends to infinity, the distribution of z becomes a continuous distribution extending from — »to ™. 

It can be shown that the limiting form of the binomial distribution (I) for large values of n when neither p 
nor q is very small, is the normal, distribution . The normal curve is of the form 


y = 


csA2tt) 




U2) 


where |i and a are the mean and standard deviation respectively, 

{2} Properties of the normal distribution 

/, The normal curve (2) is bell-shaped and is symmetrical about its mean. It is unimoda] with ordinates 

decreasing rapidly on both sides of the mean (Fig. 26.3 ). The maximum ordinate is l/oJi2ri) f found by putting 
x = p in (2), 

As it is symmetrical, its mean, median and mode are the same. Its points of inflexion (found by pulling 
ePyldx 2 - 0 and verifying that at these points d^y/dx 3 * 0) are given by x = p ± c, Le. y these points are equidistant 
from the mean on either side, 

II. Mean deviation from the mean p 


= P \ x~ V I - -, 1 - e~ {x ~ vfn ^ dx 

j— oV( 2 Tt) 

a r t t -ft* t 
= - f -—- ■ z \e dz 

,f(2n) J -“ 


= ^_r r° _ 

V<2ji) L 


z<?‘ z " /2 t/z + f ze.^ /2 dz 

Jc 


Jn 


2 a 


Jo 


zc“ z ~ /2 dz 


2 a 


- e 


-z 2 /2 


V§jij 

III. Moments about the mean 




V(270 Jo 

- I a(0- 1) = 0.7979 a = (4/5) a 




+ , = f" (* - g) 2 " +1 —pL= e - /2a " dx 

+ t J— oMji) 


2 n+l 


„ 2 „ + ]„-^/2 


dz where z = {x - p)/a 


J-- 

= 0, since the integral is an odd function. 
Thus all odd order moments about the mean vanish. 

1 


M 2 1. 


jiW 

< = J_. 


(z-M) 


W(2jc) 




a 2>! 


■J(2n) 


ml 


J»-\-* n .zdz 


/(2n) _ 
a 2 " 




J” (Zn-Dz 2 "- 2 e~^ /2 dz 


V(2rt) 


(0 - 0) + (2n -l)o 2 \i in 


Repeated application of this reduction formula, gives 
= I2n - 1) (2 n - 3) ... 3 , lo 2 " 

In particular, p 2 = a 2 , p 4 = So 4 , 

2 


Pl = M£. = 0 fend P 2 = % = 3 
M2 Ma 


[Put 2 - {x - p)/ol 


[Integrate by parts] 


Hence 
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Le.j the coefficient of skewness is zero (i.e. the curve is symmetrical) and the Kurtosis is 3. This is the basis for 
the choice of the value 3 in the definitions of platykurtic and leptokurtic (page 844), 

TV. The probability of x lying between x 1 and x 2 is given by the area under the normal curve from x 1 to x 2% 
Le. t P 6^ <x< x 2 ) 


= -A_ * 

oq(2n) 

ii #*£ PJ 11 

- „ “ e~ z/2 dz where z - h c - p)/a> dz - dx/o and z { = (jc 1 - z 2 - (x 2 - p)/o. 

sj(2n) 

= ^){i 


22 „- 2 S /2 


cte - J' e 1 12 dz ^ = P 2 (z)~ P v ( z ) 


The values of each of the above iutegrals can be found from the table Ill-Appendix 2. which gives the 
values of 


P(z) = 


1 rv *“ /2 

jM) Jo 


dz 


for various values of z. This integral is called the probability integral or the error function due to its use in the 
theory of sampling and the theory of errors. 

Using this table, we see that the area under the normal curve from z = 0 to z - 1, i.e. from x = p to p + a is 
0.3413, 

/. (i) The area under the normal curve between the ordinates x = p - o and x - p + a is 0,6826, - 68% 

nearly. Thus approximately 2/3 of the values lie within these limits. 

(ii) The area under the normal curve between x - p - 2a and x = p i + 2a is 0:9544 - 95,5%, which implies 


that about 4 —% of the values lie ou tside these limits. 

2 

(ii) 99.73% of the values lie between x-p -3a and x - 
M + 3a Le., only a quarter % of the whole ties outside these 
limits. 

(iv) 95% of the values lie between x - p. - l S6c and x = 
p 4- 1.96 a i, e ., only 5% of the values lie outside these limits. 

(v) 99% of the values lie between x - p —2.58o and x = 
p + 2.58o i.e., only 1% of the values lie outside these limits. 

(vi) 99.9% of the values lie between x = p - 3.29a and 
x = p + 3,29 a, 

In other words, a value that deviates more than a 
from p occurs about once in 3 trials, A value that deviates 
more than 2a or 3a from p occurs about once in 20 or 400 
trials. Almost all values lie within 3a of the mean. 

The shape of the standardised normal curve is 



fig. 26,4 


y - * e where z - (x - p)/a ,.,(3) 

Jm) 

and the respective areas are shown in Fig. 26.4. V is called a normal variate. 

(3) Normal frequency distribution. We can fit a normal curve to any distribution. If iV be the total 
frequency, p the mean and o the standard deviation of the given distribution then the curve 


.V - 


N 




—(4) 


uj(2n) 

will fit the given distribution as best as the data will permit. The frequency of the variate between x i and x 2 as 
given by the fitted curve, will be the area under f 1) from x 1 tox 2 . 

(4) Applications of normal distribution. This distribution is applied to problems concerning : 

(i) Calculation of errors made by chance in experimental measurements, 

(ii) Computation of hit probability of a shot. 

(Hi) Statistical inference in almost every branch of science. 
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26.17 


PROBABLE ERROR 


Any lot of articles manufactured to certain specifications is subject to small errors. In fact, measurement 
of any physical quantity shows slight error. In general, these errors of manufacture or experiment are of random 
nature and therefore, follow a normal distribution. While quoting a specification of an experimental result, we 
usually mention the probable error (X). It is such that the probability of an error falling within the limits p - X 
and g X is exactly equal to the chance of an error falling outside these limits, i.e. the chance of an error lying 


within p - X and p + X Is 


2 


or 


_J_ 

aV(2w) 





-d_ f 

■jam Jo 4 

The table V, (Appendix 2) gives X/o = 0,6745 

2 

Hence the probable error X = 0.6745a - — a. 

o 



x - M 

o 


12 4 

Ohs. Qimrtile deviation = - (G, t - Q.)- a ; Mean deviation = — o 

2 J * 3 5 

.v Q.D : M. D. : SJ3. = 10:12:15. 


Ip 8391 
(Madras, 2003) 


Example 26.45. Xis a normal uariu tc with mean 30 and S.D.5, find the probabilities that (i) 20 <X <40, 
(ii) X >45 and (in) \X-30\ >5. OJ.N.T. V. , 2005) 

Solution. We have p = 30 and a = 5 

X-]i X - 30 

z - --=-- 

a 5 

it) When X = 26, z = - 0.8; when X = 40, z- 2 

P (26 <X < 40) = P (- 0.8 <z <2) 

= P(-0.8£z < 0) + P (0 <z < 2) [Using Table III] 

= P (0 <z < 0.8) + 0.4772 
= 0.2881 + 0.4772 = 0.7653 
(u) When X=45,z = 3 

P (X> 45) = P (z a 3) = 0.5 - P (0 < 2 < 3) 

= 0.5-0.4986 = 0.0014 
(iii) P [| X-30 | < 5] =P [25<X<351 

= P(- 1 <z < 1) = 2P(0 <z< 1) 

= 2 x 0.3413 = 0.6826 
Pf| X-30 I >5| = 1-P[| X-30| <5] 

= 1-0.6826= 0.3174. 

Example 26.46. A certain number of articles manufactured in one batch were classified into three catego¬ 
ries according to a particular characteristic, being less than 50, between 50 and 60 and greater than 60, ff this 
characteristic is known to be normally distributed, determine the mean and standard deviation for this batch 
if 60%, 35% and 5% were found in these categories. 

Solution. Let p be the mean (at z = 0) and a the standard deviation of the normal curve (Fig, 26.5). 

Now 60% of the articles have the characteristic below 50, 35% between 50 and 60 and only 5% greater 
than 60. 

Let the area to the left of the ordinate PQ be 60% and that between the ordinates PQ and ST be 35%' so 
that the areas to the left of PQ (z-z^) and ST (z - z 2 ) are 0.6 and 0.95 respectively, i.e., the area OPQB = 0,6 - 
0.5 = 0.1 and the area OS77? = 0.45. 
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Example 2G.47- In a normal distribution, 31% of the items are under 45 and 8% are over 64. Find the 
mean and S.D. of the distribution. (V. T. U., 2009 ; S. V. T. V., 2008 ; Kurukshetra, 2007 S) 

Solution. Let x be the mean and a the S.D. 31% of the items are under 45 means area to the left of the 
ordinate x = 45. (Fig. 26.6) 

45 - x 


When x = 45, let z — z 1 so that z } = 




Hence 


[' 4> (z) dz = 0.31 or [ §(z)dz- f (j) (z) dz = 0.31 

J — “ J— 

r° r° 

J <f (z)dz= j <Sf{z)dz -0.31 = 0.5-0.31 =0.19 



From table III, z, = — 0.5 

When x = 64, let z = z 2 so that z 2 = (64 — x Va 


...(«) 

...(Hi) 


Hence 


J 0 (z) dz = 0.08 or J ty(z)dz- J 2 0(a) c ?2 = 0.08 

V 1 $[z) dz = P<|>(z)dz-0.08 =0.5-0.08 = 0.42 

Jo Jo 


From table HI, z 2 = 1.4 ,.,(ie) 

From (i) and (a), 45 - x = - 0.5o 

From {Hi) and (to), 64 - x = 1.4a 

Solving these equations, we get x = 50 and a = 10. 

Example 26.48, In a test on 2000 electric bulbs, it ivas found, that the life of a particular make, was 
normally distributed with an average life of2040 hours and S.D. of 60 hours. Estimate the number of bulbs 
likely to burn for 

(a) more than 2150 hours, (6) less than 1950 hours and 

(c) more than 1920 hours and but less than 2160 hours. (Bhopal, 2008 S; U.P.T.U., 2008) 


Solution. Here p = 2040 hours and a = 60 hours, 
(or) For jc = 2150, 


2 = !- = 1.833. 
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PflCB^Biirrv and DfSTflieunoNS B 

/. area against z - 1,83 in the table III = 0.4664, 

We ? however, require the area to the right of the ordinate at z- 1.83, This area = 0.5 0,4664 = 0*0336. 

Thus the number of bulbs expected to bum for more than 2150 hours 

= 0.0336 x 2000 - 67 approximately. 

ib) For a: = 1950 ,2 £ = - 1.5 


t.e.. 


The area required in this case is to the left of z = - 1.33 

= 0.5 - 0.4082 (table value for z = 1.33) 

= 0.0918. 

the number of bulbs expected to burn for less than 1950 hours 
= 0,0918 x 2000 - 184 approximately. 
1920 - 2040 


(c) When x = 1920, z = 


When x = 2160, z = 


60 

2160-2040 


60 


= - 2 


= 2 . 


The number of bulbs expected to burn for more than 1920 hours but less than 2160 hours will be 
represented by the area between z = — 2 and z = 2. This is twice the area from the table for z - 2, i.e., = 2x 0,4772 
= 0.9544. 

Thus the required number of bulbs = 0.9544 x 2000 = 1909 nearly. 

Example 26.49. If the probability of committing an error of magnitude x is given by 

y- -j=e nsr ; 

compute the probable error from the. following data : 

m s = 1.301 ; m 3 = 1.295 ; m 4 = 1.286 ; 
m s = 1.321 ; m 7 - 1.283; m s ~ 1.289 ; 


m l = 1.305 
m s = 1.318 
= 1.300 


m ]0 = 1.286. 


(Kurilkshetra, 2005) 


Solution. From the given data which is normally distributed, we have 

1 _ 12.984 - oac , 

mean = —Jjri =-= 1.2984 

10 10 


and 


a 2 = — Z(m, - mean) 2 
10 1 


= — 1(0.007) 2 + (0.003) 2 + (0.003 ) 2 + (0.012) 2 + (0.02) 2 + (0.023) 2 
10 


+ (0.015) 2 + (0.009 ) 2 + (0.002) 2 + (0.012) 2 


= 0.0001594 whence a = 0.0126. 


probable error = — a = 0.00S4 approx. 

3 

Example 26.50. Fit a normal curve to the following distribution. 


x: 
(■ 


2 

1 


4 

4 


6 

6 


8 

4 


10 

1 


{ V.T.U ., 2001) 


Solution. 


Mean=^ = g + i 6 ± 36 ± g 2 t 10 - = 6 
If 16 


S.D. = 


Ifx 2 

If 




= 7(40 - 36) = 2 
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Taking p - 6, O = 2 and N = 16, the equation of the normal curve is 

1 


y = 


C\/2jc 

Arfa under (t) in (i|, x s ) or (z t , z 2 ) 


ory - c -i*-sti* 


2n/2ti 
V'-fn 


...ti) 


1 i fV™* 

>/27t J 0 J'2it Jo 


JO v/2n 

To evaluate these integrals, we refer to table Ilf. 
Calculations : 


where z = 


x-6 


Mid x 

(x p xj 

(* r V 

Armi under Qj 
in (z r z m/ ) 

Exfwrtrd 

frequency 

2 

Cl. 3) 

(-2.5,- 1,5) 

0 4938 * 0.4332 

16 k 0.606 x, 0.97 

4 

(3,8) 

(-1.6, -0.5) 

0.4332 — 6.1915 

16 k 0.2417 s 3.9 

6 

(5, 7) 

(- 0.5, 0.5) 

0,1915 + 0J915 

16 x 0.383-6.1 

8 

17, 9) 

(0.5, 1.5) 

0.4332-01915 

16 * 0 2417 = 3.9 

10 

(9, ID 

(1.6,25) 

0.4938 -6.4332 

16 k 0.606 = 0.97 


Hence the expected (theoretical) frequencies corrected to nearest integer are l t 4, 6,4, 1 w hich agree with 
the observed frequencies. This shows that the normal curve (i) is a proper fit to the given distribution. 


PROBLEMS 26.7 


1* Show that the standard deviation for a normal distribution is approximately 25% more than the mean deviation, 

2- For a normally distributed variate with mean 1 and H.D* 3, find the probabilities that 
ii 1 3.43 £ * £ 6.19 fli) — 1.43 5 x < 6.19. 

3* If 2 is normally distributed with mean 0 and variance 1* find 
(r> P t l* S- 164] ; iii)z i ltP f U - 0*84. 

4, In a certain examination* the percentage of candidates passing and getting distinctions were 45 and 9 respectively. 

Estimate the average marks obtained by the candidates, the minimum pass and distinction marks being 40 and 75 
respectively, (Assume the distribution of marks to be normal). {Kottuyam^ 2005) 

5, A manufacturer of airmail envelopes knows from experience that the weight of the envelopes is normally 
distributed with mean 1.95 gm and standard deviation 6,05 gm. About how many envelopes weighing (ij 2 gm or 
more * (t*) 2.05 gm or more can be expected in a given packet of 100 envelopes, 

6, The mean height of 500 students is 151 cm, and the standard deviation ia 15 cm. Assuming that the heights are 

normally distributed, find how many students’ heights lie between 126 and 155 cm. (Bttrdwin, 2003) 

7* The mean and standard deviation of the marks obtained by 1066 students in an examination are respectively 34.4 
and 16.5. Assuming the normality of the distribution, find the approxima te number of students expected to obtain 
marks between 30 and 60, 

8* In an examination taken by 500 candidates, the average and the standard deviation of marks obtained (normally 
distributed) are 40% and 10%. Find approximately 
(i) how many will pass* if 50% is fixed os a minimum ? 

(if) what should be the minimum if 350 candidates are Ui pass ? 

(tft) how many have scored marks above 60% ? 

9. The mean inside diameter of a sample of260 washers produced by a machine is 5.02 mm and the standard deviation 
is 0.05 mm. The purpose for which these washers are intended allows a maximum tolerance in the diameter of 4,96 
to 5.68 nun, otherwise the washers are considered defective. Determine the percentage of defective washers 
produced by the machine* assuming the diameters are normally distributed. 

11 lint, 4.96 in standard units - (4-96 - 5,021/0.05 - - 1.2 
5,08 in standard units = (5,08 - 5.02)/0.05 = 1.2 
Proportion of non-defective washers = 2 (area betw een z = 0 and z = 1.2} 

= 0,7698 or 77% nearly. 

percentage of defective washers - 100 - 77 = 23%.i 

10. Assuming that the diameters of 1600 brass plugs taken consecutively from a machine, form a normal distribution 
with mean 0.7515 cm. and standard deviation 0.0620 cm., how many of the plugs are likely to be rejected if the 
approved diameter is 0,752 ± 0.004 cm. ? ( Bhopal , 2002) 
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t i ■ It is given that the age of thermostats of a particular make follow the normal law with mean 5 years and SJD. 2 
years. 1000 units are sold out every month. How many of them will have to be replaced at the end of the second year. 

12, Tile income of a group of! 0,000 persons was found to be normally distributed with mean Rs. 750 p.m., and standard 
deviation of Rs, 50, Show that, of this group, about 95% had income exceeding Rs. 668 and only 5% had income 
exceeding Its, 862. Also find the lowest income among the richest 100. {UJp.T.U,, 2004 S) 

iti. Find the equation of the best fitting normal curve to the following distribution ; 
x ? 0 1 2 3 4 6 

y: 13 23 34 15 11 4 

14* Obtain the equation of the normal probability curve that may be fitted to the following data : 

Variable : 4 6 8 10 12 14 16 18 20 22 24 

Frequency: i 7 15 22 35 43 38 20 13 5 1 

15, A factory turns out an article by mass production and it is found that 10% of the product is rejected. Find the SJ>. of 
the number of rejects and the equation to the normal curve to represent the n umber of rejects, 

|Hint, p = 0,1, q = 0.9, n = 100. 

*\ binomial distribution of rejects gives mean = np - 10, S.D. - ^Jinpq) - 3 

If this binomial distribution is approximated by a normal distribution, then the equation to the normal curve is 

y = e -Kx-yPr*<? where p - 10, a = 3.1 

cJ&K) 

16, Given that the probability of committing an error of magnitude x is 

f t JL jE V 

y - e n 1 , show that the probable error is 0 4769A, 

Vft 


26.18 


NORMAL APPROXIMATION TO BINOMIAL DISTRIBUTION 


If the number of successes in a Binomial distribution range from x l to x 2 , then the probability of getting 
these successes 


= £ n C r p r q” 


As the number of trials increases, the Binomial distribution becomes approximated to the Normal 
distribution. The mean np and the variance npq of the binomial distribution will be quite dose to the mean and 
standard deviation of the approximated normal distribution. Thus for n sufficiently large (> 30), the binomial 

distribution with probability of success p, is approximated by the normal distribution with p - np, <7 = Jnpq . 

We must however, be careful to get the correct values of z. For any success x 7 real class interval is (x — 
1/2, x + 1/2), Hence 

1 1 1 

x l ---np x 2 + - — np 

1 O ^Jnpq 2 yjnpq 

so that P < x < x 2 ) = P (Zj <z <z 2 ) = §{z)dz which can be calculated by using table HI—Appendix 2. 

Ji! i 

Example 26.5 1 > In a referendum 60% of voters voted in favour, A random sample of 200 voters was 
selected. What is the probability that in the sample 

(а) more than ISO voted in favour ? 

(б) between 106 and 130 inclusive voted in favour ? 

(c) 120 voted in favour ? 

Solution, Here = 200, p - 0.6, q - 0.4 

]i = np = 200 x 0.6 = 120; o = = V48 = 6.928 

(a) P(x> 130) = P(x> 130.5) = P fx > 1 - °^-- 120 ] = P (z > 1.516) = 0.0648 
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(b)P( 105 <x < 130) = P (105.5 <x < 129.5) 
= P 


105.5-120 129.5-120 

< z < 


748 


748 


(c) P(x= 120) = P (119.5 < x < 120.5) 

= P (- 0.072 < z < 0.072) = 0.0575. 


= P (- 2.09 < z <1.37) = 0.8964 


PROBLEMS 26.8 


1. A pair of unbiased dice are rolled 180 times and their score recorded. Find 

(a) PUv < 20), (b) P(20<x< 40), (e) P(2 0 < * < 30), 

2. A marksman has a probability of 0,9 of hitting a target on a single shot If the marksman has 40 shots* what, is the 
probability that he hits the target («) at least 36 times; (6) between 34 and 36 times; (c) 37 times. 

3. A certain drug is effective in 72% of cases. Given 2000 people are treated with the drug, what is the probability that 
it will be effective for (a) at least 1400 patients, (ft) less than 1390 patienLs, (e) L420 palients. 


26.19 


SOME OTHER DISTRIBUTIONS 


Discrete distributions 

(1) Geometric distribution. Ifp be the probability of success and k be the numbers of failures preceding 
the first success then this distribution is 

P(k) = q k p, k = 0, 1, 2, ...,q = 1-p. 

Obviously ^ P(k) = p ^ q k = p - --- = L 

* = 0 k^O 

It can easily be shown that mean = qlp , and variance = q/p 2 3 4 , 

(2) Negative binomial distribution. This distribution gives the probability that the event occurs for the 
ftth time on the rth trial (r > ft). If p be the probability of occurrence of an event then 

P(k f r) ~ r ~ * 1 C h _ l p k q r ^K 

It contains two parameters p and ft. If ft = 1, the Negative binomial distribution reduces to the geometric 
distribution, 

(3) Hypergeometric distribution. Suppose a bag contains m white and n black balls. If r balls are 
drawn one at a time (with replacement^ then the probability that ft of them will be white is 

P(k) = m C k n C r _ k t m + n C^ ft = 0, 1,... r, r < m, r < n. 

This distribution is known as Hypergeomctric distribution, 

r jr 

For £ P(k) = 1, since ^ m C/C r . t = m + n C r 

Jt=0 k*Q 

This can be proved by equating the coefficient of t r in 

d + fr ft + D n = ci + o m+n 

Continuous distributions 

(4) Uniform (or Rectangular) distribution. A random variable X is said to be uniformly distributed 
over the interval - « < a < b < if its density is given by 


f(x) = 


b-a 


, a <x <b 


Ui) 


The distribution given by (i) is called a uniform distribution. In this distribution, X takes the values with 
the same probability. 


Its 


r* 1 

mean p = \ x f(x) dx = -- 

Ja b — a 


a + b 


and variance a 2 - p/ - (p) 2 = f x 2 — dx-( a + ^ j - — (fr — a ) s , 

6-a \ 2 ) 12 


















PaOEAEHUTY AND DISTRIBUTIONS 


(5) Gamma distribution. This continuous distribution is given by fix) = 


n» 


(Xx ) r ~ 1 e - ** for all jc > T 0, 


whore r and X (both > 0) are called the parameters of the^amma distribution. Its mean - r/X and variance = r/X a . 
Gamma distribution tends to normal distribution as the parameter r tends to infinity* 

(6) Exponential distribution. This distribution is a special case of gamma distribution when r = 1 so 
that f U) = Xe _ ^ for x > 0, where X is a parameter* 

It can be seen that mean - X/X, standard deviation = 1/X. 

This distribution plays an important role in the reliability and queuing theory* 

(7) Weibull distribution*. This distribution is given by 

fix) = — x a ~ 1 e~ ^ /c , x > 0, c > 0 
c 

where c is a scale parameter and a a shape parameter. 

Initially this distribution was used to describe experimentally observed variation in the fatigue resistance of steel 
and its elastic Limits. But it has also been employed to study the variation of length of service of radio service equipment. 

Example 26.52. A die is cast until 6 appears. What is the probability that it must be cast more than 5 times ? 

1 5 

Solution. Here probability of getting 6 is p = ~ * Then q = — , 

6 6 

If X is the number of tosses required for the first success, then 
P(X - x) = q x ” 1 p for x = 1* 2, 3 t *** 

*\ required probability = P {X > 5) = 1 - P (X < 5) 

Example 26.53. A random variable Xkas a uniform distribution over (- 3, 3), find k for which 

1 


P{X>k) = 


a 


Also evaluate P (X < 2) and P [ | X—2 1 < 21. 


Solution, (t) Density of 


X = fix) = 


b - a 3 - (- 3) 

■A 

3' 


P (X> k) = 1 -P (X< k) = 1 - f‘ fix ) dx 

J- 3 

1 f k 1 I 

= 1 - - | djt = l-±<* + 3) = - 
6 J-3 6 3 


(given) 


This gives k = l. 
Hi) 

{Hi) 


p« <2 >= 

P[\X~2\ <2\ = P[2~2<X<2 + 2]=P\0<x<4] = jV<*) dx = - jJdbc =-■ 


PROBLEMS 26.9 


I. Show that the mode of the geometric distribution Fix) “ [ “ I l t 2 % 3 * V1 is unity. 

2* Show that for the rectangular distribution fix) - 1, 0 £ * £ 1, 

mean - i , variance = — and mean deviation - —. 

2 12 4 


* It was first used by Swedish scientist Weibull in 1951. 
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3. Find the mean and variance of the uniform distribution given by fix) - Un, s = X T 2, n* 

L Show that for the exponential distribution 
dP=y^*'* 0 <r <», 
the mean and S.D. are both equal to a. 

5. Find the mean and variance of the exponential distribution fix) - i e ~ {jf aVh x > a . 

b 

fu Find the moment generating function for the triangular distribution given by 
f(x) -tk 0<x<l 

= 2~x> l£x< 2. 

i . Show that for the Gamma distribution fix) = -—-- the mean and variance are both equal to l. 


(Mumbai 2005) 


m 

& Find the moment generating function of the Gamma distribution fix) ~ 


■a) 


*r * x x > 0, at the origin. 


UN.TM., 2006 ; Madras, 2000 S) 

[Cliebyshev’s inequality** If x is a continuous random variable with mean p and variance a 2 , then for any 
positive real parameter f* 

P t\x-2 \ or Ft | x - p | ■«> a 1 - 

This result is known as Chebyshevs inequality. It gives limits to the probability that the value of the variate chosen 
at random will differ from mean by more than 
9* For the points on a symmetrical die, prove that Ckebyshev’s inequality gives 

Pi Jx - r | > 2.5) < 0.478, 
while the actual probability is zero. 

10. For the Geometrical distribution Pix) - 2’* r = 1, 2* 3* prove that Chehyshev’s inequality gives 

| x-8 ] <2)> 

2 

while the actual probability is 15/16. 


26.20 


OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 26.10 


Select the correct answer or fill up the blanks in rath of the following problems : 

L The probability that A happens is L 13. The odds against happening of A are 

(a) 2:1 16) 2; 3 fo) 3 : 2 (d) 5: 2L 

2, The odds in favour of an event A are 5 to 4, The probability of success of A is 

la) 4/5 (b) 5/9 (c) 4/9. 

3, The probability that A passes a test is 2/3 and the probability that B passes the same test is 3/5. The probability that 
only one of them passes is 

fo)2/5 (b) 4/15 (c) 2/16 (d) 7/15. 

4, A buys a lottery ticket in which the chance of winning is 1/10 ; B has a ticket in which his chance of winning is 1/20. 
The chance that atleast one of them wins is 

(a) 1/200 ib) 29/200 (c) 30/200 (dj 170/200. 

j, The probability that a non-leap year should have 53 Tuesdays is 
6* The probability of getting 2 or 3 or 4 from a throw of single dice is ... 

7. The mean of the Binomial distribution with n observations and probability of success p t is 

(a) pq ib) np (c) ijnp id) yfpq , 

8. If the mean of a Poisson distribution is m , then S.D, of this distribution is 

(a) m? ib) 4tn (c) m (d)-none- nt these. 


* See footnote on page 57L 
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9, The S.D. of the Binomial distribution is 




(c) npq 


(d) pq. 


10* In a Poisson distribution if 2P (x - ! > = P(x ~ 2), then the variance is 


(a) 0 


(h)-l 


fe>4 


id) 2 . 


11. Ef the probability of hitting a target by one shot be p - 0.8, then the probability that out of ten shots* seven will hit 
the target is *„ 

12, For a Poisson variate x : Hx = X) = P(x = 2), then the mean of x is .*, 

!3* IfP IA) = 0.35* P (B) = 0*73 and P (A nB)^ G*!4, then P (An B') = *** 

11 „ ff A and B are independent, P (Bl = 0,14 and P (AJB\ = 0.24, then P {A) ^ *„ 

15* The probability distribution of the number of heads, when two coins are tossed, is .*. 

16. The multiplication law of probability states that — 

17. The area under the standard normal curve which lies between z = 0,90 and z = - 1.85 is .** 

1 Given P(0<2< 1.85) = 0.4678, P (0 < 2 < 0.9) * 0.3169] 

18. The mean, median and mode of a normal distribution are ... 

19* The mean and variance of a Poisson distribution are 

20* If A and B are two mutually exclusive events, then P {A uB) = ... 

21. For a normal distribution p 1 = ... and - ... 

22. The number of ways in which five people can be lined up to get on a bus are *.* 

23. A shipment of 10 television sets contains 3 defective sets. The number of ways in which one can purchase 4 of these 
sets and receive 2 defective sets are 

24. The probability of getting a total of 5 when a pair of dice is tossed is 

25. I fP (B) = 0.81 and PiAn B) = 0.18, then P iA/B) = *** 

26* If two unbiased dice are thrown simultaneously, the probability that the sum of the numbers on them is at least 10, 

* is.,* 

27* If X is a Poisson variate such that PiX -2)- P {X - 3), then PiX - 01 - ,.* 

28. An unbiased die is tossed twice* then the probability of obtaining the sum 6, is ... 

29. The variance of Poisson distribution with parameter X - 2 is 

30. The distribution in which mean, median, mode are equal is... 

31. For the Poisson variate, probability of gelling at least one success is ... 

32. Total number of events in rolling of an ideal die is ... 

33. IfX be normal with mean 10 and variance 4, then P (X < 11) - .♦« 

34. If A" is a binomial variate with parameters n and p, then its m.g.f. about the origin is ■*- 
35* In a normal distribution, mean deviation : standard deviation = ... 

36* If A and B are independent and P tA) = 1/2, P (B) - 1/3 then P (A nB) - *.. 

37* If X is the random variable representing the outcome of the roll of an ideal die, then B {X ) = *** 

38* If X is a binomial variate with p = 175 for the experiment of 50 trials, then the standard deviation is ... 

39- The area under the whole normal curve is ... 

U>* Given X - B in, p), then the conditions under which A" tends to a Poisson distribution, arc ... 

4 t . if A and B iwe mutually exclusive events then P (A \J B ) — 

42* The probability of selecting x white balls from a bag containing y white and z red Emits is ... 

13* The mean of the binomial distribution is *,. 

4 1 if A and B are mutually exclusive events, P (A) - 0.29, P (B) - 0.43, then P (A \j B) = ... and P (A r\ B') - 
45* If the mean and variance of a binomial variate are 12 and 4, then the distribution is ... 

46* If x is n Poisson variable such that Pix - 2) -9 P 0 - 4) + 90 P(x = 6). then the mean - ,** 

47. p/ the rth moment about the origin in terms of the m.g*fi. is,,. 

48* The chance of throwing 7 in a single throw with two dice is *.* 

19. If A and B are any two events with P (A) - V2 f P (B) - 1/3 and P (A n B) = 1/4, then P tA/B) = 

50. In the roll of an ideal die, the probability of getting a prime number is >** 

51* If A and B are mutually exclusive events, P (A u 11) - 0*6, PiB) - 0.4, then P iA) - ... 

52. The probability that a leap year should have 53 Sundays is... 

The probability density function of a binomial distribution is ... 

54* The probable error is ... times S.D* approximately. 

55- To fit a normal distribution, the parameters required are ... 
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56. 

57 . 

58 . 

59 . 

60. 
61. 

62. 

63. 

64. 

65. 

66 . 
67, 
08. 

69. 

70. 

71. 

72. 

73. 

74. 

75. 

76. 

77. 

78. 

79. 
BO. 
81. 
82. 

S3. 

84. 

85, 
88. 

87. 

88 . 
B9. 
90. 

9L 

92. 

93. 

94. 

95. 


(True or False) 
(True or False) 
(True or False) 
(True or False) 
(True or False) 
(True or False) 
(True or False* 


A card is drawn from a well-shuffled pack of 52 cards, then the probability of this card being a red coloured ace is ... 
if P (D^P (2), then the mean of the Poisson distribution is ... 

Baye’s theorem states that... 

If x is a Poisson variate such that Fix - l) - 0.3 and Fix = 2) = 0,2, then Fix = 0) - 

If A and B are events such that PiA u B) = 3/4, PiA r\ B) = 1/4, and PiA) - 2/3, then PiA) = 

The chance of throwing 7 in a single throw with two dice is the same as that of getting 7 in two throws of a single die, 

(True or False) 

If the mean of a Poisson distribution is 5, then its variance is 10, 

IfX is normal with mean 3 and variance 1, then X- 3 is a variate with mean 0 and variance l. 

If A" is a binomial variable with parameters fi = 10, p ® 1/4, then its standard deviation is 2.26. 

The mean of a binomial distribution is 5 and S.I). is 3, 

The mean and variance of Poisson distribution are equal. 

The graph of the normal distribution is symmetric with respect to the iiney = x . 

The standard deviation of a binomial distribution is np w 
fix) = /urinQ<*<Iisa valid probability density function, if A = ... 

If FCx) = 2, then V(2r + 3) - „. 

The p.d.f. of an exponential distribution is ... 

If X is uniformly distributed in f— 2, 3), then its variance is ... 

The variance of Poisson distribution with parameter X = 2 is ... 

In Gamma distribution with parameter /, the variance is 
If fix) - A.r 3 p 0 < x < I and 0 elsewhere, is a p.d.f, then k -... 

The m.g.f. of a random variable X is (1 - then £(*) is ... 

A random variable X has /^distribution with (m t n) degrees of freedom, then VX has the same distribution with ... 
degrees of freedom. 

IfX is a continuous random variable having the p.d.f. fix)* then the rn.g.f. about the origin is given by ... 

It flXl = X + 2/k, X =■ 1, 2, 3,4, 5 is the probability distribution of a discrete random variable, then k =... 

The p.d.f. of 1 Gamma variate is ... 

If X is uniformly distributed in (a* ft], then EQ 0 - 

The marks obtained by students were found normally distributed with mean 75 and variance 100. The percentage 
of students who scored more than 75 marks is 

When four unbiased coins are tossed, the probability of getting two heads is ... 
kxe~ x . x>0 

0, elsewhere, is the p.d.f. of*, then k — 

If* is a uniform distribution defined in the interval (4, 7), then its variance is ... 

The p.d.f. of a continuous random variable is fix) = A/* 3 , 5 £* < 10 ; 0 elsewhere, then the value of A is 
(a) I (6)50 (c) 200/3 (d) 200, 

The relation between probability density function and cumulative density function of a random variable is ... 

IfX has Poisson distribution with parameter X, then P tX is even) = ... 

Range of £- distribution is 

1 f the p.d.f. of* is fix) = kxil -*), 0 < * < 1, then k - *. T 


if m 


H' 


. [A*\ 0 < *<3 

The Junction fix) = \ 

0, otherwise, is ; 


; a probability function, then k - ... 

If the random variable * is uniformly distributed in [G> 3| t tlien its p,d.f. m fix ) = 3, 0 <* < 3 ; 0, elsewhere, 

[True or False) 

Exponential distribution fix) is defined by fix) = ae ” & p 0 < x < then a - 
The p.d.f. of Beta distribution with a = 1, p = 4 is /'bc) = 

For a standard normal variate P (- 0,72 ^-5 0) =*,.. 
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27.1 




INTRODUCTION 


We know that a small section selected from the population is called a sample and the process of drawing 
a sample is called sampling. It is essential that a sample must be a random selection so that each member of the 
population has the same chance of being included in the sample. Thus the fundamental assumption underlying 
theory of sampling is Random sampling, 

A special case of random sampling in which each event has the same probability p of success and the 
chance of success of different events are independent whether previous trials have been made or not, is known as 
simple sampling . 

The statistical constants of the population such as mean (|i), standard deviation lor) etc. are called the 
parameters. Similarly, constants for the sample drawn from the given population Le ., mean (x ) p standard devia¬ 
tion (S) etc. are called the statistic. The population parameters are in general, not known and their estimates 
given by the corresponding sample statistic are used. We use the Greek letters to denote the population param¬ 
eters and Roman letters for sample statistic. 

(2) Objectives of sampling. Sampling aims at gathering the maximum information about the popula¬ 
tion with the minimum effort, cost and time. The object of sampling studies is to obtain the best possible values 
of the parameters under specific conditions. Sampling determines the reliabili ty of these estimates. The logic of 
the sampling theory is the logic of induction in which we pass from a particular (sample! to general (population). 
Such a generalisation from sample to population is called Statistical Inference. 


27.2 


SAMPLING DISTRIBUTION 


Consider all possible samples of size n which can be drawn from a given population at random. For each 
sample, we can compute the mean. The means of the samples will not be identical. If we group these different 
means according to their frequencies, the frequency distribution so formed is known as sampling distribution of 
the mean. Similarly we can have sampling distribution of the standard deviation etc. 

While drawing each sample, we put back the previous sample so that the parent population remains the 
same. This is called sampling with replacement and all the subsequent formulae will pertain to sampling with 
replacement. 
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(2) Standard error. The standard deviation of the sampling distribution is called the standard error 
(S>E.). Thus the standard error of the sampling distribution of means is called standard error of means. The 
standard error is used to assess the difference between the expected and observed values. The reciprocal of the 
standard error is called precision , 

If n > 30, a sample is called large otherwise small , The sampling distribution of large samples is assumed 
to be normal. 


27.3 


(1) TESTING A HYPOTHESIS* 


To reach decisions about populations on the basis of sample information, we make certain assumptions 
about the populations involved. Such assumptions, which may or may not be true, are called statis t i c al kypoth- 
esis . By testing a hypothesis is meant a process for deciding whether to accept or reject the hypothesis. The 
method consists in assuming the hypothesis as correct and then computing the probability of getting the 
observed sam ple. If this probability is less than a certain preassigned value the hypothesis is rejected. 

(2) Errors* If a hypothesis is rejected while it should have been accepted, we say that a Type I error has 
been committed. On the other hand, if a hypothesis is accepted while it should have been rejected, we say that a 
Type II error has been made. The statistical testing of hypothesis aims at limiting the Type I error to a preas¬ 
signed value (say : 5% or 1%) and to minimize the Type II error- The only way to reduce both types of errors is to 
increase the sample size, if possible. 

(3) Null hypothesis* The hypothesis formulated for the sake of rejecting it, u nder the assumption that it 
is true, is called the null hypothesis and is denoted by H Q , To test whether one procedure is better than another, 
we assume that there is no difference between the procedures. Similarly to test whether there is a relationship 
between two variates, we take H 0 that there is no relationship. By accepting a null hypothesis, we mean that on 
the basis of the statistic calculated from the sample, we do not reject the hypothesis. It however, does not imply 
that the hypothesis is proved to be true. Nor its rejection implies that it is disproved. 


27.4 


m 


LEVEL OF SIGNIFICANCE 


The probability level below which we reject the hypothesis is 
known as the level of significance. The region in which a sample value 
falling is rejected, is known as the critical region , We generally take 
two critical regions which cover 5% and 1% areas of the normal curve. 

The shaded portion in the figure corresponds to 5% level of signifi¬ 
cance. Thus the probability of the value of the variate falling in the 
critical region is the level of significance. 

Depending on the nature of the problem, we use a single-tail test 
or double-tail test to estimate the significance of a result. In a double- 
tail test, the areas of both the tails of the curve representing the 
sampling distribution are taken into account whereas in the single tail test, only the area on the right of an 
ordinate is taken into consideration. For instance, to test whether a coin is biased or not, double-tail test should 
be used, since a biased coin gives either more number of heads than tails (which corresponds to right tail), or 
more number of tails than heads (which corresponds to left tail only), 

(2) Tests of significance. The procedure which enables us to decide whether to accept or reject the 
hypothesis is called the test of significance. Here we test whether the differences between the sample values and 
the population values (or the values given by two samples) are so large that they signify evidence against the 
hypothesis or these differences are so small as to account for fluctuations of sampling. 



27.5 


CONFIDENCE LIMITS** 


Suppose that the sampling distribution of a statistic S is normal with mean p and st andard deviation a. 
As in the Fig. 27.1 the sample statistic S can be expected to lie in the interval (p - I.96 g, p + 1.96a) for 95% times 
Le\, we can be confident of finding p in the interval (5 - 1.96a, S + 1.96a) in 95% cases. Because of this, we call 

*The American statistician J r Neyman (1894—1981) and the English statistician E.S. Pearson (1895—1980)-soii of Karl 
Pearson (Bee footnote p. 843), developed a systematic theory of tests around 1930. 

Neyman developed the modern theory and terminology of confidence limits. 











699 


Sampling anq Inference 

{S — 1.96a, S + 1.96a) the 95% confidence interval for estimation of j \i. The ends of this interval { i,e - S ± 1.96a) are 
called 95% confidence limits (or fiducial limits) for S. Similarly S ± 2.58a are 99% confidence limits. The 
numbers 1.96, 2.58 etc. are called confidence coefficients. The values of confidence coefficients corresponding to 
various levels of significance can be found from the normal curve area table VI - Appendix 2. 


27.6 


SIMPLE SAMPLING OF ATTRIBUTES 


The sampling of attributes may be regarded as the selection of samples from a population whose members 
possess the attribute A" or not AT. The presence of A may be called a success and its absence a failure. 

Suppose we draw a simple sample of n items. Clearly it is same as a series of n independent trials with the 
same probability p of success. The probabilities of 0, 1 , 2 , n successes are the terms in the binomial expansion 
of (g + pY * 1 where q - 1 - 

We know that the mean of this distribution is np and standard deviation is yj(npq) the expected value 
of success in a sample of size n is np and the standard error is J(npq). 

If we consider the proportion of successes, then 
( i ) mean proportion of successes — np/n — p. 

(it) standard error of the proportion of successes 

=fTzhi¥) 

and (Hi) precision of the proportion of successes = Jin/pq ), which varies as & , since p and q are constants. 


27.7 


TEST OF SIGNIFICANCE FOR LARGE SAMPLES 


We know that the binomial distribution tends to normal for large n. Suppose we wish to test the hypoth¬ 
esis that the probability of success in such trial is p. Assuming it to be true, the mean p and the standard 

deviation a of the sampling distribution of number of successes are np and J(npq) respectively. 

For a normal distribution, only 5% of the members lie outside g ± 1.96a while only 1% of the members lie 
outside p ± 2.58a. 

If x be the observed number of successes in the sample and z is the standard normal variate then 
z =(x - p)/a. 

Thus we have the following test of significance : 

(i) If \z\ < 1.96 , difference between the observed and expected number of successes is not significant. 

(ii) If 1 2 | > A 96, difference is significant at 5% level of significance. 

(Hi) If | z [ > 2.68, difference is significant at 1% level of significance. 


Example 27.1. A coin was tossed 400 times and the head turned up 216 times. Test the hypothesis that 
the coin is unbiased at 5% level of significance. (V.T.U., 2007) 

Solution. Suppose the coin is unbiased. 

Then the probability of getting the head in a toss = i 

expected number of successes = i x 400 - 200 

and the observed value of successes = 216 

Thus the excess of observed value over expected value = 216 - 200 - 16 

Also S.D. of simple sampling = Jnpq = ^400 x - 10 


Hence z - 


= 1.6 


•J(npq) 10 

As z < 1.96, the hypothesis is accepted at 5% level of significance i.e., we conclude that the coin is unbiased 
at 5% level of significance. 
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Example 27.2. A die was thrown 9000 times and a throw of 5 or $ was obtained 3240 times . On the 
assumption of random throwing , do the data indicate an unbiased die ? (V.T.U f 2010) 

Solution. Suppose the die is unbiased. 


Then the probability of throwing 5 or 6 with one die - — 

3 

The expected number of successes = — x 9000 - 3000 

3 

and the observed value of successes = 3240 

Thus the excess of observed value over expected value 3240 - 3000 = 240 

Also S.D. of simple sampling = *Jnpq - ^OOOOx^x^j =44.72 


Hence z - 


x - np 
ij(npq) 


240 

44.72 


- 5.4 nearly. 


As z > 2.58, the hypothesis has to be rejected at 1% level of significance and we conclude that the die is 
biased. 


Example 27,3, In a locality containing 18000 families, a sample of840 families was selected at random. 
Of these 840 families, 206 families were found to have a monthly income of % 250 or less. It is desired to 
estimate how many out of18,000families have a monthly income of? 250 or less. Within what limits would you 
place your estimate ? 


Solution, Here 


206 103 , 317 

p - —— -and q - - 


840 420 " 420 

standard error of the population of families having a monthly income of t 250 or less 


-WH 


103 317 

420 X 420 * 840 


i-U. 

40 J 


015 = 1.5% 


103 


Hence taking (or 24.5%) to be the estimate of families having a monthly income of? 250 or less in the 
locality, the limits are (24.5 ± 3 x 1.5)% i.e., 20 % and 29%< approximately. 


27.8 


COMPARISON OF LARGE SAMPLES 


Two large samples of sizes ftp n 2 are taken from two populations giving proportions of attributes A*s as 
p v p 2 respectively. 

(a) On the hypothesis that the populations are similar as regards the attribute A, we combine the two 
samples to find an estimate of the common value of proportion of A’s in the populations which is given by 

p= »i Pi + rhP2 

If e v e 2 be the standard errors in the two samples then 


,2 _ PI 


= ^ and 

"l >h 


Ifc be the standard error of the difference between p 1 and p.„ then 


e 2 = 


e i + e 2 =pq 


-1- 

n i j 


z= Pi - Pi 


If z > 3, the difference between and p t> is real one. 

If z < 2, the difference may be due to fluctuations of simple sampling. 

Rut if z lies between 2 and 3, then the difference is significant at 5% level of significance. 

(h) If the proportions of A's are not the same i n the two populations from which the samples are drawn, 
but p l and p 2 are the true values of proportions then S.B. e of the difference - p 2 is given by 





















901 


Sampling and Inference 


g 2 _ PlQl + P2?2 


n 2 


If z- < 3, the difference could have arisen due to fluctuations of simple sampling. 


Example 27.4. In a city A 20% of a random sample of900 school boys hud a certain slight physical defect. 
In another city B, 18.5% of a random samp/e of1600 school boys had the same defect Is the difference between 
the proportions significant ? (V. T. U.. 2003 S } 


Solution. We have = 900, n 2 - 1600 


and 


and 


Pi = 


20 1 


100 


=-,p 2 


18.5 

100 


njp t + n 2 p2 180 + 296 _ 
P ~ n, +% ~~ 900+ 1600 

<? = 1-0.19 = 0.81 


19 


Thus 


! = Pq| — + — j = 0.19 x 0.81 f—+ —L-l =0.0017 
U, n?) {900 1600 J 


giving 


Also 


e = 0.04 nearly. 

Pi -P? = ~r~" = 0.015 
1 2 100 


z = 


_ Pi - P 2 _ 015 _ 


e .04 

As z < 1, the difference between the proportions is not significant. 


= 0.37 


Example 27.C. In tivo large populations there are 30% and 25% respectively affair haired people. Is this 
difference likely to be hidden in samples of 1200 and 900 respectively from the two populations ? 

(Coimbatore, 2001 ) 

Solution. Here p, = 0.3, p 2 = 0.25 so that p ( -p.> = 0.05. 


e 2 _ Pi9i + Pa*?2 _ 


0.3 x 0.7 0.25x0.75 

+ ■ 


n, 




1200 


900 


so that 


a = 0.0195 


Pj — Pg 0.05 


2 = n —^ = 2.5 nearlv 

e 0.0195 

Hence it is unlikely that the real difference will be hidden. 




PROBLEMS 27.1 


L A die is tossed 960 times and it falls with 5 upwards 184 times. Is the die biased ? (V.T II. t 200S\ 

2. 12 dice are thrown 3086 times and a throw of 2 t 3, 4 is reckoned as a success. Suppose that 19142 throws of 2* 3, 4 
have been made out. Do you think that this observed value deviates from the expected value ? If so* can the 
deviation from the expected value he due to fluctuations of simple sampling ? 

Z- Balls are drawn from a bag containing equal number of black and white balls, each ball being replaced before 
drawing another. In 2250 drawings 1018 black and 1232 white balls have been drawn. Do you suspect some bias on 
the part of the drawer ? 

4* A sample of 1000 days is taken from meteorological records of a certain district and 120 of them are found to be 
foggy. What are the probable limits to the percentage of foggy days in the district ? 

5. In a group of 50 first cousines there were found Lo be 27 males and 23 females. Ascertain if t he observed proportions 
are inconsistent with the hypothesis that the sexes should be in equal proportion. 

6* A random sample of 500 apples was taken from a large consignment and 65 were found to be bad, Estimate the 
proportion of the bad apples in the consignment as well as the standard error of the estimate, Deduce (.hat the 
percentage of bad apples in the consignment almost certainly lies between 8,5 and 17.5, 

7, 400 children are chosen in an industrial town and 150 are found to be under weight. Assuming the conditions of 
simple sampling, estimate the percentage of children who are under weight in the industrial town and assign limits 
within which the percentage probably lies ? 
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R, A machine produces 16 imperfect articles in a sample of 500. After machine is overhauled f it produces 3 imperfect 
articles in n batch of 100. Has the machine been Improved ? (Rohtak. 2005 ; Madras, 2003 J 

9, One type of aircraft is found to develop engine trouble in 5 flights out of a total of 100 and another type in 7 flight* 
out of a total of 200 flights. Is there a significant difference in the two types of aircrafts so far as engine defects are 
concerned ? 

10. Jn a sample of 600 men from a certain ci t>% 450 are found smokers. In another sample of 900 men from another city, 

460 are smokers. Do the data indicate that the cities are significantly different with respect to the habit of smoking 
among men ? {J.N.T, U. r 2(t03) 

1 1. In a sample of 500 people from a state 280 take tea and rest take coffee. Can we assume that tea and coffee are 
equally popular in the state at 5*& level of significance ? 


27.9 


(1) SAMPLING OF VARIABLES 


We now consider sampling of a variable such as weight, height, etc. Each member of the population gives 
a value of the variable and the population is a frequency distribution of the variable. Thus a random sample of 
size n from the population is same as selecting n values of the variables from those of the distribution. 

(2) Sampling distribution of the mean. If a population is distributed normally with mean p and 
standard deviation a, then the means of all positive random samples of size n, are also distributed normally with 
mean p and standard error a/Jn . This result shows how the precision of a sample mean increases as the sample 
size increases. 


27.10 


CENTRAL LIMIT THEOREM 


This is a very important theorem regarding the distribution of the mean of a sample if the parent popula- 
tion is non-normal and the sample size is targe. 

If the variable X has a non-normal distribution with mean p and standard deviation a, then the limiting 
distribution of 

3c ~ u 

z ~ ■ — as n is the standard normal distribution {Le. t with mean 0 and unit S.Dj 
CW/7 

There is no restriction upon the distribution of A" except that it has a finite mean and variance. This 
theorem holds well for a sample of 25 or more which is regarded as large. 

Thus if the population is normal t the sampling distribution of the mean is also normal with mean p and 

S.E. olsfn , while for large samples the same result holds even if the distribution of the population is non-normal 
This property is of universal use and throws light on the importance of normal distribution in statistical theory. 


27,11 


CONFIDENCE LIMITS FOR UNKNOWN MEAN 


Let the population from which a random sample of size n is drawn, have mean ji and S':D. a. If p is not 
known, there will be a range of values of p for which observed mean 3c of the sample is not significant at any 

assigned level of probability. The relative deviation of x from p is (x — pV\/o. 


If x is not significant at 5% level of probability, then 

| (x - g)Vn/c | < 1.96 i.a x — L96aA fn < g < x + 1.96a/Vn 
Thus 95% confidence or fiducial limits for the mean of the population corresponding to given sample are 
x ± l,96al4n. 

Similarly 99%> confidence limits for p are x ± 2.58 a f x fn^ 

Example 21JB, A sample of 900 members is found to have a mean of 3.4 cm. Can it he reasonably 
regarded as a truly random sample from a large population with mean 3.25 cm and S.D , 1.61 cm. 

Solution. Here x - 3.4 cm, n = 900, p = 3.25 and a - 1.61 cm 
x-m 3.4-3.25 2S 
a/Jn 1.61/30 


z ~ 
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As z > 1.96, the deviation of the sample mean from the mean of the population is significant at 5% level of 
significance. Hence it cannot be regarded as a random sample. 

Example 27.7* * The mean of a certain normal population is equal to the standard error of the mean of the 
samples of 100 from that distribution. Find the probability that the mean of the sample of 25 fnmx the distribu¬ 
tion will he negative ? 

Solution* If jj be the mean and c the S.D. of the distribution, then 


p = S.E. of the sample means = 
Also for a sample of size 25, we have z = 


Vioo io 

x - jj x - o/lO 5x 


a/^25 6/5 

Since x is negative, z < - 

/. the probability that a normal variate z < — | 


1 1 iji 

f= H e 2 dz = 


■J2n 


1 r~ 

42k iwt' 


e 2 dz 


= 0.5 - 0.915 = 0.3085, from the tables. 


1 

2 


Example 2 7-8- An unbiased coin is thrown n rimes. It is desired thatthe relative frequency of the. appear* 
a nee of heads should lie between 0.49 and 0.52. Find the smallest value of n that will ensure this result with 
90% confidence. 


Solution, S.E. of the proportion of heads = , j— = , , — > — = —^ 

V n V2 2 #1 2 Jn 

90% of confidence = 45% or .45 of the total area under the normal curve on each side of the mean . 

the corresponding value of z - 1.645, from the tables. 

Thus p + 1.645(1 = 0.49 or 0.51. 


(,a, 

whence 


0.5 - 1.645 . —U - 0.49 and 0.5 + 1.645 . ~h= = 0.51 


2 i/n 


2 Jn 


- 0*01 or Vft or n ~ 6765 approximately. 


27.12 


TEST OF SIGNIFICANCE FOR MEANS OF TWO LARGE SAMPLES 


(a) Suppose two random samples of sizes n x and n 2 have been drawn from the same population with S.D. 
a. We wish to test whether the difference between the sample means x x and x 2 is significant or is merely due to 
fluctuations of sampling. 

If the samples are independent, then the standard error e of the difference of their means is given by 


where e x - oAjnj", e 2 - are the S.E.s of the means of the two samples. 


e “ 



Hence 


z 


*1 ^ 

Gyjil/nj + lhi 2 ) 


is normally distributed with mean zero and S.D. 1. 

Test of significance (n p n 2 being large): 

If z > 1.96, then the difference is significant at 5% level of significance. 

If ^ > 3, it is highly probable that either the samples have not been drawn from the same population or the 
sampling is not simple. 
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(6) If the samples are known to be drawn front different populations with means j x v \x 2 and standard 
deviations u x and a 2 . Then the standard error e of their means is given by 

£l + h! 

«1 «2 

Assuming that the two populations have the same mean (Le. t |ij - |i 2 ), the diff erence of the means of the 
samples will be normally distributed with mean zero and S.D, e. Now the same procedure of test of significance 
is applied. 



Example 27*9. The means of simple samples of sizes WOO and 2000 are 67.5 and 68.0 cm respectively. 
Con the samples he regarded as drawn from the same population af S.D. 2.5 cm. (Madras, 2002) 

Solution. We have = 67.5 S x% ~ ^8.0 

n x = 1000, n 2 = 2000. 

On the hypothesis, that the samples are drawn from the same population of S.D, o = 2.5, we get 


z = 


X l ~ X 2 


67.5 - 68.0 


2 ‘ 5 I- 




1000 2000 


0.5 

2.5x0.0387 


0.5 

0.09675 


= 5.1 


Hence the difference between the sample means , e., 5.1 is very much greater than 1.96 and is therefore 
significant. Thus, the samples cannot be regarded as drawn from the same population. 


Example 27.10. A sample of height of6400 soldiers has a mean of67.85 i riches and a standard deviation 
of 2.56 inches while a s<>/ip/e sample of heights of 1600 sailors has a mean of 68.55 inches and a standard 
deviation of 2.52 inches. Do the data indicate that the sailors are on the average taller than soldiers? 

Solution. Here x j = 67.85, o t = 2.56, Oj = 6400 
x g = 68.55, a 2 = 2.52, n 2 = 1600. 

.*. S.E. of the difference of the mean heights is 



IT < 2,56 > 2 ] 12.52) 2 
\[ 6400 + 1600 


= 71.001024 + .0039691 = 0.005 nearly. 

Also difference between the means - x 2 - x x =0.1, which > 10c. This is highly significant. Hence the data 
indicates that the sailors are on the average taller than the soldiers. 


PROBLEMS 27.2 


1, A sample of 400 items is taken from a normal population whose mean is 4 and variance 4. If the sample mean is 
4.45, can the samples be regarded as a simple sample ? 

2, To know the mean weights of all 10-year old boys in Delhi, a sample of 225 is taken. The mean weight of the sample 
is found to be 67 pounds with a S.D. of 12 pounds. Canyon draw any inference from It about the mean Weight of the 
population ? 

A normal population has a mean 0.1 and a S.D, of 2,1, Find the probability that the mean of simple sample of 901) 
members will be negative. 

4, U the mean breaking strength of copper wire is 675 lbs. with a standard deviation of 8,3 lbs., how 1 large a sample 
must be used in order that there be one chance in LOO that the mean breaking strength of the sample is less than 

572 lbs. ? 


[Hint. \z\ = I ^—- yfn 


3 r— 
- — %/n 
,8.3 


Also from table IV, z - 2.33. Hence n - 42 nearly ] 
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6. A research worker wishes to estimate mean of a population by using sufficiently large sample. The probability is 
95% that sample mean will not differ from the true mean by more than 25% of the S,D. How large a sample should 
be taken ? 

6. The density function of a random variable x is fbc) = + 10 *. Find the upper 6% point of the distribution of the 

means of the random sample of size 25 from the above population. 

7. The means of two large samples of 1000 and 2000 members are 168.75 cms. and 170 cms. respectively. Can the 
samples be regarded as drawn from the same population of standard deviation 6.25 ems, 

8. If 60 new entrants in a given university are found to have a mean height of 68.60 inches and 50 seniors a mean 
height of 69.51 inches ; is the evidence conclusive that the mean height of the seniors is greater than that of the new 
entrants ? Assume the standard deviation of height u> be 2.48 inches. 

9* A sample of 100 electric bulbs produced by manufacturer A showed a mean life time of 1190 hours and a standard 
deviation of 96 hours. A sample of 75 bulbs produced by manufacturer 8 showed a mean life time of 1230 houre, 
with a standard deviation of 120 hours. Is there a difference between the mean life time of tw*o brands at a 
significance level of (1)0.05 («) 0.01. 

10. A random sample of 1000 men from North India shows that their mean wage is ? 5 per day with a S.D. of? 1.50* A 
sample of 1500 men from South India gives a mean wage of? 4,50 per day with a standard deviation of? 2. Does the 
mean rate of wages varies as between the two regions ? 


27.13 


SAMPLING OF VARIABLES—SMALL SAMPLES 


In case of large samples, sampling distribution approaches a normal distribution and values of sample 
statistic are considered best estimates of the parameters in a population. It will no longer be possible to assume 
that statistics computed from small samples are normally distributed. As such, a new technique has been devised 
for small samples which involves the concept of'degrees of freedom* which we explain below , 

Number of degrees of freedom is the number of values in a set which may he assigned arbitrarily . For 
instance, if * 3 + x 2 + = 15 and we assign any values of two of the variables (say :x v x 2 ), then the values of x 3 will 

be known. The two variables are therefore, free and independent choices for finding the third. Hence these are 
the degrees of freedom. If there are n observations, the degrees of freedom (d.f.) are (n - 7). In other words, while 
finding the mean of a small sample, one degree of freedom is used up and (n — 1) d.f are left to estimate the 
population variance. 


27.14 



STUDENT'S t-DISTR I BUTTON 


Consider a small sample of size n r drawn from a normal population with mean p and s.d. o. If x and G s be 
the sample mean and s.d,, then the statistic, Y is defined as 


t = —— 4n or f = ——— ^j(n ~ 1), 

where v = n — 1 denotes the df. of t. If we calculate t for each sample, we obtain the sampling distribution for t. 
This distribution known as Student’s t distribution *, is given by 


y = 


-Vo 

(1 + ( 2 /v) (V4 - iy2 


...(X) 


where y a is constant such that the area under the curve is unity, 

(2) Properties of i-distribution. 

L This curve is symmetrical about the line t - 0, like the 
normal curve, since only even powers of t appear in (1). But it is 
more peaked than the normal curve with the same S.D. The t- 
curve approaches the horizontal axis less rapidly than the normal 
curve. Also f-curve attains its maximum value at t = 0 so that its 
mode coincides with the mean. (Fig. 27.2) 



*This distribution was first found by the English statistician W m S. Gosset in 1908 who wrote under the pen-name of 
‘Student’. R.A. Fisher defined t correctly and found its distribution in 1926. 
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//. The limiting form of /-distribution when v « is given by y = y Q e 2 which is a normal curve. This 
shows that t is normally distributed for large samples. 

Ill . The probability P that the value of t will exceed f 0 is given by 



The values of f 0 have been tabulated for various values of P for various values of v from 1 to 30 (Table IV 
- Appendix 2). 

IV. Moments about the mean 

All the moments of odd order about the mean are zero, due to its symmetry about the line t = 0, 

Even order moments about the mean are 

V 3v 2 

112 v - 2’ M * (v — 2)(v - 4) ’ 

The /-distribution is often used in tests of hypothesis about the mean when the population standard 
deviation a is unknown* 


27.15 


SIGNIFICANCE TEST OF A SAMPLE MEAN 


Given a random small sample x v x 2 , x 3 ... x n from a normal population, we have to test the hypothesis that 
mean of the population is p. For this, we first calculate / = (x - p)^rc/c s 


_ 1 
x 


where x = — > a* = ■ > (x y - x f 

n “ n - 1 j 

Then find the value of P for the given df from the table. 


If the calculated value oft > t ooa , the difference between x and p is said to be significant at 5% level of 
significance. 

1ft > £ 0 01 , the difference is said to be significant at 1% level of significance. 

If t < / a05 , the data is said to be consisten t with the hypothesis that p is the mean of the population. 

Example 27.11. A certain stimulus administered to each of 12 patients resulted in the following in¬ 
creases of blood pressure :5 t 2 t 8 ,/, 3, 0 * -2, i, 5 > 0 f 4, 6 . Can it he concluded that the stimulus will in general 
be accompanied by an increase in blood, pressure. (V.T. U. f 2007 ) 

Solution. Let us assume that the stimulus administered to all the 12 patients will increase the B.P, 
Taking the population to be normal with mean p = 0 and S.D. a f 



5+2+8-1+3+0-2+1+5+0+4+6 

12 


= 2.583 


0 2 - ^L-d 2 =— I5 2 + 2 2 + 8 2 + (- l 2 ) + 3 2 + 0 2 + (- 2f+ l 2 + 5 2 + O 2 + 4 2 + 6 2 ] -(2.583) 2 
n 12 

= 8.744. c = 2.9571 

Now t = ^^-J(n-Y) = 2 583 ~° J(12- 1) =2.897 
o, v 2.9571 v 

He red.f. y = 12 - 1 = 11. 

For v = 11, 05 = 2.2, from table IV. 

Since the |t j > t 0 05 , our assumption is rejected the stimulus does not increase the B.P, 


Example 27.12. The nine items af a sample have the following lvalues : 45, 47, 50, 52, 4S, 47,49, 53, 51. 
Does the mean of these differ significantly from the assumed mean of 47.5 ? (V. T. V., 2010) 
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Solution. We find the mean and standard deviation of the sample as follows : 


X 

d = x - 48 

. d 2 

45 


9 

47 

-1 

l 

50 

2 

4 

52 

2 

4 

46 

0 

0 

47 

-1 

1 

49 

1 

1 

53 

5 

25 

51 

8 

9 

Total 

10 

66 


Id 


10 


x = mean = 48 + -—- = 48 ■+ — =49.1 
9 9 


100 494 

81 


Hence 

Here 


9 { 9 ) 9 

^7^> = 491_47 ‘ 5 


81 


= 2.47 


2047 


a/8 =1.83 


d.f. v = 9 - 1 = 8 
For v = 8, we get from table IV, f 0 ^ = 2.31. 

As calculated value of i < t Q 05 , the value of t is not significant at 5% level of significance which implies that 
there is no significant difference between x and g. Thus the test provides no evidence against the population 
mean being 47.5. 

Example 27.13, A machinist is making engine parts with axle din meter of 0 ,7 inch, A random sample of 
10 parts shows mean diameter 0.742 inch with a standard deviation ofOM4 inch- On the basis of this sample, 
would you say that the work is inferior ? {V.T, LK, 2009) 

Solution. Here we have p ^ 0.700, x - 0,742, = 0.040, n = 10, 

Taking the hypothesis that the product is not inferior Le. , there is no significant difference between x and p. 

t= irM V j^l) = ^42-0.700 vii5 - Iy= 0 : 126 
a x v 0.040 v 0.040 

Degrees of freedom p = 10 - 1 = 9. 

For p = 9, we get from table IV, t Q05 - 2.262, 

As the calculated value of t > £ Q05 , the value of t is significant at 5% level of significance. This implies that 
x differs significantly from p and the hypothesis is rejected. Hence the vrark is inferior. In fact, the work is 
inferior even at 2% level of significance. 

Example 27*14. Show that 95% confidence limits for the mean p of the population are x ± /{, ^. 

\ln 

Deduce that for a random sample of 16 values with mean 41.5 inches and the sum of the squares of thedcviu - 
dons from the mean 135 inches 1, and drawn from a normal population, 95 % confidence limits for the mean of 
the population are 39.9 and 43 J inches. 

Solution, (a) The probability P that t < t 0 05 is 0.95, Hence the 95% confidence limits for p are given by 


<f, 


0.05 


or 


I x “ PI - 


or tg .05 * P £ * + ~F=k\ 0 S 

dn dn 
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n c 


We can, therefore, say with a confidence coefficient 0.95 that the confidence interval X - "7^0.05 contains 

•Jn 


the population mean p. 

(6) Here, n - 16, v = n - 1 = 15, a s = J 


135 

15 


= 3. 


27.16 


Also from table IV, t 0 ^ (for v = 15) = 2.13 

_ A 

A —pr /q q 5 = —x 2.13 = 1.6 approx. 

dn 4 

Hence the required confidence limits are 41.5 ± 1*6 i,e,, 39.9 and 43.1 inches. 

“ SIGNIFICANCE TEST OF DIFFERENCE BETWEEN SAMPLE MEANS 


Given two independent samples x v x 2f x 31 *.*, and y v y 2 , with means x and y and standard 

deviations g x and o y from a normal population with the same variance, we have to test the hypothesis that the 
population means [t } and are the same. 


For this, we calculate t = 


where 


and 


"2 J 

_ 1 a 

—[(n, -l)oj|+<n ! ~l)o$] ■ - - ^ _ 2 |f] (x, -I ) 2 +X 


...( 1 ) 


1 1 
1 


ri| + n 2 


It can be shown that the variate t defined by Cl) follows the /-distribution with n 1 + n 2 - 2 degrees of 
freedom* 

If the calculated value of / > t {} 05f the difference between the sample means is said to be significant at 5% 
level of significance. 

Iff > t 0bV the difference is said to be significant at 1% level of significance. 

If r c /p 05 , the data is said to be consistent with the hypothesis, that \i l — g 2 . 

Cor* If the two samples are of the same size and the data are paired, then / is defined by 

5-0 


t - ^ where o 2 (d± — d) 2 

(tjA/n) n- IV 


d t = difference of the rth members of the samples ; 
d - mean of the differences - Yd/n ; and the number of d>f = n - 1. 

Example 27*15* Eleven students were given a test in statistics. They were given a month's further tuition 
and a second test of equal difficulty was held at the end of it Do the marks give evidence that the students have 
benefited by extra coaching ? 

Boys ; 1 2 3 4 5 6 7 8 9 10 11 

Marks l test ; 23 20 29 21 18 20 18 17 23 16 19 

Marks It test : 24 29 22 18 20 22 20 20 23 20 17 

(V.TM. 2011 S) 

Solution. We compute the mean and the S.D. of the difference between the marks of the two tests as 
under; 

7 11 . -2 Ud-df 50 K . 

d - mean of a s = — = 1 ; o s = ——-- = — = 5 t.e ., a, = 2.24 

11 * n-1 10 # 

Assuming that the students have not been benefited by extra coaching, it implies that the mean of the 
difference between the marks of the two tests is zero Le. r |i - 0. 
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Then 

( = 

a* 

2.24 

1,48 nearly and df v = 

11 - 1 = 10. 


Students 



d * Xj X | 

d~ d 

Mr- dF 

1 

23 

24 

l 

0 

0 

2 

20 

19 

-1 

-2 

4 

3 

19 

22 

3 

2 

4 

4 

21 

18 

— 3 

- 4 

16 

5 

IS 

20 

2 

1 

1 

6 

20 

22 

2 

1 

1 

7 

IS 

20 

2 

1 

1 

8 

17 

20 

3 

2 

4 

9 

23 

23 


- 1 

1 

10 

16 

20 

4 

3 

9 

11 

19 

17 

*2 

-3 

9 




Erf *=11 


tHii?- 


From table IV, we find that t 005 (for v - 10) = 2:228. As the calculated value of t < t Q 05 , the value of t is not 
significant at 5% level of significance i.e, t the test provides no evidence that the students have benefited by extra 
coaching. 

Exam ple 27.16, From a random sample of 10pigs fed on diet A, the increases in weight in a certain period 
were 10, 6, 16, 17,13, 12, 8, 14, 15, 9 lbs , For another random sample of 12 pigs fed on diet B, the increases in the 
same period were 7, 13, 22, 15, 12, 14, 18, 8, 21, 23, 10, 17 lhs> Test whether diets A and B differ significantly us 
regards their effect on increases in weight ? 

Solution. We calculate the means and standard deviations of the samples as follows ; 



Diet A 



DietB 


. % 

X 

lx} - 

y* 

y 

Cvj - y) 2 

10 

-2 

4 

7 

-8 

64 

6 

i-6 

36 

13 

-2 

4 

16 

4 

16 

22 

7 

49 

17 

5 

25 

15 

0 

0 

13 

1 

1 

12 

^3 

9 

12 

0 

0 

14 

-1 

1 

6 

— 4 

16 

16 

3 

9 

14 

2 

4 

8 

*7 

49 

15 

3 

9 

21 

6 

36 

9 


9 

23 

S 

64 




10 


25 




17 

2 

4 

120 

0 

120 

180 

0 

314 


- 120 10|k __ 180 1fc| , 

x =-= 12 lbs., y = -— = 15 lbs. 

10 12 

0 / = WXi -x ) 2 + Hy i - y) 2 l/(n l + n 2 - 


2 ) 


- <120 + 314)/(10 + 12 - 2) = (434/20) = 21J 


0 s = 4,65 


Assuming that the samples do not differ in weight so far as the two diets are concerned Le. t |ij - = 0. 

(y-x)~ 0 15- 


Hence 




+ 4.65 If— +—1 


-12_ = _3_/i20 = 
1 l >| 4.65V 22 
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Here d.f v = + n 2 - 2 = 10 + 12 - 2 = 20. 

For v = 20, we find f 0 05 = 2.09 IFrom table IV 

the calculated value of t < f 0 05 . 

Hence the difference between the sample means is not significant i.e, the two diets do not differ signifi¬ 
cantly as regards their effect on increase in weight. 


PROBLEMS 27.3 


L Find the student 1 * t for the following variable values in a sample of eight: - 4, - 2 r - 2* 0 t 2. % 3, 3; taking the mean 
©f the universe to be zero. 

2, A random sample of 10 boys had the following I.Q. : 

70, 120, 110, 101, 88, S3, 95, 98, 107, 100. 

Do these data support the assumption of a population mean LQ, of 100 (at 5% level of significance! ? 

CV.T.tf, 2006; Cmmbaton\ 2001) 

3, A sample of 10 measurements of the diameter of a sphere gave a mean of 12 cm and a standard deviation 0.15 cm. 
Find 95% confidence limits for the actual diameter. 

4, A random sample of size 25 from a normal population has the mean x = 47,5 and s.d. S - 8.4. Does this information 

refute the claim that the mean of the population is p = 42.1, (JM.T. 0 S 2003) 

5, A process for making certain bearings is under control if the diameter of the bearings have the mean 0 .5 cm. What 
can we say about this process if a sample of 10 of these bearings has n mean diameter of 0.506 cm. and s.d. of 0.004 
cm? 

6, A machine is supposed to produce washers of mean thickness 0.12 cm, A sample of 10 washers was found to have a 
mean thickness of 0.128 cm and standard deviation 0.008. Test whether the machine is working in proper order at 
5% level of significance. 

7, Find out the reliability of the sample mean of the following data : Breaking strength of 10 specimens of 1.04 ems 
diameter hard-drawn copper wire: 

Specimen ;12 3 458789 10 

Breaking Strength (kgs * : 578 572 570 568 572 570 570 572 526 584 

8, Test runs with 6 models of an experiment* I engine showed that they operated for 24, 28, 21, 23,32 and 22 minutes 
with a gallon of fuel. If the probability of a Type I error is at the most 0.01, is this evidence against a hypothesis that 
on the Hverage this kind of engine will operate for atieust 29 minutes per gallon of the same fuel. Assume normality. 

Uf-N.TM* 2003) 

9, Two horses A and B were tested according to the time (in seconds) In run a particular race with the following 
results: 

Horse A : 28 30 32 33 33 29 and 34 

Horse B : 29 30 30 24 27 and 2S 

Test whither you can discriminate between two horses ? (Rohtah, 2005 ; Coimbatore* 2001} 

10. A group of 10 rats fed on a diet A and another group of 8 rata fed on a different diet B t recorded the following 
increase in weights: 

DietA : 5 6 8 1 12 4 3 9 6 10 gm 

Diet B : 2 3 6 8 10 1 2 8 gm. 

Does it show that superiority of diet A over that of B ? \ Madras, 2003) 

11. A group of boys and girls were given an intelligence test. The mean score, S.D.s and numbers in each groop are as 
follows : 



Bays 

Girls 

Mean 

124 

121 

S.D 

12 

10 

n 

18 

14 


b the mean score of boys significantly different from that of girls ? 

12 . The means of two random samples of sizes 9 and 7 are 196.42 and 198,82 respectively. The jm of the squares of the 
deviations from the mean are 26.94 and 18.73 respectively. Can the sample be considered to have been drawn from 
the same normal population ? {Mumbai* 2004) 
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27.17 


(1) CHI-SQUARE jx l ) TEST 


When a fair coin is tossed 80 times, we expect from theoretical considerations that heads will appear 40 
times and tail 40 times* But this never happens in practice Le. t the results obtained in an experiment do not 
agree exactly with the theoretical results* The magnitude of discrepancy between observation and theory is given 
by the quantity x 2 (pronounced as chi-square). If / 2 — 0, the observed and theoretical frequencies completely 
agree* As the value of x 2 increases, the discrepancy between the observed and theoretical frequencies increases. 

(1) Definition. If O v O 2 , **., O n be a set of observed (experimental) frequencies and. E p E* >t **., E n be the 
corresponding set. of expected (theoretical) frequencies, then % 2 is defined by the relation 

, (0,-g,) 2 (P 2 - E 2 ? (O n - E n f 

1 Ei E 2 E n 


y (O, ~ E, ) 2 
L Ei 


...( 1 ) 


■with n- 1 degrees of freedom . [LO j = TE i = n the total frequency] 

(2) Chi-square distribution* 

Ift 3 ,x 2 , *,., x n be n independent normal variates with mean zero and s.d. unity, then it can be shown that 
xf e x| + *.* + xf t j is a random variate having ^-distribution with ndf. 


The equation of the x 2 -curve is 

- y*/2 * 2|(v-lV2 

where v = n . — 1 (Fig. 27.3). 


...( 2 ) 


(3) Properties of ^-distribution 

I. If v = 1, the x 2 ‘Curve (2) reduces toy which is the 

exponential distribution. 

//, If v >1, this curve is tangential to x-axis at the origin and is 
positively skewed as the mean is at v and mode at v - 2, 

IIL The probability P that the value of x 2 from a random sample 

will exceed Xo iS Ri ven by 

p - 4 , yd* 

The values of Xjj have been tabulated for various values of P and for 
values of V from 1 to 30. (Table-V-Appendix 2) 

For v > 30, the x 2 -curve approximates to the normal curve and we should refer to normal distribution 
tables for significant values of x 2 * 

/V. Since the equation of x 2 -curve does not involve any parameters of the population, this distribution 
does not depend on the form of the population and is therefore, very useful in a large number of problems. 

V* Mean - y and variance - 2y. 



27.18 


GOODNESS OF FIT 


The value of x 2 used to test whether the deviations of the observed frequencies from the expected 
frequencies are significant or not. It is also used to test how will a set of observations fit a given distribution, x 2 
therefore, provides a test of good ness of Gt and may be used to examine the validity of some hypothesis about an 
observed frequency distribution. As a test of goodness of fit, it can be used to study the correspondence between 
theory and fact* 

This is a non-parametric distribution-free test since in this we make no assumption about the distribution 
of the parent population. 


^Hamlet discovered this distribution in 1675. Karl Pearson rediscovered it independently in 1900 and applied it to test 
‘goodness of fit*. 
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Procedure to test significance and goodness of fit. 

(i) Set up a ‘null hypothesis* and calculate 

2 _ y (Oj - E t f 
k ~ E t 

(it) Find the df and read the corresponding values of x 2 at a prescribed significance level from Table V* 

( id ) From x 2 -table, we can also find the probability P corresponding to the calculated values of x 2 for the 
given d.f. 

(iv) If P < 0.05, the observed value of x 2 is significant at 5% level of significance. 

If P < 0.01, the value is significant at 1% level. 

If P > 0,05, it is a good fit and the value is not significant. 


Example 27.17* In experiments on pea breeding, the following frequencies of seeds were obtained : 


Round and 

Wrinkled and 

Round and 

Wrinkled and 

Total 

yellow 

yellow 

green 

green 


315 

101 

108 

32 

556 


Theory predicts that the frequencies should be in proportions 9:3:3 : L Examine the correspondence 
between theory and experiment 


Solution. The corresponding frequencies are 


Hence 


0 3 3 1 

— x 556, — x556, —x 556, — x 556 t.e., 313, 104, 104, 35. 
16 16 16 16 

„ (315-313) 2 (101-104) 2 (108-104) 2 (32 - 35> 2 

r = -— -+--:———-——+ 


313 


104 


104 


35 


4 9 i6 9 „ C1 , ,, . , „ 

~ —■— + —— +-- + — = 0„ 51 and df v — 4^1 — 3. 

313 104 104 35 

For v = 3, we have Xo os = 7,815 [From Table V 

Since the calculated value of x 2 is much less than Xo oa* there is a very high degree of agreement between 
theory and experiment. 


Example 27*18. A set of five similar coins is tossed 320 times and the result is 
No . of heads 0 1 2 3 4 5 

Frequency : 6 27 72 112 71 32 

Test the hypothesis that the data follow a binomial distribution . 

I Kottayam, 2005; P.T&, 2005; V.TM., 2004) 


Solution* For v = 5, we have Xoos = 11*07. 

p, probability of getting a head = ^ ; q y probability of getting a tail - 

Hence the theoretical frequencies of getting 0,1 T 2,3,4 ? 5 heads are the successive terms of the binomial 
expansion 320 (p + </) 5 

= 320 \p 5 + 5p 4 q + 10 p^q 2 + 10p 2 q 3 + bpq 4 + q 5 | 


= 320 


1 5 10 

— + — ^—— + 

32 32 32 


10 5 1 1 

— +— +— = 
32 32 32j 


10 + 50 + 100 + 100 + 50+ 10 


Thus the theoretical frequencies are 10, 50, 100, 100, 50, 10. 
Hence 


- (6 - 10 ) 2 (27 — 50) 2 ( 72 - 100) 2 ( 112 - 100) 2 ( 71 - 50) 2 ( 32 - 10) 2 

yf = — -1-——h——-— -+ --+ 


10 


50 


100 


100 


50 


10 


= ~ (160 + 1058 + 784 + 144 + 882 + 4840) = = 78.68 

d/v=6-l = 5. 


and 


100 
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Since the calculated value of x 2 is much greater than the hypothesis that the data follow the bino¬ 
mial law is rejected. 

Example 27.19. Fit a Poisson distribution to the following data and test for its goodness of fit at level of 
significance 0M5. 

x 0 12 3 4 

f: 419 352 154 56 19 {VTM. t 2008\ 


Solution. Mean m = 


% 

u 


904 

1000 


0.904. 


^M- e -o.m - 0.4049. 


Hence the theoretical frequencies are 


1000 xf'" (wif 
r! 


.r = 0. 1, 2,3,4 


i.ex: 0 1 2 3 4 Total 

f : 404.9 366 165.4 49.8 11.3 997,4 

(406.2) (12.6) 

In order that the total observed and expected frequencies may agree, we take the first and last theoretical 
frequencies as 406.2 and 12.6 instead of 404.9 and 11.3 as shown in brackets. (In case, the expected frequencies 
are less than 10. we group together such classes. Here of course, none of the frequencies < 10). 

Hence 


, (419 - 406.2) 2 (352-366)" (154-165.4) 3 I56 -49.8) 2 (19 - 12.6)" 

X “ 406.2 + 366 + 165.4 + 49.8 + 12^6 

= 0.403 + 0.536 + 0.786 + 0.772 + 3.251 = 5.748 

Since the mean of the theoretical distribution has been estimated from the given data and the totals have 
boon made to agree, there are two constraints so that the number of degrees of freedom v = 5 - 2 = 3. 

For v = 3, we have Xo m = 7-82. [From Table V] 

Since the calculated value of x 2 < Xogd* the agreement between the fact and theory is good and hence the 
Poisson distribution can be fitted to the data. 


Example 27.20, fit a normal distribution to the following data of weights of 100 students of Delhi 
University and test the gofKin ess of fit. 

Weights (kg) : 60 62 63 65 66 68 69 71 72 74 

Frequency : 5 18 42 27 8 


Solution. Here N - 100, mean m = 67.45 anu S,D, a = 2.92. The calculations are arranged as follows": 




Area under 

.4mj for each 

Expected 

Clans boundary 

2 s fx - mf/ff 

normal curve 

class (Af* 

frequency 

ix) 


from 0 to z 


(f r ^NxAl 

SSLS 

- 2.72 

0.4967 

0.0413 

4,13 

62,5 

- 1.70 

0,4554 

0.2068 

20.68 

65.5 

— 0.67 

0.248fi 

0.3892 

38.92 

66,5 

6M 

0.1406 

0,2771 

27,71 

71.5 

L3D 

0,4177 

0,0743 

7-43 

74.5 

2.4 1 

04920 




* A is obtained by subtracting the successive areas in the third column when ihe corresponding values p t'z have the same 
sign and adding them when the z values have opposite signs (which occurs only once). 
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2 (5-4.13) 2 (18-20.68) 2 <42 - 3S.92) 2 <27 - 27.71) 2 (8 - 7.43 ) 2 

X 4.13 + 20.68 + 38.92 + 27.71 + 7.43 

= 0.1833 + 0.3473 + 0.2437 + 0.0182 + 0.0437 = 0.8362 
As regards the number of degrees of freedom ( 7 ), there are three constraints (i) discrepancy between total 
observed and total estimated frequencies fit) and (m) mean (m) and standard deviation (a) have been estimated 
from the sample data. /. r - 5 - 3 = 2. 

For y - 2 t X 0.05 = 0.103 from table V. 

Since x 2 = 0.8362 > 0.103. Hence the fit is not good. 


PROBLEMS 27.4 


JL Five dice were thrown 9G times and the number of times 4, 5 or 6 were thrown were : 

No. of dice showing 4, 6 or 6 r 5 4 3 2 1 0 

Frequency : 8 18 35 24 10 1 

Find the probability of getting this result by chance ? 

2* Genetic theory states that children having one parent of blood type M and other blood type N will always bo one of 
the three types M t A/JV, N and that the proportions of these types will on average be 1: 2: 1. A report states that out 
of 300 children having one M parent and one N parent, 80% were found to be of type M , 45% of type AW and 
remainder of type N . Test the hypothesis by x 2 test. 

3. A die was thrown 60 times and the following frequency distribution was observed : 

Faces : 1 2 3 4 5 6 

f 0 : 15 6 4 7 11 17 

Test whether the die is unbiased ? 

4, The following table gives the number of aircraft accidents that occurred during the various days of the week. Find 
whether the accidents are uniformly distributed over the week ? 


Days 

: Sun Mon 


Tue 

Wed 

Thu 

Fri 

Sat 

Total 

No. of accidents 

: 14 16 


8 

12 

11 

9 

14 

84 (Hissar, 2005) 

5, Fit a binomial distribution to the data : 








x : 0 

I 

2 


3 


4 

5 


f ; 38 

144 

342 


287 


164 

25 



and Lest for goodness of fit, at the level of significance 0.05. 

6. In 1000 extensive sets of trials for an event of small probability, the frequencies f {i of the number x of successes 
proved to be: 

x : 0 1 2 3 4 5 6 7 

f 0 : 305 366 210 SO 26 9 2 1 

Fit a Poisson distribution to the data and test the goodness of fit, 

7. The frequencies of localities according to the number of deaths due to cholera during eight years in 1000 localities 
is as follows: 

No. of deaths :0 1 2 3 4 5 67 

No, of localities : 314 355 204 86 29 9 3 0 

Fit a suitable distribution to the data and test the goodness of fit. 

8. Obtain the equation of the normal curve that may be fitted to the data and test the goodness of fit. 

x : 4 6 8 10 12 14 16 IS 20 22 24 Total 

/{*): 1 7 15 22 35 43 38 20 13 5 1 200 


27.19 


(1) ^DISTRIBUTION* 


LebXp — x nw and y v y 2 , ... be the values of two independent random samples drawn from the 
normal populations a 2 having equal variances. 


+ This distribution was introduced by the English statistician Prof, RJL Fisher (1890-1962) who had greatly influenced the 
development of modern statistics. 
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Let x 1 and jr a be the sample means and 



1 


n \ -1 




variances. 

Then we define F by the relation 


1 


«2 - 1 


Jfg _ 

X (Ji “ y) he the sample 
1 



(s? > s|) 


This gives ^-distribution (also known as variance ratio distribution) with y x = n x -1 and y 2 = ri - 2 degrees 
of freedom. The larger of the variances is placed in the numerator. 

(2) Properties, I. The F-distribution curve lies entirely in the first quadrant and is unimodaL 

II. The ^distribution is independent of the population variance o 2 and depends on y x and y. t only. 

III. F a (y v 7 2 ) is tbe value of F for y l and y 2 of such that the area to the right 
of F a is a. 

IV. It can be shown that the mode of ^-distribution is less than unity. 

(3) Significance test, Snedecor’s F-tables give 5% and 1 % points of sig¬ 
nificance for F, (Table VI - Appendix 2). 5% points of F mean that area under 
the F-curve to the right of the ordinate at a value ofF, is 0.05. Clearly value of F 
at 5% significance is lower than that at 1%. F-distribution is very useful for 
testing the equality of population means by comparing sample variances. As 

such it forms the basis of analysis of variance. Fig. 27,4 



Example 27*21, Two samples of sizes 9 and 8 give the sum of squares of deviations from their respective 
means equal to 160 inches 2 and 91 inches 2 respectively. Can these be regarded as drawn from the same normal 
population ? ( V.T.U., 2002 ) 


Solution, We have Z(x - x) 2 - 160 and Ify - y) 2 ~ 91 

160 
8 


c 2 = 
*1 


= 20 


and 


91 


s 2 = — = 13, 


Hence 


F = 


s i 20 , 

Hr = — = 1.54 nearly. 

4 13 


For = 8, y 2 = 7, we have F 0os = 3.73. [From Table VI| 

Since the calculated value of F < F 0O5 , the population variances are not significantly different. Thus the 
two samples can be regarded as drawn from two normal populations with the same variance. If the two popula¬ 
tions are to be same, their means should also be the same which can be verified by applying /-test provided the 
sample means are known. 


Example 27,22. Measurements on the length of a copper wire were taken in 2 experiments A and B as 
under: 

A's measurements (mm) : 12>29 f 12*25, 1L86, 12.13 1 12A4 t 12.78, 12.77 1 1L90, 12A7\ 

B*s measurements (mm) : 12*39, 12A6 t 12.34, 12.22 * 11.98 1 12A6, 12/23, 12.06, 

Test whether B's measurements are more accurate than A*s. (The rcallings taken in both vases being 
unbiased) 

Solution. Readings in both cases being unbiased, B’s measurements will be taken more accurate il its 
population variance is less than that ofA's measurements. 

Under the hypothesis that the two populations have the same variance (Le. ), we have 



with Y t = -1 = 8 and y 2 = n 2 - 1 = 7. 
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We calculate the s.d/s of ihe two series as follows : 


A s measurements B's measurements 


X 

u = JOOlx - m 

u? 

y 

v - lOQiy - 12) 

0 

12.29 

20 

841 

12.39 

39 

1521 

12,25 

25 

625 

12.46 

46 

2116 

11,86 

-14 

196 

12,34 

34 

1156 

12.13 

13 

169 

12.22 

22 

484 

12.44 

44 

1836 

nm 

— 2 

4 

12,78 

78 

(5084 

12,46 

46 

2X16 

12.77 

77 

5929 

12.23 

2-3 

529 

11,80 

-10 

100 

12.06 

6 

36 

12.47 

47 

2209 





289 

18089 


214 

7962 




18089 - 


(289r 


n 


= -(18089-9280)= 1X01.1 
8 



_1_ 

n 2 - 1 


7962- 


(214 r 1 

- = -(7962 - 5724) = 319.7 
fl‘2 7 





1101.1 

319,7 


= 3,44 


For y 3 - 8 and = 7, from table VI, F 0 05 = 3.73 and 01 = 6,84. 

Since the calculated value of F is less than both F 005 and F oor the result is insignificant at both 5% and 
1 % level. 


Hence there is no reason to say that B's measurements are more accurate than those of A*s. 


27.20 


( 1 ) 


FISHER'S r-DISTRIBUTlON 


Changing the variable F to z by the substitution z - — log, F or F = e 2 * in the /’"distribution, we get the 

2 

Fisher's z-distribution. 

It is more nearly symmetrical than /^distribution. Table showing the values of z that will be exceeded in 
simple sampling with probabilit ies 0.05 and 0.01 have been prepared for various values of o ] and v 2 < 

C2) Significance test. As stable give only critical values corresponding to right hand tail areas, there¬ 
fore 5% (or 1%) points ofz imply that the area to the right of the ordinate at 2 is 0.05 (or 0.01). In other words, 5% 
and 1% points of z correspond to 10% and 2 ( £ levels of significance respectively . 

Example 27.23. Two gauge operations are tested for precision in making measurements. One operator 
completes a set of 26 readings with a standard deviations of L34 and the other does 34 readings with a 
standard deviations of 0.98, What is the level of significance of this difference. 

{Given that for v ; - 25 and v* - 33, z nm - 0 305 , z 0 9I - 0.432) 

Solution. We have n l = 26, o x = 1.34 ; n 2 = 34, o v = 0.98 

S[ = ———-. (1.34) 2 = (1.34)- and sf = —— • of = — (0.98)* - (0.98) 2 

— 1 25 fig — 1 33 

/ 'J O J \2 1 1 

Hence F - —~ ~ 1.8696 and 2 ^ - log F = 1.1513 log. n 1.8696 = 0.3129 

{ 0.98; 2 1 10 

Since the calculated value of z is just greater than z Q {) - and Jess than 2 oop the difference between the 
standard deviation is just significant at 5^- level and insignificant at Y& level. 
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PROBLEMS 27.5 


1. Two sampled of 9 and 7 individuals have variances 4,8 and 9.6 respectively* Is the variance 9.6 signi firantl y greater 
than the variance 4.6 ? 

2* Test for breaking strength were carried out <uj two lots of 5 and 9 steel wires The variance of one lot was 230 and 
that of Other wm 492. la there a significant difference in their variability ? 

3* Show how you would use Fisher's retest to decide whether the two sets of observations 17, 27, 16, 26, 27* 29, 27, 28, 
17 and 16, 16, 20, 16, 29* 17, 15, 21, indicate 1 samples from the some universe* 

4, In two groups of ten children each, the increase in weight due to different diets during the same pfcriwl. were in 
pounds 

3, 7, 5, 6* 5 t 4, 4, 5. 3, 6 

8, 5, 7* H, 3, 2* 7, 6, 5, 7. 

Is there a significant difference in their variability 7 

5. The mean diameter of rivets produced by two firms A and B are practically the same but their standard deviations 
are different. Fnr Hi rivets manufactured by firm A t the S.D, is 3.8 mm while for 22 rivets manufactured by firm Si 
is 2.9 mm Do you think products of firm B are of better quality than those of firm A< 

8, The l.Q/st of 25 students from one college showed a variance of 16 and those of an equal number from the other 
college had a variance of 8. Discuss whether there is any significant difference in variability of intelligence 

7, Tw o random samples from two normal populations are given below ; 

Sample I : S6 26 27 23 24 22 

Sample II : 33 42 35 32 28 31 

Do the estimates of population variances differ friguificantly ? 

Degrees of freedom : (5, 5) (5,6) (6,5) 

value of F : 5,05 4 39 4.95. 

8, Two independent samples of sizes 7 and 6 have the follow ing values : 

Sample A: 28 30 32 33 33 29 34 

Sample B; 29 30 30 24 27 29' 

Examine whether the samples have been drawn from normal papulaturns having the same variance ? 

(Given that the values of Fat 5C« level for (6, 5) d.f is 4*95 and for (5, 6) d.f is 4.39] 


27.21 


OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 27.6 


Select the correct amwer nr fill up the blanks in each of the following question $; 

1 * The ‘null hypothesis" implies that 2, The use# of t -distribution are. 

3* Type / and type // errors are such that. 4, A single-tailed test is used when .. . 

5, Control limit theorem states that 

6 . A hypothesis is true, but is rejected. Then this is an error of type-- 

7* If the standard deviation of a y? distribution is 10, then its degree of freedom is „*_* 

8 . Range of F-cKstribution \h .. 

9. A hypothesis is false but accepted* then there is an error of type.. 

10. The mean and variance of a x 2 distribution with 6 degrees of freedom are_and respectively. 

11. In a i-distribution of sample size n , the degrees of freedom are ......... 

12 , The test statistic F = -4r is used when 

si 

(i) in) aj < $f (lii) sf ~sf fri/) none of these, 

13, The Meat is applicable to samples for which n is. 

14* The two main uses of x^-tesl are. 

15, Range of t -distribution is 

16, If two samples are taken from two populat ions of unequal variances, we can apply f-test to test the difference'of 

means. (True or Folsc-i 

17, The Chi-square distribution is continuous. (True or False) 
















Numerical Solution of Equations 


t. Introduction. 2. Solution of algebraic and transcendental equations—Bisection method, Method of false 
position. Newton's method, 3. Useful deductions from the Newton-Raphson Formula. 4. Approximate solution of 
equations—Horner's method. S. Solution of linear simultaneous equations. 6. Direct methods of solution—Gauss 
elimination method, Gauss-Jordan method, Factorization method. 7 . Iterative methods of solution—Jacobi's 
method. Gauss-Seidal method, Relaxation method. 8. Solution of non-linear simultaneous equations—Newton- 
Raphson method. 9. Determination of eigen values by iteration. 10. Objective Type of Questions. 


28.1 


INTRODUCTION 


The limitations of analytical methods have led the engineers and scientists to evolve graphical and 
numerical methods. As seen in § 1.8, the graphical methods, though simple, give results to a low degree of 
accuracy. Numerical methods can, however, be derived which are more accurate. With the advent of high speed 
digital computers and increasing demand for numerical answers to various problems, numerical techniques 
have become indispensibte tool in the hands of engineers. 

Numerical methods are often, of a repetitive nature. These consist in repeated execution of the same 
process where at each step the result of the preceding step is used. This is known as iteration process and is 
repeated till the result is obtained to a desired degree of accuracy. 

In this chapter, we shall discuss some numerical methods for the solution of algebraic and transcendental 
equations and simultaneous linear and non-linear equations. We shall dose the chapter by describing an itera¬ 
tive method for the solution of eigen-value problem. For a detailed study of these topics, the reader should refer 
to author's book 'Numerical Methods in Engineering & Science', 


28.2 


SOLUTION OF ALGEBRAIC AND TRANSCENDENTAL EQUATIONS 


To find the roots of an equation fix) = 0 t we start with a known 
approximate solution and apply any of the following methods : 

(1) Bisection method. This method consists in locating the 
root of the equation fix) - 0 between a and h. If/ (x) is continuous 
between a and 6, and /(a) and / (h) are of opposite signs then there is 
a root between a and b. For definiteness, let/Ca) be negative and fib) 


be positive. Then the first approximation to the root isx x = (a + b 

2 


If/(jc 1 ) = 0, then x x is a root of fix) = 0. Otherwise, the root lies 
between a and x x or and b according as /( x j) is positive or negative. 
Then we bisect the interval as before and continue the process until 
the root is found to desired accuracy. 
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In the Fig. 28.1, f(xf) is +ve, so that the root lies between o and x y Then the second approximation to the 
root is x 2 = | (a + x t )* If f lx 2 ) is - ve, the root lies between x l and x r Then the third approximation to the root is 


x :j ~ 2 («i + x 2 ) and so on. 


Example 28,1. fa) Find a root of the equation x 3 - 4x - 9 - 0 , using the bisection method correct to three 
decimal places. (Mumbai, 2003) 

( b ) Using bisection method, find the negative root of the equation xr - 4x +9 = Q, (J.N.T U t 2009) 

Solution, (a) Lot fix) = x 3 - 4x - 9 

Since f(2) is ~vc and /(3) is +ve, a root lies between 2 and 3 
a first approximate to the root is 


x. = 1(2 + 3)= 2.5 
1 2 

Thus /■(*,) = fS.5 ) 3 -4(2.5) - 9 = - 3.375 i.e., -ve 

/. the root lies between JCj and 3, Thus the second approximation to the root is 

x z = ~ (xj + 3) = 2.75 

Then f{x 2 ) = (2.75 ) 3 - 4(2.75) - 9 = 0.7969 i.e., + ve 

the root lies between x, and x 2 . Thus the third approximation to the root is 

x 3 = 1 (Xj + x 2 ) ~ 2.626 

Then f(x 3 ) = (2.625) 3 -4(2.625)-9 = - 1.4121 i.e.,~vo 

the root lies between x, 2 and x 3 . Thus the fourth approximation to the root is 

x t = 1 (x 2 + x 3 ) = 2.6875 

Repeating this process, the successive approximations are 

x B = 2.71875, x 6 = 2.70313, x 7 = 2.71094 

x n = 2.70703, x 9 = 2.70508, * J0 = 2.70605 

x n = 2.70654, x i2 = 2.70642 

Hence the root is 2.7064 

( 6 ) If a, p, 7 are the roots of the given equation, then - a, - p, - 7 are the roots of (- x) a - 4(-x) + 9 = 0 
a the negative root of the given equation is the positive root of x 3 - 4x - 9 - 0 which we have found above to be 
2.7064. 

Hence the negative root for the given equation is - 2.7064. 


Example 28,2. By using the bisection method, find an approximate root of the equation sin x = 1 lx ; that 
lies between x - 1 and x - 1.5 (measured in radians). Carry out computations upio the 7th stage. 

(V_T.LT,, 2003 S) 

Solution. Let f (x) - x sin x - 1. We know that l r - 57.3°. 

Since f (1) = 1 x sin (1) - 1 = sin (57.3°) - 1 = - 0.15849 

and f (1.5) = 1.5 * sin (L5 T - 1 = 1.5 x sin (85.95)° - 1 = 0.49625 ; 

a root lies between 1 and 1.5. 

A first approximation to the root is Xj = JL (1 + 1.5) = L25. 

Then/'(x 1 ) = (1,25) sin(L25)-l = 1.25 sin (71.625°) - 1 = 0.18627 and/(l)<0. 
a a root lies between 1 and x A = 1.25. 

Thus the second approximation to the root isx 2 = -i (1 + 1,25) = 1.125, 

Then f(x 2 ) = LI25 sin (1.125)- 1 = 1.125 sin (64.46)°- 1 = 0,01509 and f{ 1) < 0. 
a a root lies between I and x 2 = 1.125. 

Thus the third approximation to the root isx 3 = A (1 + 1.125) = 1.0625 
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Then f(x a ) = 1.0625 sin (1.0625) - 1 = 1.0625 sin (60.88) - 1 = - 0.0718 < 0 
f'(x 2 ) > 0, i.e. now the root lies between x a - 1.0625 and x 2 = 1.125. 

fourth approximation to the root is .v 4 = A (1.0625 i- 1.125) = 1.09375 

Then Ox A ) = - 0.02836 < 0 and f(x 2 ) > 0. " 
the root lies between x* = 1.09375 and x 2 = 1,125. 

.•. fifth approximation to the root isx g = i (1.09375 + 1.125) = 1.10937 

Then f (x g ) - - 0.00664 < 0 and f<x 2 ) > 0. 

the root lies between x s = 1.10937 and x n - 1.125. 

Tlius the sixth approximation to the root is 


x r = 1(1.10937 + 1.125)= 1.11719 
0 2 

Then f(x 9 ) = 0.00421 > 0. But < 0. 
a the root lies between jr- - 1.10937 and =1.11719, 



Thus the seventh approximation to the root isx- = i (1.10937 + 1.11719) = 1.11328 

Hence the desired approximation to the root is LI 1328. 

(2) Method of false position or Regula-falsi y 
method. This is the oldest method of finding the real 
root of an equation fix) = 0 and closely resembles the 
bisection method. Here we choose two points x Q and x t 
such that f (x 0 ) and /*{*,) are of opposite signs Le. t the 
graph ofy - f ix) crosses the x-axis between these points 
(Fig, 28.21, This indicates that a root lies betweenx^ and 
consequently f(x 0 )fix x ) < 0. 

Equation of the chord joining the points A(x 0 > 
fix^M and R\x v fix j)| is 

v - fi :r ) = f (Xi ) ~ t lx o U x-x 0 ) ...(1) 

x l ~ X Q 

The method consists in replacing the curve AS by 
means of the chord A B and taking the point of 
intersection of the chord with the x-axis as an 
approximation to the root. So the abscissa of the point 
where the chord cuts the x-axis (y = 0) is given by 


fig. 28.2 


fix i)l 


X, - X n 


fixO-fiXfi) 
which is an approximation to the root. 




... 12 ) 


If nou , / , fx f j) and f(x 2 ) are of opposite signs, then the root ties between x 0 and x T So replacing x l byx 2 in (2), 
we obtain the next approximation x 3 . (The root could as well lie between x l and x 2 and we would obtain x 3 
accordingly). This procedure is repeated till the root is found to desired accuracy. The iteration process based on 
(!) is known as the method of false position. 


Example 28J3. Find a real root of the equation x? - 2x - 5 - 0 by the method of false position correct to 
three decimal places. {MtmipuL 2005} 

Solution. Let fix) = x 3 - 2x - 5 

so that f( 2) - - 1 and f (3) = 16 Le.. A root lies between 2 ami 3. 

a taking x 0 = 2, x l — 3, f(x () ) =- I, flx x ) = 16, in the method of false position* we get 


f Ct*l = /’12.0588) = -- 0.3908 r.e. * the root lies between 2.0588 and 3. 


—(i) 


Now 
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/, diking x Q = 2.0588* x l - 3, f(x Q ) = — 0.3908, fix j) = 16, in (i), we get 

a-.. = 2.0588 - .°; 9 Av- (- 0.3908) = 2.0813 
3 16.3908 

Repeating this process, the successive approximations are 

x 4 = 2.0862, * 5 - 2*0915, x 6 = 2*0934, x 7 = 2*0941. * 8 * 2,0943 etc. 

Hence the root is 2*094 correct to 3 decimal places* 

Example 28-4, Find the mot of the equation em x - xe* using the regain-falsi method earret l to four 
decimal placet, iBhopuf 200.9) 

Solution- Lot fix) - cos x - jce* = 0 
So that /"(0) = 1, / (1) = cos 1 - e = - 2*17798 

i.e., the root lies between 0 and L 

taking= 0, .Vj = 1, /*(x 0 ) = 1 and /‘(x 1 ) = - 2.17798 in the regula-falsi method, we get 

*2 - *« - W - 0 * 0^5 - 1 - 0-31467 ...Iff 

Now f (0.31467 ) = 0.51987 

the root lies between 0.31467 and 1. 

taking x„ = 0.31467.x, = l,f(x 0 ) = 0.51987, f(x x ) = - 2.17798 in (i), we get 

x„ = 0.31467 + x 0.51987 = 0.44673 

- 1 2.69785 

Now f (0.44673) = 0.20356 

i.p,., the root lies between 0,44673 and 1. 

/. takingx 0 = 0.44673.x, = 1, f (x Q ) - 0.20356,/‘(x,) = - 2.17798 in O'), we get 

x. = 0.44673 + - 553 - 7 - x 0.20356 = 0.49402 
1 2.38154 

Repeating this process, the successive approximations are 

x s = 0.50995, x 6 = 0.51520, x 7 = 0.51692 

x fl = 0.51748, x 9 = 0.51767, x, 0 = 0.51775 etc. 

Hence the root is 0.5177 correct to 4 decimal places. 

Example 28.5. Find a real root of the equation x log w x - 1.2 by regula-falsi method correct to four 
decimal places. (V. T. 11, SOW ; -J.K T. U., 2008 , Kottayam. 2000 1 

Solution. Let f (x) = x log 10 x - 1.2 
so that fil) = - vo,f{2) = - ve and /"(3) - + vc. 

a root lies between 2 and 3. 

Taking x v = 2 and x, = 3, f (r 0 ) = — 0.59794 and f (x,) = 0.23136, in the method of false position, we get 

x„ = x 0 - *> ~ X « - fixJ = 2.72102 

2 0 fi Xl )-f{x 0 ) 0 

Now /'{x 2 ) = /"(2.72102) = - 0.01709 

i.e.i the root lies between 2.72102 and 3. 

taking x (l = 2.72102, x, = 3,f(x n ) = -0.01709 

and fix ,) = 0.23136 in 0), we get 

n 97RQS 

x., = 2.72102 + -££*£££-x 0.01709 - 2.7402! 

3 0.23136 e 0.01709 

Repeating this process, the successive approximations are 
x. = 2.74024, x- = 2.74063 etc. 

4 T o 

Hence the root is 2.7406 correct to 4 decimal places* 


Example 28,6, Use the method of false potion* to find the fourth root of 32 <orrevt to three deeb>mt ptnrcs. 
Solution- Let j: = (32)' /J so that .v 4 - 32 = 0 
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Take fix) = x 4 - 32. Then f (2) = - 16 and f (3)» 49, Le ,, a root lies between 2 and 3. 

*\ taking x 0 = 2, x l ~ 3, f (x 0 ) = - 16, fixf) = 49 in the method of false position, we get 

Now /(jCj) = f (2.2462) = - 6.5438 i.e. the root lies between 2,2462 and 3. 
taking x 0 = 2.2462, x, = 3, f(x Q ) = - 6.5438, f(xf> = 49 


.M) 


in (i), we get 


3 - 2.2462 

x, = 2.2462- _ {-6.5438) = 2.335 


3 49 + 6 543g 
Now f (x 3 ) = f (2.335) = - 2.2732 i.e. the root lies between 2.335 and 3. 

taking x 0 = 2.335 and x, = 3, f (x 0 ) = - 2.2732 and f (x t ) = 49 in (£), we obtain 

x, = 2.335 - 3 - 2 335 (- 2.2732) = 2.3645 

4 49 + 2.2732 

Repeating this process, the successive approximations are x s = 2.3770, x B = 2.3779 etc. 

Since x 5 = x 6 upto 3 decimal places, we take (32) U4 - 2.378. 

(3) Newton-Raphson method*. Let x Q be an approximate root of the equation fix) = 0. If x l = x Q + k be 
the exact root, then f (xj) = 0. 

.v expanding f(x 0 * k) by Taylor's series 

f(x 0 )+knx 0 ) + r (x 0 ) +.= o 

Since h is small, neglecting h 2 and higher powers of h, we get 

f(x 0 ) 


f (x 0 ) + hf'(x 0 ) — 0 or h = ~ ^ } 
a closer approximation to the root is given by 

/■<v 


...d) 


x,=x 0 - 


fix 0 ) 


Similarly, starting with x t , a still better approximation x 2 is given by 

A*i) 


x 2 = Xj - 


f{*\Y 

I ] A*„) 

In general, * 0 + I =*„- 

which is known as the Newton-Raphsun formula or Newton's iteration formula. 


...( 2 ) 


tmi- Newton's method is useful in vases of large values affix) te. when the graph of fix) while crossing the x-axis 
is nearly vertical. 

Newton’s method has a second order of quadratic convergence. Suppose x n differs from the root a by 
a small quantity e n so that x 0 = a + and x n + t = a + t n ^ v 

Then (2) becomes a * e. = a 4 t - - £n \ 

nl n fia + e n ) 


t 


f {a + c rt ) 

e = p _ _n_ _ c _ 

" +l " Aa + tJ " 


fla) + c n f’la) + /"(a) +... 


= £ - 


f'(a)+zj'(a) + ... 

e 71 a «>+ itl ria) +... 
f‘(a) + £„/■"(«) + ... 


[By Taylor’s expansion.| 


tv f(a) = 01 


< Hu) 


Ha) 


neglecting third and 
higher powers of e. n 


'] 


zn^ + ^ria)] 2 ‘ f{a) * 

This shows that the subsequent error at each step, is proportional to the square of the previous error and as such 
the convergence is quadratic. (P.71 £/., 2005) 

l IH& & Geometrical interpretation. Let x 0 be a point near the root a of the equation f(x) = 0 (Fig. 28.3), Then the 
equation of the tangent at A 0 Jx 0 , f <x 0 » is y ~f{x Q ) = f* (x Q ) (x - x B l 


*See footnote p. 466. Named after the English mathematician Joseph Rapkson (] 648-1715) who suggested a method similar 
to Newton’s method. 
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It cuts the x-axis at x t = x Q - ^pr~ which is a first approximation 

fix#) 

to the root a. If A x is the point corresponding to x x on the curve, then the 
tangent at A t will cut the x-axis of x 2 which is nearer to a and is, 
therefore, a second approximation to the root. Repeating this process, we 
approach to the root ct quite rapidly. Hence the method consists in 
replacing the part of the curve between the point and the x axis by 
means of the tangent to the curve at A 0 ,] 


Example 28.7. Find the positive root ofx 4 - x = 10 correct to three decimal places, using Newton -Raphson 
method (J.N.TM, 2008 ; Madras, 2006) 

Solution. Let f (jc) = x 4 — x - 10 

So that /*(!) = - 10 = - ve, f{ 2) = 16 - 2 - 10 = 4 * + ve 

/. a root of fix) = 0 lies between 1 and 2. Let us take x Q = 2 
Also f'(x) ~ 4r 3 - I 

Newton-Raphson's formula is 


I "* 1 *„ r(x j 

Putting n = 0, the first approximation x } is given by 

* „ _ W -2-/® -2- 
1 » n * 0 > ” re > _ 

Putting n = 1 in (i), the second approximation is 

/’(1.871) 


- \ - =2-^L =1.871 

4 x 2 3 - 1 31 


* _v _Z!Esi - 1871 -_ 

21 f\x ,> w/l ra.87i) 

= i.87i - ^-a-87i)-i 0 _ = Lg56 


4(1.87ir -1 


25.199 


Putting n = 2 in (t), the third approximation is 

(1.856)* -(1.856)-10 


x, = x„ - 


fix 2 ) 


f'(x 2 ) 


= 1.856- 


4(1.856r -1 


= 1.856- 0 010 - 1.856 
24.574 


Here x 2 = x v Hence the desired is 1.856 correct to three decimal places. 




Example 28.8. Find the Newton’s method, the real root of the equation 3x = cos x + 1. 

(VXU, 2009 ; S.V.T.U.* 2007) 


Solution. Let f lx) = 3* - cos x - 1 

ft 0) = - 2 = - ve, fit) = 3 - 0.5403 - 1 = 1.4597 = + ve. 

So a root of f(x} = 0 lies between 0 and 1 . It is nearer to 1 . Let us take x 0 = 0.6. 
Also f'(x) - 3 + sin x 

Newton's iteration formula gives 

f(x n ) 3x„ - cos X K - 1 

f\x n )- x " 3 + sin x n 

sin + cos x n + 1 
3 + sin x„ 

Putting n = 0, the first approximation x, is given by 

x 0 sin x 0 + cos Xq + 1 _ (0.6) sin (0.6) + cos (0.6) + 1 
** 3 + sin x^ 3 sin (0.6) 


...a) 
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0.6x0.5729 + 0.82533 + 1 


= 0.6071 


3 + 0.5729 

Putting tt = 1 in (i), the second approximation is 

.v, sin Xj + cos x, + 1 0.6071 sin (0,6071) + cos (0.6071) + 1 


*2 = 


3 + sin x 


0.6071 x 0.57049 + 0.8213 + 1 


3+sin (0.6071) 

= 0.6071 Clearly, x, = x 2 . 


3 + 0.57049 

Hence the desired root is 0.6071 correct to four decimal places. 

Example 28.9. Using Newton’s iterative method, find the real root ofx lag !a x - 1.2 correct to five decimal 
places. ' (V.T.U., 2005 ; Mum hat, 200-1; Burdivan, 2003) 

Solution. Let f ix) = x tog l0 x - 1.2 

f{\) = - 1.2 = -ve,f(2) = 21og, 0 2- 1.2 = 0.59794 = - ve 
and f( 3) = 3 Iog )0 3-1.2=1.4314-1.2 = 0.23136 = + ve 

So a root of f Car) = 0 lies between 2 and 3. Let us take x 0 - 2 

Also f'{x) = log 10 x + x , JL log, 0 c = Iog I0 x + 0.43429 


Newton’s iteration formula gives 


• V „ * 1 = ** - 


fix,,) 


0.43429 x„ +1.2 


f'(x n ) log l0 x„ + 0.43429 
Putting n = 0, the first approximation is 

0.43429 x x 0 +1-2 0.43429 x 2 + 1.2 




0.86858 + 1.2 


*1 = 


log 10 x 0 + 0.43429 log !f) 2 + 0.43429 0.30103 + 0.43429 

Similarly putting » = 1, 2, 3, 4 in (/), we get 
0.43429x2.81+ 1.2 


= 2.81 


*» E 


= 


log,,, 2,81 + 0,43429 
0.43429 x 2.741 + 1.2 
log ir , 2.81 + 0.43429 


= 2.741 


= 2.74064 


r = 0.43429 x 2.74064 + 1.2 = 274nfi5 
' 4 ~ log, 0 2.74064 + 0.43429 

„ _ 0.43429x2.74065 + 1.2 _ 9 74flfi r 
' s log 10 2.74065 + 0.43429 

Clearly x, t = x 5 . 

Hence the required root is 2.74065 correct to five decimal places. 


1 USEFUL DEDUCTIONS FROM THE NEWTON-RAPHSON FORMULA 

< 1) Iterative formula to find 1 iN is x n + x * x n (2 - Nx n ) 

(2) Iterative formula to find yfff is x n + \~ — + N/x n ) 

2 

(3) Iterative formula to find 1 / ViV is x n + , = I (x n + VNx n ) 

2 

(4) Iterative formula to find (jfN Stf x n + i = — K* - lfr n + N/x*~ 1 )] 

h 

Proofs, i 1) Let x = UN or 1/x - N = 0 
Taking f (x) ~ Ux - N, we have f'(x) = —x ’ 2 
Then Newton T s formula gives 




- x„ - 


iVx-N) 


-2 


- x + I — - N I xf = X +X - Nx* = X (2 - Nx ) 

IJ ^ J n it FI n rt n 


-X, 
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(2) Lot .v = Jn or x 2 - N = 0 
Taking fix) = x 2 - N, we have f (x) = 2x 
Then Newton’s formula gives 

x n + 1 =x„- ~- = 1 (x + N/xJ 

f (*„)" 2x n 2 n 

(3) Let x = * or x 2 - = 0 

JN n 

Taking fix) = x 2 - 1//V; wo have f'ix) - 2x 
Then Newton’s formula gives 

fix,,) _ aj-1/JV 1 

n +1 X " f’ix n ) “ X " 

(4) Let .v - \[N or x* — Af = 0 
Taking fix) = x* - N, we have f'ix) = kx >! ~ 1 
Then Newton’s formula gives 


2 x„ 




fix,,) 


x, - A' 


v = r - ' fl = v — — _— A 

" + , n f\x n )~ a kx*~ l * 


<ft - l K + -Jpt 


(Madras, 2006) 


Example 28. 10. Evaluate the following <correct to four decimal places) by Newton’s iteration method: 
UW 31 (if) JE CAn/fa, 2007) 

(ini l/Jti (iv) $[24 (Madras, 2003) (w) (30f l,s . 

Solution, (i) Taking N = 31, Lhe above formula (1) becomes 

x n + I = X tS^ ~ 

Since an approximate value of 1/31 = 0.03, we take* 0 = 0.03 
Then x, = x 0 (2 - 31x u ) = 0.03 (2 - 31 x 0.03) = 0.0321 

x 2 = Xj(2 — 3LVj) = 0.0321(2 - 31 x 0.0321) = 0.032257 
x 3 = x 2 (2 - 3 Lv 2 ) = 0.032257 (2 - 31 x 0.032257) = 0.03226 
Since x 2 = x 3 upto 4 decimal places, we have 1/31 = 0.0323. 

1 

( it) Taking A r = 5, the above formula (2), becomes x n +1 = — (x H + 5/x n ) 

Since an approximate value of \/5 =2, we take x Q = 2 

Then x, = I (.v.. + 5/x 0 ) = 1 (2 + 5/2) = 2.25 

2 1 2 

x„ = l(x. + 5/x,} = 2.2361 
x 3 = ~ <x 2 + 5/x a ) = 2.2361 

Since *v 2 = upto 4 decimal places, we have >/5 - 2*2361* 

(iii) Taking N = 14, the above formula 131, becomes x n + x = ^ [jc^ +■ 1/f 14 a^)) 

Since an approximate value of 1/Vl4 = If \Il6 = \ ~ 0.25, we take .t 0 - 0.25 

Then x, = ~ [x fl + (14x 0 T'] = 110.25 + (14 x 0.25r 3 ] = 0.26785 

2 2 

X 2 = I |x, + (14 Xj) _! J = I [0.26785 + (14 x 0.26785 >’ l I = 0.2672618 
2 2 

X 3 = | |x 2 + < 14X,,)- 1 ] = ~ 10.2672618 + (14 x 0.2672618^1 = 0.2672612 
Since x 2 = upto 4 decimal places, we take l/v!4 = 0.2673* 

Uv) Taking N = 24 and k - 3, the above formula (4) becomes x n ^ x = i- [2r r + 24/x^l 

u 
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Since an approximate value of (24) 173 = (27) 173 = 3, we take x Q = 3. 

Then x 1 = ~ (2x 0 + 24/x* ) = i (6 + 24/9) = 2.88889 

y O 

X 2 = I (2r, + 24/if ) = i 1(2 X 2.88889) + 24/(2.88889) 2 | = 2.88451 
3 3 

* 3 = i <2x z + 24/jCg ) = i 12 x 2.88451 + 24/(2.88451 ) 2 | = 2.8845 
3 3 

Since x 2 ~ x 3 upto 4 decimal places, we take (24) l/3 - 2.8845 
(v) Taking N = 30 and k = - 5, the above formula (4) becomes 

^♦r K + 30/x; 6 ) = ^(6-30*®) 

Since an approximate value of (30)“ 1/5 = (32)~ 1/5 = 1 / 2 , we take x fi - 1/2 

Then x. = (6 - 30 x®) = JL (6 - 30/2 5 ) = 0.50625 

1 5 0 10 

x, = (6 — 30 Jtf) = 0-50625 [6 - 30(0.50625 ) 5 1 = 0.506495 

* 5 1 5 

X. = ^.(6 - 30 4 ) = 0 506495 [6 - 30(0.506495)®] = 0.506496. 
j 5 * 5 

Since x 2 - x 3 upto 4 decimal places, we take (30) _ ys = 0.5065. 


PROBLEMS 28.1 


1. Find a root of the following equations, using the bisection method correct to three decimal places ; 

(i) x $ - 2 x - 5 = 0 (PT. U„ 2005 ) iii) x 3 - x 2 - 1 = 0 (JMTXl, 2009) 

(Iii ) x* -x - 11 = 0 which lies between 2 and 3 (*tr) 2 X 3 + x 3 ~20x + 12 = 0 . 

2. Using the bisection method, find a real root of the following equations correct to three decimal places : 

(i) cos x 3? xe* (Mumbai, 2004) (ii) x log 10 * = 1.2 lying between 2 and 3 

(iff) e* - x = 2 lying between I and 1.4 (to) e* = 4 sin x, 

3. Find a real root of the following equations correct to three decimal places by the method of false position : 

(OxS + x-l =0 (iO* 8 -4x-9 = 0 (V.TM" 2007) 

(Hi) x 3 + x - 1 ® 0 near x = I liu)** -x 4 -x 3 - 1 = 0. (Nagarjuna, 2001) 

4* Using regulu-falsi method, compute the real root of the following equations correct to three decimal places : 
trj xe* = 2 (& 2007) (ii) cos x = 3x - 1 (Ut)x tan x - 1 = 0 

(w) 2x - log x = 7 (J.AT.T. l/. f $0ftf) fe) xe* = sin x (P/P K, 2005) 

5, Find the fourth roo t of 12 correct to three decimal places using the method of false position. 

6, Find by Newton’s method, a root of the following equations correct to 3 decimal places : 

U) x 3 - 3x + 1 = 0 (Bhopal, 2009) (it) x 3 - 2x - S = 0 (P TM t 2005) 

(iu) x 3 - 5x + 3 = 0 ( Mumbai , 2004) 

(iv) 3x* - 9x 2 + 8 = 0 lying between 1 and % t Motiras, 2003) 

7, Find a root of the following equations correct to three significant figures using Newton’s iterative method ; 

(0 x* + x 3 - 7x 2 - x + 5 = 0 lying between 2 and 3 (Afadros, 2003) 

m x 6 - Sx 2 + 3 = 0. 

8- Find the negative root of the equation x 3 — 2lx + 3500 - 0 correct to two decimal places by Newton's method, 

8, Using Newton-Kaphson method, find a root of the following equations correct to the three decimal places : 

U) .re* - 2 = 0 (V.T. U, t 2005 ) (ii) x 2 + 4 sin x - 0 (Jfazanbagh , 2009 ) 

(iii) x tan x + 1 = 0 which is near x = it (J.N.TM., 2006 ; KtK } 2006) 

(w) e* = x 2 + cos 25x which is near x - 4.5. (V.T. 2007) 

10, Find by Newton's method, the root of the equations : 

(i) cos x - xe* U.N.T. U. t 2009 ; V7VK, 2003) (u) x lag w x = 12 34 (Anna , 2004) 

(iii) 10* + x - 4 = 0 (iv) x + Iug 10 x = 3.375 (Rohlak, 2003) 

11. Develop a recurrence formula for finding v A*, using Newton-Raphson method and hence compute to three decimal 
places 

It) Jl 3 (U.P.T.U., 2008) (a) VlO (J.N.T.U., 2008) 







Numerical Solution Of Equations 


927 


12, Find the cube mot of 41, using NewtamRaphsen method (Madras, 2003) 

13, Develop an algorithm using N-K method, to find the fourth root of a positive number N and hence find (32) 

tW.AT.jti, 2005) 

14, Evaluate the following (correct to 3 decimal places) by using the Newtou-Raphson method : 

(i) 1/18 J.N.T.U., 2004) (it) 1/JW (iu) <28) ^, 


28.4 


APPROXIMATE SOLUTION OF EQUATIONS—HORNER'S METHOD 


This is the best method of finding approximate values of both rational and irrational roots of a numerical 
equation, Horner’s method consists in diminu tion of the root of an equation by successive digits occurring in the 
roots. 

If the root of an equation lies between a and a + 1, then the value of this root will be a . bed ..*> where b t c, 
d ... are digits in its decimal part. To obtain these, we proceed as follows : 

( i ) Diminish the roots of the given equation by a so that the root of the new equation is 0 , bed ... 

(i.i) Then multiply the roots of the transformed equation by 10 so that the root of the new equation is 
b . 

(Hi) Now diminish the root by b and multiply the roots of the resulting equation by 10 so that the root is 
c* d 

tit?) Next diminish the root by c and so on. By continuing this process, the root may be evaluated to any 
desired degree of accuracy digit by digit. The method will be clear from the following example* 


Example 28.11. Find by Horner's method , the positive mot of the equation r* + jr 4- x - 100 = 0 correct 
to three decimal places . 


Solution. Step L Let ffx) = x 3 + x 2 + x - 100 

By Descartes 7 rule of signs, there is only one positive root, Also f (4) = — ve and f(B) = + ve, therefore, the 
root lies between 4 and 5. 

Step IL Diminish the roots of given equation by 4 so that the transformed equation is 

r*+ 13x 2 + 57**16 = 0 Ui) 

Its root lies between 0 and L {We draw a zig-zag line above the set of figures 13, 57, 
- 16 which are the coefficients of the terms in O') as shown below. Now multiply the roots of (0 by 10 for which 
multiply the second term by 10 , the third term by 100 and the fourth term by 1000 (z\e.attach one zero to the 
second term, two zeros to the third term and three zeros to the fourth term). Then we get the equation 

f y {x) = x 3 + 130* 2 + 5700* - 16000 = 0 UU) 


1 


1 

± 

5 

4_ 

9 

4 


130 

2 

132 

2 

134 

2 


1360 

6 

1366 

_ 6 

1372 

6 


1 

20 

21 

36 

5700 

264 

5964 

268 

623200 

8196 

631396 

8232 

63962800 


- 100 (4.264 

84 

- 16000 
11928 

- 4072000 
3788376 

- 283624000 


13780 
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Its root lies between 0 and 10. 

Clearly fJ2) - - ve, /j(31 = + ve 

the root of Oi) lies between 2 and 3 i.e, y first figure after decimal is 2. 

Step III. Diminish the roots of f x ix) - 0 by 2 so that the next transformed equation is 

* 3 + 136x 2 + 6232a - 4072 = 0 Mni) 

Its root lies between 0 and 1. (We draw the second zig-zag line above the set of figures 136, 6232, - 40721 
Multiply the roots by 10, i.e, attach one zero to second term, two zeros to third term and three zeros to the 

fourth term. Then the new equation is 

f 2 (x) = X s + 136tbr + 623200* - 4072000 ^ 0 


Its root lies between 0 and 10 t which is nearly = 


4072000 

623200 


- 6 


Hence second figure after decimal place is 6. 

Step A'. Diminish the roots of f.JLx) - 0 by 6, so that the transformed equation is 
* a + 1378a 2 + 639628x - 283624 = 0, 

Its root lies between 0 and L (We draw the third zig-zag lice above the set of figures 1378, 639628, 
- 283624.) As before multiply its roots by 10, i.e .attach one zero to the second term, two zeros to the third term 
and three zeros to the fourth term. The n the equation becomes 

4(x 1 = x' A + 13780be 2 + 63962800x - 283624000 = 0 

Its mot lies between 0 and 10, which is nearly = 283624000 _ 4 Thus the roots of fAx) = 0 are to be 

63962800 3 


diminished by 4 i.e. the third figure after decimal place is 4. But there is no need to proceed further as the root 
is required correct to three decimal places only. Hence the root is 4.264, 


Obs. 1. After two steps of diminishing* we apply the principle of trial divisor tn which we divide the last 
coefficient by last but one coefficient to get the next integer by which the roots are to be diminished These fast two 
coefficients should hove opposite signs. 

Olis. 2. At any stage if the trial d i t 1 isor s uggeMs the next integer to be zero, then ter should again multiply the roots 
by 10 and write zero in decimal place of the mot. 


Example 28.12. Fuui the cub* 1 root of SO correct to 3 decimal places, using Horner# method. 

Solution. Step /, Let x = \/30 Le. fix) = x 3 — 30 = 0 
Now f(3)=-3 f-vel, /'fit = 34 (■+ ve) 

the root lies between 3 and 4. 

Step II. Diminish the roots of the given equal ion by 3 so that the transformed equation is 

x 3 + 9x 2 4 27a -3 = 0 ..,(*) 

Its roots lies between 0 and 1. (We draw a zig-zag line above the set of numbers 9, 27, - 3 which are the 
coefficients of the terms in (i)). Now multiply the roots of U) by 10 for which attach one zero to the second term, 
two zeros to the third term and three zeros to the fourth term. Then we get the equation 

f x (x) = x 3 + 90* 2 4 2700a - 3000 = 0 „,{«) 

Its roots lies between 0 and 10. 

Clearly f } ( 1) ~ - ve, f 2 ( 2) = + ve 

the root of (ii) lies between 1 and 2 i.e. % first figure after decimal place is l. 

Step III. Diminish the roots off^x) ~ 0 by 1, so that the next transformed equation is 

x 3 + 93a 2 4 2883a - 209 ^ 0 .MU) 

Its root lies between 0 and 1, (We draw a second zig-zag line above the set of figures 93, 2883, - 209), 
Multiply the roots of (m) by 10 /.e. t attach one zero to second term, two zeros to third term and three zeros to the 
fourth term. Then the new equation is 

f 2 (x)=x 2 + 930a 2 4 288300a - 209000 = 0 
its root lies between 0 and 10, which is nearly 

= 209000/288300 = 0.724 > 0 and < 1. 

Hence second figure after decimal place is 0. 
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0 

1 

3 

3^ 

6 

3 

90 
1 

91 
_1 

92 
1 

9300 


0 

9 

9 

18 

2700 

91 

2791 

92 

28830000 


-30 (3.107 

27 

- 30000 
2791 

- 209000000 


Step P/\ Diminish the root of f 2 (x) = 0 by 0 and then multiply its roots by 10 so that 
f z (x) = x 3 + 930Gx 2 + 288300GGx - 209000000 = 0. 

Its root lies between 0 and 10, which is nearly = 209000000/28830000 = 7,2 > 7 and < 8. Thus the roots of 
f 3 (x) - 0 are to be diminished by 7 i.e. f the third figure after decimal is 7* Hence the required root is 3.107. 


PROBLEMS 28.2 


1. Find by Homer's method, the root (rnrrect U> three decimal places) of the equation 

(t) r 1 - 3x + 1 s 0 which lies between 1 and 2 

(ti) jr* + x - 1 = 0 (Coimbatore, 1997) (in) jr 1 - 6x - 13 s= 0 

fin) x 3 - 3x 2 + 2,5 = 0 w hich lies between 1 and 2* (Madras, 2000 8} 

2. Using Homer's method, find the largest real root of x 3 - 4x + 2 = 0 correct to three decimal places. 

3. Show that the root of the equation r 4 tr 3 * 4i 2 -16^0 lies between 2 and 3. Find its value correct to two decimal 
places by Homer's method. 

4 Find the negative root of the equation x 3 - Bar 2 + 18 = 0 correct to two decimal places by Homer's method. 

8. Find the cube root of 25 by Homer's method correct to 3 decimal places. 


28.5 


SOLUTION OF LINEAR SIMULTANEOUS EQUATIONS 


Simultaneous linear equations occur in various engineering problems. The student knows that a given 
system of linear equations can be solved by Cramer's rule or by Matrix method (§ 2.10). But these methods 
become tedious for large systems. However, there exist other numerical methods of solution which are well- 
suited for computing machines. We now explain some direct and iterative methods of solution. 


28.6 


DIRECT METHODS OF SOLUTION 


(1) Gauss elimination method*. In this method, the unknowns are eliminated successively and the 
system is reduced to an upper triangular system from which the unknowns are found by back substitution. The 
method is quite general and is well-adapted for computer operations. Here we shall explain it by considering a 
system of three equations for the sake of clarity. 

Consider the equations 


0|X + i^y + c x z - d t 
Q^x + 6 2 y + c 2 z = dg ■ 

<h x + hy + c 2 z = d z. 


..(l) 


Step 1. To eliminate x from second and third equations. 

Assuming * 0, we eliminate x from the second equation by subtracting (aja j) times the first equation 
from the second equation. Similarly we eliminate x from the third equation by eliminating (ajaf) times the first 
equation from the third equation. We thus, get the new system 


*Soe footnote p. 37. 
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a 1 x + ty + c } e = d l 
h^y + c?z = d% 
t%y + c' z z = d' 


...( 2 ) 


Hurt 1 the first equation is called the pivotal equation and a i is called the first pivot. 

Step II. To eliminate y from third equation in (2). 

Assuming * 0 , we eliminate v from the third equation of ( 21 , by subtracting times the second 

equation from the third equation. We thus, get the new system 


a,jc + b,y + c,z = d A 

&>y + c 2 z = d? ■ 

0 .0 

c z z — «3 

Here the second equation is the pivotal equation and is the new pivot . 

Step III. To evaluate the unknowns . 

The values of x t y t z are found from the reduced system ( 3 ) by back substitution. 


».( 3 ) 


Oiw. 1, On writing the given equations as 

(1% Iky 4*2 

X 

y 


*1 

. 

te.,AX = & * this method consists in transform 


_°3 *3 C S. 

z 


A. 



ing the coefficient matrix A to upper triangular matrix by elementary row transformations only. 

Ota* %. Clearly the method will fail if any one of the pivots a v IaJ or cJJ becomes zero. In such cases, we rewrite the 
equations in a different order go that the pivots are non-zero. 

Otoa. 3* Partial and complete pivoting. In the first step, the numerically largest coefficient of a; is chosen from all the 
equations and brought as the first pivot by interchanging the first equation with the equation having the largest 
coefficient ofjc. In the second step, the numerically largest coefficient of y is chosen from the remaining equations (leaving 
the first equation) and brought as the second pivot by interchanging the second equation w ith the equation having the 
largest coefficient ofy'. This process is continued till we arrive at the equation with the single variable. This modified 
procedure is called partialpivoting. 

If we are not; taken about the elimination ofi,y,r in a specified order, then we choose at each stage the numerically 
largest coefficient of the entire matrix of coefficients. This requires not only an interchange of equations but also an 
interchange of the position of the variables. This method of elimination is called complete pivoting. It is more complicated 
and does not appreciably improve the accuracy. 

Example 2#.13. Apply Gaum elimination method to solve the equations x + 4y - z = - 5 :x +y - 6z - - 12 ; 
3x-y - z = 4. (Mumbai, 2009) 


Check sum 

Solution, We have x + 4y — z = - 5 -1 

%+y- 6 z = -12 -16 

3 x-y-z = 4 5 

Step L Operate (ri) - ( i ) and (Hi) - 3(0 to eliminate * : 

Check sum 

- 3y - 5z = - 7 - 15 

- 13y + 2z = 19 8 


Step ft. Operate (v) - — (iv) to eliminate y : 

Check sum 



Step III. By back-substitution, we get 

From (m): z = = 2.0845 

71 

From (iv): y= ---( —1 = - — = - 1 . 1408 

3 3UlJ 71 


...{/) 

...(«) 

...(iii) 


..Xiv) 

...(f) 
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From (/): * = - 5 - 4 f- ®Il + = ill = 1.6479 

V 7V 71 71 

Hence * = 1.6479, y = - 1.14.08, z = 2.0845 

Note. A useful check is provided by noting the sum of the coefficients and terms on the right, operating on those 
numbers as on the equations and checking that the derived equations have the correct sum. 

'1 4-1' 

1 1-6 
3 -1 -1 


Otherwise : We have 



X 


'-5' 


y 

= 

-12 


z 


4 


Operate R 2 ~ /?, and R 3 - 3R V 


1 4-1 

0 -3 -5 

0-13 2 



X 


-5 


y 

= 

-7 


z 


19 


Operate R 3 - -y R 2 , 


T 4 -1 

0-3 - 5 

0 0 71/3 


-5 

-7 

148/3 


and 


Thus, we have z = 148/71 = 2.0845, 

3y = 7-5z= 7- 10.4225 = -3.4225 i.e., y = - 1.1408 
x = -5-4y + 2 = -5 + 4 (1.1408) + 2.0845 = 1.6479 
Hence* = 1.6479, y = — 1.1408, z = 2.0845. 


Kxaraple 28.14. So/w lOx -7y + 3z +5u = 6,- 6x + 8y - z ~4u =5, 3x +y + 4z + llu = 2, 5x - 9y-2z + 4u 
- 7 by Gauss elimination method. (S. V. T. U.. 2007) 


Solution. We have 


10* - 7y + 3z + 5a = 6 
- 6* + 8y - z- Au = 5 
3* + y + 4a + llu = 2 
5x-9y - 2z + 4it = 7 


Cheek sum 
17 
2 
21 
5 


.M) 

...(«) 

■MU) 

,Mv) 


Step I. To eliminate *, operate 




3.8v + Q.Sz - u = 8.6 
3.1y + 3.12 + 9.5u = 0.2 
- 5.5y - 3.5z + 1.5u = 4 


Check sum 
12.2 
15.9 
-3.5 


Step II To eliminate y , operate j (vi) - * U r «) - [ —^ j (v) 

2.44736842 + 10.315789u = -6.8157895 
- 2.34210532 + 0.0526315n = 16.447368 

- 2.3421053 


Uv) 

-Avi) 

..Avii) 


**-(ix) 


Step III * To eliminate z t operate 


(ix) 


f- 2.3421053^1 
l 2.4473684 J 


(viii) 


■4473684 
9.9249319u = 9.9245977 

Step TV. By back-substitution, we get 

u - l t z ^ — 7,y = 4 and x = 5. 

(2J Gauss-Jordan method** This is a modification of the Gauss elimination method. In this method, 
elimination of unknowns is performed not in the equations below but in the equations above also, ultimately 
reducing the system to a diagonal matrix form Le* y each equation involving only one unknown . From these 
equations the unknowns x, y, z can be obtained readily. 

Thus in this method, the labour of back-substitution for finding the unknowns is saved at the cost of 
additional calculations. 


*See footnote p. 37. 
































Higher Engineering Mathematics 


Example 28.15. Apply Gauss*Jordan method to solve the equations 
x + y +2 zz 9 ;2x-3y + 4z = 13; 3x + 4y + 5z = 40. 

Solution. We have x + y + z - 9 

2x - 3y + 4e = 13 
3 jc + 4y + 5z = 40 

Step /, Operate (u) - 2 (i) and (iii) - 3{i) to eliminate x from (if) and (m). 

x +y +z = 9 

- 5y + 2? - - 5 

y + 2z = 13 

Step //, Operate (iu) + 4 to) and (ui) + 4 (u)to eliminate y from (io) and (oi): 

5 5 

x + ;z = 8 
5 

— 5 y + 2z = - 5 

T 2 = 12 

5 

7 5 

Step III. Operate (fit) - (ix) and (viii) - — (ix) to eliminate z from (nit) and (viii): 

x=l 

-&V=- 15 
12 


(V. T.U., 2009; P. T. U., 200S) 

...(£) 

...Cti) 

...(£«) 

•Mu) 

.M) 

...(vi) 


...(vii) 

...(viii) 

Mix) 


‘z = 12 


Hence the solution isx = l,y = 3, z = 5. 
Otherwise : Rewriting the equations as 

Operate R. 2 - 2R V R 3 - 3 R v 


Operate R 3 + 1R 2 , 


Operate - j? 2 , 5R 3 


Operate R^ + g R 3 , 


Operate 

5 


Operate Rj - J ? 2 - R 3 
Hence, x = 1, >’ = 3 ,2 = 5. 



J L 

J 

- 

1 1 1 

r* 

r 

0 10 

y 

= 

0 0 1 

z 


‘l 0 0" 

X 


0 10 

y 

= 

0 0 1 

z 



Obs. Here the process of elimination of variables amounts to reducing the given coefficient metric to a diagonal 
matrix by elementary row transformations only. 
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Example 28.16. Solve the equations of example 28.14, by Gauss-Jordan method. 


Solution. We have lGx - 7_y + 3z + 5u = 6 

- 6 * + 8y-z-4u =5 
3* + y + 4? + 111/ = 2 
5z-9y — 22 + 4 u = 7 


Step l. To eliminate x, operate 




10a: - 7y + 3z + 5u = 6 
3.8y + 0.8 z - u- 8.6 
3. ly + 3. Iz + 9.5 k = 0.2 
- 5.5y - 3.5z + 1.5u = 4 



Step II. To eliminate y, operate 




10a: + 4.4736842z + 3.1578947 k = 21.842105 


3.8y +■ 0.8z - u = 8.6 

2.4473684z + 10.315789 k = -6.8157895 
- 2.3421053* + 0.0526315u = 16.447368 


Step III. To eliminate z, operate 


(lx) — 

f 4.473684 ' 

) (*i)j, 


1 2.4473684 

(a:) - ( 

0.8 'l 

(*i)j * | 

.2.4473684/ 


(xii) - 


- 2.3421053'j 

2.4473684 ) 



10a: - 15.698923k = 34.301075 
3.8y - 4.3720429« = 10.827957 
2.4473684z + 10.315789 k = - 6.8157895 
9.9247309k = 9.9245975 


.M) 

.Mil) 

...(to) 


:.{V) 

.Mi) 

...(vii) 

Xviii) 


Mix) 

...(*> 

...ixi) 

...(xii) 


Step IV. From the last equation u = 1 nearly. 

Substitution of u = 1 in the above three equations gives * = 5, y = 4, z = - 7. 

(3) Factorization method*. This method is based on the fact that every matrix A can be expressed as 
the product of a lower triangular matrix and an upper triangular matrix, provided all the principal minors of A 
are non-singular, i.e ,, if A = [a y ], then 


“ii 

a 2 i 

°3I 

Also such a factorization if it exists, is unique. 

Now consider the equations 

a U X l + a 12 X 2 + a i3 X 3 = b l 
®2I*i °22*2 + °23*3 = b 2 

«31 X 1 + a 32*2 + ®33*3 = b 3 
which can be written as AX ~ B 


*11 


* 0, 


‘hi °12 
°21 “22 


* 0 , 


“l2 “l3 

°22 °23 
°32 °33 


* 0 , etc. 




“ii 

<h 2 

“13 


X 1 


M 

where 

A = 

°21 

°22 

°23 

,x = 

x 2 

and B = 

h 



.<*31 

°32 

°33. 


X 3_ 


W 


Let A = LU, 


where 

Z,= 

" 1 
4i 

0 

1 

o" 

0 

and U = 

“n 

0 

“l2 

“22 

“l3 



[hi 

hi 

1 


0 

0 

“33. 




...(2) 


^Another name given to this discomposition is Doolittle’s method. 
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Then (1) becomes LUX - B 
Writing UX = V w 

(3) becomes LV = B which is equivalent to the equations 

u, = * 1 ; l 2 1 V 1 + v 2 = b 2 ; l 3l v A + l 3i v 2 + v 3 = b 3 
Solving these for u,, v 2 , u 3 , we know V. Then, (4) becomes 

u H x, + u 12 x 2 + u I3 * 3 = o,; u. 2? x 2 + u. 2S x 3 = u 2 ; = v 3 , 

from which x 3 , x 2 and x i can be found by back-substitution. 

To compute the mat rices L and U, we write (2) as 

1 


...(3) 

..,(4) 


21 


21 


0 

1 

^32 


“12 


U 


13 


U 11 

a 21 

°31 


u 12 

°22 

Q 32 


°13 


■*23 
3 33_ 


u n 

0 U 22 023 

| 0 0 Ujjg 

Multiplying this matrices on the left and equating corresponding elements from both sides, we obtain 

O') = a U ’ 

(ti)/ 21 « n = u 21 


Ail" 11 ” Q 31 


(iiz ) f 21 W 12 + U 22 ~ a 22 


l. 2l u u + u 23 - 


or 

or 


u J2 = a (2 , 

*21 = a -n ,a n 

*31 = °31* a il 


U 13 = a 13 


(hJ) / j it j r, T / f^tt 22 — Cl 


32 


or 


or 


or 


U 22 ~ a 22 


^3 = C 23- 


%I 

a n 

a n 


12 


M3 


/ - JL 

*32 


U 22L 


o 32 _ ~^~a v2 

°n 


(«> *31 u 13 + *33 U 23 + u 33 = °33 which ^ VeS “ 


33* 

Thus we compute the elements of Land U in the following set order: 

(i) First row of U 7 (ii) First column of L t 

( iii ) Second row of U % (ic) Second column of L t (v) Third row of U. 

This procedure can easily be generalised. 

Ok* This method is superior to Gauss elimination method and is often used for the solution of linear systems and 
for finding the inverse of a matrix. Among the direct methods. Factorization method is also preferred as the software 
for computers. 


Example 28,17, Apply factorization method to solve the equations : 

3x f 2y + 7z = 4; 2x + 3y + z = 5; 3x + 4y + z - 7. 1 


{Madras, 2000 S) 


Solution, 


1 0 0 


“11 “12 “13 


3 2 7 

*21 1 0 


o u 22 U 23 


2 3 1 

.*31 ^32 T 


0 0 U-^ _ 


3 4 1 


so that 


\l f U 

(ii) /„,« 

(iii) I 

l 

(iu) l.„u 
(i>) l 


— 3, i/|2 — 2, 

w 13 ~ '* 


l 2l ~ 2/3 

'u " 

" *31 = ** 

[ 12 + U 22 ~ 

= 5/3, 

'13 + ^£3 = 

u 23 = — 11/3, 

12 + ^32 W 22 = 

/ 32 = 6/5. 


3l“l3 + *32 U 23 + U 33 


= 1 


u 33 = - 8/5 


Thus 


A = 


1 0 

2/3 I 
1 6/5 


5/3 - 1173 

0 -8/5 


(i.e. A), 
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Writing UX - V, the given system becomes 

■ 1 00 “ 

2/3 1 0 

*>! 

l> 2 


'4 

5 


1 6/5 1 

3. 


7 


Solving this system, we have e, = 4, 

2 c 

3 *>,•‘■‘>2 = 5 
t'j + | V 2 + t> 3 = 7 

Hence the original system becomes 

'3 2 7 

0 5/3 -11/3 
0 0 - 8/5 


or 


or 


_ 7 


n,= 4 . 


, 3 =1 
3 5 



X 


' 4 " 


y 

- 

7/3 


z 


.1/5. 


11 


8 


a* + 2y + 7* = 4 : gy-^=|;-f* = | 

By back-substitution, we have z = - 1/8, y = 9/8 and x - 7/8. 

Example 28.18. Solve the equations of Example 28.14 by factorization method. 


Solution. Let 


1 

0 

0 

O' 


’**11 

**12 

**13 

U I3 

' 

■ 10 

-7 

3 

5' 

/ 2l 

1 

0 

0 


0 

“22 

**23 

**24 


-6 

8 

-1 

-4 

4» 

^32 

1 

0 


0 

0 

**33 

**34 


3 

1 

4 

11 


hi 

ha 

1 


0 

0 

0 

**44 J 


5 

-9 

-2 

4 


so that 


(i) R l ofU: u n - 10, u 12 = - 7, u J3 - 3, u 14 = 5 
Hi) C 1 of L : l n = - 0 . 6 , / 3) = 0.3, / 41 = 0.5 

(iii) R 2 of U: u 22 = 3.8, ti 23 = 0 . 8 , u 24 = - 1 

(iv) C 2 of L : / 32 = 0.81579, l 42 = - 1.44737 
(u) R s of V : U 33 = 2.44737, u M = 10.31579 
(in) C 3 of L : / 43 = - 0.95699 

(oil) /? 4 of U : « 44 = 9.92474 
Thus 


A = 


1 

- 0.6 

0.3 

0.5 


0 

1 

0.81579 
- 1.44737 


0 0 

0 0 

1 0 

0.95699 1 


10-7 3 5 

0 3.8 0.8 -1 

0 0 2.44737 10.31579 

0 0 0 9.92474 


Writing UX = V, the given system becomes 

10 0 0 

-0.6 1 0 0 

0.3 0.81579 1 0 

0.5 -1.44737 -0.95699 1 

Solving this system, we get 

0 , = 6, v 2 = 8.6, o 3 = - 6.81579, o 4 = 9.92474. 
Hence the original system becomes 


" 

*>l 


6" 


v 2 


5 


*>3 


2 


_**4. 


7 


10 

0 

0 

0 


-7 

3.8 

0 

0 


3 

0.8 

2.44737 

0 


5 

-1 
10.31579 
9.92474 



X 


6 


y 


8.6 


z 


- 6.81579 


u 


9.92474 


i.e.. 


lOx - 7y + 32 + 5u = 6, 3.8y + 0.8a - u - 8.6, 
2.44737a + 10.31579n = - 6.81579, u = 1. 

By back-substitution, we get u - 1, z = — 7,y = 4, x = 5. 


(i.e.. A) 
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PROBLEMS 28.3 


Solve* the following equations by Gauss elimination method : 

1* 2x + y + a = I0;3x + 2y + 3« = + 4y = 16. 

% 2x + 2y + z = 12 ; 3x + 2y + 2z = B ; Bx + IQy - Bz = IQ. 

3, Zx-y +te*9;x +y+ *<=6;#-y + x = 2, 

4, 2x { + 4x s + - 3 ; Zx A + 2x ? - 2r 3 = - 2 ; — x 2 + = 6. 

5, 53 Tj + + x 4 = 4 ; x x +■ lx 7 + x 3 + x 4 = 12; 

Xj + + 6xp + x 4 - - 5 ; * t -f x 2 + x % + 4 x 4 =-$. 

Solve iKt* ibJlowing equations by GaustiJordan method : 

6* 2* + gy + 7z = 52 ; 2* + y ~ 2 = 0 ; x + y + z = 9* 

7, 2x - 3y + z - - 1 ; * + 4y + 5r = 25 ; 3x - 4y + z = 2. 

8. x + 8y + 3z - 16 ; r + 4y + 3r - 18 ; x 1 + 3y + 4z - 19 . 
a 2* + y +■ z s 10 ; 3x + 2y + 3* = 18 ; x + 4y + 9? - 16, 

10, 2xj * x 2 + 5z 3 + x 4 = 5'JXj + x 2 - 3s 3 ■*■ 4x 4 = - 1 ; 

3x, + 6r 2 - 2x$ + x 4 = 8 ; 2x t + 2x 2 + 2* 3 - 3x 4 a 2, 

Solve the following equations by factorisation method t 
1 L 10* * y + z a 12 ; + IGy + z - IS ; 2x + 2y + 10s = 11. 

12, Jr 4 2y + 3z = 14 ; 2x + 3y + 4z ~ 20 ; 3* + 4y + z = 14, 

13, 2x + By + z = 9 ; x + 2y + 3x =* 6 ; 3* + y + 2z - 8. 

14, SjTj — x 5 + x 3 = - 1 ; 2x 2 — x 3 + x 4 = l ; x t + 2j : 3 - x 4 - — 1 ; Xj + x 2 + 2^ 4 = 5, 


15, 


Find the inverse of the matrix 


I 1 
1 * 2 4 
1 2 2 

j 


by Grout’s method. 


{P.T.V,, 2005) 
(W.B.T.U,, 2004) 
{Bhopal. 2009) 
(Marathimda, 2005) 


[V.T.V.. 2010) 
(Kerala, 2003) 
( Anna, 2005) 
(V.T.U: 2008) 


(Andhra. 2004 ; P.T.U., 2003 1 


28.7 


ITERATIVE METHODS OF SOLUTION 


The preceding methods of solving simultaneous linear equations are known as direct methods as they 
yield exact solutions. On the other hand f an iterative method is that in which we start from an approximation to 
the true solution and obtain better and better approximations from a computation cycle repeated as often as may 
be necessary for achieving a desired accuracy. 

Simple iteration methods can be devised for systems in which the coefficients of the leading diagonal are 
large compared to others. We now explain three such methods : 

(1) Jacobi's iteration method*. Consider the equations 


a x x + i^y + Cj2 = rfj 
a^x + + c % z = d^ > 

<hx + b z y + c z z = d z 


..( 1 ) 


If a 1 , b 2 , c 3 are large as compared to other coefficients, then solving these for x, y, z respectively, the 
system can be written in the form 


x = k 1 -l^y- n\z 
y = k 2 - l^x - m^z > 

z ~h~k x - "hy. 


...( 2 ) 


Let us start with the initial approximations i* 0 ,y 0> z Q (each = 0) for the values of ,t,y,z. Substituting these 
on the right, we get the first approximations Xj = k v y 1 = k 2 ,z 1 = k 3 . 

Substituting these on the right-hand sides of (2), the second approximations are given by 

x 2 = k l -l l y l -m l z l 

^2 = ^2 ^ 2*1 _ 

Z 2 = ^3 * 3*1 " m $\ 

Ihis process is repeated till the difference between two consecutive approximations is negligible. 


*See footnote p, 215, 
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Example 28*19* Solve by Jacobi's iteration method ¥ the equations Wx +y -2 = 11.19. x + lOy + 2 = 28.08, 
- x + y + lOz = 35.62, correct to two decimal placet;. tAnna t 2007) 

Solution, Rewriting the given equations as 

x = ~ (11*19 -y + z),y = ~ (28.08 - x - zh z = i (35.61 + x ~y) 


We start from an approximation, x Q = j 0 = z 0 - 0. 
Firs/ ttercfion 


Second i Zero f ion 


TYtird iteration 


Fourth iteration 


Fifth iteration 


x, = = 1.119, yj = = 2.808,2! = =3.561 


10 


10 


^ 2 = A( 11 .l9-y 1 + 2 1 ) = 1.19 
y„ = J_ (28.08-2:.-zJ = 2.24 
z 2 = X(35.61 +x,-y 1 > = 3.39 
x„ = —(11.19 -y 2 + z s ) = 1.22 
y z = X(28.03 -x 2 -z 2 ) = 2.35 
2, = X (35.61 +x 9 - y 9 ) = 3.45 

3 10 1 J i 

X . = X (11.19 -y, + Zo) = 1.23 

4 10 33 

y. = X (28.03 - x- - zJ = 2,34 

4 10 33 

z 4 = X (35.61 + * 3 -y 3 ) = 3.45 
* 5 =i<11.19-y 4 + * 4 )= 1 -23 

y. = X (28.08-x. -z.) = 2.34 

J * 10 44 

z. = X (35.61 + x. —y.) = 3.45 

s 1Q 4 J 4 


Hence x = 1.23,y = 2.34, z = 3.45. 


Example 28 . 20 . Solve, by Jacobi’s iteration method, the equations 

20x + y - 2z = 17; 3x + 20y ~ z = - 18; 2x - 3y + 20z — 25. 

Solution. We write the given equations in the form 

x=±a7-y + 2z) 
y = ~(~18-3x + z)\ 
z = ^(25-2x + 3y) 

We start from an approximation = y 0 = z Q - 0. 

Substituting these on the right sides of the equations (i), we get 

X = X = 0.85;yj = - = -0.9 ; z t = = 1.25 

1 20 1 20 1 20 

Putting these values on the right of the equations (i), we obtain 

1 „„ 


(Bhopal, 2009) 


...(i) 
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V, = J-{- 18-3x, +z.) = -0.965 
2 20 

z„= -L (25-2*. + 3y.) = 1.1515 
20 11 

Substituting these values in the right sides of the equations (i) f we have 

* 3 = i (n-y 2 + 2z 2 ) =1.0134 

y 3 = 18 - 3 x 2 + z 2 ) = - 0.9954 

z = _L (25 - 2x,. + 3yJ = 1.0032 

3 go 1 2 

Substituting these values, we get 

r. = — (17 -y,, + 2z,) = 1.0009 

4 20 'S 3 

y. = -L (- 18 - 3*, + «,) = - 1.0018 
4 20 3 3 

z = Ju(25- 2x„ + 3yJ = 0.9993 

4 20 3 •' 3 ' 

Putting these values, we have 

*, = JL (17 —y. + 2 z.) = 1.0000 

s 20 * * 

y. = -L (- 18 - 3a-, + z.) = - 1.0002 
a 20 

z, = _L (25 - 2*. + 3v.) = 0.9996 

s go 4 4 

Again substituting these values, we get 

* 6 =1 k 117 - y * + 2z * )= 10000 

.V 6 = ^ (- 18 -3x s + z s ) = -1.0000 
z 6 = i (25-2* 5 + 3y 5 )= 1.0000 

The values in the 5th and 6th iterations being practically the same, we can stop. 

Hence the solution is x = l,y = — 1, z = 1, 

(2) Gauss-Seidel iteration method*. This is a modification of the Jacobi's iteration method. As before, 
we start with initial approximations x 0 , y 0 , 2 0 feach = 0) for x, y, z respectively. Substituting y - y 0 , z = z 0 in the 
first of the equations (2) on page 837, we get 

*i = k \ 

Then putting x - x v z =z Q in the second of the equations (2) on page 837, we have 

yi = *2- , B r l- m l*0 

Next substituting x = x v y = y x in the third of the equations (2) on page 837, we obtain 

*l = *S-V c I- m S>'l 

and so on, i.e. r as soon as new approximation for an unknown is found, it is immediately used in the next step. 
This process of iteration is continued till convergeney to the desired degree of accuracy is obtained. 

Obs L Since the most recent approximation of the unknowns are used while proceeding to the next step, the 
convergence in the Gauss-Seidel method is faster than in Jacobi's method. 

Ob* i\ Gaoss-SediaJ method converges if in each equation, the absolute value of the largest coefficient is greater 
than the sum of the absolute values of the remaining coefficients. 


*See footnote p, 37. After Philipp Ludwig Vow Seidel (1821-1896) who also suggested a similar method. 
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Example 28*21. Apply GaussSeidel iteration method to solve the equations of Ex. 28.20 , 

(V.T.U., 2011; Rohtak , 2005 ; Madras , 2003) 

Solution, We write the given equation in the form 

x = X <17 - y + 2z) = X <- 18 - 3x + z); z = X (25 - 2x + 3y) ...(*) 

20 20 20 

We start from the approximation x 0 = y 0 = z 0 = 0. Substituting y = y Qf z = z Q in the right side of the first of 
equations (£), we get 

x. = X (17-v f) + 2zj = 0.8500 
1 20 0 0 

Putting x sb x v z = z 0 in the second of the equations (i) f we have 

y. = X (- 18 - 3%, + z n ) = - 1.0275 
1 20 10 

Putting x = x v y = in the last of the equations (£), we obtain 

z. = X (25 - 2x. + 3y.) = 1.0109 

1 20 11 

For the second iteration, we have 

x, = X (17 ~y. +2z.)= 1.0025 
2 20 -"ii 

y 9 = X (- 18 - 3x 2 + z,) = - 0.9998 
20 21 

z„ = X <25-2x„ + 3yJ = 0.9998 
2 20 2 J2 

For the third iteration, we get 

x„ = X (17 -y 0 + 2zJ= 1.0000 
j 20 2 2 

y 3 = X(- 18-3x 3 + z 2 ) = -1.0000 
Z. = X (25 - 3x. + 2y a ) = 1.0000 

The values in the 2nd and 3rd iterations being practically the same, we can stop* 

Hence the solution is x 1 ,y - - 1, z ® 1* 

Example 28*22, Solve the equations; 

10Xj - 2x 2 -x 3 - x 4 ~ 3 

- 2Xj + 10x 2 - x 3 - x 4 = 15 
-Xj- x% + 10x 3 - 2x 4 = 27 

- x | - - 2 x 3 + lftr, 9 

by GausS'Seidal iteration method, (Bhopal, 2009; J.N.T.U., 2004) 

Solution* Rewriting the given equations as 


x, = 0.3 + 0.2x 2 + 0.1x 3 + O.lx,, 


x 2 = 1.5 + 0.2xj + 0.1x 3 + 0.1x 4 

-XU) 

x 3 = 2.7 + O.lxj + 0.1x 2 + 0.2x 4 

.MU) 

x 4 = — 0.9 + O.lXj + 0.1x 2 + 0.2 x 3 

.Mv) 


First iteration 

Putting x 2 = 0, x 3 = 0, x 4 - 0 in (i), we get x 1 - 0.3 
Putting x 1 = 0.3, - 0, * 4 = 0 in (ii), we obtain x 2 = 1*56 

Putting x x - 0.3, x 2 - 1*56, x 4 = 0 in (iii) t we obtain x 3 = 2.886 
Putting x 1 - 0.3, x 2 - 1*56, x 3 = 2*886 in (lu), we get x 4 = — 0.1368 
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Second iteration 

Putting x 2 = 1.56, x 3 = 2.886, x 4 = - 0.1368 in (i), we obtain 
x, = 0.8869 

Putting Xj = 0.8869, x 3 = 2.886, x 4 = - 0.1368 in {ii), we obtain 
x 2 = 1.9523 

Putting x, = 0.8869, x 2 = 1,9523, x 4 = - 0.1368 in (tit), we have 
x 3 = 2.9566 

Putting jfj = 0.8869, x 2 = 1.9523, x 3 = 2.9566 in (to), we get 
x 4 = - 0.0248, 

Third iteration 

Putting x 2 = 1.9523, x 3 = 2.9566, x 4 - - 0.0248 in (i), we obtain 
jt j = 0.9836 

Putting Xj = 0.9836, x 3 = 2.9566, x 4 = - 0.0248 in Hi), we obtain 
x 2 - 1.9899 

Putting Xj = 0.9836, x 2 = 1.9899, x, = - 0.0248 in (iii), we get 
x 3 = 2.9924 

Putting x, = 0.9836, x t = 1.9899, x 3 = 2.9924 in (to), we get 
x 4 = - 0.0042. 

Fourth iteration. Proceeding as above 

Xj = 0.9968, x 3 = 1.9982, x 3 = 2.9987, x 4 = -0.0008. 

Fifth iteration is 

Xj = 0.9994, Xj — 1.9997, x 3 = 2.9997, x 4 = -0.0001. 

Sixth iteration is 

x, = 0.9999, x a = 1.9999, x 3 = 2.9999, x 4 =-0.0001. 

Hence the solution is x x = 1, x 2 = 2, x 3 = 3, x 4 = 0. 

(3) Relaxation method*. Consider the equations 

a \ x + b J + c i z = d \ : «2* + hy + «2 2 = d 2 1 fl 3* + fc 3> + c 3 2 = d 3 

We define the residuals R x , R r R z by the relations 

R x = d 1 -Ojx -btf-c l z,R y = d 2 ~ a 2 x-b 2 y - c 2 z ;R y = d 3 - a 3 x - b 3 y-c 3 z ,..(1) 

To start with we assume x -y - z - 0 and calculate the initial residuals. Then the residuals are reduced 
step by step by giving increments to the variables. For this purpose, we construct the following operation table ; 



i 


hR, 

£br = I 


-°2 


By = I 

~ b i 

-b 2 

-A 


~ c t 




We note from the equations (1) that if x is increased by 1 (keeping y and z constant), R x , R y and R z decrease 
by a v a 2 , a 3 respectively. This is shown in the above table alongwith the effects on the residuals wheny and z are 
given unit increments. (The table is the transpose of the coefficient matrix). 

At each step, the numerically largest residual is reduced to almost zero. To reduce a particular residual, 
the value of the corresponding variable is changed ; e,g, y to reduce R x by p t x should be increased by p/a v 

When all the residuals have been reduced to almost zero, the increments in x,y, z are added separately to 
give the desired solution, 

Ohs, As a check, the computed values of jc, y, i are substituted in (1> and the residuals are calculated If these 
residuals are not all negligible, then there is some mistake and the entire process should be rechecked. 

Example 28*23* Solve, by Relaxation method, the equations: 

9x - 2y 4 2 = 50, x + 5y - 3z = 18, 2x + 2y + 7z = 19 . {Madras, 2000 S) 


*This method was originally developed by #,1/. Southwell in 1935, for application to structural engineering problems. 
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Solution. The residuals are given by 

R x = 50 - 9x + 2y ; R y = 18-x - Cry + 3z ; R t = 19 + 2x - 2y - Iz 
The operations table is 




6« t 


& = 1 

-fi 

-1 

2 

6y = 1 

2 

-5 

-2 

&sl 

-I 

3 

-7 


941 


The relaxation table is 



R* 




x = y = z = 0 

50 

IB 

IB 


&c = 5 

5 

13 

29 

.Mi) 

&r = 4 

I 

25 

l 

...t iii) 

&y =0 

n 

0 

— 9 

...Uv) 

Si, 1 

2 

- 1 

-7 

,M) 

&t = - 1 

3 

*4 

0 

,..{vi) 

Sty =—0.8 

1.4 

0 

1.6 

.MU) 

Sr = 0.23 

L17 

0.69 

—-09 

.Miii ) 

5* = 0.13 

0 

0.56 

0.17 

...((*) 

fy =0.112 

0.224 

0 

-0*054 

,M) 


2&x = 6,13, £5y = 4.31, Ubz - 3.23 
Thus x = 6,13, y = 4.31,2 = 3.23. 

|Explanation. In (i), the largest residual is 50. To reduce it, we give an increment dx - 5 and the resulting residuals 
are shown in (ii). Of these R x = 29 is the largest and we given an increment = 4 to get the results in (m). In (ui), R y ~- 4 
is the (numerically ) largest and we give an increment by - - 4/5 = — 0.8 to obtain the results in (uu). Similarly the other steps 
have been carried out.) 


Example 28,24* Solve by Relaxation method, the equations : 

lOx - 2y - 3z a 205; - 2x + I9y-2z = 154 ; -2x-y + IQz = 120AV.TM,, 2011 S ; Rohtak, 2005) 

Solution, The residuals are given by 

R x = 205 - lOx + 2y + 3z ; R y - 154 + 2r - 10y + 2z ; R z = 120 + 2 x + y~ lOz . 

The operations table is 





fiK, 

fc=l 

- 10 

2 

2 

by - 1 

2 

-10 

- 1 

& = 1 

3 

2 

-10 


The relaxation table is : 





R z 


205 

154 

120 

&r = 20 

5 

194 

160 

6y = 19 

43 

4 

179 

6r= 18 

97 

40 

- 1 

& = 10 

-3 

60 

19 

Sy = 6 

9 

0 

25 

Sz = 2 

15 

4 

5 

&r = 2 

-6 

8 

9 

& = 1 

J® 

10 


8y = 1 

0 

0 

0 

I&c = 32. Ey = 

26, X* = 21. 




Hence x = 32, y = 26, z = 21. 
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PROBLEMS 28.4 


1, Snjve by Jacobi's method, the equations : 5x - y + z - 10 ; 2x + 4y = 12; x + y + Bz - - I. Start with the solution 
(2, 3, 0), 


2* Solve the equations tlx + 6y-2 , ^S5;x + y + 64 2 s U0 ; 6x + 15y + 2z - 72, 
by («> Jacobi^ method (6) Gauss-Bedded method. 

Solve the following equations by Gauss- Seidel method ; 

3. 2x + y + 6z * 9 ; 8x + 3y + 2z - 13 ; x + 6y + 2 - 7, 

L 28* + 4y -z = 32 ; x + 3y + lOz = 24 ; 2r + I7y + 4z = 35. 

5* IGx + y + z = 12 ; 2x + lOy + z = 13 ; 2x + 2y + lOz = 104. 

8, 8Sx -f 11 y-4z = 95 ; 7x 4 52y + 132 = 104 ; 3x + By + 29z = 71, 

7, - 0,lx e - 0,2x 3 ^ 7.85 ; 0,1*j + 7x 2 - 0.3x 3 = - 19,3 ; 0,3x t - 0,2x 2 + 10x 3 * 71.4 

B. L2x + 2,ly + 4,2z = 0,9 ; 6.3* + 6.1y + 4<?z = 21.6 ; B,2x + 8,3y + z = 16,2, 


(Anna* 2006) 


(Mumbai, 2009) 
(V.TM, MCA■ 26071 
(Httmribagh, 2009) 
(Mumbai. 2004) 


2-1 0 0 ‘ 


r i 
X 


O ' 

-1 2-1 0 


y 


0 

0-1 2-1 


z 


0 

0 0 -1 2 


u 


5 


Solve by Relaxation method, the following sets of equations : 

10. 3x + 9y - 2* = 11 ; 4* + 2y + 132 = 24 ; 4* - 4y + 3z = - 8. 

11. 10x - 2y - 2z = 6 ; - x * lOy - 2? = 7 ; -x-y + lGz ^8. 

12. - 9* + 3y + 42 + 100 = 0 ;x - 7y + 3z + 80 » 0 ; 2x + 3y * Bz + GO = 0. 

13. 54x+y + 2 = 110 ; 2x + 1% + 6 z * 72 ;-x + Gy + 27z = $ 5 , 


(Bhopal f 2002) 

{Bhopal t 2003 > 


28.8 


SOLUTION OF NON-LINEAR SIMULTANEOUS EQUATIONS—NEWTON-RAPHSON METHOD 


Consider the equations 

f(x t y)- 0, g(x, y) - 0 ,..(1) 

If an initial approximation (x Qt y 0 ) to a solution has been found by graphical method or otherwise, then a 
better approximation (x v y,) can be obtained as follows : 

Letxj = x 0 + A,y } =y 0 + *, so that/*(x 0 + ^ 0,gU 0 +/i,y 0 + A) = 0 ...(2) 

Expanding each of the functions in (2) by Taylor’s series to first degree terms, we get approximately 


*> +k i!k+ k wr 0 


...(3) 


where 


f °= fix 


etc. 




Solving the equations (3) for h and A, we get a new approximation to the root as 

x l =x 0 + h,y 1 =y Q + k 

This process is repeated till we get the values to the desired accuracy. 


Example 28.25. Solve the system of non linear equations : 

xr + y - 11, y 2 + x =s 7. (Pune, 2000) 

Solution. An initial approximation to the solution is obtained from a rough graph of the given equations, 
as x Q = 3,5 and y Q = — 1.8. 

We have f =x 2 +y - 11 and g - y 2 + x - 7 so that 

= 2r, 1 and M = 1, ^ = 2y. 

d* 3y dr dy 

Then Newton-Raphson’s equations (3) above will be 

7A + k = 0.55, h - 3.6* = 0.26 
Solving these, we get h = 0.0855, k = — 0.0485 
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the better approximation to the root is 

x 3 = x Q + h = 3,5855, = y 0 + k = - 1,8435 

Repeating the above process, replacing (x 0 ,y 0 ) by (r lf y r ), we obtain x 2 - 3,5844,y 2 = - 1.8482, 


PROBLEMS 28.5 


I* Solve the equations a? * y * 

2* Solve the non-linear equations x = 2(y + I),y s = 3xy - 7 correct to three decimals. 

3. Use Newton-Raphatm method to solve the equations x =x 2 + y 2 f y - x 3 - y 2 correct to two decimals, starting with the 
approximation <0.8, 0.4), 

4. Solve the non-linear equations x 2 -y 2 = 4 w x? + y 2 = 16 numerically withx 0 = v 0 = 2,828 using Nit method, Curry out 

two iterations. {V.T.U., MCA, 2007) 

6, Solve the equations2ar + 3xy + y 3 - 3 ; 4x* + 2*y + y* = 30, Correct to three decimal places, using Newton-ilaphstm 
method, given that x 0 = — 3, and y 0 =, 2. 


28.9 


DETERMINATION OF EIGEN VALUES BY ITERATION 


In § 2.14, we came across equations of the type 


(On - X)x, + a 12 *2 + a 13 x 3 = 0 
“21*1 + (022 - X)x 2 + 033X3 = 0 
a 31 x l + a 32 x 2 + (033 - X)x, = 0 


...( 1 ) 


which in matrix form, may be written as [A - X/] X = 0 or AX = IX *..{2) 

where A = la tJ \ and X is the column matrix [x ( L 

Equation < 1 > will have a nan-trivial solution if the coefficient matrix vanishes e.g. r 



0,1 -X 

°12 

“ l 3 

°21 

022 - X 

“23 

°31 

“32 

“33 ~ 


This gives a cubic in X whose roots are eigen values of (2) and corresponding to each eigen value , we have 
a non-zero solution X = [x p x 2 , x 3 ] which is called an eigen vector. Such an equation can ordinarily be solved 
easily. 


In some applications, it is required to compute the numerically largest eigen value and the corresponding 
eigen vector. In such cases, the following iterative method is more convenient which is also well-suited for 
computing machines. 


If X p X 2f X 3 be the eigen vectors corresponding to the eigen values X lf X^ X^, then an arbitrary column 
vector can be written as X = k l X l + k^i 2 + k^X 3 

Then AX = k I AX 1 + k 2 AX 2 + A3AX3 = k 1 X 1 X 1 + k 2 X^X 2 + *3X3X3 

Similarly A 2 X = J^XfXj + * 2 X|X 2 + * 3 XfX 3 

and A r X = * x X{ X, + * 2 >4X 2 + A 3 Xpf 3 

If | X x | > | X^ [ > | X 3 1, then the contribution of the term AjXJXj to the sum on the right increases with 
r and therefore, every' time we multiply a column vector by A, it becomes nearer to the eigen vector X v Then we 
make the largest component of the resulting column vector unity to avoid the factor k v 

Thus we start with a column vector X which is as near the solution as possible and evaluate AX which is 
written as X {1} X 1} after normalisation. This gives the first approximation X a) to the eigen value and X I} to eigen 
vector. Similarly we evaluate AX 1 ' - X i2) X' 2) which gives the second approximation. We repeat this process till 
[X r) -X r ~ becomes negligible. Then X irt will be the largest eigen value of fl) and X r \ the corresponding eigen 
vector . 


This iterative procedure for finding the dominant eigen value of a matrix is known as Rayleigh r s power 
method .* 


*After the English mathematician and physicist John William Strut known as Lord Rayleigh {1842-1919) who made 
important contributions to the theory of waves, elasticity and hydrodynamics. He was professor at Cambridge and London, 
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Example 28J£6- Determine the largest eigen value and the corresponding eigm vector of the matrices 
using the power method ; 


(i)A» 




2 

- 1 

O 

5 4 

1 0 1 

(u)A = 

-1 

2 

-1 

1 2 \ 


0 

- 1 

2 


{%T.U § 2007) 


Solution. (?) Let the initial approximation to the eigen vector corresponding to the largest eigen value of 


A beX 


-g: 


Then 


AX = 


5 4' 

r 


5 


■ 1 ■ 

! 2 

0 


1 

- 5 

0.2 


= X (1 tX< 1 > 


So the first approximation to the eigen value is X ,lf = 5 and the corresponding eigen vector is 7C l) - 


1 

0.2 


Now 


av(1)_ [5 411" 1 1 [5.8 

** “ 1 2j [ 0 . 2 J - [l.4 


= 5.8 


1 

0.241 


= X< 2 >A< 2 > 


1 

0.241 


Thus the second approximation to the eigen-value is X (2J = 5.8 and the corresponding eigen-vector is A 121 = 
, repeating the above process, we get 


Now 


AX- 2 > = 
AX 3) = 
AX*> = 
AX 5 > = 


5 4 
1 2 

5 4 
1 2 

5 4 
1 2 

5 4 
1 2 


1 

0.241 

1 

0.249 

1 

0.250 

1 

0.25 


= 5.966 

= 5.994 

= 5.999 

= 6 


r 1 1 = 

[0.248J 

r 1 ;. 

[0.250^ “ 

r 1 

[ 0.2 


1 

0.25 


.25 
= X (6 ’A l6) 


X (3) A 3 > 

X l4)jpu 

= X f 5 >tf 5) 


Clearly X (6) = X (6) and A 5 * = A 6 ' upto 3 decimal places. Hence the largest eigen-value is 6 and the corre- 

1 


sponding eigen vector is 


0.25 


(ti) Let the initial approximation to the required eigen vector be X = [1, 0, 0]'. 


Then 


AX = 


2-1 0 
-1 2-1 
0-1 2 


“ 

r r 

1 

2 


1" 


0 

0 


-1 

0 

= 2 

-0.5 

0 


= X (1) A* 11 . 


So the first approximation to the eigen value is X ll> = 2 and the corresponding eigen vector 

a (1 > = ii 1 -o.5, or. 

2-1 O' 

-1 2-1 
0-1 2 

Repeating the above process, we get 


= X A) 


Hence 


AA 111 = 



1 

-0.5 

_ 

'2.5' 

-2 

= 2.5 

1 

-0.8 

J : 

0 

L J 


0.5 


0.2 


= X (2) A®. 


AX [2> = 2.8 

1 

-1 

= X (3) A^ 3, ;AA 3, = 3.43 

'0.87' 

-1 


0.43 


0.54 



'0.80' 


'0.76' 


'0.74' 

AA* 4) = 3.41 

-i 

0.61 

= X (5) A* Sf ; AX 151 = 3.41 

-1 

0.65 

= X (6) A t6) ;AA <e) = 3.41 

-1 

0.67 


= X (7 >A™ 


Clearly X (6) = X (7 ’ and A 56 * = A' 75 approximately. 

Hence the largest eigen value is 3.41 and the corresponding eigen vector is [0.74, — 1, 0.67]'. 
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PROBLEMS 28.6 


1* Find by power method, the larger eigen-value of the mu trices : 

(a) [3 4 j (. 4 * 1 / 10 , 2005 ) ib) f | ^j. 

2, Obtain the largest eigen-value and the cor res pon ding eigen-vector far the equations 

(2 — khc t - = 0 ; - jTj M2 - X)x 2 -x 3 = 0 ; -x^ + (2 - X)* 3 ^ 0 

by Rayleigh Quotient method 

3. Find the dominant eigen value and the corresponding eigen vector of the following matrices using the power 
method: 


(a) 

4 1 -1 
2 8-1 

{V.T.U., 2011) < b > 

6-2 2 
-2 3-1 


-2 1 6 


2-1 3 


4, Find the largest eigenvalue and the corresponding eigen-vector of the matrices : 


(' V.T.U ., 2011 3 ) 



1-3 2 


25 1 2' 

(a) 

4 4-1 

t Anna , 2005i (&) 

1 3 0 


0 3 6 


2 0-4 


'13 1 



(r) 

3 2 4 

with initial approximation U, 1, 0| J . 

1 

-14 10 




(V,T.U„ 2008} 

[Madras, 200S) 



OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 28.7 


Fill up the blanks or select the correct answer to each of the following problems : 

1, Out of Regula-fahn method and Newton-Rephson method, the rate of convergence is faster for 

2, If x n is the nth iterate, then the Newton-Raphson formula is ... 

3, In the Regula-f&lsi method of finding the real root of an equation, the curve AB is replaced by . 

4* Newton’s iterative formula to find the value of VjV is , 

6* Newton-1 to phson formula converges when. 

6- in solving simultaneous equations by Gauss-Jordan method, the coefficient matrix is reduced to matrix, 

7. In the case of bisection method, the convergence is 

{a) linear (6) quadratic (c) very slow. 

B« The order of convergence in Newton-Raphson method is 

(a) 2 (6) 3 (c) 0 (d) none, 

9. The Newton-Raphfwn algorithm for finding the cube root of N is . 

10. The bisection method for finding the root of an equation fix) = 0 is. 

11. In Regula-falsi method, the first approximation is given by. 

12. The order of convergence in Newton-Raphson method is 

(n) 2 (6)3 (c> 0 td) none. 

13. The iterative formula for finding the reciprocal of N is x n * v = ........., 

14. As soon as a new value of a variable is found by iteration, it is used immediately in the following equations, this 
method is called 

(a) Gauss-Jord&n method (6) Gauss-Seidel method 

(c) Jacobi*s method (d) Relaxation method. 

15. Out of Regula-folsi method and Newton-Raphson method, the rate of convergence is faster for . 

16- The difference between direct and iterative methods of solving simultaneous linear equations is.„ . 

17. To which form the coefficient matrix is transformed when AX = B is solved by Gauss elimination method. 

IB. Jacobi’s iteration method can be used to solve a system of non-linear equations. (True or False) 

19. The convergence in the Gauss-Seidnl method is thrice as fast as in Jacobi's method. * 1 11 True or Pals* 

20. By Gauas elimination method, solve x + y * 2 and 2x + 3v - 6. f Anna , 2007) 
























Finite Differences and Interpolation 


I 1. Finite differences 2. Differences of a polynomial. 3 . Factorial notation 4 . Relations between the operators. 5 . To | 
find one or more missing terms. 6. Newton's interpolation formulae. 7 . Central difference interpolation formulae— . 
. Gauss's interpolation formulae; Stirling’s formula; Bessel’s formula; Everett's formula. 8. Choice of an interpolation 
1 formula 9. Interpolation with unequal intervals. 10 . Lagrange’s formula. 11 . Divided differences. 12, Newton’s 


; divided difference formula. 13 . Inverse interpolation. 14 . Objective Type of Questions. 


29.1 


FINITE DIFFERENCES 


Suppose we are given iho following values of y = fix) for a set of values of x : 
x: x 0 x } x 2 „.x n . 

y- yo y i js-jv 

Then the process of finding the values of y corresponding to any value of* * = x i between x Q and x is called 
interpolation. Thus interpolation is the technique of estimating the value of a function for any intermediate value 
of the independent variable while the process of computing the value of the function outside the given range is 
called extrapolation . The study of the interpolation is based on the concept of differences of a function which we 
proceed to discuss. For a detailed study, the reader should refer to author’s book 'Numerical Methods in 
Engineering and Science\ 

Suppose that the function y = f (x) is tabulated for the equally spaced values x - x Q , x 0 + A, x 0 + 2k f 

* 0 + nh giving y =y 0 ,y 1 ,y 2 t—To determine the values of fix) or f*ix) for some intermediate values ofx, the 
following three types of differences are found useful: 

(I) Forward differences- The differences y x ~ y 0 , y 2 y v y n — y n _ x when denoted by Ay 0 , Ay p 
Ay n _ 1 respectively are called the first forward differences where A is the forward difference operator Thus the 
first forward differences are Ay r =y r + ( -y r . 

Similarly, the second forward differences are defined by 

A^V = Ay r+ i'-AJV 

In general, tfy r = AP~ l y r+1 - AP~ l y r 

defines the pth forward, differences. 

These differences are systematically set out as follows in what is called a Forward Difference Table. 

In a difference table, x is called the argument andy the function or the entry y Qt the first entry is called the 
leading term and Ay 0 , A 2 y ()T A 3 y 0 etc, are called the leading differences , 

Oh*, Any higher order forward difference can be expressed in terms of the entries. 

We have A^‘ 0 = Ay, - Ay n = <y 2 -Vjl-Lv, - V 0 > = y 2 - 2y x + y 0 

= Cv 3 — 2v 2 +Vj) - (y 2 - 2y 1 + y 0 ) =y 3 ~ 3y a + 3y, - y 0 
= i&Vi - » Cv< - 3y 3 + 3ly a - y t ) - (y 3 - 3y 2 + 3y, - y 0 ) = y 4 - 4y 3 + 6y a - 4y , + .v„ 

The coefficients occurring on the right hand side being the binomial coefficient, we have in general, 

y n -i +_ - + iy % 
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Forward Difference Table 


Value of x 

Vat w ofy 

1st. diff. 

2nd diff. 

3rd diff. 

4?/, diff 

** 

>■„ 

4v 0 




x 0 + h 


Ay, 




*0 + 2A 

y* 


6?y x 

AVx 


jr 0 + 3ft 

y& 

A>*3 

A ^ S 

A^'i 


JCo + 4/i 

y* 

Ay 4 

A ^a 



* 0 + 5A 

y s 






5 th diff. 




(2) Backward differences. The differences yj -y 0 ,y 2 ^i* “ J n , 1 w hen denoted by Vy p Vy a ,Vy H 

respectively, are called the first backward differences where V is the backward difference operator. Similarly vve 
define higher order backward differences- Thus we have 

Vy r =y r -y r -v v2 >v = v ->v - Vy r _ v 
V'V r = Vy r - v^y f _ , etc. 

The differences are exhibited in the following: 

Backward Difference Table 


l«/ur o/> 

Value ofy 1st. diff. 

2nd diff. 

*0 

*0 * A 

vy, 


* 0 4 2h 

y* 

^3 

X 0 4 3ft 

v> 3 

>3 

vV* 

*o 4 4ft 


V^ s 

+ 5ft 

*y E 

y* 



3rd diff. 


4th diff 


5th dtff 


(3) Central differences. Sometimes it is convenient to employ another system of differences known as 
central differences , In this system, the central difference operator 6 is defined by the relations : 

Ti -3’ 0 = 8y 1/2 o' 2 = Sy.v2. V* -V* -1 = s ->' n - m 

Similarly, higher order central differences are defined as 

§) f 3/2 ®^ l /2 = ^^ 1 * ^ 5/2 “ ^ 3/2 = ^^ 2 * 

?ry 2 - 5 2 ) 1 j - 50 on - 

These differences are shown in the following : 

Central Difference Table 


Value o/x 

Value ofy 

1st diff 

2nd diff. 3rd diff 4th diff 

5th diff 

*0 

*0 






torn 



+ h 



sx 





fpysn 


x 0 + 2 ft 

- v 2 


**>2 5S 




§y&2 

&V 

»%» 

4 3ft 

*3 


^y a #?, 




$>*712 

8V?V2 


4 4ft 

y* 









x 0 4 5ft 

y$ 
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We see from this table that the central differences on the same horizontal line have the same suffix. Also 
the differences of odd order are known only for half values of the suffix and those of even order for only integral 
values of the suffix. 

It is often required to find the mean of adjacent values in the same column of differences. We denote this 
mean by /i. Thus 

n8>'i = |(6 >Vj + 5y^). HS^ = |(S 2 v 1 + 5%) etc. 


Ohti* *rhe reader should note that it is only the notation which changes and not the differences, 

~ Avo 3 Vj^i = %i/3' 

Of all the interpolation formulae, those involving central differences are most useful in practice m the coefficients 
in such formulae decrease much more rapidly. 

Example 29*1, Evaluate (I) A tarr 1 x (it) A(e* log 2x) Uii) Afr^/cos 2x) (tv) A 3 cos 2x* {P.T* U.> 2001) 

Solution* ( i ) A tan -1 x = tan” 1 (x + ft) - tarr 1 x 


an 


Uii) 


(iv) 



A(e* log 2x) = e x + /j log 2(x + ft) - log 2x 

= e x * h log 2(x + ft) - e * + h log 2x + e*+ h log 2x - e* log 2x 

= e* + A log X + ^ (e* + h - r*) log 2x 

x 

= e' p log (1 + + (e h - 1) log 2x 

f x 2 } _ (x + ft) 2 _ x 2 _ (x + ft) 2 cos 2x - x 2 cos 2(x + ft) 

^ (cos 2xJ cos 2(x + ft) cos 2x cos 2 (x + ft) cos 2x 

_ Its + ft) 2 " x 2 ] cos 2x 4 s 2 |cos 2x - cos 2(x -f ft )I 

cos 2fx + A) cos 2.t 

(2ftx + ft 2 ) cos 2x + 2x J sin (ft)sin (2x + ft) 
cos 2(x + ft) cos 2x 
Ar cos 2x = Afcos 2 (x + ft) - cos 2x} 

= A cos 2 (x 4- ft) - A cos 2x 

= [cos 2{x + 2ft) - cos 2 (x + ft)] - Jcos 2 (x + ft) - cos 2x] 

- - 2 sin (2x + 3ft) sin ft + 2 sin (2x + ft) sin A 
= ~ 2 sin ft Isin (2x + 3ft) - sin (2x + ft)} 

= - 2 sin ft f2 cos (2x + 2ft) sin ft! = - 4 sin 2 ft cos (2x + 2A). 


Example 29*2, Evaluate (i) A* 
differencing being unity . 

L 5x 


( 5x + 12 j 
L x s + 5x + Is) 


{Mumbai, 2003) 


(it ) A" (ah') (iii) A"^) interval of 
iRohtak, 2003) 


Solution. (*) A 2 


x + 


irri) =A! {fcrr^w} =4! 

= - 2Ai- -——1 _ 3A | 1 - -I 

\(jc + 2)fi + 3)J [(x + 3) (x + 4)J 

.of 1 1 1 3 f 1 _I_1 

[<x + 3)(x + 4> (x + 2)(x+3)J [(x + 4)(x + 5) (x + 3)(*-h4)J 
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4 6 2 (5x +16) 

{x + 2) (x + 3) {a- + 4) + (a + 3) (a + 4) (a + 5) ~ (a + 2) (a + 3) (a + 4)(a + 5) 

(«) &(ub x ) = a A(b x ) = aib* +1 -W = aM6-l) 

A Hob*) = A[Aab x ] = a(b - 1) A(b x ) 

= a(b- l)<6 x + , -fe x ) = a<6 - 1 ?-b*. 

(tit) Ae 1 =e* * 1 -e* = {e - De* 

AV = A(Ae x ) = A[{e- l)e*| 

= te-l)A?* = <«-l><e- l>e I = (e-Vi 2 e x 
Similarly A 3 e* = (e - !>*■(?, A*e* = (e- If e*,... and AV* = (i? - If e*. 


DIFFERENCES OF A POLYNOMIAL 


The nth differences of a polynomial of the nth degree are constant and all higher order differences are zero. 

Let the polynomial of the nth degree in a, be 

fix) = ax" + 6a" * 1 + ca' 1 - 2 + ... + kix + h) + / 

Af(x) = f(x + h)-f{x) 

= a[ix + h) n -x"l + 6[(x + hY 1 ~ 1 - a" - l | + ... + kh 

= anhx n ~ ! + b'x" “ 2 + c'x"~ 3 + ... + k’x + T ..,(1) 

where b\ c\ ..., T are new constant coefficients. 

Thus the first differences of a polynomial of the nth degree is a polynomial of degree 

(n - 1). 

Similarly A 2 fix) - A\f(x + h) -/"(x)) = Afix + h)~ Af (a) 

= anAK* + A)" -1 — a" - 1 ] + 6' [fee + A)" -2 -x w-2 I + .,. + k’h 

= attin - 1) feV - 2 + 6V " 3 + c" a" + A", [by (1)1 

the second differences represent a polynomial of degree in - 2). 

Continuing this process, for the nth differences we get a polynomial of degree zero i.e. 

A” fix) = anin - 1) in — 2)...l . h" = an ! h n ...(2) 

which is a constant. Hence the (n + l)th and higher differences of a polynomial of nth degree will be zero, 

Ohs, The converse of this theorem is also true i.e. if the nth differences of a function tabulated at equally spaced 
intends arc constant, the function is a polynomial of degree n. This fact is important in numerical analysis aa it enables 
us to approximate a function by a polynomial of nth degree, if its «th order differences become nearly constant. 


Example 29.3. Evaluate A 10 ! (I - ax) (l - bx 2 ) (1 - rx 3 ) (1 - dx*)}. 

Solution. A 10 I(1 -ax) (1 -£>x 2 )(l -cx 3 Kl - dx 4 )) = A^laArdx m + () x 9 + ()x 8 + ... + II 

= abed A 10 (a 10 ) [y A 10 (x n ) = 0 for n < 10] 

= abed (10 !). [by (2) above] 


29.3 


( 1 ) 


FACTORIAL NOTATION 


A product of the form x(x - 1) (x - 2 >... fx - r + 1) is denoted by lx] r and is called a factorial* 

In particular lx] - x t [xj 2 = x(x - 1) 

[xF - x(x - 1) {x - 2), etc. 

In general [x] a = x(x - I) (x - 21;„(x - n + 1) 

In case, the interval of differencing is h t then 

[xF = x<x - h ) fx - 2A)...(x — n — lh} 
which is called a Factorial polynomial or function. 

The factorial notation is of special utility in the theory of finite differences. It helps in finding the successive 
differences of a polynomial directly by simple rule of differentiation. 

The result of differencing fxf is analogous to that of differentiating x r . 
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(2) To express a polynomial in the factorial notation 

(i) arrange the coefficients of the powers of x in descending order , replacing missing powers by zeros ; 

{it) using detached coefficients divide by x t x - 1, x - 2 t etc. successively . 

Obs, Every polynomial of degree n can be expressed as a factorial polynomial of the same degree and vice versa. 

Example 29-4, Express y = 2x? - 3x^ + 3x - 10 in a factorial notation and hence show that A 3 y = 12, 

(Bhopal, 2007; P. T< U. t 2005) | 

Solution. First method : Let y - A(jcP + B|x| 2 + C{x\ + D. 

Then 



*3 

X 2 

X 

1 

2 

- 3 

3 


— 

2 

-1 

2 

2 

- 1 

2 = C 


— 

4 


3 

2 

3 = B 



li 




Hence y = 2UJ 3 + 3[x] 2 + 2(jr| - 10 

Ay - 2 x 3f*| 2 + 3 k 2[xl + 2 
A*y = 6 x 2|.r| + 6 

A 3 y = 12, which shows that the third differences rafy are constant, as they should be, 

Obs, The coefficient of the highest power of x remain* unchanged while transforming u polynomial to factorial 
notation , 

Second 

Let 

Putting 
Putting 

Putting 


Hence 

Example 29JL Find the missing values in the following table : 
x: 45 50 55 60 65 

%; 3,0 — 2M — -2.4 (RhopaL 2007; V.T.a, 2001) 

Solution, The difference table is as follows ; 


X 

y 

Ay 

d?y 

&*y 

45 

*0 = 3 

*1-3 



50 

*i 

2-*! 

5-2y, 

3 *i + *a ~ 9 

55 


*3-2 

*l+*3- 4 

S,6-y 1 -3y a 

6(1 

*3 

" 2.4 — .V 3 

1 

P 

| 

<1? 

a 


65 

*4=- 2 - 4 





method (Direct method): 

y = 2x 3 - av 2 + av - 10 
» 2xix - 1) (x - 2) + Bx(x - 1) + Cx + D 

X a 0,- 10 = D 
x = l, 2-3 + 3-10 = C + £> 

C = “8-D = -8 + 10 = 2 
x - 2 , 16 - 12 + 6 - 10 ss 2B + 2C + D 

B= l(-2C-D) = i(-4 + 10) = 3. 

2 2 

y = 2x (x - 1) U - 2) + 3x(,r - 1) + 2x - 10 = 2[x] 3 + 3(x| a + 2[x\ - 10 
Ay = 2 x 3[xl 2 + 3 x 2[x] + 2, A*y = 6 x 2|x| + 6, & 3 y = 12. 
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As only throe entries .V 0 ,.V 2 * y 4 are given, the function y can be represented by a second degree polynomial. 
A 3 y 0 = 0 and d?y l = 0 

Le. f 3 y x + y 3 = 9 ; y l + 3y 3 = 3,6 

Solving these, we gety 2 = 2.925, y 3 = 0.225. 

Otherwise : As only three entriesy D = 3*y 2 = 2,y 4 = - 2,4 are given, the function y can be represented by 
a second degree polynomial. 



A\ = 0 

and 

5 s 

it 

o 

Le.* 

(E - l) 3 y Q = 0 

and 

1 

y 

ta¬ 

ll 

o 

Le. t 

(E 3 - 3£? + 3 E- l)y 0 = 0 

and 

(£ 3 -3£ 2 + 3£-!>)>,= 0 

i.€>. 

y 3 - 3 y 2 + 3yj -y 0 = 0 




y 4 - 3v 3 + 3y 2 - y, = 0 



Le. t 

y 3 +■ 3y, = 9 ; 3y 3 + y x = 3.6 




Solving these, we get y l = 2.925, y 3 ~ 0.225, 


Example 29.6. Assuming that the following values ofy belong to a polynomial of degree 4 t compute the 
next three values: 

x: 0 1 2 3 4 5 6 7 

y: 2 -1 1 -/ 1 — — — 

Solution. We construct the following difference table from the given data : 


X 

y 

Ay 

A 2 )* 


A*y 

0 

> r o “ ^ 

-2 




1 

y,=-i 

2 

4 

-8 


2 

1! 

04 

- 2 

- 4 

8 

m 

3 

y 3 = * 1 

2 

4 

A^Vj, 

16 

4 


A>'< 



16 

5 

>*6 

Av s 

A^v 4 

A a y 4 , 

16 

6 

3*6 

Av 0 




7 

>■7 






Since the values of y belong to a polynomial of degree 4, the fourth differences must be constant. But 
A*y = 16. 

♦\ The other fourth order differences must also be 16, Thus 

A 4 Vi = 16 = A 3 _v 2 - A 3 )^ 

i.e., & a y 2 - & 3 y } + AVj = 8 + 16 = 24 

= A 2 }-, + A 3 v 2 = 4 + 24 = 28 
Ay 4 = Ay 3 + A 2 )’ 3 = 2 + 28 = 30 

and y 5 = y t + Ay 4 = 1 + 30 = 31 

Similarly starting with A 4 y 2 - 16, we get 

A 3 y g = 40, A 2 y 4 = 68, Ay 5 = 98, y 6 = 129. 

Starting with A*y 3 = 16, we obtain 

A 3 y 4 = 56, A <2 >’ 5 = 124, Ay, = 222, y 7 = 351. 
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% 
3. 
4 * 

5, 


e. 


7, 


8 . 


* 0 - 8, «j - 12, u 2 =18, « 3 = 2000, w 4 = 100, calculate Au 0 . 


PROBLEMS 29.1 


Construct the table of differences for the data below : 

s ■: 0 t 2 3 4 

f ix) : 1.0 LB 22 3*1 4.6 

Evaluate A 3 f (2). 

If u D = 3, u 1 = 12, «^ = 18, 

Show lhal4y ( =>,* 3 ~ 3 ^i *2 4 3 >.. i “*• 

Form the table of backward differences of the function 

fix) = x* * a**- 5* - 7 for X = — I, 0, 1, 2, 3, 4, 6. 

Form ft table of differences for the function 

fix) -a 3 + fix —7 for* = - 1,0,1, 2, 3,4, 5 
Continue the table U> obtain /(6), 

Extend the following table to two more terms on either side by constructing the difference table : 


x : -.2 0*0 

y ; 2.6 3.0 

Show that 


(fl A 
Evaluate; 


[?£>]“ 


- Afix) 
fWftx + t) 


0.2 

4 3.4 

tRmpur, 2005) 


0.4 

4.28 


0*6 

7.08 


0.8 

14.2 


FO 

29.0 


(tfj A leg f ix) - log \ l + 


ii) Abe *i cob x) 


(ie) A 2 


Cif) A tan 


- (~) 


(iii) a {——JL-1 

\x(* + 4)(x + 6)j 


- 5x 


+ ej 


(Madras, 2001) 


(RTMt 2001) 


(Mumbai, 2003) 


\x 

0. Evaluate: 

(i) &(«** log 2x) Hi) M2*/x !) (ml A'la 1 ) (Burdwan, 2003 ) iiu) A" (I) , 

10, If f (x) = + b t show that its leading differences form a geometric progression. 

11, Prove that 

Wy% ~ + + &2 yo + & \ W*> * >n - ^ 7 + J'e; 6 V S » y 6 - ^ 5 + y* 

12, Evaluate : 

U)A*Hl~x)(%~2x)U-2x)\ 

Hi) A^ld - x) (1 — 2x 2 ) {1 — Sr 3 ) (1 - 4X 4 )), if the interval of differencing h 2. 

13, Express x 3 - 2x a + x - 1 into factorial polynomial. Hence show that A 4 fix) = 0 (PT.K, 2001) 

14* Erpress u - x 4 - I2* 3 + 24r 2 - 30x + 9 and its successive differences in factorial notation. Hence show that Ahi = 0. 
15- Find the Erst and second differences ofr 4 — Or 3 + llx 2 * fxr + 8 with 5 = 1 Show that the fourth difference is 

constant, 

|6, Obtain the function whose first difference is Sr 3 + Sr 2 - Sr +■ 4, 

17 , Fin i the first term of the series whose second and subsequent terms are 8, 3, 0, - 1, 0. 

Ig, If t_0r) and oCx) be two functions of x, prove that 

tix) Au(x) - u(x) At<x) 


(i) £i[l/(r) iXx)I = uix) Aiitx) + ut* + 1) Aa(x), (u) 


aia P- : 


i<x)v(x + 1) 


29.4 


( 1 ) 


OTHER DIFFERENCE OPERATORS 


We have already introduced the operators A, V and S. Besides these, there are the operators E and p, 
which we define below : 

(i) Shift operator E is the operation of increasing the argument x by h so that 
Efix) = fix + h), E 2 fix) = fix + 2 kl E 3 fix) = f{x + 3k) etc. 

The inverse operator i£ _1 is defined by E ^ fix) = fix - h) 
if y x is the function f (x), then Ey % = y x + h , E~\=y x _ h , E n y x = y x , nh , 
where n may be any real number. 















Finite Differences ano Interpolation 


953 


(u) Averaging operator p is defined by the equation p,y x - 1 + ^ + y x 

Obs, In Me di/fen?nee cafcu/u# t A and £ are remanded as the fundamental operators and V t b, p can he expressed in 
terms of these. 

(2) Relations between the operators. We shall now establish the following identities : 

(i) A = E - 1 (ii) V ss 1 - E • 1 


(m S = E m - E " 1/2 (iv) M = 4 (E I/2 + E - >>2 ) 

( v ) A = EV t= VE m SE m tvi ) E = e hD . 

Proofs. ( i ) A y x = y x+h -y x = Ey x ~ y x - (E - 1) y z . 

This shows that the operators A and E are connected by the symbolic relation 
A = E - 1 or £s 1 4 A 

<») v y I =y x -y x .H=y x -^~ l y K =^~ E ~ 1 >y K 

V=l-E~' or E = (1 - V)" 1 

(Hi) E>/2 y* 'fr m y z = (£ m -E- m )y x 

5 = E' n - ET 112 . 


(w) 

(v) 

Also 


Hence 

(of) 


W x - + %W 1 *y, + B-'Ky x )= : L(E™ + E-'*)y x 

li= \(E^ + E~ m ). 

EVy x = E(y x -y I _ h ) = £y r -Ey x _ h =y x¥h -y x = &y x EV = A 
VE^ x = Vy i + A =y^ A -^ = A Vi VE = A 

8^^ = Sy, xkn =y x + + AV 2 =y x + k -y x = % 

5E ,/2 = A 

A = EV = VE = SE 172 . 


Ef{x) = f(x + k) 

h 2 

= f(x) + hf'{x)+ ~/ , '(x) + „. 


[By Taylor’s series] 


2 / 2 2 3 3 \ 

s/'tx) + hDf(x) + ^jD 2 fix) + ... = ^1 + hD + - ~~ + +.J f(x) = e hD fix) 

E = 

Cor. 1, £=1+A = e*°. 

a, /J = ^ log (1 + A) = ^-(a -1 A 2 + i A 3 - ...) (Burdwan, 2003 ) 

Note. A table showing the symbolic relations between the various operators is given below for ready reference. To prove 
such relations between the operators , always express each operator in terms of the fundamental operator E. 

(3) Relations between the various operators 


Jn 

terms of 

E 

A 

V 

6 

hD 

E 


A + 1 

(1 + V)-* 

1 + |fi 2 + S,/(l + $ 2 /4) 

e M> 

A 

E-l 

— 


|s 2 + 6^1 + S 2 /4) 

e M) ~ 1 

V 

1 - E~ l 

l-fl+l' 1 - 1 

—- 

- J 6 2 + 6i/(l + fr/4i 

1 - 

$ 

E^-ErVl 

AU + AJ-*' 2 

- vr w 


2 sinh UiDf'2) 

M 

1 (£'•* + £**#) 

2 

(1 + A/2M1 + A> -l/E 

(1 + V/2) (1 + V) ^ 

yflX + 8 2 /4) 

oosh (ht)/2) 

hD 

log E 

log (1 + A> 

log 11 -l -1 

2 sinh’ 1 &2) 
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Example 29.7. Prove that 


f ^ S ^ jg x 

e x ~ | — | e x . ~— f the interval of differencing being h, 

- \ & / Ac 

Solution. Since j ^ ^ le * = A 2 e* h 3 AV* - e ~ h ~ e~ h A 2 &* 


(Bhofml, 2009 ) 


R.H.S. = e~ /, AV. =i r h Ee* = e- h ,** + h - 


A 2 JC 

A e 


e* + h = e*. 


Example 29.8. Prove with the usual notations* that 

(i) hD - lag (1 + A) ~ - log (1 - V) = sinh~ 2 $1$) iRohtak, 2005 ) 

07) + E - ,/s J (i + AJ" 2 = 2 4 4 (fiAojici/. 20(39; U.P.TM,, 2009) 

(Hi) A= |8* + 8 uv) &% - 

Solution, (i) We know that e* 0 = £ = 1 + A /t£> = log (1 + A) 

Also fiD = log E = - log (E ' - log (1 - V) [v £: “ 1 = l - V| 

We have proved that p = i{£ 1/2 + E ~ w ) and 8 = E v 2 - £ ' 1/2 


p8 = 1 (E 1 * + E - w > (£ 1/z - E- 1/2 )=I(E-E- 1 )=| (e^ - <r /,D ) = sinh (hD) 

i.e. hD = sinh -1 (p8), 

Hence hD = log (1 + A) = - log (1 - V) = sinh -1 (p8) 

(«) (E m + E - W) (1 + A) 1/2 = (E 1/2 + E- t/2 )E t/2 = £+ l = l + A+ l = 2 + A. 

(tit) 18 2 + dJa + ¥Ji) 

= 1 - E - m ) z + (£ w - E - w ) ^/[l + <E t/2 - E ~ 1/2 ) 2 /41 

= i(E + E -i -2) + (E^-E -172 ) Vf (£ + + 2)/4] 

= |(E + E- 1 -2)+ i(E l/2 -E' u2 )tE I/2 + E~ U2 ) 

= | |(E + £ ~ 1 - 2} + (E - E " *)) = 1 (2E - 2) = E - 1 = A. 

(to) A 3 y 2 = (E ~ l)^y 2 tv A = E-1] 

= (£ 3 - 3£ 2 + 3E- l)v 2 = y 6 - 3v, + 3_y 3 -* 2 ...(1) 

V\ = (1 -E -1 ^ tv A = 1 —E - M 

= (1 - 3E- 1 + 3E " 2 - E - »)y # = >' 5 - 3>-, + 3>- 3 -y 2 ...(2) 

From (1) and (2), A :, _y, = V ;i y 5 . 


29.5 


TO FIND ONE OR MORE MISSING TERMS 


When one or more values of y - fix) corresponding to the equidistant values of x are missing, we can find 
these using any of the following two methods : 

First method ; We assume the missing term or terms as a, 6 etc, and form the difference table. Assuming 
the last difference as zero, we solve these equations for a, 6. These give the missing term/terms. 

Second method: If n entries of v are given, f (x) can be represented by a(n - llth degree polynomial i.e** A^y 
- 0, Since A = E - l t therefore (E - 1 ) n y - 0. Now expanding (E -IT and substituting the given values, we obtain 
the missing term/terms. 

Example 29.9. Find the missing term in the table ; 

x ; 2 3 4 5 6 

y : 45.0 49.2 54.1 ... 67.4 tflP.T.U., 2008) 
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Solution. Let the missing term be a. Then the difference table is as follows : 

X 

y 4y 

A^y 


&*y 

2 

45.0 (=y 0 ) 





4.2 




3 

49.2(=y 1 ) 

0.7 




49.9 


a - 59,7 


4 

54.1 (=y z ) 

a - 59.0 


240.2 - 4ft 


a — 54.1 


180.5-3a 


5 

u 

121 5-a 




67 4 - o 




6 

67.4 t=y 4 ) 





We know that A 4 y - 0 Le. t 240.2 - 4a - 0. 

Hence a - 60.05, 

Otherwise: As only four entries y Qt y v y 2 , y 3 are given, therefore y - fix) can be represented by a third 
degree polynomial 

.** A 3 y = constant or A 4 y = 0 Le. f (E - 1)* = 0 
Leiy (E* - 4E 3 + BE 2 ~ 4E + 1) = 0 or y 4 - 4y 3 + 6y 2 - 4y t + y Q = 0 

Let the missing entry y 3 be a so that 

67.4 - 4a + 6(54.1) - 4(49.2) + 46 = 0 or - 4a = - 240.2 
Hence a - 60.05, 

Example 29.10, Find the missing values in the following data ; 
x: 45 50 55 60 65 

y: 3.0 ... 2M (Bhopal* 2007) 


Solution, Let the missing value be a, 6_ Then the difference table is as follows : 

X 

y 4v 

A 2 )- A 3 )- 

45 

3(=Jo) 

o-3 


50 

a(=.V,J 

5 -2a 


2 - a 

3a + 6 - 9 

55 

2(=^ a ) 

/> + a - 4 


6-2 

3.6 - a - 36 

(50 

fc(=y 3 ) 

-2.4-6 

- 0.4 - 2b 

65 

-2.4 (=y 4 ) 



As only three entriesy 0 ,y 2t .v 4 are given, y can be represented by a second degree polynomial having third 
differences as zero. 

,\ A 3 y 0 - 0 and A*y t = 0 

t'e., 3a + b - 9, a + 36 = 3.6 

Solving these, we get a = 2.925, b + 0.0225. 

Otherwise, As only three entries y Q - 3, y 2 = 2, y 4 - - 2.4 are given, y can be represented by a second 
degree polynomial having third differences as zero. 

A 3 y 0 = 0 and A 3 >'j = 0 

i.e., (E - 1 > 3 y 0 = 0 and (E - 1)= 0 

le., (E 3 - 3E 3 + 3E - 1 )y Q = 0 ; (E 3 - 3E 2 + 3E - 1) .y % = 0 

or y 3 - 3y 2 + Sy 1 -■ j 0 = 0 ; y 4 -3\y z + 3y 2 - y x = 0 

y 3 + 3y t = 9 ; 3y 3 +y % = 3.6 
Solving three, we getyj = 2.925, y 2 = 0.225. 


or 
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Example 29,11. If y I( , = 3, y n = 6, y ;2 = 

^ ^ y u * ^ y i4 - 

27, findy^ 

(Mumbai, 2005) 

Solution. Taking y u 

as u Qt we are required to findj^ Le. t 

u lQ . Then the difference table is 

X 

u 

An 

& 2 u 


X 4 

yio = w 4 = 3 

3 



X ~9 

y n = u_ 3 = 6 

5 

2 

0 

X 2 

yi2 = “- 2 = 11 

7 

2 

0 

X ~l 

y 13 = «., = i« 

9 

2 


*0 

>it « «0 * 27 





Then 


y 4 = u_ 10 = (E~') 10 1* 0 = Cl - V>»® Ufl 


1 -10V + 


10.9 

2 


V 2 - 


10.9.8 

1.2.3 



u 


0 


= u 0 - 10Vu 0 + 45V 2 « 0 - 12OV 3 u 0 
= 27 - 10 x 9 + 45 x 2 - 120 x 0 = 27. 


Example 29.12. If y M is a polynomial for which fifth difference is constant and y t + y 7 =* - 7845, y 2 + y ff - 
686, y 3 + y s ~ 1088, find y^ ( Mumhai, 2004) 

Solution. Starting with yj instead ofy 0 , we note that A 6 y, - 0 [v A s yj is constant. 

i.e., {E~ l) e yj = t^ 6 - 6 E h + 15£ 4 - 20E® + 15J? 2 - 6£ + 1) y, = 0 

y 1 ~ 0y 6 + 15y a - 2 0y 4 + 15y 3 - 6y 2 + yj = 0 
or (y 7 + yj) - 6<y g + y 2 ) + 15(y s + y 3 ) - 20y 4 = 0 

j c* y 4 = ~ Ky, + y 7 ) - 6 tv 2 + V + 15 &3 + VI 

= _L I- 784 - 6(686) + 15(1088)1 = 571. 

20 


Example 29.13. Prove the following identities r 

(i) up + + Ug? + ... = + f J ~ 1 ^ u i + | y~ "' j ^ 2u j + -* 


UjX u 2 x 2 u*x 3 v - 

M**o* T7 + 'tr + TT Ufa +xteQ + jjA %+ u ° + 


a x 

X i2 x a 3 


Solution, (i) L.H.S. - xu } + x 2 Eu x + x^EFu , + - xi 1 + xE + x 2 E 2 + .*.) u x 

1 


= x. 


= X 


1-xE 

1 


ii„ taking sum of infinite G.P, 


1 - x(l + A) 


t'- u , + ji=^ 


[v E=l+A] 


{ 1 | x (, xA ) * x f, xi 

— * T-7 «1=T-U-7- « l = - 1 + — 

1,1-x-xAj 1 - x V 1-*J 1-* 1- 


xA x A 


2x2 


^ (1-x 2 ) 


V v 2 nr 2 

X X X 

u* + —--— Ait* + ■ 


" 14 ■] --; 

l-x (1-x) 


1 


(1-X) 3 


a 2 Mi + ... = r.h.s. 
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f U) 


L.H.S. = n 0 + ±Eu 0 + ~E*u 0 * ~E*u 0 + ... 


, xE x 2 E 2 x^E 

1+ ir + ^r + ^r + - 


«o = elEu o = eX,1 + A ’ w o 


= e r . e** u n = e x 


( x 2x2 3*3 

xA x A x A 
1 + —r + —— + —— + ... 


1! 2! 3! 

% „3 


r I X . X 0 X o 

= e [ U ( } ++ 2l A “ U + 3! A,u » + ”j 


* R.H.S, 


PROBLEMS 29.2 


I, Explain the difference between 


E 


li, and 


Et^ 


2, Evaluate talcing h as the interval of differencing : 


t ki ** > 

U) — sin* 
ft 


,... .A 1 ' 

<u„l- 


sin (x 4 h) + 


A 2 sin {x + h) 


f? sin (x4 h) 
3- With the usual notations, show that 

Ci) V* 1 -e **> 

(m) (1 ♦ A)U-V)« l 

4, Prove that 

U) 8 * Ml +AT 1 *=mi - Vp 1 * 

Cm) SCE 1 ^ 4 E 1 ' 2 ) = AE 1 + A 


(«> ^ 


2^ 


x*,i/i = 1) 


<i(j) (A + V) 2 <x a + x), (A - 1), 


Ui> D = t sinh ’ 
(iv) 4 -V = VA = S 2 . 


(li) p 2 = 1 + — 

4 

Cm) V - A£ j - £ _1 A = 1 - E 1 


6. Show that (i) p5 = i (A 4 V) 

(m) A + V = £ - - ((/iP.r.t;., 200.9) 

V A 

fl. Prove that 





(«) i + s*/2= TiiTiV) 

(II..) V 2 = A 3 /) 2 - A 3 !) 2 + — h*D* - 
12 

+f k ^)'6f k 

hi.)£ W! = (1 + 6 2 /4)« + &)2. 


7. Prove that Vy n „ , = A ( 1 + 1 V + ^ ^ + -) >'* 

8. The following table gives the values of y which is a polynomial of degree five. 
Correct Lite exror. 

x: 0 1 23 4 56 

jr 1 2 33 254 1025 3126 7777 


9. Estimate the missing term in the following table: 

* : 0 1 2 3 4 

fix): l 3 9 — 81 

! 0. Pi nd the missing terms of the following data : 

x : 1 1.5 2 2.5 3 

fix) ; 6 ? 10 20 ? 


3.6 

1.5 


fAfodntw, 2003) 

( WB.T.U., 2005) 

(Mumbai, 2005) 
f U.P.T.U, 2009 ) 

(U.P.T.U., MCA, 2003) 

(JJs’.T.U., MCA, 2006) 

It is known t hat f (3) is in error. 

{Mumbai, 2004) 

tS. V.TM*, 2007) 


4 

5 


(Urt.u, 2010 
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1 1. Find the missing values in the following table : 

x: 0 I 2 3 4 ft 6 

.V: 5 II 22 40 140 

VL If g 13 = I, a N = - 3, = - 1, i/ w « 13 find n r 

13* Evaluatey 4 from the following data (eluting the assumptions you make): 

)% + 3’ft - L9243,y, + y 7 == 1.9590* y 4 + y B - 1 .9823* y % + y 5 - 1.9956. 

M. I 'sing the method of separation of symbols, prove that 

(i) a n *«, + U 8 + .4 «„ = '• * ’£>„ * - • »C, e?u v +.* " * l II) * * C„ 4 , A“a 0 . 

«?. y, -* - 'C.Av,,., + « ; r c./‘v,_ a -. + (- lr - *a*-% (ll ., jr 

15, Using the method of finite differences, sum the following aeries : 

(i) 2,5 + 5.B + 8*11 + LL14 * to n terms* 

(lij 1.2.3 + 2 3 4 + 3,4,5 + *** to ft terms. 


16* Prove that o 0 4 Wj* 4- h^x 3 4 


Oft JCAUq x 2 A% 

!-•* U-JC) 2 (1-*> S 


Hence sum the series 1.2 + 2.3r + 3*4x^ + ** M# , *>. 


+ .« 


(VT.tt. 2006) 
(JV/um&nij 20041 

(Mumbai, 2003 ) 


29.6 


NEWTON'S INTERPOLATION FORMULAE* 


We now derive two important interpolation formulae by meant; of the forward and backward differences of 
a function. These formulae are often employed in engineering and scientific problems. 

II) Newton’s forward interpolation formula. Let the function y = fix) take the values y 0 , y v y 2 , ... 
corresponding to the values x fl , .v 0 + h, x 0 + 2f>,... ofx. Suppose it is required to evaluate fix) for x = x 0 + ph, where 
p is any real number. 

For any real number p, we have defined E such that 
E»f{x) = f{x + ph) 

y P = A* 0 + ph) = Er fix 0 ) = (1 + &Y p y 0 Iv E = 1 + A] 

= j 1 + pA + ^ A“ + ~~—1)T^—~~ A a + ***| v o [Using Binomial theorem] 


I.£\, 


y„ = y 0 + P4y 0 + 


jjljj -1) 

2 ! 


A 2 y 0 + 


p(p- 1) (p- 2) 

3! 




...( 1 ) 


It is called Newton’s forward interpolation formula as (1) contains y 0 and the forward differences ofy 0 . 


Obi# This formula is used for interpolating the values of y near the beginning of a set of tabulated values and 
extrapolating values of y a little backward (re. to the left) ofy ir 


(2) Newton’s backward interpolation formula. Let the function y - fix) take the values — 

corresponding to the values x 0 ,x 0 + h, x a + 2 A, *** ofx. Suppose it is required to evaluate fix) for x - x 0 + ph, where 
p is any real number. Then we have 

y ft = f(x n + ph) = &f(xj = (1 - vyp y„ [v E ~ 1 = 1 -v] 


1 + pV* *E±1 V a 4 *P+1Hp + 2) v , 4 


2 ! 


3! 


y* 


[Using Binomial theorem] 


t,e. y 


y P = yn + P v y n + —\ h v2 v, 


pip + Dip + 2) 

+ -3!- V ^ 


*--( 2 ) 


It is called Newton s backward interpolation formula as (2) contains y n and backward differences ofy n . 

Oby. This formula is used for interpolating the values of y near the end of a set of tabulated values and also for 
exlrafx/Iating values ofy a little ahead (to the right) ofy n . 


Example 29.14. The table gives the distances in nautical miles of the visible horizon for the given heights 
in feet above the earth's surface : 

x = height : 100 150 200 250 300 350 400 

y - distance : W.83 13.03 15.04 ISM 18.42 19.90 21.27 

Find the values ofy when (i) x - 218 ft (Madras, 2003 S) lit) 410 ft. iV.T.U,, 2002) 


*8ee foot note p.468. 
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Solution. The difference table is as under : 


A* 


A* 


100 

10,63 

2,40 




150 

13.03 

2,01 

— 0,39 

0.16 


200 

15.04 

1+77 

— 0.24 

008 

- 0,07 

250 

16.81 

1.61 

- 0.16 

0.03 

- 0.05 

300 

18.42 

1,48 

— 0.13 

0.02 

*0+01 

350 

19.90 

1.37 

*0.11 



4G0 

21.27 






( i .) If we take x p = 200. then y 0 = 15.04, ^r 0 = 1.77, - - 0.16, & 3 y 0 = 0.03 etc. 

X ^ if 1 

Since x = 218 and h — 50, /. p = -—- — = 0.36 

h 50 

■\ Using Newton's forward interpolation formula, we get 

pip-1) x , pip-l)ip-2) 

>218 = >u + Mv 0 + l 2 + 12.3- A >o + - 

0,36(- 0.64) 0.36(- 0.64) (- 1.64) 

/■(218)= 15.04 + 0.36(1.77) + (~ 0.16) + ----(0.03) + ... 

= 15,04 + 0.637 + 0.018 + 0.001 + ... = 15.696 Le ., 15.7 nautical miles 
(ii) Since x = 410 is near the end of the table, we use Newton's backward interpolation formula. 

x — x 10 

taking = 400, p = = — =0.2 

Using the line of backward differences 

y n = 21.27, Vy„ = 1.37, V\ = - 0.11, V*v„ = 0.02 etc. 

.\ newton’s backward formula gives 


pip + 1) „, 

^410 “ y 41)0 + 400 + 9 V V 400 


Hp + lHp + 2) 

1.2.3. - >40 ° 


0 . 2 ( 1 , 2 ) 

- 21.27 + 0.2(1.37)+ — zr —(-0.11) + = 21.53 nautical miles. 


Example 20.15+ From the following table + estimate the number of students who obtained marks between 
40 and 45: 

Marks : 30-40 40—50 50—60 60—70 70—80 

No . of Students : 31 42 51 35 31 

(V. T. U $ 2011 S; S> V. T, U. f 2007 j Madras , 2006) 

Solution. First we prepare the cumulative frequency table, as follows : 

Marks less than (x ); 40 50 60 70 80 

No. of Students (y x ): 31 73 124 159 190 

Now the difference table is 


X 

y 


A 2 ^ 

A^ 


40 

31 







42 




50 

73 


9 





51 


* 26 


60 

124 


- 16 


37 



35 


12 


70 

159 


-4 





31 




80 

190 
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We shall find v 45 i.e. number of students with marks less than 45. 


Taking j 0 = 40, x = 45, we have p = - ^ = 0.5 

.*• using Newton’s forw ard interpolation formula, we get 


h = 101 


y*5 = >40 + P A - y 4tl + 


pip-1) 


a *y 


40 


„ 0.5{- 0.5) 

= 31 + 0.5 x 42 + --- *9 + 


pip - 1) ip- 2) 
1.2.3 

0.5(0.5)(- 1.5) 


A 3 J .' 40 + - 

, „ , 0.51-0.5) (-1.5) (-2.5) „„ 

X (- 25) +- — - X 3 / 


= 47,87, on simplification, 

/. the number of students with marks less than 45 is 47.87 Le ,, 48. 

But the number of students with marks less than 40 is 31, 

Hence the number of students getting marks between 40 and 45 - 48 - 31 = 17. 


Example 29*16. Find the cubic polynomial which takes the following values : 
x : 0 1 2 3 

f(x) I 2 1 10 

Hence or otherwise evaluate f(4h (Bhopal, 2009 ; Rohiak, 2005 ; \Y,B,T.U. $ 2005) 

Solution. The difference table is 


X 

fix) 

A fix) 

A *f(x) 

aYw 

0 

1 

1 



1 

2 

- 1 

- 2 

12 

2 

i 

9 

10 


3 

10 





We take x Q - 0 and p - 


r-0 


- x 


0 -- h 

using Newton’s forward interpolation formula, we get 

TW = A0) + f V(0), ^ mm* >te i 1 2 < V 2> A V«» 

,!+,») + ** '“ (-2), Xx-!)(.-2) (la) 

2 6 

= 2x 3 - lx 2 + 6x + 1, which is the required polynomial. 


To compute /14), we take x n - 3, x - 4 so that p = 


x - x, r 


= 1 


Using Newton’s backward interpolation formula, we get 


Iv h = 1) 


[v h = 1] 


fi4)=f(3) + P vfi3)+ V*fm+ — vyca) 

- 10 + 9 + 10 + 12 + 41, 

which Is the same value as that obtained by substituting x = 4 in the cubic polynomial above. 

Ohs. The above example shows that if a tabulated function is a polynomial, then interpolation and extrapolation 
give the same values* 


Example 29*17. In the table below, the values of y are consecutive terms of a series of which 23.6 is the 
6th term. Find the first and tenth terms of the series : 

x: 3 4 5 6 7 8 9 

y : 4*8 8A 14.5 23.6 36.2 52.8 73.9 (Anna, 2007) 
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Solution The difference table is 


X 

y 

Ay 

A 2 y 

dr 

Afy 

3 

4.8 

3.6 




4 

8.4 

6.1 

2.5 

0.5 


5 

14.5 

9.1 

3.0 

0.5 

0 

6 

23.6 

12.6 

3.5 

0.5 

0 

7 

36.2 

16.6 

4.0 

0.5 

0 

8 

52.8 

21.1 

4.5 



9 

73.9 






have 


To find the first term, use Newton’s forward interpolation formula with x u - 3, x = 1, ft = 1 and p = - 2. We 
*M ■ 4.8 , . 3.6 . x 2 . 5 , < - 2 >.' *> , Q.5 ■ 3.1 


1.2 


1.2.3 


To obtain the tenth term, use Newton’s backward interpolation formula with *■ = 9, x - 10, h = 1 and p-1. 
This gives 

>(10) = 73.9 + I x 21.1 + ^ x 4.5 + 1(2 * (2) x 0.5 = 100. 

1 l.Z 1 . 35 , O 


PROBLEMS 29.3 


1+ Using Newton's Forward Formula, find the value of/( 1.6) v if 
x : 1 1.4 l.S 2 t 2 

fix ) : 3,49 4,82 6.96 6.S U0TM,,2OO0i 

2. Stale Newton's interpolation formula and use it to calculate the value of exp (1.85), given the following table: 

x : 1.7 1.8 1.0 2.0 2.1 2.2 2.3 

fix) \ 5,474 6.050 6,086 7.380 6,166 9,02f> 9.974 iKoaaynm,20Qf>) 

3. Iff(1.16>-« l-0723,/'(1.20) = 1.0954, ft1,251 = 11180 and f (1.30) ^ 1.1401, find f(1.2&% 

4. Given sin 4-** = 0.70' 1, sin &p* = 0.7660, sin 55* = 0.8192, sin 60* ^ 0,8660, find sin 62% using Newton's forward 
formula, 

6. From the following table ot half-yearly premium for policies maturing at different ages, estimate the premium for 
policies maturing at age of 46: 

Age 45 50 55 * 60 66 

Premium (in rupees) : 114.84 96 16 83,32 74.48 68.40 \lLP TJA t ?QJQ\ 

6. The area A of a circle of diameter d is given for the following values : 
dr 80 85 90 95 100 

A : 6026 6674 6362 7088 7854 {VTU., 2610) 


Calculate the area of a circle of diameter 105. 

7. Estimate the value uf f{22) and f{42) from the following available data t 


z 20 25 

30 

35 

40 

‘45 


fix) : 354 332 

From the following table : 

291 

260 

231 

204 


; 

10 

20 

30 

40 

50 

HO 

cos* : 

0.9848 

0.9397 

0.8660 

0 7660 

0.6428 

0.5000 


iJMTJL2007) 

70 m 

0.3420 0 1737 


Calculate cos 25° and cos 73* using Gregory Newton formulae. 


f U PJ'.U, 2006) 
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[Nngarjuna, 2001) 

(UJ\TU. t 2008 1 

(Matttm, 2008) 


(JMT<a $ 2Q07) 


9* Find the number of men getting wages below Rg. 15 from the following data : 

Wages in Its. : 0—10 10—89 20—30 30^40 

Frequency : 9 30 35 42 

10* Find tiie polynomial interpolating the data : , 
x : 0 1 2 

f(x) ; 0 6 2 

II. Construct Newton's forward interpolation polynomial for the following data : 
x: 4 6 8 10 

y: 1 3 a 16 

Hence evaluate y for x = 5. 

12* Cuinstruct the difference table for the following data : 

.x : 0.1 0.3 0.5 0.7 0.9 1.1 13 

fix): 0.003 0.067 0.148 0.248 0,370 0.518 0.697 

Evaluate flQS) 

13. Estimate from following table /"(3.8l to three significant figures using Gregory Newton backward interpotutujii 
formula; 

x : 0 1 2 3 4 

fix ): 1 1.5 2.2 3.1 4.6 {U.I’.T.tJ.. 2U09\ 

14. The following table gives the population of a town during the last six censuses. Estimate the increase in the 
population during the period from 1976 to 1978 : 

Year : 1941 1951 1961 1971 1981 1991 

Population (in thousands) : 12 .15 20 27 39 52 [U.F/rU. 200$) 

15. In the following table, the values ofy arc consecutive terms of a series of which 12.5 is the 5th term. Find the flint 
and tenth terms of the eerier 

x: 3 4 5 6 7 8 9 

y : 2.7 6,4 12.5 21.6 34.3 512 72.9 

10. Given u l = 40, = 45, = 54, find u 2 and « 4 , 

17, If u wJ “ 10, Wj s 8, u 2 - 10, u 4 ~ 50, find u Q and u y 

IS. Given y 0 - 3 t y % = 12* y 2 - 6l, y :i ~ 200, y % ~ 100,y fi - 8, without forming the difference table, find {&$$• 


{P.TU t 2001) 
(Nagorjuna, 2003 S) 


CENTRAL DIFFERENCE INTERPOLATION FORMULAE 


In the preceding section, we derived Newton's forward and backward interpolation formulae which are 
applicable for interpolation near the beginning and end of tabulated values. Now we shall develop central differ¬ 
ence formulae which are best suited for interpolation near the middle of the table. 

If x takes the values x a -2h t x 0 - h t r 0 , x 0 + A, x Q + 2h and the corresponding values ofy = fix) arey^ 2 , 
y 0 ?y lt y 2 * then we can write the difference table in the two notations as follows : 


1st diff. 


2nd diff 


3rd diff\ 


4th diff. 


x 0 - 2k 

y~s 

A>. 2 (= 



*n - h 

y-i 

A >'.i<= 8y. W 

A^_ 2 (= 5^y_,) 

A^y_ 2 (=-S^v_ J/2 ) 

*o 

3'o 


<6%) 

AV 2 (= 5 4 >o^ 



(= 


k?y_i <= 6®yya) 

*o + h 


Ay, <= Sy^) 

A%1= 


jc 0 + 2/i 

*2 





(1) Gauss’s forward interpolation formula. The Newton’s forward interpolation formula is 

p(p-l) rt pip-Dip-2) ^ 

y p - Y 0 + pAy 0 + ]~2~ Ay o + 12.3 + — 


1.2.3 


.»<!) 













Finite Differences and Interpolation 
W e have 




t-e.. 


&\ - A 2 y_ , = & 3 y_ j 

^y 0 - & 2 y~ i + & 3 y~ i 

Similarly A 3 y 0 = A^j + A 4 y_ t 

A 4 y D = A 4 j_j + A 5 y^ j etc. 

Also A 3 v_ j — A 3 y_ 2 = A 4 y_ 2 

A*y 3 = a :5 >_ , + A V 2 

Similarly A 4 y^ x = A 4 y 2 + A 5 y_ 2 etc. 

Substituting for A 3 y 0 , A 3 ^, A 4 y 0 ■ from (2), (3), (4)... in (1), we get 

. pip-1) „ » ^(p-l)(/)-2) 

y,, =y<i + P A y 0 + 12 <A ^-j + A ^-i > + — 12 .3 — (A *-1 + A V_i) 


—( 2 ) 

...C4) 


...(5) 


p(p - 1) (P - 2) (p - 3) , 

+ — , „ „ . —^4+Ay t )+ .... 


1 . 2 . 3.4 


„ , pip-iy _., t/j +1 )/j</)-1) 

Hence y p =y 0 + pAy 0 + — aV , + -£--A 3 y_, 


(p + l)p(p - 1) (p - 2) ^ 

+-^1- A 4 y. 2 + losing (5)) 

which is called Gauss's forward interpolation formula. 

Cor, In the central differences notation, this formula will be 

p(p-l) (p + l)pfp-l) (p + l)p(p-lKp-2) 

y p =y B + p6y w + 2! 6 ^n + 3! ' + 4! 8 Vo * - 

Ob*. 1, /< employs odd differences just below the central tine and even difference on the central Une as shown below: 

>o. aV-i...... -Ay.v .A*y.j— Central line 

\/\/\,/\, 

Ay<v Ay., aj., Ay^ 

Obo. 2. This formula is used to interpolate the values of y for p (0 < p < 1) measured forwardly from the origin. 

(2) Gauss’s backward interpolation formula. The Newton’s forward interpolation formula is 


p(p-l) „ a p(p-lMp-2) 

y p = + p a -v 0 + i 2 A % + —j-g 73 — A y o + - 


i.e.. 


i.e.. 


We have 

Similarly 

Also 

Similarly 


...ID 

... 12 ) 

...13) 

...14) 

...15) 

... 16 ) 


A)q — Ay j = A'V.j 

Ay 0 = Ay, + A 2 y_, 

A2 y„ = A 2 y_j + A 3 y_j 

A 3 y 0 = A 3 p + A*y j etc. 

A 3 y_ t - A 3 y_ 2 = AV 2 

A 3 y_! = A^y_ 2 + A 4 y. 2 
A 4 y_j = A 4 y_ 2 + A s y_ 2 etc. 

Substituting for Ay 0 , A 2 y 0 , A^y 0 ,... from (2), (3), (4) in (1), we get 

y p =y Q + P(AV_, + A^y_j) + P ^ ~ 1} (A 3 y_ 1 + A 3 y_ ,) + ^ (A 3 ^ + AV/} 

pip-l)(p -2 )(p -3) 

+ " 1.2.3.4 iAy -1 + A 6 y_ ,) + ... 

. » lP + DP A 2 (P+Uptp-I) a3 (p+ l)p(p - l)(p -2) i4 

= y 0 + pAy_j e — A y_, + - r77 ^-A J y_, +■- _ , . —— A 4 y_, 


1.2 


1.2.3 


1 . 2 . 3.4 
p (p - 1) (p - 2) (p - 3) 5 


A y_t +... 


1 . 2 . 3.4 
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( P +i)p(p-i) fA3 a4 , 

=>' 0 + pty-1 + 1.2 A v.1 + —i - 2~3"— <Av - 2 + A y~2> 


{p + 1 ) pip - 1 )(p ~ 2 ) 
1.2.3,4 


(A 4 y_ i + A s y_ 9 ) + — lUsing (5) and ( 6 )] 


(p + l)p n (p4l)p(p-l) (p + 2)(p+ 1) p(p -1) 

Hence y p + y 0 + pAy^ + g! A ^y_, + -al- A V_ 2 + 4 ! Av _ 2 + - 


r t> ' so ■ r~v-l ■ 'l\ “^-1 • 31 

which is called Gauss’s backward interpolation formula. 

Cor. In I he central differences not al ton, this formula will be 


„ (p+l)p 

y ,,=.>0 + p°>’-v2 + — 2 }— 5 ^'o + 


{p 4 1) pip - I) 

31 


S 3 y_ 


in 


ip + 2)(p 4- 1)p(p- 1> 

4 t 


SVo + - 


Obn, 1. This lurmuls conlains odd differences above the contra! line and even differences on the central tine as 
shown below : 

Ay.. A’y, A* ** yj 

/\/\/ \ 

i .A f y 4 ......... Central line 

Obi. 2- It ig to interpolate the values of y for a negative value of p lying between -1 and 0, 

Obs. 3. Gu use's forward amt backward formulae are not of much practical use. However* these serve be intermcrii- 
ii m: ; t»*ps for obtaining the important formulae of the following sections. 


(3) Stirlings formula.* Gauss’s forward interpolation formula is 

y p = .Vo + PAV 0 + 9 ) A 2 V- 1 + A ‘V_! + 


p(p~l) a2 (p+ 1) p<p - 1) i<L (p+ 1) p(p - l)(p - 2) i4 


2 ! 

Oauss’s backward interpolation formula is 


4! 


AV 2 +.(1) 


(/> + Dp (p + l)p<p-l) {p + 2)(p +1) p(p-l) 

y p = Vf, + pAV j 4 — 2 !— A ^’-1 + 31 A V _2 + - - 4 !- A V -2 + .<*> 


Taking the mean of (1) and (2) f we obtain 


( Ay 0 + Ay_j^j p 2 ^ p(p 2 - 1) f A 3 y_ x + A^y.J p~ ip 2 - 1) 

y P =yt>fp{ ° 2 J + fr A ^i + —|]— * ' 2 “j + 51 A V a +.<» 


which is called Stirling's formula. 

Cor. In /Ac centra/ differences notation, (3) takes the form 


D - PfP +1 ) 

Vp - Vo + P p8>'o + h 5 ^o + 3! M5% + 


P 2 <P 2 -l 2 ) 

4! 


6V 0 + - 


...(4) 


for 


1 (Ay 0 4 Ay„ , > = | (&Vu 2 + 8V_ u- 2 > = M8v 0 
| (A 3 }- i + AV 2 ) = | ( 8 ^u 2 + S a y_ = n 8 3 v 0 etc. 


Obs. This formula involves means of the odd differences just above and below the central line and even differences m 
this line as shown below : 






T -.- Central Line 


f BesseFs formula. 4 ' 4 Gauss’s forward interpolation formula is 

pip -1) ^ lp+i)p<p-l) ^ (p + I)/Xp-l)(p-2) a4 

y f , + pAy 0 + 2! - A2 y-1 + 3! + —— 4! a4 >-2 


*Named after the Scotish mathematicians James Sf/r/ing (1692-1770). 

**See footnote p. 550. 




































965 


Finite Differences and Interpolation 

We have A^y 0 - - A^_j 

it’-, tiy .! = - A3 y~i 

Similarly A 4 y_ 2 = A 4 y_, - A s y_ s etc. 

Now (1) can be written as 

p(p-l)(l A j . 1 


...( 2 ) 

...(3) 


ftp 2 ~ 1 ) 


y P =y 0 + p^o + (| a2 - v -> + | A ^-0 + ^ ' 3 ! “ ^-1 


pip 3 -l)ip- 2 )fl . 4 , J..| 


4! 


(| i4 y-« + £ A V,) + - 


l Mp -1) 1 1 Mp-I),.-! „ P0* : ~ D .t 

= y 0 +pAv 0 + - f 2! A 2 v., + 2 2! ( ^°~ + -3!- A *-> 

+ 1 ~ 1)fp ~ 2) AV 2 + | P{1>2 iP ~ 2) x (A 4 .y t - A 5 y_ 2 ) + ... [Using (2). (3) etc.l 

2 4 ! * 2 4! 

p(p - 1) A 2 y_i + A~y 0 p<p - 1) (p +1 l) 

= y 0 + ^o + 2I ‘-2- 21 1^3 2 J A 

p(p 2 - 1) ip - 2) A' l y_2 + A*y_ t 


Hence y p = y 0 + pAy^ + —yy 


4! 

p (p - 1) A 2 y_, + A 2 *, + (p - 1/2) p(p - 1) ^ 


+ ... 


3! 

(p + 1) pip - lHp - 2) A^y.a + A 4 y_ t ;JV 

+ -—---—-• -— - - +— — W 


4! 


2 


which is known as the Bessel's formula. 

Car. In the central differences notation , r4)&eromrs 


/MP~1> (p-l/2)p(p-l) (p+I)plp-1)fp-2) 

y p = y 0 + pfyv 2 4 — 2 !— + —" 34 + 4! M*> yis 4 .(5) 


for 


l (A ! V_ l + A^ 0 ) = yS?y V2 - | (AV 2 + AVi> = etc 


Ob«. This is a very useful formula far practical purposes. It involves odd di 
of cWJii differences of and below his line as shown below : 


JV 


Avii • 


A V. t 


4, -I 


AVi; 

* y'y.t 1 

> 

A V,. 


UvJ 


? below the central line and menu . 

Central line 


(5) EveretCs formula. Gauss’s forward interpolation formula is 

pip- 1) (p + l)p(p-l) {p + l)pCp-: 

y P =y* + Myo 4 ~^r~ A ^-< + -37- Ay -» + - ~^r 

ip + 2 ) (p + 1 ) p (p - 1 ) (p - 2 ) 

+-““gi- A y--i +.(i) 

We eliminate the odd difference in (1) by using the relations 

Ay 0 = >'i -y 0 .= A^'o - A^_ P A^y_ 2 = A 4 ^ - A 4 y_ 2 etc. 

Then (1) becomes 


4 ! ,y -: 


p(p-l) ? (p + l)p(p-l) 

y p =y 0 + p<y 1 -V + —^T -A ^ + 3! ’ (A ^°~ A 

ip + 1) pip - lHp ~2) J (p + 2)(p + l)p(p-l)(p-2) 
4 —- 4 !- Ay - 2 + “ 5 ] 


x <A 4 v j - A 4 v _2 ) + ... 


p (p - 1) (p - 2) „ (p + l)p(p-l) 

= (1 — p)y 0 + py l - -3-j- AVi+ 3! 


A4, 
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(p +1) p (p -1) (p — 2) (p - 3) J (p + 2)(p + 1) p (p - l)(p - 2) J 
- .—sT- *V 2 +-5|--AV, - - 

To change the terms with negative sign, putting p = 1 - q, we obtain 


q(q 2 ~l 2 ) - q(q 2 ~ l 2 )(q 2 ~ 2 2 ) 

V P = W 0 + -3]“ A^, + - 5! — A*y_ 2 + 


ftp 2 -l 2 ) _ 
+ m+ ■—si— A ^o 

p(p 2 ll 2 )(p 3 -2 2 l 
+- ~t - Ay 


5! “ - F -i ■ 

This is known as Everett's formula , 

This formula is extensively used and invalids only even differences an and below the central line as shown below : 
y 0 j A*y 2 A*y_ a Central line 

y, A^o aV, aV j 

I CHOICE OF AN INTERPOLATION FORMULA 


The coefficients in the central difference formulae are smaller and converge faster than those in Newton's 
formulae. After a few terms, the coefficients in the Stirling's formula decrease more rapidly than those of the 
Bessel's formula and the coefficients of Bessel’s formula decrease more rapidly than those of Newton’s formula. 
As much* whenever possible* central difference formulae should be used in preference to Newton's formulae , 

The right choice of an interpolation formula however, depends on the position of the interpolated value in 
the given data. 

The following rules will be found useful: 

1, To find a tabulated value near the beginning of the table, use Newton *s forward form ula. 

2, To find a value near the end of the table , use Newton *? backward formula , 

3, To find an interpolated value near the centre of the table, use either Stirling's or Bessel's or Everetfs 
formula * 

If interpolation is required forp lying between -1/4 and 1/4, prefer Stirling’s formula. 

If interpolation is desired for p lying between 1/4 and 3/4, use Bessel’s or Everett’s formula. 


Example 29* 18, Find ff22) from the Gauss forward formula ; 
x ; 20 25 30 35 40 45 

f(x): 354 332 291 260 231 204 (J.N.T.U., 2007) 


Solution. Takingx 0 = 25, h = 5, we have to find the value of f{x) for x = 22. 

_ *-*, 22-25 

t.e„ for p= — = - - - =-0.6 

ft 5 

The difference table is as follows : 


X 

P 


4K P 





20 

-1 

864 (->_,) 







*- 22 





25 

0 

332 i=t$ 









-41 


& 



30 

1 

291 ( =>j) 


10 


-37 





- 31 


-8 


45 

35 

2 

260 i=y z ) 


2 


8 





-29 


0 



40 

3 

231 (=y 3 > 


2 




-27 

45 

4 

204 (=> 4 ) 
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Gauss forward formula is 


i*p - 1 ) 

yp = y 0 +pAy 0 + gj 4v_, + 


(p + 1) p(p- 1) 

" 3! 



(p + l)p(p-l)(p-2) 
+ 4! 


A*y„ 2 + (p + 1) (p - 1) (p - 2) (p + 2) A s y_ 2 


k (- 0 . 6 ) (- 0 . 6 - 1 ) (- 0.6 + 1 ) (- 0 . 6 ) (- 0 . 6 - 1 ) , 

/'(22) = 332 + (0.6) (- 41) + -- (- 19) + —-—- (- 8) 


2 ! 


3! 


(- 0.6 - 1 ) (- 0 . 6 ) (- 0.6 - 1 ) (- 0.6 - 2 ) , 

+ 4j <- 87) 

(- 0 . 6 + 1 ) (- 0 . 6 ) (- 0 . 6 - 1 ) (- 0.6 - 2 ) (- 0.6 + 2 ) , 

+ -5!- < 45 > 

= 332 + 24.6 - 9.12 + 1.5392 - 0.5241 
Hence /< 22) = 347.983. 

Example 29.19. Interpolate by means of Gauss's backward formula , the population of a town for the year 
1974, given that: 

Year : 1939 1949 1959 1969 1979 1989 

Population (in thousands): 12 15 20 27 39 52 

(Kottayam, 2005; Madras, 2003) 


Solution, Taking Xp = 1969, h = 10, the population of the town is to be found forp - 
The central difference table is 


1974 - 1969 
10 


X 

P 

& 

4v p 


A 



1939 


12 

3 





1949 

-2 

15 

n 

2 

0 



1959 

- l 

20 

7 

2 

3 

3 

-10 

1969 

0 

27 

12 

5 

-4 



1979 

1 

39 

13 

1 




WSB 

2 

52 







0.5. 


Gauss’s backward formula is 

(p+l)p 2 (p + 1) p (p - 1) a (p + 1) (p + 1) p (p - 1) 4 

y v = -V 0 + pAv., + y 2l F A 2 y_, + --~-A 3 y_2 + , -A y„ 2 


3 ! ‘ 4 ! 

(p + 2 )(p+ 1 ) p(p-l)(p- 2 ) 5 


t.e.. 


5! 

* . 27 ♦ (0.5X7) mtfhB w + 7) 

(2.5) (1.5) (.5) (-.5) (- 1.5) 

120 

= 27 + 3.5 + 1.875- 0.1875 + 0.2743 - 0.1172 = 32.345 thousands approx. 


A .Vh + ■ 
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Example 29.20. Given 

0 ' : 0 5 10 15 20 25 30 

tan 9 : 0 0.0875 0.1763 0.2679 0.3640 0.4663 0.5774 

Uni rig Stirling's formula, estimate the value of tan 16“. (Anna, 2005) 


Solution. Taking the origin at 0* - 15% h 

= 5° and p - 

0-15 

* we have the following central difference 

n 

table: 





p 






0.0000 

0,08675 




0.0876 

0.0888 

0.0013 


- 1 

0.1763 

0.0916 

(1.0028 

0.0016 

; 0 

0.2679 


0.0045 

0 0002 



0.U961 


0.0017 - 0.0.0.02 

1 

0.3640 


00062 

0.0000 



0.1023 


0,0011 0.0009 

2 

0.4663 


0.0088 

0.0009 



0.1111 


0,0026 

3 

0.677-1 




At 0 = 16% 

P = 

16 -15 
—5 -= 0 ’ 2 



Stirling’s formula is 





... , p *-, + *>, , p 2 , Up 1 -" , ;Vd A ,, 

>o + | ■ <> + f)i a j'-i + *ii o + At a ■*-2 


3! 


y 0i = 0.2679 + (0.2) 


0916 + 0.0961) (0.2 ) 2 


Hence 


2 ) 2 ! 

= 0.2679 + 0.01877 + 0.00009 + ... = 0.28676 
tan 16° = 0.28676. 


(0.0045) + 


Example 29.21. Employ Stirling's formula to computey r ,from the following table (y x = 1 * log l0 sin x.) , 


10 11 

12 

13 

14 



l<>\ : 

23,967 28.060 

31,788 

35,209 

38,368 

(V.T.U.,2004) 

Solution. Taking the origin at x 0 = 

12 °, h = 1 and p 

= x - 12 , we have the following central table : 

P 

7 r 


4ry t 

A 1> y t 

**y t 


-2 

0.23967 

0.04093 





-1 

0.28060 


- 0.00365 






0.03728 


0.QQ058 



0 

0 31738 


- 0.0Q3Q 7 


- 0.00013 




0.034121 


^0.00046 



1 

0.36209 


- 0.00062 






0.03159 





2 

0.38368 







At x = 12 . 2 , p = 0.2. (As p lies between — 1/4 and 1/4, the use of Stirling’s formula will be quite suitable.) 
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Stirling’s formula is 

p Ay_, + Ay„ 0 p 2 p( p 2 - i) A 3 y_ 2 + A : Vi p 2 { P 2 -1) 

^ = % + T- -2- + 2T A ^-> + ~ 3~ ‘~ -2 -* 41 a V- 2 +-.. 

When p = 0.2, we have 

f 0.03728 + 0.03421’) (0 2) 2 

y 0 2 = 0.31788 + 0.2 { - ^ - ') + ( ~ 0.00307) 


(0.2) [(0.2) 2 - 1] J'0.00058 - 0.00045'| . (0.2) 2 [(0.2) 2 - 1| 


24 


(- 0.00013) 


= 0.31788 + 0.00715 - 0.00006 - 0.000002 + 0.0000002 = 0.32497. 


Example 29.22, Apply Bessel's formula to obtain y, M , given y. 20 = 2854. y 24 = 3182, y sa = 3544, y J2 = 3982. 

<S, V.T.U., 2007 ; V. T. U..2000 S) 


Solution. Taking the origin atx 0 = 24, h ~ 4, we have p = i (x - 24). 
The central difference table is 


p 

y 

A* 

t?y 

A 3 } 

-1 

2654 

306 



0 

3/62 

382 

74 


1 

3544 

448 

66 


2 

3992 





At x = 25 ,p ~ (25 — 24 )/4 = 1/4. (Asp lies between 1/4 and 3/4, the use of Bessel’s formula will yield accurate 
esult.) 

Bessel's formula is 


%-*♦ *** ♦ i g-imple-V ^ + ... 


3! 


..-(1) 


When p = 0.25, we have 


r 0.25{- 0.75) f 74 + 66) (-0. 

y p - 3162 + 0.25 x 382 + - ^^—-— J + 1 - 


-0.25) 0.25 (-0.75) 


(- 8 ) 


= 3162 + 95.5 - 6 - 5625 - 0.0625 = 3250.875 approx. 


Example 29,23. Apply Bessel'a formula to find the value of (127.5) from the table 
x : 25 26 27 28 29 30 

f(x): 4.000 3.846 3.704 3.571 3.448 3.333 (U.P.T.U.. 2009) 

Solution. Taking the origin atx 0 = 27, h = 1, we have p-x-21 
The central difference table is 


X 

p 

y 

Ay 

Apy 

A’y 

A'^ 

25 

-2 

4.000 

-0.154 




26 

-1 ' 

3.8-16 

-0.142 

0.012 

-0.003 


27 

0 

3.704 

-0.133 

0,009 

- 0 .001 

0.004 

28 

1 

3.571 

-0.123 

0.010 

-0.002 

- 0.001 

29 

2 

3.448 

-0.115 

0.008 



30 

3 

3.333 
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At x = 27,5, p = 0*5 (As p lies between 1/4 and 3/4 t the use of Bessel’s formula will yield accurate result) 
BessePs formula is 


^=.V 0 + pA>'o + 


+ A 2 0 ( p 2^ p{p W 

21 [ 2 ] + 3! 


aV. 


i 


{/3 + 1) /)(/) -1) (p - 2) 


aV 2 + aVi ^ 


4! 


+ **. 


When p - 0*5, we have 


(0.5) (0*5 - l) f 0.009 + 0 

y P “ 3,704 - ~ 


f 0.009 + 0.010^ 

l-2-J + ° 


(0.5 + 1>(0.5) (0.5 - 1) (0.5 -2)(- 


24 


- 0.001 - 0.004 j 


= 3.704 - 0.11875 - 0.00006 = 3.585 
Hence/'(27.5) = 3.585. 


Example 29.24. Given the table 

x i 310 320 330 340 350 300 

lag x : 2.49136 2.50515 2.51351 2.53148 2.54-107 2.55630 

find the value of lag 337.5 by Everett's formula. 


Solution* Taking the origin atr 0 = 330 anti h 

/. The central difference table is 

= 10, we 

, A-330 

have p = - 

10 


P 

y 


2ry 

A'*y A*y 

dfy 

- 2 

2.49136 







0.01379 




- 1 

2.50615 


0 00048 





0.01336 


0.00004 


0 

2.6188-1 


0X10039 

--QM0Q3 




0*01297 


0.00001 

0.00004 

1 

2.53H8 


0.00038 

o.rnoi 




0*01259 


0.00002 


2 

2.54407 


0.(10036 





0,01223 




3 

2.55630 






qq7 C m r qqn 

Tn evaluate leg 337.5 i.e. for a- = 337.5, p =-^- = 0.75 

(As p > 0.5 and = 0.75, Everett's formula will be quite suitable) 
Everett’s formula is 


<7(<7 2 -l 2 ) , t 

y p = 9 .v 0 + §1- + 


qiq 2 - l 2 )(q Z -2 2 ) 
5! 


A 4 .V_2 + 


.. + 


py i 


p(p 2 -i a ) 

3! 


A^Vr 


pip 2 -\ 2 )lp 2 -2 2 ) 

+ --gj-AV, + ... 


ot , ar , 0.25(0.0625-1) ___ 0.25 (0.0625-1) (0.0625-4) 

= 0.25 x 2.51851 + --- x (- 0.00039) + -—-- 

6 120 

x f- 0.00003) + 0,75 x 2.53148 + 0 75 (0 ^ 625 " D 


x <- 0.00038) 


0.75 (0.5625-1) (0.5625-4) ,_ , 

+ -—- X (0.00001) 

= 0.62963 + 0.00002 - 0.0000002 + 1.89861 + 0.00002 + 0.0000001 = 2.52828 nearly. 
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PROBLEMS 29.4 


I. Using Gauss’s forward formula, evaluatejf(3.76) from the table : 

*: 2,6 3.0 3,5 4.0 4.5 5.0 

y: 24 145 22.043 20.225 18.644 17.262 16.047 (Bhopal, 20Q2 ; Marinis, 2000) 

2* Using Gauss’s backward difference formula, find>48) from the following table : 
x 0 6 10 15 20 26 

v: 7 11 14 18 24 32 iJ.N.TAl> 2007) 

3* Using Gauss’s backward formula, estimate the number of persons earning wages between Its. 60 and Rs. 70 from 
the following data : 

Wages ft) : Below 40 4(M>0 60-80 80-100 100-120 

No, of persons : (in thousands) 250 120 100 70 50 (Madras. 2000) 

4. From the following table : 

* : 1.00 1.05 1J0 L15 1.20 1.25 1.30 

e* : 2.7183 2.8577 3.0042 3.1682 3.3201 3 4903 3.6693 (C/.F T.U, 20061 

Finde 117 , using Gauss forward formula. 

6 - The pressure p of wind corresponding to velocity v is given by the following data. Estimate p when y ~ 25, 
v: 10 20 30 40 

p i LI 2 4.4 7,9 

6 . Using Stirling’s formula find y 3ffl given y w —512,= 439, y 40 = 346, y m - 243, 

where y r represents the number of arsons at age x years In a life table. ( Nagarju no , 2003 S) 

7, Employ Bessel's formula to find the value of F at x =■ 1 95, given that 

Xt L7 L8 1.9 2.0 2.1 2.2 2.3 

F; 2.979 3,144 3.283 3.391 3,463 3,997 4.491 

Which other interpolation formula cun be used here ? Which is more appropriate ? Give reasons, 

8 , Calculate the value of/7L5) using BesseTs interpolation formula, from the following table : 

x : 0 l 2 3 

fix)'. 3 6 12 15 (U,P.T. 11,2008} 

9. Apply Everett's formula to obtain u 2y given u w = 854, u u ~ 3162, u m = 3644, H n = 3992. Q8-V.T.U., 2007) 

10, Using Everetts formula, evaluate fiMi, if f(20) ^ 2854, f(2S) = 3162, f (36) ^ 7088, f(44) ^ 7984 

mp.TM,2om 

11 . Given the table : 

X ; 310 320 330 340 350 360 

log x : 2.4914 2.5052 2.6185 2,5315 2.6441 2.5563 

Find the value of log 337.5 by Gauss's, Stirling s and Bessel’s formulae. 


29.9 


INTERPOLATION WITH UNEQUAL INTERVALS 


The various interpolation formulae derived so far possess the disadvantages of being applicable only to 
equally spaced values of the argument. It is, therefore, desirable to develop interpolation formulae for unequally 
spaced values of x. Now we shall study two such formulae : 

(i) Lagrange's interpolation formula 

(ii) Newton’s general interpolation formula with divided differences. 


29.10 


LAGRANGE'S INTERPOLATION FORMULA 


Ify = f (x) takes the value y 0 ,y v ♦.*, y n corresponding tox-x QJ x v x n , then 


_ (x-x^)(x-x 2 ).,Ax-x n ) 

— Xj ) (Xfl — X2) ix^ — x n ) 


(x - x 0 )(x — x?) ... (x- x„) 

*0 + 77-- Z - T —~s y* 


(Xj - X n ) ( x t - X2 ) (Xy - X n ) 
(x - Xfl) (x - X 1 ) ... fx - X n _ J > 
(x n - x 0 )( x n -x 1 )..Ax n ~x a _ 1 ) 
This is known as Lagrange's interpolation formula for unequal intervals. 


+ ... + 


- n 


. 41 ) 











972 


Higher Engineering Mathematics 


Proof. Lety = fix) be a function which takes the values (x 0 ,y 0 ), (x p y j), ( x n >y n )- Since there are n + 1 pairs 
of values of* and y r we can represent f(x) by a polynomial in x of degree n. Let this polynomial be of the form 
y = fix) = a Q (x -x x ) (x - x 2 ) ... (x -x n ) + a } (x -x Q ) (x-x 2 ) ... (x -x n ) 

+ a 2 (x -x 0 ) (x-x t ) (x -x 3 )... (x - x n ) + ... ■+ a n ix -x 0 ) (x —x } ) ... (x -x ft _ j) ...( 2 ) 
Putting x = x Q ,y = y 0 , in ( 2 ) T we get 

y 0 = « 0 (x 0 - x,) (r 0 - x 2 )...(x Q - x n ) 

%-y(/^ x 0~ x l^ x 0~ X 2^^ X Q~ X ^ 

Similarly putting x = x r y = y t in (2), we have a t = y 1 /[(x 1 -x 0 > (x, -x 2 )...(x 1 -xJJ 
Proceeding the same way, we find a 2% u y -& n 
Substituting the values of « 0 , in (2), we get (l). 

Oh*. Lagranges interpolation formula ( 1 ) for n points id a polynomial of dtrgree in - 1 ) which is known as 
Lagmngmn polynomial and is very simple to implement on a computer. 

This formula can also be inmt to Split the given function into partial fractions. 

For on dividing both sides of < 1 ) by ix - x 0 ) ix - x % ) ix - x n \, we get 

fix} ___ yp _l_ 

(*p - *{>) - X| )..,(xo - x n ) (x$ - x t ) (Xp - 

+ k m + - ** ■ L-, 

ixi - Xfl) (X| - Xjk.XXj - X n y X - Xj (Xjj - Xq) Cx* - x x )*Jx n - X* . |) x - x w 


Example 29.25. Given the valuer 


X .* 

5 

7 

11 

13 

17 

f(x): 

150 

3.92 

1492 

2366 

5202 


evaluate f(9% uiti( (V7 Lo#ra rise's /bmmfa, (Afina > 2006) 


Solution, (i) Here x 0 = 5, x l - 7, x a = 11 , x 3 ss 13, x 4 - 17 
and - 150, y 4 = 392, y 2 = 1452, y 3 - 2366* y 4 = 5202. 

Putting x = 9 and substituting the above values in Lagrange’s formula, we get 

f{ , (9-7H9-11) (9-13) (9-17) <9-5) <9-11) (9-13) (9-17) 

' (5 - 7) (5 -11)(5 -13)(5 -17) + (7-5){7 -11)(7 -13) (7 -17) 


(9 - 5) (9 - 7)(9 - 13) (9 - 17) (9 - 5H9 - 7)(9 - 11) (9 - 17) 

(11-5) (11-7)01-13)0:-17) * + (13-5) (13-7)(13-11)03-17) * 


(9 - 5) (9 - 7) (9 - 11) (9 - 13) = _ 50 3136 3872 

(17-5) {17 - 7) (17 -11) (17 -13) 3 + 15 + 3 


2366 578 = 

3 5 


Example 29.20. Find the polynomial fix) by using Lagrange's formula and hence find f (3) for 


x 

0 

1 

2 

5 

fix): 

2 

3 

12 

147 


t Anna . 2006} 


and 


Solution. Here 


Lagrange’s formula is 


_r 0 = 0 f x v x 2 = 2, x 3 = 5 

) f o 3 \ — 3,y 2 = 12,y 3 — 14 / 


y _ (3r-x 1 )(A--jf 2 )...U-jc 3 ) + (x-x Q )(x-x 2 )...(x-x 3 ) ^ 

(Xy X, ) (x 0 X ? Xq — Xg ) (Xj - Xy)(Xj x 2 )...(x^ x 3 ) 

(x - x 0 )(x- x^—(x-x 3 ) ( (x-x 0 )(x-x 2 )...(x-x 5 ) 

(x 2 - Xy) (x 2 - x, )...(x 2 - x 3 ) ^ 2 (x 3 — r 0 ) (x 3 - Xj)...(x 3 - x 2 ) 

_ (x -1) (x - 2) (x - 5) ( + (x - 0) (x - 2) (x - 5) 


( 0 - 1 ) (0 - 2) (0 - 5) 


(1 -0)0-2) (1-5) 


+ ^ ~ 0) (x - 1) (x - 5) + (x — 0)(x —1) (x- 2) ^ 147) 


(2-0) (2-1) (2-5) 


(5 — 0) (5 — 1) (5 — 2) 
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Hence f(x) = x 3 + x 2 - x + 2 

f{ 3) = 27 + 9 ~ 3 + 2 = 35. 

Example 29,27. A curve passes through the point (0,18), (1, 10), (3, - 18) and (8, 90). Find the slope of the 
curve at x = 2. {J. N. T. U. , 2009) 

Solution. Here x 0 = 0, x, = 1, x 2 = 3, x 3 = 6 and y 0 = 18, y, = 10, y 2 = - 18, y 3 = 90 
Since the values of x are unequally spaced, we use the Lagrange’s formula : 

(X-XjMx-X^Hx-Xg) t {j-Xp)(g-Xg)(x- x a ) 

^ (x p - x r ) (x 0 - x 2 ) (X„ - *3 ) y ° + (Xj - x 0 ) (x, - x 2 ) (X, “ Jt-J ) 1 


(x - x 0 ){x - x,) (x - x 3 ) (x - x 0 ) (x - x,) (x - x a ) 

+ --—-—-— ry 2 + 7Z - ~T7Z - ZTTTZ ->3 


(x -1) (x - 3) (x - 6) 
(0 — 1 ) (0 — 2 ) ( 0 - 6 ) 


(18) + 


(x 2 - x 0 ) (x 2 - X, ) (x 2 - X 3 ) 
(x-0)(x-3)(x-6) 

(1 - 0) (1 - 3) (1 - 6)' 1 * 

(x-0) (x - l)(x - 6) 


(x 3 -x 0 )(x 3 -x,)(x 3 -x 2 ) 


(- 18) + ~ (90) 


i.e.. 


t3-0X3 -1X3-6) ' (6 - 0) (6 - 1) (6 - 3) 

= (- x 3 + 10x 2 - 27x + 18) + (x 3 - 9x a + 18x) + (x 3 - 7x 2 + 6x) + (x 3 - 4x 2 + 3x) 
y = 2x 3 — 10x a + 18 

fdv) 

Thus the slope ol the curve at (x = 2) = 


x = 2 


- (6x 2 — 20x) x _ 2 = - 16. 

Example 29.28. Using Lagrange s formula, express the function 


3x~ -i x + / 


___ . Ux^l)(xr2)(¥-3) 

fractions. 

Solution. Let us evaluate y = 3x 2 + x + 1 for x = 1, x = 2 and x = 3 
These values are 


us n sum of partial 


x: 

y : 


* 0=1 

J'„ = 5 




x 2 = 3 


*, = 15 y 2 = 31 


Lagrange’s formula is 


(x — X!) (X — Xg) (x-xjj)(x-x 2 ) (x-XqHx-X,) 

' V (x 0 - X.) (x 0 - x 2 ) + (X, - x 0 )(x, - x 2 ) y * + (x 2 - x 0 )(x a - X, ) y ‘ l 

- (I -II(i - 2) (5 , t to-lHxj-j) )I5 ,^ (i -1)(j - 2) (31) 


(0 -1> (0 — 2) <2 - 1X2 - 3> 

Substituting the above values, we get 


(3-1) (3-1) 


Thus 


(x-2)(x-3> (x - l)(x — 3) (x — l)(x-2) 

= ———----(Oj 4--- [ ID} 4 -—-l a 1) 

(1-2)(1-3) (2 — 1)(2- 3) (3 - 1)(3 - 2) 

= 2.5{x - 2) (x - 3) - 15 (x - 1) (x - 3) + 15.5 (x - 1} (x - 2) 

3x 2 + x + 1 2.5{x —2)(x -3)- 15 (x - l)(x-3) + 15.5 <x - l)(x- 2) 


(x - 1) (x - 2)(x - 3) 

_ 2.5 15 


(x-1) (x - 2) (x - 3) 


15.5 


x-1 x- 2 x- 3 

Example 29*29* Find the distance moved by a particle and its acceleration at the end of 4 seconds, if the 
time verses velocity data is as follows: 


t: 

0 

i 

3 

4 

v: 

21 

15 

12 

10 


Solution. Since the values of t are not equidpaeed, we use Lagrange's formula : 
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ue* t 


(lg — fj ) (tfg - t 2 ) Uq “ £3) ^ (^| “ ) (?| “ t 2 ) (fj “ ^3 ) ^ 


(f z - /g) (/ 2 “ ) (^2 “ ^3 ^ 


(t 3 -t 0 )u 3 -t 2 )it 3 -t 2 ) 


v= U-DU-3)g-4) (21)+ ^-3)»-4) (15) + «t-»tt-4) (12) + g^l>«-3) (10) 


(-1X- 2)(- 4) 


(IX- 2) (-3) 


(3)(2)<- 1) 


(4)(3)(1) 


v = ~ t- 5/ 3 + 38/ z - 105/ + 252) 

i & 


Distance moved s = udt = ~ (- 5/ 3 + 38/ 2 - 105/ + 252) dt 


1 ( 5f 4 38/ :i 

12( 4 + 3 


105/" 


+ 252/ 


= -f~ 

12V 


320 + - 840 + 1008 


V 

i) =54.1 


Also acceleration 


= 4^ = - (-15/ 2 + 76/ - 105 + 0) 
at 2 


Hence acceleration at it = 4) = — 15< 16) + 76(4) - 105) = - 3.4. 

12 


v = 


ch 

dt 


PROBLEMS 29.5 


1. Use I^igrange’s interpolation formula to find the value ofy when .r - 10. if the following values of x and y are given : 

x : 6 6 0 11 

y : 12 13 14 16 {U.P.7.U., 200ft; J.N.T.U.. 2008) 

2. Given log JU 654 = 2.6156. Uig, 0 658 - 2.8182. log,,. 659 = 2.6186, log 1(J 661 = 2.8202, find by using Lagrange’s 

formula, the value of log,„ 656. (Hazaribagh, 2009) 

3. The following are the men sure men ts T made on a curve recorded by oscilograph representing a change of current / 
due to a change in the conditions of an electric current. 

7’: 1.2 2.0 2.5 3.0 

/ ; 1.36 0.58 0.34 0.20 

Using l^grange's formula, find / at T - 16. 2009) 

4. Using Lagrange’s interpolation, calculate the profit in the year 2000 from Ihe following data : 

Year : 1997 1999 2001 2002 

Profit in Lakhs of? : 43 65 159 248 (Anna, 2004) 

5. Use Lagrange’s formula to find the form of fix), given 

x s 0 2 3 6 

fix) ! 646 704 729 792 {Madras, 2003 S) 

6. lfy(l) = - 3,y(3) - 9, v(4) - 30,yfti) - 132, find the I ji grange’s interpolation polynomial I hut lakes the same values 

asy at die given points. iV.T.L2006 ) 

7. Given f( 0) = - 18. f(l) = 0, f( 3} *0,f(5) — 248, f(6) *=0,f(9)= 13104, find / It) t Nugurjuna, 2003) 

8. Find Ihe missing term in the following table using interpolation 

X i 1 2 4 5 6 

y: 14 15 5 ... 9 

2 

9. Using Lagrange's formula, express the function x + * ~~ 3 — as sum of partial fractions 

x 3 - 2x 2 - x + 2 


29.11 


DIVIDED DIFFERENCES 


The Lagrange’s formula has the drawback that if another interpolation value were inserted, then the 
interpolation coefficients are required to be recalculated. The labour of recomputing the interpolation 
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Finite Differences and Iktewoution 

coefficients is saved by using Newton’s general interpolation formula which employs what are called ‘divided 
differences*. Before deriving this formula, we shall first define these differences. 

If (x ()t y 0 ), (x r y j), v 2 ), ••• be given points, then the first divided difference for the arguments, x 0 , x v is 

defined by the relation |x 0 , Xj] = ——— * 


Similarly \x* t xJ = ——— and [x^xJ = —— 

x 2 ~x l * Xg -X 2 


etc* 


The second divided difference for x Qf x v x 0 is defined as (x Qt x v x 2 l = ———— ! 

The f/urd dimded difference for x 0 , x p x 2 , x 3 is defined as 

t * [x lt x* T x 3 I-[x 0t x,,**] A 

U 0 , X v x 2 t X 3 ] ^ 1 ■ -a -and so on. 

X B ~ X Q 

Ob$. L The divided differences are symmetrical in their arguments vc. independent of the order of the arguments. 
For it is easy to write lr 0l * t l - —^5— + —Zl— = lx v x^l x v x 2 l 


*L 


A 




<*G -^jKx 0 ~X 2 ) Cr, -x 0 )ix l -x 2 ) (x 2 -x Q Hx 2 -x l ) 

= |x i< X r x 0 l or |x 2# x 01 XJ | and so on. 

Ohs, 2, The nth dwtded differences of a polynomial of the nth degree are constants 
Let the arguments be equally spaced so that, x % -x Q ~ x 2 — x x ^ ... = x n — x r , t - h. Then 

xj-x 0 A 

tx n , Jt , ,j = = J_ is& _ Ml 

0,1, 2 * 2 -* 0 2h\h h / 

= —^ A*y 0 and in general, U 0 , x v x r ...xj = A n y <) . 

2 !/r n!A 

If the tabulated function is u nth degree polynomial, then will be constant* Hence the nth divided differences 
will also be constant* 


29.12 


NEWTON'S DIVIDED DIFFERENCE FORMULA 


Let y 0 , y v ... ,y n be the values ofy - fix) corresponding to the arguments x |t x n . Then from the 
definition of divided differences, we have 


so that 


Again 


lx. x 0 ] = 

x-x 0 

y = j’o + tx. jc 0 ) 


...(I) 


x - x. 


which gives \ x , jc 0 1 = [a 0 , AJ + (a - ) + (x - a,) [a, x 0 , a ,! 

Substituting this value of [a, a 0 ] in (1), we get 

y - y <) + (i ' “ x o ) f v o- ■*]! + (* - * 0 ) (* - Aj > [a, A n , A, I 

I,. „ „ l_ 

-*■ j_t J 2-* ~~ -—- 


...( 2 ) 


Also 


A — Xn 


which gives [a, A y , a,,] = |.v 0 , a,, a 2 I + (a, a 2 ) [a, x v , x v x 2 ] 

Substituting this value oflA, a 0 , a ( ] in (2), we obtain 

.V = y 0 + *.x - A n ) [a 0 , A ,1 + (A - A 0 ) (A - A,) [a 0 , X v X 2 ] + (X — A Q ) (A - Aj) (A - A 3 ) [a, A„, A p A.J 
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Proceeding in thin manner, we get 

y = f(x) = y Q + (x ~ x 0 > fx 0 , Xj] + (x - x € ) (x - x t ) U 0 , x p x 2 | 

+ (x - X 0 ) (x “Xj) (x - X 2 ) lx 0 , X v X r X 3 ] + ... 
+ (x - X 0 ) (x - X t >... (x - X n ) fx, X 0 , X v xj 
which is called Afewtou’s general interpolation formula with divided differences* 


US) 


Example 29*30. Given the value* 
x ; 5 7 11 13 17 

fix) ; 150 393 1452 2355 5202, 

evaluate f (9) t using Newton s divided difference formula. 

Solution. The divided difference table is 


(V.TM., 2010; P.TA 7., 2005) 


x 

5 


1! 


18 


17 


y 

150 


392 


1452 


2866 


5202 


Ls 1 / f/ie/diY/ 

392 —150 


2nd divided differences 


3rd divided di fferences 


7-5 


= 121 


1452-392 

11-7 


= 266 


2366 - 1452 
13-11 


' 457 


265 -121 
11-5 ' 


457 - 265 
! 3 - 7 


709 457 
17-11 


24 


^ 32 


=■ 42 


32 - 24 
13-5 


42-32 

17-7 


= 1 


* 1 


5202 - 2366 

17-13 = 709 


Taking x = 9 in the Newton’s divided difference formula, we obtain 



f{9) = 

150 + (9 — 5) x 121 +(9 

— 5) (9 - 7) x 

24 + (9 - 5) (9 - 7) (9 - 

11) X 1 


= 

150 + 484 + 192-16 = 

810. 




Example 29.31. Determine f(x) as a polynomial in x for the following data : 


X 

-4 

- 1 0 

2 

5 



f(x) : 

1245 

33 5 

9 

1335 


(V.T.U.. 2007) 

Solution. The divided differences table is 

X 

fh) 

1st divided 

2nd divided 


3rd divided 

4tk divided 



differences 

differences 


differences 

differences 

-4 

1245 

— 404 





-1 

33 

- 28 

94 


—14 


0 

5 

2 

10 


13 

3 

2 

9 

442 

88 




5 

1335 
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FwrTE Differences and Interpolation 

Applying Newton's divided difference formula 

f{x)=f (x 0 ) + (x - x 0 ) |x 0 , x,) + (or - x 0 ) (x - *,) [x 0 , x v x 2 ] + ... 

= 1245 + (x + 4) (- 404) + (x + 4) (x + l) (94) 

+ (x + 4) (x + 1) (x - 0) (- 14) + (x + 4) (x + 1)x (x - 2) (3) 
= 3x 4 - Sx 3 + 6x a - 14x + 5. 


PROBLEMS 29.6 


1 . Find the third divided difference with arguments 2, 4, 9, 10 of the function fix) - x 3 — 2x. (U.P.T. U., 2005 ) 

2 . Use Newton’s divided difference method to compute f (5.5) from the following data : 

x : 0 1 4 5 6 

f(x) : 1 14 15 6 3 ( U.P.T.U .. 2010) 

3 . Using Newton's divided difference formula, evaluate fill) and f(l 5) given : 

x : 4 5 7 10 11 13 

f{x) : 48 ltX) 294 900 1210 2028 (U.P.T.U., MCA. 2009, V.T.V.. 2008) 

4 . Obtain the Newton’s divided difference interpolation polynomial and hence iind f (8) r 

x : 3 7 9 10 

fix) : 188 120 72 63 [U.P.T.U.. 2007) 

5 . Using Newton’s divided difference interpolation, find the polynomial of the given data : 

x t -1 0 1 3 

fix) : 2 I 0 -1 (Anna, 2007) 

g. For the following table, find f (x) as a polynomial in x using Newton's divided difference formula: 
x : 5 6 9 11 

fix) : 12 13 14 16 

7 . Using the following table, find f (x) as a polynomial in 

X l -1 0 3 6 7 

fx) : 3 - 6 39 822 1611 (U.P.T.U.. 2009) 

g, Find the missing term in the following table using Newton’s divided difference formula 
*: 0 12 3 4 

y: 1 3 9 ... 81 


29.13 


INVERSE INTERPOLATION 


So far, given a set of values of x and y, we have been Finding the values of >■ corresponding to a certain 
value ofx. On the other hand, the process of estimating the value ofx for a value ofy (which is not in the table) 
is called the inverse interpolation. 

Lagrange’s formula is merely a relation between two variables either of which may be taken as the 
independent variable. Therefore, on into r-chan gin g x and y in the Lagrange's formula, we obtain 

x ty-jjKy-jfrMy-y,) v , <y-JpHy-y 2 >•••<? zlnl x 
(y 0 - y t ) ( y 0 - y 2 My® - y„ > 0 -yo><y» - y 2 -yJ 1 

(y*-yo)(yn-y0-<yn-y«-J Xa 

which is used for inverse interpolation. 


Example 29.32. The following table gives the values ofx andy: 

x: 1.2 2.1 2.8 4.1 4.9 6.2 

y: 4.2 6.8 9.8 13.4 15.5 19.6 

Find the value of x corresponding toy— 12, using Lagrange’s technique. (V.T. U., 2009) 

Solution. Here x^ = 1.2, x^ = 2.1, x 2 — 2.8, ij = 4.1, x^ — 4.9, Xg — 6,2 

y Q - 4 . 2 ,y, = 6 . 8 ,y 2 = 9 . 8 ,y 3 = 13 . 4 , y 4 = 15 . 5 ,y 5 = 19.6 


and 
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Takingly = 12, the above formula (1) gives 

r _ (12 -6.8) (12 - 9.8) (12 -13.4) (12 -15.5) (12 -19.6) „ 12 

(4.2 - 6.8X4.2 - 9.8) (4.2 - 13.4) (4.2 -15.5) (4.2 -19.6) 


(12 - 4.2) (12 - 9.8)(12 -13.4)(12 - 15.5)(12 - 19.6) 

+ (6.8 - 4.2) (6.8 - 9.8)(6.8 -13.4)(6.8 -15.5)(6.8 - 19.6) * 2,1 

(12 - 4.2) (12 - 6.8) (12 - 13.4K12 -15.5) (12 - 19.6) 9 

+ (9.8 - 4.2) (9.8 - 6.8) (9.8 - 13.4) (9.8 -15.5) (9.8 -19.6) 

(12-4.2) (12-6.8) (12-9.8) (12-15.5) (12-19.6) 

+ (13.4-4.2)(13.4-6.8)(13.4-9.8)(13.4-15.5)(13.4-19.6) * ‘ 

(12 - 4.2X12 - 6.8) (12 - 9.8) (12 - 13.4X12 -19.6) 

+ (15.5 -4.2) (15.5 - 6.8) (15.5 - 9.8) (15.5 - 13.4) (15.5 - 19.6) X ' 

(12 - 4.2) (12 - 6.8X12 - 9.8) (12 -13,4) (12 -15.5) 

+ (19.6 - 4.2X19.6 -6.8)(19.6- 9.8) (19.6 -13.4M19.6 -15.5) X ' 
= 0,022-0.234 + 1.252 + 3.419-0.964 + 0.055 = 3.55. 


Example 29.33. Apply Lagrange’s formula inversely to obtain a root of the equation f(x) = 0, given that 
f (30) = - 30. f (34) = - 13, f (38) = 3, anil f (42) = 18. (V. T. U ., 2009 S) 


Solution. Here x 0 - 30, x l = 34, jc 2 = 38, * 3 = 42 
and y 0 = -30,yj = -13,y 2 = 3,y 3 = 18 

It is required to find x corresponding toy = fix) = 0. 

Taking y = 0, the Lagrange’s formula gives, 

x _ iy-yQiy-yiHy-ya) . <y-yo><y-yg><r-ya> 

<y 0 -yi)Cv 0 -y 2 )(y D - y 0 )(y - y 2 ) (y t - y 3 ) * l 

+ (y-y 0 Hy-yi)(y-y 3 ) + <y-y 0 Hy-yiXy-y 2 ) ^ 

(y 2 -> 0 )<- v a - * My 2 - y 3 > * 2 ( *> - > <y 3 ~>1 ><y 3 -y%> ;i 


13(- 3) (- 18) x 30 30(-3X-18) 

(- 17X-33X-48) 17(- 16X- 31) 


x 34 + 


30(13) (-18) 
33 (16) (-15) 


x 38 + 


30(13) (-3) 
48 (31) (15) 


x 42 


= - 0,782 + 6.532 + 33.682 - 2.202 = 37.23 
Hence the desired root of f Or) = 0 is 37.23. 


PROBLEMS 29.7 


1 . Apply Lagrange's method to find the value of x when fix) - 15 from the given data : 

x : 5 6 9 11 

fix ) : 12 13 14 16 (Madras, 2000) 

2 . Obtain the value of t when A = 85 from the following table, using Lagrange’s method . 

t : 2 5 8 14 

A : 94.8 87.9 81.3 68.7 


29.14 


OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 29.8 


Select the correct answer or fill up the blanks in the following problems : 

] Newton's backward interpolation formula is 

2 . Bessel's formula is most appropriate when p lies between 

fa) - 0 25 and 0,26 (b) 0,25 and 0.76 (c) 0-75 and 1,00. 

























3. From the divided difference table for the following data: 

x\ 5 15 22 

y; 1 3 6 160 

4. Interpotation is the technique of estimating the value of a function for any ... 

5. Bessel's formula for interpolation is. 

6. The 4 th divided differences for x Qt x v x %t x 3 , x 4 = ........ 

7. Stirling's formula is best suited for p lying between . 

8. Newton's divided differences formula is. 

9. Given (x 0 * y w ), C x v y v ), be zt y 2 ), Lagrange's interpolation formula is 

10. Iff (0) = 1, f(2\ = G./taj = 10 and f U) = 14, then x = 0 . 

11. Gauss forward interpolation formula involves 

(а) even differences above the central line and odd differences on the central line 

(б) even differences below the central line and odd differences on the central line 

(c) odd differences below the central line and even difference# on the central line 

(d) odd differences above the central line and even differences on the centra) line. 

12. If y(l) = 4, y{3) - 12,y{4) - 19 andyU) - 7 fmd x using Lagrange's formula. 

13. Extrapolation is defined as 

14. The second divided difference of f(x) * 1 Jx, with arguments, o, 6, c, is. 

15. Gauss-forward interpolation formula is used to interpolate values ofy for 

(a) 0 < p < 1 (6) * 1 <p < 0 

(c) 0 <p < - a (rf) ~ a <p < 0. 

16. Given 

X ; 0 1 3 4 

y: -12 0 6 12 

Using Lagrange's formula, a polynomial that can be fitted to the data is . 

17. The nth divided difference of a polynomial of degree n is 

(o) stero (6) a constant 

(e) a variable (d) none of these. 

18. If A is the interval of differencing, AV -... 



(Anna, 2007) 










Numerical Differentiation & Integration 


I 1. Numerical differentiation. 2. Formulae for derivatives. 3. Maxima and minima of a tabulated function, i 
4. Numerical integration. 5. Newton-Cotes quadrature formula. 6. Trapezoidal rule. 7. Simpson's 1 /3rd rule. 8. . 
' Simpson’s 3/8th rule. 9. Boole's rule. 10. Weddle's rule 11. Objective- Type of Questions. 


30.1 


NUMERICAL DIFFERENTIATION 


It is the process of calculating the value of the derivative of a function at some assigned value of x from the 
given set of values To compute dy/dx t we first replace the latter as many times as we desire. The choice of 

the interpolation formula to be used, will depend on the assigned value of x at which dy/dx, is desired. 

If the values of x are equi-spaeed and dy/dx, is required near the beginning of the table, we employ 
Newton’s forward formula. If it is required near the end of the table, we use Newton’s backward formula. For 
values near the middle of the table, dy/dx, is calculated by means of Stirling’s or Bessel’s formula. If the values 
of x are not equi-spaced, we use Newton’s divided difference formula to represent the function. 


FORMULAE FOR DERIVATIVES 


Consider the function y = f(x) which is tabulated for the values x i { = x 0 + ih) t i = 0, 1, 2,... n. 

(1) Derivatives using forward difference formula, Newdon’s forward interpolation formula (p. 958) is 

* ^ p(p-l) A2t J p(p“l)(p“2) 

y = To + PAv 0 + + - -- -- v - -* * A To + - 


2 ! 

Differentiating both sides w.r.t p % we have 


d y , 2 P~ 1 . 3p 2 - 6 p + 2 , 

dp "^° + ^T -^- A T 0 + ... 


Since p = > therefore — — 

h dx n 


Now 


dy _ dy dp 1 
dx dp dx h 


. 2 p -1 2 3p 2 - 6 p + 2 - 

AVo + - J ~~ A To + A 3 > 0 


2! 


3! 


4p 3 - 18p 2 + 22p - 6 4 
+ -£— -——A 4 j 0 +■■■ 


4 i 


At x - x Qt p — 0 . Hence putting p - 0, 


(til = - i Aly ° * l A “ y ° ~ 1 A ‘*> + 1 aSj, » ~r A ‘ y ° + "- 




...( 2 ) 


980 






















Numerical DiFF-'irn equation & Integration 

Again differentiating (1) w.r.t. x, we get 

d 2 y d dydp 
dx 2 dpydpjdx 


2 ,? 6p — 6 3 12p 2 -36p +22 , 

2! 0 3! 0 4! 0 


Putting p = 0, we obtain 

f l2..\ 


Similarly 


d'y 
dx 2 

d 3 y 


dx 1 




1 La -3 11 i4 5 .s 137 j6 

= — ife - A _y n h -A y 0 -Ay n + -i V H— 

h 2 L 0 0 12 6 0 180 J 


-«( 3 ) 


■»<4) 


Otherwise : We know that 1 + A = E = e hD 


or 

and 

and 


hD = log (1 + A) = A - - A 2 + - A 3 - - A* + 
2 3 4 

D= I 
h 


D 2 = 


A _I A 2 + A a 3 _ A A 4 + ...1 

2 3 4 J 


h 2 
D 3 = X 


A - - A 2 + - A 3 

-1a 4 + 


A 2_ A 3+11 A 4 +„. 

2 3 

4 

j * 2 

12 


a 3 --a< + . 


Now applying the above identities toy fl , we get 
f rf if J 


dy I 1 , 1*2 1 .3 1**1 1*5 1*6 

tl = h Ay °~ 2 A ^ + 3 A ^-4 A ^ + 5 A ^"6 A ^ + - 


(dV 

,dx 2 


,2 ,3 11 5 - 137 a6 

Alo-H^A^-Av^Ay,- 


and 


dV 

dx 3 


= f[ 42> '°-! 4< *' + '"] 


which are the same as (2), (3) and (4) respectively, 

(2) Derivatives using backward difference formula- Newton's backward interpolation formula 
( p. 958) is 

_ p (p + 1 ) „‘2 p (p + X) (p + 2 ) ^3 

y ~ y n + pVy- + - —* V v rt + — -V y. t + *-* 

rt f Jn 2! " 3! 1 

Differentiating both sides w.r.t. p. we get 

dy ^ 2p + l 2 3p 2 +6p+2 3 

— = Vy n + —- V y n + — - - - V y n + *•• 

dp n 2\ n 3! 

Since p = ———, therefore — = —- 
F h dx h 


Now 


^ = *L . *P = I Vy n ^E±l V 2 y + 3p +6p + 2 V 3 y n + • 
dx dp dx h R 2! " 3! 


At x = x , p - 0. Hence puttingp = 0, we get 



_ 1 

U-rl 

~ h 


Vy„ +1 V 2 y„ + ~ V\y„ +1 V 4 y n + | V 5 y„ + | V 6 y tl + ••• 


...(5) 


...(6) 


Again differentiating (5) w.r.t, x * we have 

( 

dx 2 dp { 


)-=4 

v 2 y ^^ + 6 V 3 V 

+ 6 ^ Z +18p + H V 4 

J dx /, 2 

Jn Jn 

12 
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Putting p = G, we obtain 


(d 2 y) 

1 

[dx 2 ) 

, ~h 2 . 


VV + VV + — VV + - V s y + — VS n + - • 
" ' n 12 ' ” 6 n 180 


Similarly, 


d 3 y^ 

1 ‘ 

[dr 3 J 

* h * 1- 


v 3 y„ + 




..(7) 


.( 8 ) 


Otherwise : We know that 1 - V = E 1 = e hD 
- hD = log (1 - V) = - 


1- n2 , 1 n3 . 1 


V + — V' 1 + — V J + — V t- 

2 3 4 


or 


D= - 

h 


V + -V 2 +- V 3 + -v 4 + ... 

2 3 4 


D 2 = \ 

V + - v 2 + - V 3 + ••■ 

2 _J_ 

V 2 + V 3 + — V 4 + ■•• 

h 2 

L 2 3 J 

h 2 

12 


Similarly, 




V 3 + - V 4 +■■■ 
2 


Applying these identities to y n , we get 


Dy^ i.e ., 


| V 2 y" + | V 3 y„ + ±V 4 y n+ ± V s y n + 1 V 6 y n + ■ 


and 


'dV 

d 3 y^ 

b?, 




h 3 


V a y n+ |v*y n+ -. 


which are the same as (6), (7) and (8). 

(3) Derivatives using central difference formulae. Stirling’s formula (p. 964) is 

p ' Av d + Ay. j 'l p z p(p 2 -l 2 )f +A 3 y_ 


y P =y 0 + u 


.2 iZ^A^-UA^ Jt/„2 ,2i 


+ fr 42 ^ + 


3! 


Differentiating both sides w.r.t. p., we get 


dy = 

'Ay 0 + Ay _j ' 

.2P A 2 y + 3p 2 -l 

(*^-1+^-2) 

dp 

v 2 J 

2 ! A *~’ + 3! 

2 J 


4! 


p 2 -T) 

4! 


&*y-2 + ~ 


A 4 .y_ 2 +.. 


Since p = 


. x-xq . dp _ 1 


Now 


dx h 

dy _ dy^ dp _ 1 
dx dp dx h 


Ay 0 +Ay_, 


2 3p —1 
+ M7-1 +—-— 


*3 


A J y! +A a y : 


2p -p A 4 


12 


AV_ a + - 


At x = x D , p = 0. Hence putting p = 0, we get 


f dy 'j 1 

Ay 0 + 4y j 

1 aVj 1 * A 5 y ^3 

~ h 

2 

6 2 ' 30 2 

- 


Similarly 


'rfV 

dx? 


- "T A 2 _v_ j - — A 4 y_ 2 + — A 6 y_ 3 -1 

k 2 Y 12 90 


...(9) 

..(10) 


Obs. We can similarly use any other interpolation formula for computing the derivatives. 

































































Numerical Differentiation & Integration 


Kxample 80.1. 

Given that 






x: 1.0 

i.i 

1.2 

1.3 

1.4 1.5 

1.6 


y: 7.989 

8.403 

8.781 

9.129 

9.451 9.750 

10.031 


~ and at fa) x = 11 

fir 




(V.T.V., 2006; Madras, 2003 S) 

(b)x= 1.6. 





(Rohtak, 2006; J.N.T. U.. 2004 S ) 

Solution, (a) The difference table is 

: 




X 

y 

A 

A* 

A 3 

A" 

A fi A s 

1,0 

7,989 

0,414 





1,1 

8,403 

0.378 

- 0.036 

0.006 



1.2 

8,781 

0,348 

- 0.030 

0,004 

- 0.002 

0.001 

1,3 

9.129 


- 0.026 


-0,001 

0.002 



0,322 


0003 


0,003 

1-4 

9.451 

0.299 

- 0.023 

0.005 

0.002 


1.6 

9.750 

0,281 

-0.018 




1.6 

10.031 







We have 


and 


(*)„=£ - 1 + 1 ^ - 3' 4 ‘* + 1 A ^“ - 1 a ' J ” + '' 

A V 0 -aVo + ~aVo -|a 5 v 0 ----j 


( ,2 > 
ay 

t_ 

1 

dx^ 

V J 

h 2 

** 


■Xi) 


XU) 


Here h - 0.1, x f) = 1.1, Ay 0 = 0.378. & 2 y 0 = - 0.03 etc. 
Substituting these values in (0 and (it), we get 


te] -Jt 

0.378 - - (- 0.03) + - (0.004) — — 0.001) +1 (0.003) 

IdxJj.i 0.1 

2 3 4 5 


= 3.952 


'dV 


j (o.if L 


- 0.03 - (0.004) + — (- 0.001) - - (0.003) 
12 6 


= -3,74 


(/>) We use the above difference table and the backward difference operator V instead of A, 

Vy. + i v V. ,1V*,. , i V 'y, , 1V 1 + I V*>. , ■ ■.] 


and 


i-i 

{dx) x- _ h 1 


,2 \ 

dx 


,.X£) 

Hi) 


\ u -* y 

Here A = 0.1,* n = 1.6, Vy,, - 0.281, V 2 y n = - 0.018 etc. 
Putting these values in (i) and (it), we get 


dy 

_ i 

0.281 + - (- 0.018) + - (0.005) + - (0.002) + - (0.003) + - (0.002) 

dbc 

1.6 0.1 

L 2 3 4 5 6 J 


= 2.75 


{\ 

d y 


dx A 


71.6 


( O .!) 2 


- 0.018 + 0.005 + — (0.002) + - (0.003) + — (0.002) 
12 6 180 


= -0.715. 
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Example 30*2* 77ie following data gives the velocity of a particle for 20 seconds at an interval of 5 
seconds. Find the initial acceleration using the entire data : 


Time t (sec) 

s 

0 

5 

10 

15 

20 


Velocity v (mlsec) : 

0 

3 

14 

69 

228 

(Arcri 

Solution. The difference table is ; 

/ 


V 

Av 


A*v 

A 3 v 

A 4 v 

0 


0 

8 





5 


3 

11 


8 

36 


10 


14 

55 


44 

60 

24 

15 


69 

159 


104 



20 


228 






An initial acceleration 

fie ^ 
l dt 

j at t = 0 is required, we 

use Newton's 

forward formula: 


1 

(SI 

.„4( 

&> Q - 1 

+ - A 3 ^) - 
3 0 

1a% + -) 



1 

(f), 

_ 1 

=0 ® 

3_I (8 ) + i 
2 3 

(36)--(24)1 = 1 (3-4 
4 J 5 

+ 12-6) = 1 



Hence the initial acceleration is I m/sec 2 . 

Example 30.3* j\ slider in a machine moves along a fixed straight rod. Its distance x cm, along the rod is 
given below for various values of the time t seconds. Find the velocity of the slider and its acceleration when 
t =0,3 seconds. 


t = 

0 0.1 

0.2 

0.3 

0.4 

0.5 

0.6 


X = 30.13 31.62 

32.87 

33.64 

33,95 

33.81 

33.24 

(V.T.U, 

Solution. 

The difference table is : 






t 

X 

A 

A 2 

A 3 

A 4 

A s 

A 6 

0 

30.13 

1.49 






0.1 

31.62 

1,25 

-0.24 

-0.24 




0*2 

32.87 

0,77 

— 0.48 

0.02 

0.26 

-0,27 


0,3 

33.64 

0,31 

- 0.46 

0.01 

-0.01 

0.02 

0.29 

0.4 

33.95 

-0*14 

“ 0.45 

0.02 

0.01 



0,5 

33.81 

-0.57 

- 0.43 





0.6 

33.24 








As the derivatives are required near the middle of the table, we use Stirling's formulae : 


m =1 

l dt j ffl h 


1 f Aro + Ax_j ) 


I A^_ 1+ A'V 3 I l 
6 2 30 


A D x 2 +A X 3 


+ ... 


...(0 
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r d*x 

i dt 2 


A 2 


A E x j —— A*x 2 + — A 6 r_ 
12 2 90 


...(«) 


' '*0 

Here h = 0.1, f 0 = 0.3, Ar 0 = 0.31, Ax j - 0.77, 5?x , - - 0.46 etc. 
Putting these values in (i) and («), we get 



i _j_ 

0.31 + 0.77 1 | 

( 0.01 + 0.02 ^ 

| + J_| 

f 0.02 -0.27) 

Uf J 

U o.i 

2 el 

l 2 J 

1 30 

l 2 J j 


= 5.33 


'dV 




_0.46 - — (- 0.01) + — (0.29) — - 
12 90 


= - 45.6 


Hence 


/0.3 ' * ’ J 

the required velocity is 5.33 cm/sec and acceleration is - 45.6 cm/sec 2 . 

Example 30.4. Using Bessel's formula, find f (7.5) from the following table: 
x : 7.47 7.48 7.49 7.50 7.51 7.52 7.53 

0.193 


x 
f(x): 


7.48 

0.195 


6.198 0.201 0.203 


Solution. Taking x 0 = 7.50, h = 0.1, we have p = - *° 

h 

The difference table is : 


0.206 

x - 7.50 

0,01 


0.208 


(J.N.T.U.. 2006) 


X 

P 

7e 

A 

A 2 

A 3 

A J 

A fi 

A ff 

7*47 

-3 

0.193 

0.002 






7.48 

-2 

0,195 

0.003 

0.001 

-0,001 




7.49 

~1 

0,198 

0,003 

0.000 

- 0.001 

0.000 

0.003 


7*50 

0 

0,201 

0.002 

-0.001 

0J102 

0.003 

— 0.097 

= Q.01 

7.51 

1 

0,203 

0,003 

0.001 

- 0.002 

- 0.004 



7.52 

2 

0,206 

0*002 

-0,001 





7.58 

3 

0*208 








Bessel’s formula (p. 550) is 


y p =y 0 + PAy 0 + 


p(p-l) A'y. 




A’V_, 


2! 2 3! 

, I P~ 2)(p + Dp(p-l)(p-2) 


+ (p + 1) p (p - 1) (p-2) A 4 y^ 2 +A 4 y ^ 


4! 


2 


5! 


■ A 5 y 


(p + 2)p(p+l)p(p-l)(p-2)(p-3) A 6 .v_ 3 +aV2 { 
+ 6! 2 




c . x - x 0 dp 1 dy dy dp \ dy 

h dx h dx dp dx h dp 

Differentiating ( i ) w.r.t p and putting p - 0, we get 
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(=0 — 0,002 — — (— 0.001 + 0 . 001 ) + — ( 0 . Q02) 1 
\dxhs 0.01 [ 4 12 


+ — f- 0.004 + 0.0031 —— <- 0.007)—— (0.010 + 0) 
24 120 240 


[v * 6 y„ = 0] 


= 0.2 + 0 + 0.01666 - 0.00583 + 0.00416 = 0.223. 

Example? 30.6. Find f'(0) from the following data : 
x 3 5 11 27 34 

fix): ~13 23 899 17315 35606 

Solution. As the values ofx are not equi-spaced, we shall use Newton’s divided difference formula. The 
divided difference table is 


X 

fix) 

1st div. difjfl 

2nd div. diff. 

3rd div. dtff. 

4th div. diff. 

3 

- 13 

18 




5 

23 

146 

16 

0.998 


11 

899 

1025 

39.96 

1.003 

0.0002 

27 

17315 

2613 

69.04 



34 

35606 






Fifth difference being zero, Newton's divided difference formula is 

fix) = f(x a ) + (x -X 0 ) f(x D -JCj) + (.T -x 0 )(x -xfi f(x a , X V X 2 ) 

+ (x - x 0 ) (x - x 4 ) (X - x 2 ) fix 0 ,x lt x 2 , x 3 ) + (x - X 0 ) (x - X,) 

X (x - X 2 ) tx - x 3 ) f(x Q , X,, X 2 x 3 , X 4 ) 

Differentiating it w.r.t. x, we get 

f'ix) =/(x 0 , x,) + (2 x-x 0 -x 1 )/'(x 0 ,x,,x 2 ) 

+ [3.x 2 - 2x(x 0 + Xj + x 2 ) + tXpXj + XjX 2 + x^)) x f(x Q , x 1( x 2 , x 3 ) 

+ [4x 3 - 3 x 2 (x q + x, + x 2 + x 3 ) + 2r (XqXj + x,x 2 + x^i, + x 3 x (j + x,x 3 + xjc 2 ) 

-*0*1*2 + *1*2*3 * *2*3*0 * *0*1*3! T<*0* *1’ *2- *3- *4> 

Putting x 0 = 3, x j = 5, x 2 = 11, x 3 = 27 and x - 10, we obtain 

fix) = 18 + 12 x 16 + 23 x 0.998 - 426 x 0.0002 = 232.869. 


MAXIMA AND MINIMA OF A TABULATED FUNCTION 


Newton's forward interpolation formula is 

Pip- 1) 


y =y 0 +My 0 + 

Differentiating it w.r.t. p, we get 


2! 


pip-Dip-2) 

A 2 V 0 + 3 , - A -V 0 + - 


dy 2p—\ 2 3p z -6p + 2 , 

j§ '“V 4 *> + T— ^ + 


...(1) 


For maxima or minima, dy/dp = 0. Hence equating the right hand side of (I* to zero and retaining only 
upto third differences, we obtain 

2 p - 1 3p 2 - 6 p + 2 ., _ 

AV 0 + -V- A-y 0 + - - - A 3 v 0 = 0 


L€. t 


| A 3 >'o j P 2 + ~ A %)P + I Ay 0 -1 A 2 y 0 +1 A 3 y 0 j = 0 
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Substituting the values of Av 0 , A^y 0 , A 3 y Q from the difference table, we solve this quadratic for p. Then the 
corresponding values of x = * 0 + ph at which y is maximum or minimum. 


Example 30-6* Find the maximum and 

minimum value ofy from the following data: 


a: 

-2 -1 

0 

1 2 

3 

4 


y * 

2 - 0.25 

0 

- 0.25 2 

15.75 

56 

(Anna, 2004) 

Solution. 

The difference table 

is : 





X 

.v 

Ay 

A*y 

A?y 

A 4 y 

A s y 

-2 

2 

-2.25 





-1 

-0.25 

0.25 

2.5 

-3 



0 

0 

-0.25 

- 0.5 

3 

6 

0 

l 

- 0.25 

0.25 

2.5 

9 

6 

0 

2 

2 

13.75 

11,5 

Id 

6 


3 

15.75 

40.25 

26.5 




4 

56 







i,e. r 


Taking x„ = 0, we have .y„ = 0, A>' 0 = - 0.25, A^y c , = 2.5, A 3 y D = 9, A\ = 6 
Newton’s forward difference formula for the first derivative gives 


dy _ 1 
dx h 

= 1 
~ 1 


2p-l a2 3p 2 -6p+ 2 a:) 4p 3 - 18p 2 + 22p- 6 . 

AV 0 -—4 70 +- —- —A yo~— -^- L - A >o “■ 


- 0.25 + 


2! 

2X-1 


3! 


4! 


(2.5) + - (3jt 2 - 6x + 2) (9) + — (4x 2 - 18x 2 + 22x - 6) (6) 
2 6 24 


= i I- 0.25 + 2.5.r - 1.25 + 4.5x 2 - 9* + 3 + x 3 - 4.5x 2 + 5.5x - 1.5] = x 3 -x 

Fory to be maximum or minimum, ^ = 0 £.e., x 3 - x = 0 

dx 


x = 0,1, - 1 


Now 


d 2 y _ 


dx 2 


Since 


= 3x z - 1 = - ve for x = 0 

= + ve for x = 1 
- + ve for x = — 1 

xfx -1) 


.v =y Q + xAy Q + 


A 2 y 0 + ...,j(0)-0 


2 ! 

Thus y is maximum for x = 0, and maximum value = y (0) = 0. 
Also y is minimum for x = 1 and minimum value = y (0) = - 0.25. 


PROBLEMS 30.1 


1. Find y (0) and yT- from the following table : 

x: 0 1 2 3 4 5 

y: 4 8 15 7 6 2 

2, Find the first and second derivatives of fix) at x - 1.5 if 

x / 1,5 2.0 2,5 3.0 3.5 4.0 

fix): 3 375 7 000 12.625 24.000 38,875 59.000 


(S.V.TJi, 2007) 
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3. Find the first and second derivatives of t!ie function tabulated below, at the point x - 1J : 



z: 10 1.2 

1.4 

1.6 

1.8 2.0 



y: 0 0.128 

0.544 

1.296 

2.432 4.000 

(U.P.T.U., 2010; Bhopal , 2009) 

4 

(liven the following table of values of x and y 




x: 100 1,05 

1.10 

1.15 

1.20 1.26 

1.30 


y:1 1,000 1.025 

1.049 

1.072 

1.095 1.118 

1.140 


find — and at (a)x ~ 

dx dr*- 

1.05 (bt x = 

1.25 (c) x - 

1.15. 

(V.r.Ll, 2008 ) 

6* 

For the following values of x and y, find the first derivative at x - 4. 



x: 1 2 

4 

8 

10 



y: 0 1 

5 

21 

27 

(J.N-T-U-, 2009) 

6* 

From the following table, find the values of dy/dx and (fyfdr* at x = 2,03. 



*; 1.96 1.98 

2.00 

2.02 

2.04 



y: 0.7826 0.7739 

0.7651 

0 7563 

0,7473 

(Anna, 2005) 


7, Find the vaJue of cos 1,74 from the following table : 

x ; 1,7 1.74 1.78 1.82 1.86 

smx: 0.9916 0-9867 0.9781 0,9691 0.9584 (JM^d.2009) 

8, The distance covered by an athlete for the 60 metre is given in the following table : 

Time (sec) : 0 I 2 3 4 6 6 

Distance (metre) : 0 2.5 8,6 15.5 24.5 36.5 60 

Determine the speed of the athlete at t ^ 5 sec. correct to two decimals. (U.RTll f 2009 ) 

9* The following data gives eonresponding values of pressure and specific volume of a superheated stream, 
i?: 2 4 6 8 10 

p: 105 42,7 25,3 16.7 13 

Find the rate of change of 
(0 pressure with respect to volume when v * 2* 

(itj volume with respect to pressure when p - 105. 

10, The table below reveals the velocity u of a body during the specific time t y find its acceleration at t = 1.1? 

t: 1.0 1*1 1.2 1.3 1 A 

v : 43J 47.7 52,1 56,4 6(18 ( JMTU., 2009) 

11, The elevation above a datum line of 7 points of a road is given below r 

x; 0 300 600 900 1200 1600 1800 

y: 136 149 157 19$ 201 205 193 

Find the gradient of the road at the middle point. 

12, A rod is rotating in a plane. The following table gives the angle 8 (radians) through which the rod has turned for 
various values of the time t second. 

t - 0 0.2 0,4 0,6 0.8 1*0 IJ& 

e 0 QJ2 0.49 1,12 2.02 3,20 4,67 

Calculate the angular velocity and the angular acceleration of the rod, when t = 0.6 second. [V.T.U.. 2004) 

13* Find the value otf f (x) atx ■= 0-4 from the following table using Bessel’s formula 
x ; 0.01 0,02 0,03 0.04 0.05 0.06 

fix): 0 1023 0.1047 0,1071 0.1096 0.1122 0.1148 

14* If y ^ fix) and y n denotes f(x 0 + nh\ pnwe that, if powers of h abeve A 6 be neglected, 

+ W.P.T.U., 200 6 ) 

[Hint; Differentiate Stirling's formula w.r.L x, and put x — Q| 

15* Find the value of fi (8) from the table given below 1 : 


x : 6 7 9 

fix) : 1,556 1.690 1.908 

Find the f (6) from the following data : 
x : 0 2 3 

fix): 4 26 58 


12 

2,158 


(Anna, 2007) 


16 , 


4 

112 


7 

466 


S 

922 


UMTU, 2009 ; tIP.T IL 200ft) 
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I 7 Find the maximum and mini mum values of v from the following table : 
x : 0 1 2 3 4 5 

0 : 0 0,25 0 2.25 16 56,25 

IS, Find the value of x for which fix) is minimum, using the table 

a .• 9 10 M 12 13 14 

fix}? 1330 1340 1320 1250 1120 930 

Also find the maximum value of fix) ? 

ET?1E1 NUMERICAL INTEGRATION 


The process of evaluating a definite integral from a set of tabulated values of the integrand f(x) is called 
numerical integration . This process when applied to a function of a single variable, is known as quadrature. 

The problem of numerical integration, like that of numerical differentiation, is solved by representing f (x) 
by an interpolation formula and then integrating it between the given limits. In this way, we can derive quadra¬ 
ture formula for approximate integration of a function defined by a set of numerical values only. 


NEWTON-COTES QUADRATURE FORMULA 


Let 


/= f b f(x)dx 
Jo 


Yk 


where fix) takes the valuesy 0 , y v y 2 ,... y n for x = * 0 , x v 
x 27 (Fig. 30,1) 

Let us divide the interval (a, b) into n sub-in¬ 
tervals of width h so that x Q — a, x A = x 0 + A, x 2 = x Q + 
2A, ... x n = x Q + nh = b . Then 

+ nh r n 

fix) dx - h [ fixQ + rh ) dr r 

putting x = x 0 * rh , dx = hdr 



y o 


>'i 


y 2 


yn 


*o x 0 + h jr 0 + 2 h 

Fig. 30.1 


x Q + nh X 


-*r 

* ik 


r(r-1) 2 i r(r-I).(r-2) l1 

y 0 +r&y 0 + - A ,V 0 +-^-A a y 0 

r (r - 1) (r - 2){r - 3) 4 r (r - l)(r-2)(r-3)(r-4) 


4! 


A> 0 + 


5! 


A^o 


r (r -1) (r - 2) (r - 3) (r - 4) (r - 5) 6 

+ -zz-A y Q +•■■ 


6 ! 


dr 


[By Newton’s forward inter potation formula] 


Integrating term by, we obtain 

f *0 ■+ nh 


f 4 nn 

S fix) dx = nh 
A.!} 


yo + g A> 0 + ■ 


12 


It 4 

3 it 3 


2 

V 

15/T 


6 


11/r 


*> + 24 

-— A 

> 

3 n 

j 

A 4 > 0 + 

4! 

V 
, 6 " 

225 n 3 274« 2 


4 

3 


-60« 


35n 3 50/t 2 


' A C V 0 


+ 12n 


^ A a y G 




5! 


61 


».(A) 


This is known asNeteim-Cofcii quadrature/br/nida. From this general formula, we deduce the following 
important quadrature rules by taking n - l f 2 t 3 ... 

tillJ TRAPEZOIDAL RULE 


Putting n = 1 in (A) § 30.5 and taking the curve through (Jt* 0r y Q ) and (x v y } ) as a straight line i.e. a 
polynomial of first order so that differences of order higher than first become zero, we get 
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f % + A ( 1 \ It 

£ /X*)dx = A[y 0 +~AyoJ = -(yo+yi* 

Similarly J Ju ’ a * f\x) dx = h y 1 + ^ Ay 1 j = ~ (y, + y 2 > 

nh h 

* y " ) 

Adding these n integrals, we obtain 

P*"* f(*> d* = " l<Jo + ?„> + 2 ^ v i + y-i + -+ y„ . i>] 

*x c A 

This is known as the trapezium rule . 

Ob*. The area of each strip {trapezium) is found separately. Then the area under the curve and the ordinates at x 0 
andjc^, + nh is approximately equal to the areas of the trapeziums. 


SIMPSON'S ONE-THIRD RULE 


Putting n - 2 in (A) above and taking the curve through (x 0 , y 0 ) 5 ix v y x ) and (x 2 , y 2 ) as a parabola Le. r a 
polynomial of second order so that differences of order higher than second vanish, we get 


f Jo+ 2h | ^ fi 

| fix) dx = 2 h (y 0 + Av 0 + - A^y 0 )- (y 0 + 4y l + y 2 ) 

J Ati bo 

p;%+ nh 


/•XO+ nfi fi 

Similarly, fix) dx = — (y 2 + 4y 3 + y 4 ) 

J JCfj + 2A O 


when 


J** + 


nh ^ 

fix) dx = - (y„_ 2 + 4y r _, + y ), n being even. 

*G+ln-2jA O 


Adding all these integrals, we have (when n is even) 

r 

J* 

This is known as the Simpson's one-third rule or simply Simpson's rule and is most commonly used. 


fX 0 + nh fi 

flx)dx = - [(y 0 + y„) + 4(y, +y 3 ) + ... +y„_,) + 2(y 2 +y 4 +... + y„_ 2 )l 

^^0 V 


Ohs, While applying Simpson's 1 13rd rw/e, the given interval must be divided into even number of equal subinter- 
utils, since we frad the area of two strips at a time. 


30.8 


SIMPSON'S THREE-EIGHTH RULE 


Putting n = 3 in (A) above and taking the curve through (x f ,y E ): i - 0, 1,2,3 as a polynomial of third order 
so that differences above the third order vanish, we get 

J*° fix) dx = 3A ^y 0 +1 Ay 0 +1 A 2 y 0 + ~ A 3 y 0 j 
= ~ L b'o + 3y I + 3y 2 +y 3 ) 

Similarly, 

f-To + nh 3 h 

fix) dx = — (y 3 + 3y 4 + 3y 5 + y 6 ) and so on. 

+3 a o 

Adding all such expressions fromx 0 tox 0 . + nh t where is a multiple of 3, we obtain 

+ nh 3/t 

fix) dx = — [iy 0 + yj + 3 ly,+y 2 + y 4 + y s + ... + y„ _ , > + 2(y 3 + y 0 + ... + y n _ 3 J 

o 

which is known as Simpson's three-eighth rule. 

Obs, While applying Simpson's 318th rule t the number of sub-intervals should be taken as multiple of 3. 
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KTiCT BOOLE'S RULE 


Putting n - 4 in (A) above and neglecting all differences above the fourth, we obtain 
£ " fix) dx - Ah fy„ + 2Ay 0 | A 2 y 0 + 1 A 3 y 0 + ^ A Vo ) 


Similarly 


J 'X$ +■ HA vft 

fix) dx = — (7y, + 323>- + 12 .v 6 + 32 y 1 + 7y B ) and so on. 

Jf*j + Ah 45 

Adding all these integrals from x {) to x 0 + nh, where n is a multiple of 4 t we get 

P + "* fix) dx^~ (7y„ + 32y, + 12y 2 + 32y 3 + 14y, + 32y 5 + 12y e + 32y ? + 14y s + 
45 

This is known as Ztoo/e’s rule , 

Obs, While applying Boo/e^ m/e f the number of sub-intervals should be taken as a multiple of 4. 


= f 5 < 7 ?o + 32y, + 12y 2 + 32y 3 + 7y g ) 


2 h 


30.10 


WEDDLE'S RULE 


Putting n = 6 in (A) above and neglecting all differences above the sixth, we obtain 

C * ”* /W * = (» + 3 ^0 +1 <8* * + ^ AV 0 + ii A s x„ + i . ^ A" Jo ] 


41 . 3 


If we replace —y A e _y 0 by — A 6 y 0 , the error made will be negligible. 


J ‘x p +6A 3 h 

fix) dx = — (y 0 + 5y, + y 2 + 6y 3 + y 4 + 5y s + y 6 ) 

Xh 1U 


Similarly 


10 

Sh 


r in ♦ an 3/j 

| fix) dx = —(y 6 + 5y, + y 8 + 6y 9 + y 10 + 5y u + y n ) and so on. 

+t>A 1U 

Adding ail these integrals from x Q to x 0 + nh> where n is a multiple of 6, we get 

J ^e + nh 3A 

fix) dx = -~ (y„ + 5y, + y 2 + 6y a + y 4 + 5y s + 2y 6 + 5y, + y 8 + .„) 

x 0 10 

This is known as Weddle's rule . 

QIxh- While applying Weddle's rule the number of 'sub-intervals should be taken as a multiple of 6\ Weddle's rule is 
generally more accurate than any of the others. Of the two Simpson rules* the 1/3 rule Is better. 

r t; dx 


qX 

——— 6v using (i) Trapezoidal rule , 
a 1 + x" 

(i) Simpson's 113 rule , 

(ii) Simpson's 3/8 rule, 

(Hi) Weddle's rule and compare the results with its actual value. 


(Mumbai, 2005 j 
(J.N.TM, 2008) 
(V.TM., 2008) , 

Solution. Divide the interval (0* 6) into six parts each of width h = 1. The values of fix) - - — are given 

1 + x 


X 

o 

i 

2 

3 

4 

s 

" SH 

fix) 

3 

0.5 

Q-2 

0:1 

0.05SS4 

0.0335 

0.027 

=y 


-V| 

*2 

v 3 

?4 

ft 

- V G 


below : 
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(/} By Trapezoidal rule, 
r 6 i h 

Jo 77? = 2 K*> + *s> + 2 ^1 +>2 + >3 + y* + :M 

i 

= - 1(1 + 0.027) + 2(0.5 + 0.2 + 0.1 + 0.0588 + 0.0385)] - 1.4108. 

(ii) By Simpson's 1/3 rule, 
c B 1 h 

I - J = “ K y a + ,v 6 > + 4( y t + .V 3 + y 5 ) + 2(y 2 + y 4 ) 1 

■'O 1 + X o 

1 

= - [(1 + 0.027) + 4(0.5 + 0.1 + 0.0385) + 2(0.2 + 0.0588)] = 1.3662. 

(lit) By Simpson’s 3/8 rule, 
r c 1 3 h 

L --2 ' T I( - v 0 + yj + + ^2 + y, + *> + 2 y 3 ] 

J o 1 + x 8 

3 

= - 1(1 + 0.027) + 3(0.5 + 0.2 + 0.0588 + 0.0385) + 2(0.1)] = 1.3571. 

(iu) By Weddle’s rule, 

1 IT? + y 2 + 6 -y 3 + y* &v 5 + yJ 

= 0.3[1 + 5(0.5) + 0.2 + 6(0.1) + 0.0588 + 5(0.0385) + 0.027} = 1.3735. 

rfi tlx \ , iG 

Also, [ --- 5 -= tan 1 r =1.4056 

Jo i + jc 2 1 lo 

Oi>m, This shows that the value of the integral found by Weddle's rule is the nearest U> the actual value followed by 
its value given by Simpson's l/3rd. 


Example 30.8. Use the Trapezoidal t ate to estimate the integral f e** dx taking 10 intervals. 

Jo 

(&.P.TU, 2008) 


Solution. Lety = ft = 0.2 and n - 10. 
The values of* and y are as follows : 


x : 

0 

0.2 

0 4 

0.6 

0.8 

L 0 

12 

1.4 

1.6 

LS 

2.0 

y - 

i 

1.0408 

L1785 

1.4333 

1.8964 

2.1782 

4.2206 

7.0993 

12.9358 

25.5337 

54,5961 


y* 


J r 2 


y < 


y« 

yi 

>8 

>D 

J'lO 


By Trapezoidal rule, we have 
r i h 

Jo gI dx= 2 *' Vo+ yi0> + 2( ^i + + ^3 + y* + >5 + >6 + y 2 + y» + y a w 


2 

0.2 


1(1 + 54.5981) + 2(1.0408 + 1.1735 + 1.4333 + 1.8964 


+ 2.178 + 4.2206 + 7.0993 + 12.9358 + 25.5337)] 


Hence 


f 2 3 

e* dx — 17.0621. 
Jo 


#GLt? ^ 2 

Example 30.0* Use Simpson J s 113rd rule to find I e 1 dx by taking seven ot dmates. 

(V.T.U, 2011; Bhopal , 2009) 

Solution. Divide the interval (0, 0 . 6 ) into six parts each of width h - 0 . 1 . The values ofy = fix) - e~* 2 are 
given below : 
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X 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

JC 2 

0 

0.01 

0.04 

0.09 

0.16 

0.25 

0.36 

y 

1 

0.9900 

0.9608 

0.9139 

0.8521 

0.7788 

0.6977 




*2 

*3 

y* 

- v . r t 

>6 


By Simpson's l/3rd rule, we have 

I'D.6 _ % fa 

Jo e *** = a + ^ + 4( - V ' + ^3 + *5 + 2 CV 2 + 

o.i r 

= — f(l + 0.6977) + 4(0.99 + 0.9139 + 0.7788 + 2(0.9608 + 0.8521)] 

= H 11.6977 + 10.7308 + 3.6258| = ~ (16.0543) = 0.5351. 

3 o 


+14 9 

Example 30*10. Compute the value of (sin x — tag x + e x ) dx using Simpson*# *-^th rule. 

(Mumbai* 2005) 


Solution* Lety = sin x — log if x + e* and h - 0*2, n = 6. 
The values of y are as given below : 


0*2 

0.4 

0,6 

0.8 

1.0 

1.2 

1.4 

30295 

2.7975 

2.8976 

3.1660 

3.5597 

4.l 4 «&8 

4.4042 

** 

y% 

>* 

- V 3 

>i 

•>'5 



3 

By Simpson's - th rule, we have 
8 

(l a 3 fa 

i 02 ydx = ~8 ,( - v ° + - v 6 > + 2, ' y 3 ) + 3 Lvj +y 2 + y 4 +y s )i 

- § (0.2) [7.7336 + 2(3.1660) + 3 (13.3247)1 = 4.053 

o 

fl 4 

Hence (sin x - log t x + e ) dx - 4*053. 

Jo.2 


Otis Applications of Simpson's rule. If the various ordinates in §30.5 represent equispaced cross-sectional 
areas, then Simpson's rule gives the volume of the solid. As such, Simpson's rule is very useful to civil engineers for 
calculating the amount of earth that must be moved to fill a depression or make a dam. Similar if the ordinates denote 
velocities at equal intervals of time, the Simpson's rule gives the distance travelled. The following examples illustrate 
these applications. 

Example 30*11. The velocity v (km/min) of a moped which starts from rests, is given at fixed intervals of 
time t (min) as follows : 


t: 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 

y: 

10 

18 

25 

29 

32 

20 

a 

5 

2 

0 


Estimate approximately the distance covered in 20 minutes. 


ds 

Solution. If a km be the distance covered in t (min), then — = u 

dt 


20 


f =0 


r 20 h 

= I v dt - — IX + 4.0 + 2E1, by Simpson's rule 
Jo 3 


Hence h — 2, i/ 0 = 0, l? 1 — 10, v 2 = 18, v 3 = 25 etc* 


(K — — 0 + 0 — 0 
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O = + v 3 + u s + u 7 + i/ 9 s= 10 + 25 ^ 32 + 11 . + 2 = 80 

E = u 2 + u 4 + u 6 + t» g = 18 + 29 + 20 + 5-72 
so 


Hence the required distance = 


(=0 

= 309.33 km. 


= -(0 + 4 x 80 + 2 x 72) 
3 


Example- 30*12, The velocity v of a particle at distance s from a paint on its linear path is given by 
the following table: 


$ (m i: 

0 

2.5 

5.0 

7.5 

10.0 

j 12.5 

15.0 

17.5 

2O.0 

v (mlsec): 


*1 

21 

22 

20 

17 

13 

11 

9 


Estimate the time taken by the particle to traverse the distance of 20 metres, using Boole's rule. 


) 


itmr.u sow) 


ds 


or 


Solution* If t sec be the time taken to traverse a distance s (m) then — = v 

at 

dt 1 , , 

— = - -y (say), 
ds v 


then 


*^20 


* = 0 


f 20 

= Jo ydS 


Here 

Also 


h - 2.5 and n - 8 

i l l 1 l _i 1 _i i 

y ° 16 ,yi ~ 19' yi ~ 4’ y3 ~ 22' y * ~ 20' >5 " 17 * ^' 6 ~~ 13’ ^' T _ H’ >8 "9 


/. by Boole’s Rules, we have 
* = 20 
t 


s =0 


rzu An 

= £ y ds =— (7y 0 + 32^ + 12>’ z + 32y 3 + 14y 4 + 32y s + 12y fi + 32y 7 + 14y a l 

2«.5) r „^) + 32 ^) + 12 ^) + 32 (^ +I4 ^j + 32 ^j 


45 


+ I 2 (^Mn] +14 ® 


= E (12.11776) - 1.35 
9 


Hence the required time = 1.35 sec. 

Example 30.13. A solid of revolution is formed by rotating about the x-axis, the area between the xeix 


the tines x = 0 and x = 1 and a curve through the points with the following co-ordinates 
x: 0.00 0.25 0.50 0.75 LOO 

y: 1.0000 0.9896 0.9589 0.9089 0.8415 

Estimate the volume of the solid formed using Simpson's rale. 

Solution. Here h = 0,25, y 0 = Uy 1 = 0*9896, y 2 = 0.9589, etc. 

Required volume of the solid generated 

= f tty 2 efr = J! ■ ^ [(yl + y|) + 4(y 2 + y|) + 2y|] 

= 0.25 ||U + (0.8415) 2 ) + 4K0.9896) 2 + (0.9089) 2 ! + 2(0.0589) 2 ] 

u 


{Raipur, 20( 


0.25x3.1416 


[1.7081 + 7.2216 + 1.839] = 0.2618 (10.7687) = 2.8192. 
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PROBLEMS 30.2 




J ’i ^ 

—— applying 

o ! + *■ 

(i) Trapezoidal rule 
(ai) Simplon’s 3/8th rule, 
fi dx 

2. Evaluate ——n using (i) Trapezoidal ride taking h - 1/4 

Jo 1 + r^ 

Ui) Simpson's l/3rd rule taking h - 1/4. 

Uii) Simpson's 3/8th rule taking h - 1/6, 

(io) Weddle's rule taking k - 1/6, 

Hence compute an approximate value of it in each case. 


[J.N.T.U., 2009) (it) Simpson's l/3rd rule 








{Mumbai, 2004) 


{J.N.T.U., 2008) 
(IIP. T. t1, 2010 ; V. T. V.. 2007\ 
I Bhopal. 2009) 

tlx 


r tix 

- , dividing 

. 4* + 5 

the range into 10 equal parts, CA«nn, t 2005) 

p6 

4. Evaluate x sec x dx using eight intervals by Trapezoidal rule. 

Jo 


1 f® e* 

5. Evaluate using Simpson's - rd rule U) 1 - 

3 Jo 1 


dx 


+ x 




(lx (Take h - 0.25). 


(w) J 

JO 

d {fx 

6. Evaluate using Simpson’s l/3rd rule —=- t choose step length 0 T 25. 

Jo x* 4 x + 1 

7. Evaluate using Simpson's l/3rd rule, U) f sin* dx using 11 ordinates. 

Jo 

r */2 - 

(ii) -Jew# d& taking 9 ordinates. 

Jo 


8, Evaluate correct to 4 decimal places, by Simplon's ~ th rule 

is 


(U.P.T.U., 2009) 
(U.P.T.U., 2006) 
[J.N.T.U., 2007) 
[V.P.T.U., 2009) 

(V.T.U., 2009 ) 



(i} r B * 

W.P.T.U., M. Tech., 2010) 

f»/2 . 

(ti) \ e* mx dx 

h 


{U.P.T.V.. 2007) 


JoiW 


9. 

Given that 






x : 

4.0 4.2 4.4 

4.6 4.8 5.0 

5 2. , 

1.64^7 



log* : 

1,3863 1.4351 1.4816 

1.5261 1.5686 1.(5094 



f S2 

evaluate | 

loer r r 





(a) Trapezoidal n 

(6) Simpson's l/3rd rule. 


[Kemla, 2002} 


(c) Simp 

:VP -i)‘ ■ T.u„ 2006) 

(</) Weddle’s rule 


(V.T.U.,2008) 

10* 

Use 

compute 

r */a _JL 

Jsin x dx . 

Jd 


( V.P.T.U ., 20081 

11* 

The 

*#) Sts a function of lime : 




f 


5 6 7 




m 


78 70 60 




Using Sini t 




(JMT.m, 2007) 

12. 

A curve i 


he following table : 




x: 


3.5 4 




y • 


26 * 1 




Estimate the area pounded by the tu..* 

. = 4. 


(Bhofxtl. 2007 ) 
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l- ■ A river is BO it wide. The depth d in feet eta distance x ft. from one bank is given by the following table : 

0 10 20 30 40 60 60 70 80 

y; 0 4 7 9 12 15 14 8 3 

Fin d appr cmimately the area of the erass-section . (Hoh ta A, 2005 ) 

14. A ettrve m drawn in pass through the points given by following table : 

** 1 1,5 2 2.5 3 3.5 4 

y: 2 2.4 2.7 2*8 3 2S 2.1 

Using Weddle's rule, estimate the area bounded by the curve, the .r-axis and the lines x - 1, x - 4 AV,T.U. t 2011 S) 
1 ft, A body w id the form of a solid of revolution. The diameter D in ems of its sections at distances x cm* from the one 
end are given below. Estimate the volume of the solid, 
x ; 0 2.5 5.0 7 5 10,0 12*5 15.0 

D : 5 5.5 6,0 6.75 6.25 5.6 4.0 


16* The velocity v of a particle at distances s from a point on its path is given by the table : 
s ft *■ 0 10 20 30 40 50 60 

V ft/sec : 47 68 64 66 61 52 38 


17, 


18 , 


Estimate the time taken to travel 60 ft* by using Simpson's 1/3 rule* 

Compare the result with Simpson’s 3/8 rule 

The following table gives the velocity u of e particle at time / ; 

t [ second i : 0 2 4 6 8 10 12 

a tm/secj i 4 6 16 34 60 94 136 


(U,P>T,U, t 2007) 
(Madras , 2003) 


Find the distance moved by the particle in 12 seconds and also the acceleration at 1 ®-2 sec. (S* V.T, f/„ 2007) 
A rocket is launched from the ground. Its acceleration is registered during the first 80 seconds and is given in the 


table below. Using Simpson's rd rule, find the velocity of the rocket at t - SO seconds, 

3 


t sec : 0 10 20 30 40 50 SO 70 80 

/•(an/sac*) ; 30 31.63 33.34 35.47 37.75 40.33 43.25 46.69 50.67 

(Mumbai, 2004) 

19, A reservoir discharging water through sluices at a depth h below the water surface has a surface area A for various 
values of h as given below : 

A (ft.) : 10 11 12 13 14 

A (sq.ft) r 950 1070 1200 l ib 0 1530 


Iff denotes time in minutes* the rate of fall of the surface i. ; q by dhldl - - 4 fWA 1A * 
Estimate the time taken for the water level to fall from M to 10 ! thv ",es. 


30.12 


OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 30.3 


Select the correct nnsuver or flit up the hUmks itt the fdflaming questions : 

J *) ftx 

—— by Simpson's rule is 
0 1 + x 

in) 0.96315 <6) 0*63915 (c) 0.69315 id) 0.69 

2. Using forward differences, the formula for f '(u) - 

3. fn application of Simpson's 1/3 rule, the intervai h for closer approximation should be ... 

4, fix) is given by 

X : 0 0.5 1 

fix) : 1 0*8 0.5, 

r i 

then using Trapezoidal rule, the value of /Xx) dx is 

Jo 
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5, If x : 
flx) ; 


0 

0 


0.6 

0.25 


1.5 

2*25 


2 

4 


r 2 

then the value of fix ) dx by Simpson’s 173rd rule is... 
Jo 


il Simpson's 3/Hth rule stales that 

7. For the data : 

/ : 3 6 9 

y(0 : -1 1 2 


12 

a. 


f I2 l 

the value of y(t)dt when computed by Simpson’s -rd rule is 
h " 3 


<a»15 (6)10 (c) 0 id) 5. 

8 , WhSe evaluating a definite integral by Trapezoidal rule, the accuracy can be- increased by taking ... 

fl dx ,v 

9. The value of J ---ry by Simpson's 173rd rule (taking n = 174Hs 

10. For the data: 


2 


4 

5 


6 

6 


8 

% 


fix) -■ 3 

f fix) dx when found by the Trapezoidal rule is 
h 


(a) 18 
11 > The expression for 


( 41 . 


ib) 25 (c) 16 

using backward differences is ... 


(rf) 32. 


12. The number or strips required in Weddle’s rule is ... 

13. The number of strips required in Simpson’s 3/8th rule is a multiple of 

(a) 1 ( 6 ) 2 (c) 3 


W.I 6. 


14. iry- - l. y. = ^ ,y 2 = r . .v 3 = “O'! = ~ and h = 7 , then using Trapezoidal rule, f yd* = ... 

* 17 6 26 2 4 Jo 

15. Using Simpson's -rd rule, f — = ... (taking n =4). 

3 i Jo * 

ydx by Simpson’s — th, rule is = ... 
0 o 


I tf 


17, If/'(0>- = 2.1, f<Z) = 7.4, /X3) = 20.1, fl4) = 64.6 and h = 1 , then 

1 H, Simpson’s l/3rd rule and direct integration give the same result if ... 


J> dx by Simpson’s ^ rd rule - ... 


19. To evaluate ( ydx by Simpson’s l/3rd rule as well as Simpson’s 3 /Sth rule* the number of intervals should be.. 

and«,.respectively. 

20 , Whenever Trapezoidal rule is applicable, Simpson’s 1/3rd rule can also be appl ied. 


(True or Falsa) 
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. 1. Introduction. 2. Definition. 3. Formation of difference equations. 4. Linear difference equations. 5. Rules for . 

finding complementary function. 6. Rules for finding particular integral. 7. Simultaneous difference equations with 
' constant coefficients. 8. Application to deflection of a loaded string. 9. Objective Type of Questions. ' 


31.1 


INTRODUCTION 


Difference calculus also forms the basis of Difference equations* These equations arise in all situations in 
which sequential relation exists at various discrete values of the Independent variable. The need to work with 
discrete functions arises because there are physical phenomena which are inherently of a discrete nature. In 
control engineering, it often happens that the input is in the form of discrete pulses of short duration. The radar 
tracking devices receive such discrete pulses from the target which is being tracked. As such differences equations 
arise in the study of electrical networks, in the theory of probability, in statistical problems and many other fields. 
Just as the subject of Differential equations grew out Differential calculus to become one of the most 
powerf ul instruments in the hands of a practical mathematician when dealing with continuous processes in 
nature, so the subject of Difference equations is forcing its way to the fore for the treatment of discrete processes. 
Thus the difference equations may be thought of as the discrete counterparts of the differential equations. 


DEFINITION 


( 1 ) A difference equation is a relation between the differences of an unknown function at one or more 
general values of the argument 

Thus A>W* !,+*„,= 2 ...(1) and Ay {n +1} + A%_„ = 1 ...(2) 

are difference equations. 

An alternative way of writing a difference equation is as under : 

Since Ay in + u = 3 ^ + -y {n + therefore (1) may be written as 

J'tfl ♦ 21 -SWlJ + *„)= 2 -®> 

Also since, A^y (n _ 1 } =y (n + j, - 2y (n) + y (n _ t) , therefore (2) takes the form ; 

^(n + 2> - ^7(n) + ^'(n- 1) = 1 -.(4) 

Quite often, difference equations are met under the name of recurrence relations. 

(2) Order of a difference equation is the difference between the largest and the smallest arguments 
occu ring in the difference equation divided by the unit of increment . 

Thus (3) above is the second order , for 

largest argument - smallest argument _ (n + 2) — n 
unit of increment 1 

Wll , _ f _ (n+ 2 )-(n-l) 

and (4) is of the third order, for --—-—-- = 3* 


= 2, 
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Ob*. While finding the order of a difference equation, it must always be expressed in a form free of As, for the highest 
power of A does not give order of the difference equation. 

(3) Solution of a difference equation is an expression fory in) which satisfies the given difference equation. 
The general solution of a difference equation is that in which the number of arbitrary constants is equal to 
the order of the di fference equation , 

A particular solution or particular integral is that solution which is obtained from the general solution 
by giving particular values to the constants. 


FORMATION OF DIFFERENCE EQUATIONS 


and 


The following examples illustrate the way in which difference equations arise and are formed. 

Example 31*1. Form the difference equation corresponding to the family of curves 

y = ax + bx 2 

Solution, We have Ay = aA(x) + 6 A(x 3 ) = a (x + 1 -x) + 6 [(x + l ) 2 -x 2 ] 

= a + b(2x + 1 ) 

A 2 y> = 2b[(x+l)-x] = 2b 

To eliminate a and ft, we have from (m), ft = A 2 y 


an 

.Mi) 

.MU) 


and form (it), a = Ay - b (£!x + 1) = Ay - i A 2 ? {2x + 1) 

Substituting these values of a and b in (i) f we get 


y = 


Ay - ”A 2 y (2x +1) 


x + ~ A 2 V . X s 
2 


or 


or 


(x 2 + x) A 2 y ~2x Ay + 2y -0 

This is the desired difference equation which may equally well be written in terms of E as 
(x s + x)y xtZ ~( 2x 2 + 4xb' t + 1 + (x 2 + 3x + 2)y x = 0. 

Example 31.2. From y n = AX" + B{-~ 3) n , derive a difference equation by eliminating the constants. 


Solution. We have 


and 


y n = A.2 n + B(- 3)\y n + * = 2 A. 2 " - 3 B(- 3>" 
y n+2 = 4A.2" + 9 R{- 3) n . 


Eliminating A and B, we get 


% 1 1 

y n +i 2 ~ 3 

y n+ s 4 9 

which is the desired difference equation. 


= 0 or y„ + 2 + y„, 1 -6y n = 0 


PROBLEMS 31.1 


1 . Write the difference equation A 3 y x + A 2 }^ + Ay x + y x - 0 in the subscript notation. 

■J. Assuming = y 0 + y^z + y*g 2 + . + yj^* t ., find the difference equations satisfied by y n . 

3 , Form a difference equation by eliminating arbitral constant from u fl ** a2* + *. (Anna, 2008) 

4 . Find the difference equation satisfied by 

(i> y - o/x 4 * ft ( 7 £ rue hi rapaili, 2001 ) Ui ) y = ax 2 - bx. 

£*. Derive the difference equations in each of the following cases r 

(0 y n = A/3 fi + B, 5 r * (ii) y n = (A + Bx) 2\ (Madras, 2001) 

6 * Form the difference equations generated by 


(£) y n ~ax + & 2 * 


+ 2T 


(Hi) y\ = a 2 * + ft3* + c. 
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LINEAR DIFFERENCE EQUATIONS 


(1) Def. A linear difference equation is that in which y n + t , y n + 2 , etc , occur to the first degree only and. 
are not multiplied together. 

A linear difference equation with constant coefficient is of the form 

y n +r+ a i>- n + ,- 1+ *r-2 + - + A?* = A«) 

where a v a 2 , ... a r are constants. 

Now we shall deal with linear difference equations with constant coefficients only , Their properties are 
analogous to those of linear differential equations with constant coefficients. 

(2) Elementary properties. If u^n), u 2 (n ),.... u r in) be r independent solution of the equation 


■« 1 y n + r-l + - + °A = 0 


„.( 2 ) 


then its complete solution is U n = c^u^n) + ... + c F u r (n) 
where Cp r 2 , „. ( c are arbitrary constants. 

If V H is a particular solution of ( 1 ), then the complete solution of ( 1 ) i sy n = U n + V #I , The pari U n is called 
the complementary function (C.F.) and the part V n is called the particular integral (P.L) of(l). 

Thus the complete solution (C.SJ of(l) is y n = C.F. + P.L 

RULES FOR FINDING THE COMPLEMENTARY FUNCTION 

(Le. y rules to solve a linear difference equation with constant coefficients having right hand side zero). 

(1) To begin with, consider the first order linear equation y^ t I - Xy n = 0 , where X is a constant* 

y n + 1 y f y ^ 

Rewriting it as = 0 , we have A h-J- = 0 , which gives y/X n = c, a constant, 

X X VX fl ) 

Thus the solution of (E - X) y n = 0 is y n = c.X n , 

(2) Now consider the second order linear equation y n + 2 + ay n + ; + hy n = 0 which in symbolic form is 

(E?+aE + b)y n = 0 ^ ...( 1 ) 

Its symbolic co-efficient equated to zero i.e.,E 2 + aE + 6 = 0 
is called the auxiliary equation. Let its roots be X jT X 2 . 

Case I. If these roots are real and distinct, then ( 1 ) is to equivalent to 

(E-XJIE-X^y^ 0 --( 2 ) 

(E-^iE-XJy^O »v(3) 

lfy n satisfies the subsidiary equation ( E - XjJy^ = 0 , then it w ill also satisfy (3), 

Similarly, if y n satisfies the subsidiary equation ( E - X^y n = 0 , then it will also satisfy (2). 

/. it follows that we can derive two independent solutions of ( 1 ), by solving the two subsidiary equations 

(E - Xj) y n - 0 and {E - X^) y n = 0 
Their solutions are respectively, y n = c^Xjf 3 and y n - c 2 (X 2 Y * l 
where Cj and c 2 are arbitrary constants. 

Thus the general solution of ( 1 ) is y n - c/Xj)" + c 2 (X 2 ) n 

Case II. If the roots are real and equal (i.e„ X 1 = X 2 ), then ( 2 ) becomes 

{E - X l 'fy n = 0 .44) 

Let y n = <V 2 . 

where z n is a new dependent variable. Then (4) takes the form 

or z n + ^n + 1 + Z n = ^ ^ = ® 

#*• z n - c 1 + c 2 n, where c v c 2 are arbitrary' constants. 

Thus the solution of ( 1 ) becomes y n = (c 1 + c 2 n}(X 1 ) #l . 

Case m. If the roots are imaginary, (i.e. X 1 = a + ip, X * 2 == a - ip) then the solution of (1) is 

y n — a + ifiY 1 + c 2 (a — ipr [Put oc = r cos 0 and p = r sin 0] 

- r* 1 [Cj(cos n 0 + i sin n 8 ) + c 2 (cos n% - i sin /z9)l 
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= r* | A l cos «0 + A 2 sin rt 0 | 

where A p A 2 are arbitrary constants are r = yj {or +p 2 ), 8 = tan " 1 (JJ/a), 

(3) In general, to solve the equation y n + r + r ^ 2 + + a r _y n = 0 where a's are constants : 

O') Write the equation in the symbolic form ( E r + a t E r ~ 1 + + u r )y n - 0 . 

(it) Write down the auxiliary equation Le. t E r + a t E r ~ 1 + « r = 0 and solve it for E, 

(in) Write the solution as follows : 


Roots of A.E. 


Solution, Le, C.F. 


1. X v .(real and distinct roots) 

2 . X v K v ..(2 real and equal roots) 

3* X v X v (3 real and equal roots) 

4. a +ip, a -iJJ, *.*.*.* (a pair of imaginary roots) 


CjtXjf +c 3 (i 2 ) h + 

(Cj + cyjX^/* + r^(X.j)" + „ 
(c, + c/i + cy? 2 ) (y,)" + 
r ' 1 (cj cos 0 + c 2 sin o 0 r 

where r ~ yjiii* * p~) 
and 0 = tan' 1 (p/a) 


Example 31 *3. Solve the difference equation u n + 3 - 2u n + 2 - 5a 0 +; + 6*^ - 0. 

Solution. Given equation in symbolic form is (E 3 - 2 E 2 - 5E + 6 )u 7J = 0 
/. its auxiliary equation is E 3 - 2 i ? 2 - 5Z? + 6-0 

or (E - 1 )(£ + 2XE - 3) « 0 . /, E = 1, - 2, 3 

Thus the complete solution is a n - c^XY 1 + c 2 (~ 2) a + e g (3r* 


Example 3L4 .Solve u ti + 2 ~ 2u n + i + u n ~ 


Solution* Given difference equation in symbolic form is (B 2 - 2E + 1) u n = 0 . 

,*. its auxiliary equation is E 2 ~ 2E + 1 = 0 

or {£~ 1 ) 2 = 0 . .v E = l f l 

Thus the required solution is u n = (e 1 + c £ n)(lf\ i.e.* u n -c l + 

Example 31,5* Solve y n + t - 2y n cos a + y n f = 0* 

Solution, This is a second order difference equation iny A _ , ; which in symbolic form is 

(E 2 — 2 E cos a + 1 ) y n = 0 
The auxiliary equa tion is E 2 -2E cos a + 1 = 0 

_ 2 cos a ± J(4 cos 2 a - 4) . . 

E - -- = cos a ± i sin a 

4 

Thus the solution is y n _ l = (IT “ l I c 1 cos (n - Da + c 2 sin (n - l)a] 
or y n = c j cos na + c 2 sin na * 

Example 31,6, 77ie integers 0 , 1 , /, 2 , J, 5, 5, 13, 21 1 **.. are said to form a Fibonacci sequence. Form the 
Fibonacci difference equation and solve it , 


Solution* In this sequence, each number beyond the second, is the sum of its two previous number. If y n 
be the rath number then y n = y n _ ^ + y n _ 2 for n > 2 . 
or y n + 2 —y a + 1 -y n = 0 (for n>0) 

or (E‘ 2 - E- 1 )y n - 0 is the difference equation. 

Its A.E. is E 2 - E - 1=0 which gives E = ^ (1 ± %^5 )* 


Thus the solution is 




(l+^l 


l 2 J 

+c nW2^ 

\ J 


, for n > 0 
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When n = l, y = 0 


When n = 2,y 2 = 0 


fi + TiP 


fi-Ts] 

1 1 J 

+ C 2 

2 J 


(i + S] 

2 + fx-Jf 

2 J 

T 2 J 


= 0 


= 0 


Solving (r) and (m), we get 

5-S . 5 + ^5 

c i" 10 andc 2 “ 1Q 

Hence the complete solution is 

5-S(l + SX 5 + -J5 


y n = 


10 



HlGHER EWGfNEERfNG MATHEMATICS 

—(i) 

...m 


PROBLEMS 31,2 


Solve the Following difference equations 
K IJ i + a- 6w it i + Sl h = °* 


& 2 tt n + 2Al/ 


[+( i n = 0 . 


3. 

r >- * 2 = 0 Kiven thaty 0 = O.y, - 2, 

7. fix + 3) - 3 fix + 1) - tfix) = 0, 

H. u n 4 3 - 3u n 1 1 + 2u n s 0, given u, » 0 t « s = 8 and = - 2. 


2 

-L (A 2 - 3A + 23tv» * 0 
& 






9. <£T 3 - SE 2 + 8JE - 4 ](y 

10 . 


«*♦!-% + 2w „-l 


„ - 0, given thaty f# 

0 . 


3->i = 2.y»= 22, 

tl ' ->'« 4 3 4 1 = °* 

11 tint. K * - ~ 16 = IB Jcos I2n + l)it + i sin (2n + l>Jt) ; use Dtt Moivre’s theorem.) 

Show that the difference equation l m + , - (2 + rjr) l m + j = 0 has the solution. 

/ Jn = l 0 sinh (n - m) ct/sinh in - 1 > a, if / - / 0 and t n — 0 , a being = 2 sinh 1 l {rjr\^. 

A aeries of values o fy n satisfy the relation. y n t2 + ay n # j + by n . 

Given thaty 0 = Q ( y, = l* y 2 = y 3 =-2. Show that y n - W** 2 «in rjn/4. 

14, A plant is such that each of its seeds when one year old produces 8 -fold and produces IB-fold when two years old or 
more. A seed Ls planted and as soon as a new seed is produced it is planted. Taking y H to be the number of seeds 
produced at the end of Lhe nth year, show that y m 4 ] = 8 y u + 18^ + + y n i)« 

Hence show that y n - 9y n + t - lOy^ - 0 and flndy^. 


12 . 


13 


RULES FOR FINDING THE PARTICULAR INTEGRAL 


Consider the equation y n +r + a^y n j + .« + a r y n = fin) 
which in symbolic form is $(£ty n = /fl») 
where $(£’) = E r + a ^ E r ~ 1 + ... + a r 


UD 


Then the particular integral is given by P.L = 


HE) 


fin). 


Case L When f(n) = a n 


PJ. == — a , put E — a 

HE) H 


H a ) 


a n $ provided fy(a) * 0 


If 4><cz) “ 0, then for the equation 
{ i) (E -a)y n = a", 


P.I. = a n = na n ~ 1 


E - a 
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Ui){E-a)*y n = a\ p .L = - 


n(n ~ 1 ) 
2 ! 


,n - 2 


(Hi) (E -a) 3 y n = a", 
and so on. 


■, - 1 n(n- lXn - 2 ) - 

P.I. * 7Z- s a = --Ti- ° 

(. E-af 3! 


or 


and 


Example 31.7. Solve y n + s - 4y n +} + 3y n = IP. 

Solution. Given equation in symbolic form is (£ 2 - 4£ + 3>y n = 5" 
The auxiliary equation is E 2 ~ 4E + 3 = 0 
(£ - 1 )(E - 3) = 0. £ = 1,3 

C.F. = 0 ,( 1 )" + c 2 (3)" = c, + c 2 . 3" 

1 


P.I = 


E 2 - 4E + 3 


5" 


= -1-5" = - . 5" 

25-4.5 + 3 8 

Thus the complete solution is y n = c ( + c 2 * Z n + 5V8. 

Example 31*8, Solve u n - 4u n +1 + 4u n = 

Solution* Given equation in symbolic form is (E 2 - 4E + 4)u n = 2 ' 1 * 
The auxiliary equation is E 2 - 4E + 4 = 0* a £ - 2 , 2 . 

C.F. - (c t + c 2 ft)2 ft 

P.I. = -L— , 2" » nf " ~ ** . 2" ” 2 = n(n - 1) 2 n ' 3 

(£ - 2) 2 2 ! 

Hence the complete solution is = (C| + c £ n) 2 ^ + nfn - l)2 n " 3 * 

Case XL U7ie/j fin) = s/n An, 

PI= ^ 8 in * n '5S) 

where o = and 6 = e ~ |A . 

Now proceed as in case I* 

( 2 ) When fin) = cos An P.L - —~ cos An = tA=t y 

(jHiW 0 (e) 


( Jhn - tkn > 

e — e 

1 

.1 a n 

1 6 " 

2i J 

2i 

L<>(£) 

«><£) 


' , - xAn 

e + e 


— ^ fr n 4 1 // 3 ] 

2[ot£) 0(£> 


as before 


Now proceed as in case I. 

Example 31 .9* Solvey n + 2 -2 cos a .y n + j + - cos an. 

Solution. Given equation in symbolic form is (E 2 — 2 cos a . E + ljy„ = cos cm. 
The auxiliary equation is E 2 -2 cos a * E +■ 1 = 0 . 


E 


2cos a ± J(4eos J a - 4) . . 

=--= cos a ± t sin a 


C.F. = (l) n [c, cos an + c. t sin an] Le. r ej cos an + c % sin an 

1 


P.L - 


E 2 -2E cos a + 1 


cos an 


{ mix . — ian \ 

e fe 


E l - E{e ,a + e~ m ) + 1 


[Put E = 5| 


{Nagpur, 2008) 


2 
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1 


(E-e m YE-e~ ia ) 
(Put E = <? m ] 


e" 1 " + 


1 


(E-e ,a )(E-e~ ia ) 
[Putff = e iu I 


/ C J a 1 J a A~ 1,1 

(A — e ) e — e 


6 ™* + 


l 


E-e 


- ia - (a ta 

e — e 


4i sin a 


n 


2 sin a 

Hence the complete solution is 


E-e m 

Jain - I) 


- e m - 


E-e~ 


1 


4i sin a 


[ft # — n e ~ lfMW “ ll ] 


- e 


itiUt -1) 


2 t 


n sin (n - 1 ) a 
2 sin a 


n sm (n - 1 ) a 

y„ = c. cos an + c, sin an 4 -— -- 

1 2 2 sin a 


PI. = -L-,n'‘ = ■ 


1 


■ n p 


Case III. When fin) .. ^ + A) 

(1) Expand [<J> (1 4 A )]" 1 in ascending powers of A by the Binomial theorem as far as the term in A>'. 

( 2 ) Expand n ! ‘ in the factorial form (p. 950) and operate on it with each term of the expansion. 


Example 81.10. So/i>ey n + g - 4y n = n 2 4 n - 1. 

.Solution. Given equation is ( E 2 - 4)y n = n 2 4 n - 1. 
The auxiliary equation is E 2 — 4 = 0 , E = ± 2 . 
C.F. = Cj (2Y 1 4 c 2 (- 2)". 


(Madras, 1999) 


P.I. = 


E 2 -4 


(n 2 4 n - 1 ) = 


1 


A 2 4 2A - 3 

1 4 


(1 4 AT - 4 


(InJ a 4 2|nI - 1) = - i 


[n(n - 1) 4 2n - 1|. 


*1-1 

f —& + — ll 

1 

. 3 3 JJ 


Iln ) 3 4 2 (n| — 1 ( 


(£ 4+ £W£ 4+ £l + ... 

3j [3 3j 


t(nl 2 4 2[n( - II 

= “ 1| 1 + | A + | AZ - II =- | {(nj 2 42[n]- 1 4|(2f«]4 2)4 ^x 2 } 

3 1 3 9 J 3 9 27 


tj 

n 1 , 


17 


Hence the complete solution is y n = c } 2 n + c 2 (- 2 )"“ 

Case IV* When f\n) = a n F(n\ Fin), being a polynomial of finite degree in n. 

Now F(/i) being a polynomial in n , proceed as in case III. 


Example 31.11. Solvey n +2 - 2y n + ,+y„ = « E . 2 n . 

Solution. Given equation is tE 2 - 2E + \iy n = n 2 . 2 n . 
Its 


(Nagpur, 2008 ) 


C.F. :fj + c 2 n 


P.I. = 


(E - If 


2 ". a 2 = 2 n 


1 


(2 E - If 


n 2 = 2 " 


and 


a 4 2Ar 
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= 2 ' 1 (1 + 2A)“ Z n(n - 1) + n = 2 n (l -4A + 12A 2 - ...) ([n | 2 + |nl> 
= 2 " l|»l 2 + Ini - 4(2[n] + 1 ) + 12 x 2 } 

= 2"(|ni 2 -7tn] + 20)= 2 n (n 2 -8n + 20> 

Hence the complete solution is_y n = + c 2 n + 2 n (n 2 - 8 n 4 - 20 ). 


PROBLEMS 31.3 


Salve the following difference equations ; 


I. 


- 5j n , j - 6v ( , = 

4 n .y 0 = 

o,y,= l- 

s. 


+ * i + = 


Ji“0. 

3, 

4-* * 

— * 2 3 yp) i * 



4, 

y«.i 

- . i + 4.v„ = 

t>, given thaty D ^ 

5* 

(K 2 - 

45 + :i)v =3 A . 




{Madras* 2003) 
(V.TAL 2009) 
UKtittayami 2005) 


7, « n + j - u n = cos n/2. 


{Madras. 2001 S) 


«• .V I . 3 -4y iW+ 4y i =3.^ + 5.4*. 

8 * ( 2c08 |) y, rl +y p = s‘mpf2. 

10- >„ o + . v .. = * s+ b’o=y I = y-t « °- 


13. y B . 2 + 5y^ 1 +(i)„=n + 2". 

•5. .V„ ^ 3 + 8 > n = (2n + 3) 2" 

17. (E 2 - 5 E ♦ 6j*y* - 4* <* a - k + 5). 


(Tfrchimpalli, 2001) 
i Nagpur, 2009) 
[Nagpur, 2006) 
[Nagpur. 2005 ) 


0. If 2 - 4)v J = x 2 - l. 

11- y n . a - &■>’« * a + 3 >'n +1 + 9y* e 2 ” 4 3«. 

12. <4^ - 4K + l)y = 2" + 2‘\ (Afn*/ra.t, 200/) 

14. u_ 4 9 + 6n_. i + Bu ^ 4 8* + 7. 

!J „,V- 4 , ‘ n .t 4 "r. = nt2 ''- 

18. <E a - 2IZ + 4)y B * - 2- {fi cus y + 2^3 ain yj. 

Ill* A beam of length /, supported a l n points carries a uniform load w per unit length. The bending moments M v M,j . 

Af^ at the supports satisfy the ClapeymiVs equation : 

If a beam weighing 30 kg is supported at its ends and at two other supports dividing the beam into three equal parts 
of I metre length, show that the bending moment at each of the two middle supports is 1 kg metre. 


f f l frj SIMULTANEOUS DIFFERENCE EQUATIONS WITH CONSTANT COEFFICIENTS _ 

The method used for solving simultaneous differential equations with constant coefficients also applies to 
simultaneous difference equations with constants coefficients. The following example illustrates the technique. 

Example 31.12, Solve the simultaneous difference equations 
u . i? ~3u ~ x. 3u + v . — Bv — 

+1 T v x x » I - v x * 1 

subject to the conditions u } = 2, v t = 0. 

Solution, Given equation in symbolic form, are 
(E - 3) u x + v x = x 


3 u s + (E - = 4* 

Operating the first equation with E - 5 and subtracting the second from it, we get 
|(E - 5) fE - 3) - 3Ji/y = (E - 5)x - 4* 
or { E 2 - SE + 12)^ = 1 - 4r - 4* 

4 19 4 J 

Its solution is u x = c Y 2 X + e 2 6 *- — x - — + — 

Substituting the value of u x from (m) in (*), we get 

V - c 2* - 3r 6 X ~ — 

* 1 “ - 5 25 4 

Taking u 1 -2,v l = 0, in (m) and (iv), we obtain 


2c + 6c = — 2c — 18c = ^ 

^ 1 tU{ 2 oc iOC 2 


25 


when 


Cj = 1.33, r 2 = — 0.0167 






-Cw) 
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Hence u j = 1.33.2 1 - 0.0167.6 1 - O.Sx - 0.76 + 4* ~ 1 

u x = 1.33.2 J - 0.05.6* - 0.6* - 1.36- 4*-'. 


PROBLEMS 31.4 


Sutve the following simultaneous difference equations : 

L ?** x~ £ * s + 1 >*■** * i “>* 3 ~ 2<x + 1 > 

2 . y„ + L~ y n + 2 ? n(| sO, 2 ftM - z n - 2y u - 2 *\ 

X U n t , + n = 3u„ + 2v n , u H 4 , -n - u n + 2t> n , given u n = 0. t> 0 = 3. 

1- «*+ + <-i = 2 *- 


31.8 


APPLICATION TO DEFLECTION OF A LOADED STRING 


Consider a light string of length / stretched tightly between A and B. Let the forces P i be acting at its 
equispaced points x. (i - 1 , 2 , n - 1 ) and perpendicular to AB resulting in small transverse displacements y. at 
these paints (Fig. 31.1). Assuming the angle d t made by the portion between x f and x i +l with the horizontal, to be 
small, we have 

sin 0 1 - tan 0 , - 0 i and cos 0 . ~ 1 



F ig. 31.1 


If T be the tension of the string at x ft then T cos B t = T 
L€* m the tension may be taken as uniform. 

Taking^ 11 - x t = A, we have 

y t + = tane , = H ~d) 

y, -y ( _ 1 = * tan B f _, = h% t _ , ...(2) 

Also resolving the forces in equilibrium at {x if yp _L to AS, we get 

T sin 0 . - T sin 0 ., } + P { = 0 re, F ( 6 -- e ; _ x ) + P t = 0 *.,(3) 

Eliminating 0. and 0- ^ l from ( 1 ), (2) and (3) $ we obtain 


yi + i- 2 y, + yi-i = - 


hp. 


...(4) 


which is a difference equation and its solution gives the displacements y r To obtain the arbitrary constants in 
the solution, we takey 0 - y ri - 0 as the boundary' conditions, since the ends A and B of the string are fixed. 


Example 31.13* A light string stretched between two fixed nails 120 cm aparf, carries 11 loads of weight 
5 gm each at equal intervals and the resulting tension is 500gm weight. Show that the sag at the mid point is 
1.8 cm. 


Solution. Taking h = 10 cm, P t = 5 gm and T = 500 gm wt, 
the above equation (4) becomes yr + j - 2y. + y | _ t - — 1/10 

Le ” y, + 2-2y j + 1 +y, = -~ 

Its A.E. is us - If = 0 i.e. E-1,1. C.F. = c t + c 2 i 
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and 


P.I.= -Vs-f = --— 2 ^^ = ~ 

iE -l) 2 l 10 ) 10 (E- l) 2 


1 Hi -1) 1 .. , 2 , 

-= — (t -1 ) 

10 2 20 


Thus the C.S. is y f = c l +c 2 i + — (i - t 2 ) 


Since 


and 


>o = 0 - 

yi2 = 0 - 


20 

c, = 0 

11 

° 2 = 20 


11 . 1 - 2l 
v = — j + — 0 - r) 
1 20 20 


Hence 

At the mid-point i = 6, we gety^ = 1.8 cm. 


PROBLEMS 31.5 


I. A light Hiring of length (n ■* 1 V is stretched between tw o fixed points with a force P. It is loaded with n equal masses 
m at distance /. If the system starts rotating with angular velocity ex find the displacement y. of the ith mass. 


31.9 


OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 31.6 


Silhvt the earn'd answer or fill up the blanks in thr following questions : 

1, y rt - A % n + B 3 f, t is the solution ofthe difference equation ...... . 

% The solution of iE - ij® u n - 0 is..* 

3. The solution of the difference equation u n 4 3 — 2 u tt + 2 - 5u n + j 4 fm n = 0 is * 
i The solution ofy ft ¥ % - y n = 2™ is 

5, The difference equation y n +1 - 2y n * n hasy n = ... as its solution, 
ti. The difference equation corresponding to the family of curves y = ax 2 e bx is ™. 
7, The particidar integral of the equation (E -2 )y f| = I. 

E, The solution of 4y w =y ft # 2 such that y 0 - 0 t y 4 - 2, is ....... 

9. The equation A 2 u n + j + ~ A 2 = 0 is of order .. 

10* The difference equation satisfied by y - a + h/x is ....... 

II* The order of the difference equation y n +if - 2y K + } +y n - 0 is ...... * 

12. The solution ofy F# + 2 - 4y rt , + 4y n ~ 0 is. 

IS. The particular integral of u z ¥ ^ - 6m x + t 4 9i/^ = 3 i*.* 

14* The difference equation generated by u n = ia 4 5n) 3 r is * 

15. Solution of # 2 + f x - = 2" is jK = A(2/3^ 4 B(- 3/2)* + 2 , V28. 


CTrue or False i 
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1, Introduction. 2. Picard’s method. 3. Taylor’s series method. 4. Euler’s method. 5. Modified Euler's method. | 
6. Runge's method. 7. Runge-Kutta method. 8. Predictor-corrector methods. 9. Milne’s method 10. Adams- . 
Bashforth method. It. Simultaneous first order differential equations. 12. Second order differential equations. 
13. Boundary value problems. 14. Finite-difference method, 15. Objective Type of Questions. 


32.1 


INTRODUCTION 


The methods of solution so far presented are applicable to a limited class of differential equations. Fre¬ 
quently differential equations appearing in physical problems do not belong to any of these familiar types and 
one is obliged to resort to numerical methods. These methods are of even greater importance when we realise 
that computing machines are now available which reduce numerical work considerably, 

A number of numerical methods are available for the solution of first order differential equations of the 

form : 

dy 

fa = f te yh given y(x 0 ) * y 0 Ul) 

These methods yield solutions either as a power series in x from which the values of y can be found by 
direct substitution, or as a set of values of x and y. The methods of Picard and Taylor series belong to the former 
class of solutions whereas those of Euler, Runge-Kutta, Milne, Adams-Bashforth etc. belong to the latter class. 
In these later methods, the values ofy are calculated in short steps for equal intervals of x and are therefore, 
termed as step-by-step methods. 

Euler and Runge-Kutta methods are used for computingy over a limited range of jc- values whereas Milne 
and Adams-Bashfbrth methods may be applied for findingy over a wider range of x-values. These later methods 
require starting values which are found by Picard’s or Taylor series or Runge-Kutta methods. 

The initial condition in (I) is specified at the point x 0 . Such problems in which all the initial conditions are 
given at the initial point only are called initial value problems. But there are problems involving second and 
higher order differential equations in which the conditions may be given at two or more points . These are known 
as boundary value problems , In this chapter, we shall first explain methods for solving initial value problems 
and then give a method of solving boundary value problems. 


32.2 


PICARD'S METHOD* 


Consider the first order equation dyklx = fix, ,y) 




* Called after the French mathematician Emile Picard 11856—1941) who was professor in Paris since 1881 and is famous for 
his researches in the theory of functions. 
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It is required to find that particular solution of (1) which assumes the valuey 0 when * = x (y Integrating < I) 
between limits, we get 


...( 2 ) 


f dy= f f(x\y)dx or y-y 0 + f f(x t y)dx 

J *D 

This is an integral equation equivalent to (1), for it contains the unknown y under the integral sign. 

As a first approximation y } to the solution , we put y - y 0 in f{x, y) and integrate (2), giving 

y! = 3'o + f dx 

For a second approximation we put y - y x in fix, y) and integrate (2), giving 
y -2 = y 0 + f f(x,y x )dx. 

Similarly, a third approximation is y :i = y Q 4 f f(x r y 2 ) dx* 

Continuing this process, a sequence of functions of x t i.e.,y v y 2t y 3 ... is obtained each giving a betteT 
approximation of the desired solution than the preceding one. 

Ob*, Picard’s method m of considerable theoretical value, but can be applied only to a limited class of equations in 
which the successive integrations can be performed easily. The method can be extended to simultaneous equations and 
equations of higher order tRee $ 32.11 and 32.12). 

Example 32 J. Using Picard's pnxess of successive approximation f obtain a solution up to the fifth 
approximation of the equation dy! dx ~y 4 x, such that y = 1 when x ~ 0 Cheek your answer hy finding the exact 
particular solution. 

Solution, (a) We havey = 1 4 f (y 4 x) dx. 

Jo 

First approximation. Puty = I, in y + x\ giving 
y x = I + J (1 + x) dx ■» 1 4 x 4 x 2 /2. 

Second approximation . Put y = 1 4 x 4 x 2 /2 in y 4 x\ giving 
y 2 = 1 + (1 + 2x + x*12) dx = 1 + jc + x 2 + jr76. 

Third approximation. Puty =l+r+ a -2 4 x^/6 in y 4 x, giving 

„4 

(1 + 2x + x 2 + Jt 3 / 6) dx = 1 + jt + x 2 + — + — 
c 3 24 

Fourth approximation. Put y = .y a in y + giving 

y 4 = 1 + 

Fifth approximation, Puty =y A iny 4 x, giving 


r 

Jo 


r 3 v * ^ 

1 + 2* + X 2 + — + — 
3 24 


J , « X d X 4 X 

ax = 1 + jc + + — + — +- 

3 12 120 


„3 4 5 ^ 

1 + 2X + JC* + + + —— 

3 12 120 


t/jf = 1 + .V + JT + — + — + — + 


(b) Given equation : 

dy , , 

— - y = x is a Leibnitz’s linear in x. 
dx 

Its LF. being e~* f the solution is 

ye~ x — J xe~ x dx-tc = -xe~ x - J (- e^ x ) dx 4 c = -xe~ x -e~ x + c 
y = ce*-x- 1. 

Since y - 1, w'hen x = 0, c = 2, 

Thus the desired particular solution isy - 2^ — x - 1 


x 3 x A X” 


12 60 720 


Ui) 


[Integrate by parts] 


...(h)' 
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x 2 ^3 ^4 

Or using the series : e* = 1 + x + — + —- + -— 4 - 

2! 3! 4! 


3 4 5 6 

,> x x x x 
V = 1 4* JC + A + -+ —- + -4*- 4- ... 

3 12 60 360 


we get y = 1 + x + x 2 + —- + 4* rrr + ... « *„(m) 

Comparing (i) and (m), it is clear that (i) approximates to the exact particular solution («) upto the term 


in x 6 . 


(P.r.I/., 2002) 


Otis. At £ = 1, the fourth approximation y 4 = 3.433 and the fifth approximation= 3.434 whereas exact value is 3.44. 
Example 32*2* Find the value ofy far x - (hi by Ptcard s method, given that 

iL=y=± ym=,. 

dx y + x 

f-i y — X 

Solution* We have y - 1 + [ -- dx 

Jo y + x 

First approximation . Puty = 1 in the integrand, giving 

= 1 + |~ x + 2 log U + x)£ - 1 - x + 2 log (1 + r) 

Second approximation. Put y = 1 -x + 2 log (1 + x) in the integrand, giving 


r i-x + 


* 1 - ,x + 2 log (1 + jf)-jr 


dx = 1 + f 
2 log (1 + jt) + x Jo 


1 - 


2 j: 


14-2 log (1 + x) 


dx 


which is very difficult to integrate. 

Hence we use the first approximation and taking x = 0.1 in (i) we obtain 
y(0.1) 9 1 - UJ & 2 Log 1.1 * 0,9828. 


.J) 


TAYLOR'S SERIES METHOD* 


Consider the first order equation dyfdx = fix, y) 
Differentiating ( 1 ), we have 

^ ie y” = f +f r 

dx 2 dx dydx •’ * V 




...( 2 ) 


Differentiating this successively, we can get y"\y* v etc. Puttings: = a 0 andy - 0 , the values of (y\* (y*%. 
(y'") 0 can be obtained. Hence the Taylor’s series 


y(x) = y {} + lx - x Q ) iy% + 


{x-Xfijr 


¥%+ 


(x- x 0 ) 3 


&%* - 


—(3) 


2! v ' u ' 3! v 0 

gives tiie values ofy for every value of x for which (3) converges. 

On finding the valuey^ for x = x l from (3 ) f y\y* can be evaluated at x = x x by means of ( 1 ) f (2) etc. Theny can 
be expanded about x = x v In this way, the solution can be extended beyond t he range of convergence of series (3). 

Example 32.3, Find by Taylors series method the value of y at x = 0.1 and x = to five places of 
decimals from dyfdx = x 2 y 1, y(0) = 1* (V. T. (X. SOOit ktuk. 2005) 

Solution. Here (y ) 0 - l f y' =x 2 y — 1, (y% - — 1 

Differentiating successively and substituting, we get 

y" = 2 xy + *y, <y% = 0 

/" = 2y + 4.r/ + *V, (A - 2 

y* v = 6 y' + 6 xy" + jr^y'", (y^ ) 0 - - 6 etc. 


*See footnote p. 145. 
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ton 


Putting these values in the Taylor’s series, 

y(x) = j 0 + xv'(O) + iy'< 0 > + ^y'"( 0 ) + ^(O) + .... 

X 2 x 3 X 4 X 3 X* 

we have y(x) = 1 + x(- 1 ) + —-(OJ + — ( 2 ) + — (- 6 ) + ... = 1 - x + —-—- +... 

^ _ m y r * * i ) h * 

Hencey( 0 . 1 ) = 0,90033 and.y( 0 . 2 ) = 0.80227. 

Example 32.4. Employ Taylor's met hud to obtain approximate value of y at x = 0.2 for the differential 
equation dyfdx = 2y +. 3e x , y(0J — 0. Compare the numerical solution obtained with the exact solution. 

(V.T.U., 2009; P.T.U ., 2003) 

Solution, (a) We have y f - 2y + Se 1 y'(0) = 2y(0) + 3e° = 3. 

Differentiating successively and substitutingx = 0 ,y = 0, we get 

y" = 2y + 3a 1 , y"(0) = 2y'(0) + 3 = 9 

y" = 2y" + 3e\ y"'( 0 ) = 2y"< 0) + 3 = 21 

y“ = 2y"' + 3e*, y'MO) = 2y'"(0) + 3 = 45 etc. 

Putting these values in the Taylor’s series, we have 

y(x) = .y( 0 ) + xy '(01 + |y y"< 0 > + |y 3 ^( 0 ) + |yy"( 0 ) + ... 

„ 0 9 2 21 , 45 . „ 9 2 7 15 4 

= 0 + 3x + — x £ + — x 3 + —x* + ... - 3 x + -x £ + — x J + —x* + ... 

2 6 24 2 2 8 

Hence y(0.2)« 3{0.2) + 4.5(0.2) 2 + 3.5(0.2 ) 3 + 1.875(0.4/ +... = 0.8110 
dy 

( b ) Now - 2y = 3e* is a Leibnitz’s linear in x, 

ax 

Its LF. being the solution is 

ye~ 21 = J 3e x , e~ >2x dx + c = - 3*r* + c or y = — 3e* + re 2 * 

Since y = 0 when x - 0, *\ c = 3, 

Thus the exact solution is y = - e* ) 

When * ^ U.2,y = 3 (t?° 1 -e 0 2 ) = 0.8112 Uii) 

Comparing (i) and (ii) f it is clear that (i) approximates to the exact value upto 3 decimal places. 


Example 32JL Salve hv Taylors series method the equation - v = log fxyf fory(LI) andgiven 

dx 

y(l) =‘ 2 , lHazarfbaglt f 2009) 

Solution. We havey' = logjt + logy ; y'(l) = log 2 

Differentiating w.r.t, x and substituting x = l,y = 2, we get 

y" = 1 + —y ;y'<l> = l + ^ log 2 
x y 2 


y"' = —- + *- + y" + y r 
x 2 y 


—r | y';y'"{ll =~ l + 

y 1 


K 1 + i iog 2 )~\ ci ° e2)2 


Substituting these values in the Taylor’s series about x - 1 , we have 


y(x) =y(l) + (x- 11 /( 1 ) + 


(x - 1 / 
2 ! 


y'U) + 


<x - 1 / 
3! 


y"'(l) + ... 


- 2 + (x - 1 ) log 2 + — (x - 1 / | 1 + - log 2 ) + — (x - l ) 3 - - + 7 log 2 - ] 
2 2 ) 6 L24 4 


y(l.l) = 2 + ( 0 . 1 ) log 2 + 


( 0 . 1 / 


H iog2 ) 


( 0 . 1 )' 


,3 r 


— + — tog 2 -(log 2) 2 

2 4 4 


(log 2 f 


= 2.036 
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y( 1 . 2 ) = 2 + ( 0 . 2 ) log 2 + 



( 0 . 2) 3 

6 


- ^ + 7 log 2 - ~ (log 2f 
2 4 4 


2.081. 


PROBLEMS 32.1 


1* Using Picard 1 !? method, solve dyfdx » - xy with = 0, y^ = i upto Lhird approximation. {Mumbai, 2005 ) 

2. Employ Picard’s method to obtain, correct to four places of decimal, solution of the differential equation dyfdx =* x l 

+ y 7 for x = 0.4, given that y = 0 when x = 0* (J.NLT. U*, 2009) 

3. Obtain Picard's second approximate solution of the initial value problem : y* - x 2 Hy 7 + 1 )*y(0) = 0. 

(Mamthumda, 2008) 

4. Find an approximate value of y when x = 0.1, if dyfdx = x-y* and y ^ I at x = Q* using 

(d) Picard's method <b) Taylor's series. {V.TMh 2010; Madras* 2000) 

ft. Solve y ss x + y given y( 1 ) - 0. Find y( 1 .! ) and yt 1.2) by Taylor's method. Compare the result with ita exact value. 

UN. T. (L t 2008 ; Anna , 2005) 

& Evaluate yfO. 1) correct to six places of decimals by Taylors series method Ifyfr) satisfies 
y* = xy 4 l,y(0) - 1. 

7. Solve y* = 3x -4 y 2 f y(0) - 1 using Taylor's series method and computer y<0.1 )* {Mumbai* 2007) 

8, Using Taylor aeries method, find yffi.I) correct to 3-dedmal places given that 

dy fdx - r* -y^yfO) - L 


32.4 


EULER'S METHOD* 


Consider the equation — = fix, v) 

dx 


...( 1 ) 


given that .y(* 0 ) = y 0 . Its curve of solution through 
P(x 0 ,y {] ) is shown dotted in Fig. 32.1. Now we have to 
find the ordinate of any other point Q on this curve. 

Let us divide LM into n sub-intervals each of 
width h at L p L 2 , ... so that h is quite small. In the 
interval LL } , we approximate the curve by the 
tangent at P. If the ordinate through L, meets this 
tangent in + /i.yj), then 
.Vj = L i P l ~LP + R 1 P l 


= y 0 + PR j tan 8 -y 0 + h 


fdy 

V dx 



= y 0 + hf{x 0 ,y 0 ) 

Let P l Q 1 be the curve of solution of ( 1 ) through P l and let its tangent at i\ meet ihe ordinate through L., 
in P 2 ix u + 2 /i, y 2 ). Then 

y 2 =y\ + h f(x 0 *h,y l ) ...( 2 ) 

Repeating this process n times, we finally reach an approximation MP of MQ given by 


y« - y n - i + h * n - 1 h > y* ~ i> 

This is Eulers method of finding an approximate solution of ( 1 ). 

t M>s. In Euler's method, we approximate the curve of solution by the tangent in each interval, c, . <■ of 

short lines. Unless h is small, the error is bound to be quite significant This sequence of lines may also devi.. u 

ably from the curve of solution. Hence there is a modification of this method which is given in the next section. 

Y*x ample 32.6. Using Euler's method, find an approximate value of y corresponding to x = 1 T given that 
dyfdx = x+y and y = 1 when x = 0. (Mumbai, 2005; Rohtak t 2003) 


7|r See footnote p. 302. 
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Solut ion. We take n = 10 and h — 0,1 which is sufficiently small. The various calculations are arranged as 
follows: 


X 

y 

x + y = dy tdx 

Old y + 0.1 Ulyfdx) - new y 

0,0 

] .00 

1.00 

1.00 + 0.1(1.00) = 1.10 

0,1 

1.10 

1.20 

1.10 + 0.10.20) = 1.22 

0,2 

1.22 

1.42 

1.22 + 0.1(1,42) = 1.36 

0.3 

1.36 

1.66 

1,36 + 0.1(1,66) = 1,53 

0.4 

1.53 

1.93 

1.53 + 0.10.93)= 1.72 

0,5 

1.72 

2.22 

1.72 + 0.1(2.22)= 1.94 

0.6 

L94 

2.54 

1.94 + 0.1(2.54) =*2.19 

0.7 

2.19 

2.89 

2.19 +0.1(2 89) = 248 

0,8 

2.48 

3.89 

2.48 + 0.1(3.89) = 2.81 

0,9 

2.81 

3.71 

2,81 +0.1(3.71) = 3.18 

1.0 

3,18 




Thus the required approximate value ofy = 3.18. 

Ob* In example 32.1, the true value ofy from its exact solution at x ^ l is 3.44 whereas by Euler's meLhod y = 3,18 
and by Picard's method y =3.434. In the above solution, had wo chosen n = 20, the accuracy would have been considerably 
increased but at the expense of double the labour of computation. Euler’s method is no doubt very simple but cannot be 
considered as one of the best. 


dy y — x 

Example 32.7, Given — = r -- with initial condition y = 1 at x -6; find y for x = QJ by Eulers method. 


dx y + x 


(PTtl,2G01) 


Solution, We divide the interval (0, 0.1) into five steps Le. we take n = 5 and h = 0.02. The various 
calculations are arranged as follows : 


X 

y 

(y - x Wy + jr) = dyhtx 

Old y + 0.02 {dyidx) - new y 

0,00 

1.0000 

1.0000 

1.0000 + 0.02 (1.0000) = 1.0200 

0,02 

1,0200 

0.9615 

1.0200 + 0.02 (.9615) = 1.0392 

0.04 

1,0392 

0.926 

1.0392 + 0,02 (.926) = 1.0577 

0*06 

1.0577 

0,893 

1.0577 + 0.02 (.893) = 1.0756 

0,08 

1*0756 

0.862 

1.0756 + 0.02 (.862) = 1.0928 

0.10 

1.0928 




Hence the required approximate value of y - 1.0928. 


32.5 


MODIFIED EULER'S METHOD 


In the Euler’s method, the curve of solution in the interval LL } is approximated by the tangent at P 
(Fig. 32,1) such that at P v we have 

y 1 =y 0 + Ul) 
Then the slope of the curve of solution through P { lie, ldy/dx) Pi = f(x Q + A, yj)\ is computed and the 

tangent at to P^Q x is drawn meeting the ordinate through L 2 in P 2 (x 0 + 2A, y 2 ). 

Now we find a better approximation y^ l) of y{x Q + A) by taking the slope of the curve as the mean of the 
slopes of the tangents at P and P v Le . 

= >o + \ I fte 0 *yj + 0 + A. JiM ~* 2 > 

As the slope of the tangent at Pj is not known, we takeyj as found in (1) by Euler’s method and insert it on 
R,H.S, of (2) to obtain the first modified value y, m . The equation (1) is therefore, called the predictor while (2) 
serves as the corrector ofy v 
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Again the corrector is applied and we find a still better vaI uey } <2> corresponding to L t as 

+ \ + f (x o + 

We repeat this step, till two consecutive values ofy agree. This is then taken as the starting point for the 
next interval L X L T 

Once .Vj is obtained to desired degree of accuracy ,y corresponding to L 2 is found from the predictor 

y 2 =y\ + h f (x n + h* yi ) 

and a better approximation y% lt is obtained from the corrector 

y-J h= y’i + r, 1A* 0 + + fix 0 + 2h,y 2 )\. 

We repeat this step until y 2 becomes stationary. Then we proceed to calculate y :j as above and so on. 
This is the modified Euler's method which is a predictor-corrector method. 

Example 32.8, Using modified Eulers method, find tut approximate value ofy when x = 0.3, given that 
dy/dx ~ a + y and y = 1 when x = 0, {Rnhtak, 2005 ; Bhopal, 2002 S ; Delhi. 2002 ) 

Solution. Taking h = 0.1, the various calculations are arranged as follows : 


X 

* *y =y 

Mean slope 

Old y + 0. / (mean slope ) = new 

0.0 

0 + 1 

— 

1.00 + 0.1 (1.00) 

= 1.10 

01 

.1 + 1.1 

Id. 1.21 

1.00 + 0.1(1.1) 

* 1,11 

0.1 

.1 4 1.11 

- fl 4 1.21) 

2 

1.00 4 0.1(1.105) 

^ 1,1105 

0.1 

.1 4 1.110ft 

i(l + 1.21051 

2 

1.00 + 0.1 (1.1062) 

- 1,1105 

0.1 

1.210ft 

— 

1 1105 + 0.1 (1.2105) 

= 1,2316 

0,2 

.2 + 1.231(1 

— (1.2105 + 14316) 

2 

1.1105 + 0.1 (.1.3211) 

^ 1.2426 

0.2 

.2 4 1.2426 

1 (1.2105+ 1.4426) 

2 

1.1105 + 0.1 (1.3266) 

= 1,2432 

0.2 

.2 + 1.2432 

1 (1.2105+ 1,44321 

2 

1.1105 + 0.1(1.3268) 

* L2432 

0.2 

1.4432 

— 

1.2432 + 0.1 (1.4432) 

= 1,3875 

0.3 

.3 4 1.3875 

— (1.4432 + 1.68751 

2 

1.2432 + 0.1 ( 1.5654) 

= 1,3997 

0.3 

.3 4 1.3997 

— (1.4432 +■ 1.6997) 

2 

1.2432 + 0.1 (1.5715) 

= 1,4003 

0.3 

.3 4 1.4003 

*(1.4432 + 1.70031 

2 

1.2432 + 0.1(1.5718) 

= 1.4004 

0.3 

.3 4 1.4004 

- (1.4432+ 1.70041 

2 

1.2432 + 0.1(1.5718) 

= 1.4004 


Hence y(0.3) - 1.4004 approximately. 

Obs, in example 32.15, the approximate value ofy forx - 0.3 would be 1,53 whereas by modified Eulers method the 
corresponding value is 1.4004 which is nearer its true value 1.3997* obtained from its exact solution y - 2e* - x - 1 by 
putting x - 0.3, 


Example 32 3* Using modified Euler's method, findy(0.2) and y(0.4) given 

y ' = y + €* t y(0) - 0. 


UN.TM. f 2009) 
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Solution. We have y* = y + c* = f\x t y ); x = 0, y = 0 and A = 0.2 
The various calculations are arranged as under : 

To calculate ,v(0.2): 


X 

*+**=?' 

Mean slope 

Old v + h (mean slope 1 = new y 

0,0 

i 

— 

0+0.2(1) =0.2 

0.2 

0.2 *&* = 1.4214 

i(l+ 1.4214) = 1.2107 

2 

0 + 0.2 <1.2107) = 0.2421 

0,2 

0.2421 + e 02 = 1.4636 

- (1 + 1.4635) = 1.2317 

2 

0 + 0.2(1.2317) = 0.2463 

0,2 

0.2463 + (? ft2 s 14677 

*U + 1.4677)= 1 2336 

2 

0 + 0.2 D .2338) = 0.2468 

0.2 

0.2468 + t’ oa = 1.4662 

-(It 1.4682)= 1.2341 

2 

0 + 0.211.2341) = 0.2468 

Since the last two values ofy 
To calculate y(0.4). 

are equal, we take y(0,2) = 0,2468. 


x 

.V+<>*=>' 

Mean sh>i>c 

Old v + h (Mean slope) - new y 

0.2 

0.2468 + e a “ = 1.4682 

— 

0.2468 + 0,2 f 1.4682) = 0.5404 

0.4 

0,5404 + t 04 = 2.0322 

if 1.4662 + 2.0322)= 1.7502 

2 

0.2468 + 0.2 (1.7502) = 0,5968 

0.4 

0.5966 + e°* = 2.0887 

- {1.4682 + 2.0887 ) = 1.7784 

2 

0.2468 + 0.2 (1.7784) = 0.6025 

0.4 

0.6025 + r° 1 = 2.0943 

if 14682 + 2.0943) = 1.78125 

2 

0.2468 + 0.2 (1.78125) = 0.6030 

0.4 

0.6030 + e ° 4 = 2.0949 

1 (1.4682 + 2.0949)= 1.7815 

2 

0.2468 + 0.2 (1.7815) = 0.6081 

0.4 

0.6031 + e 04 = 2.0949 

- (14682 + 2.0949) = 1.7816 

2 

0,2468 + 0.2 (1.78151 = 0.6031 


Since the last two value of y are equal, we take y( 0.4) - 0.6G3L 
Hence>(0.2) = 0.2468 and >{0.4) = 0.6031 approximately. 

Example 32 JO* Solve the following by Euler's modified method: 

^ = togU+y),y(0) = 2. 

dx 

at x = 1.2 and 1,4 with h = 0.2. {Bhopal. 2009 ; U.P. T. U„ 2007) 


Solution. The various calculations are arranged as follows : 


X 

log (x*y)=y 

Mean slope 

Old v + 0.2 {mean slope ) = new y 

0.f> 

log (0 + 2) 

— 

2 t- 0.2 (0.301) = 2 0602 

0,2 

log {0.2+ 2.0602) 

i(0.301 +0,3541) 

2 

2 + 0.2 (0.3276) = 2.0655 

0,2 

log T0.2 +2.0655) 

- (0.301 + 0.3552) 

2 

2 + 0.2(0.3281) = 2.0656 

0.2 

0.3552 


2.0656 + 0.2 (0.3552) = 2.1366 

0.4 

log (04 + 2.1366) 

1 {0.3552+ 04042) 

2 

2.0656 + 0.2 (0.3797) = 2.1415 

0,4 

log (04+2.1415) 

1 (0,3552 + 0.4051) 

2 

2.0656 + 0,2 (0.3801) = 2.1416 
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X 

log (r + yi = y' 

Mean slope 

Old y + 0.2 (men/i slope) - new y 

0,4 

0.4051 

— 

2.1416 + 0.2 (0.4061) = 2.2226 

0,6 

log ( 0.6 + 2.2226) 

1 (0,4051 + 0.4506) 

2 

2.1416 + 0.2 10.4279) = 2.2272 

0.6 

lop £0.6 + 2.2272) 

- (0.4051 +0.4514) 

2 

2.1416 + 0.2 (0.4282) = 2.2272 

0.6 

0.4514 

— 

2.2272 + 0,2(0.4614) = 2.3176 

0,8 

log (0.8 + 2.3175) 

i (0.4514 + 0.4938) 

2.2272 + 0.2 (0.4726) = 2.3217 

0.8 

Ing ( 0.8 + 2.3217) 

i (0.4014 + 0.4943) 

2.2272 + 0.2(0.4727) = 2.3217 

0,8 

0.4943 

— 

2.3217 + 0.2 (0.4943) = 2.4206 

1.0 

log (1 + 2.4206) 

1 <0.4943 + 0.5341) 

2 

2,3217 + 0,2 (0.0142) = 2.4245 

M3 

log (1 + 2.4245) 

i (0.4943 + 0.5346) 

£t 

2.3217 + 0.2(0.5144) = 2.4245 

L0 

0.5346 

— 

2.4246 + 0.2 (0.5346) = 2.5314 

12 

log 0.2 + 2.5314) 

i (0.5346 + 0.5719) 

2.4245 + 0.2 (0.5532) = 2.5351 

12 

log (1.2 + 2.5351) 

i (0.6346 + 0.5723) 

4 

2.4245 + 0.2 (0.5534) = 2.5351 

1,2 

0.6723 

— 

2.5351 + 0.2 (0.6728) = 2.6496 

U 

log (1.4 + 2.6496) 

i (0.5723 + 0.6074) 

2.5351 + 0.2 (0.5898) = 2.6531 

L4 

log (1.4 +2.6531) 

i (0.5723 + 0.6078) 

m 

2.5351 + 0.2 (0.5900) = 2.6631 


Hencey(1.2) ^ 2,5351 and >'(1.4) = 2,6531 approximately, 

Example 32*1 1 , Using Eulers modified method, obtain a solution of the equation d.y/dx~x + | *Jy ] t with 
initial conditions y = 1 atx - 0, for the range 0 Sx < 0.6 in steps of 0.2. iV.T. U., 2007) 

Solution. The various calculations are arranged as follows : 


X 


an 


0,2 

G.2 + 

0,2 

0.2 + 

0*2 

0.2 + 

0*2 


0.4 

0.4 + 

0.4 

0,2 * 

0*4 

0.4 + 


*+ \Jy\=y 
0+1 = 1 

IvOil = 1 2954 
[ ,/d .229511 = 1.3083 
| -ftl. 2309) | = 1.3094 
1,3094 

| V(l-492711 = 1.6218 
| Vd-524) | =1.6345 
| 7(1.5253) | = 1.6350 


Mean slope 

ill + 1,2954)= 1.1477 
£ 

i(l + 1.3088)= 1.1544 
i(l + 1.3094) = 1.1547 

i( 1.3094 + 1.6218) = 1.4654 
2 

1 0.3094 + 1.6345) = 1.4718 

2 

i( 1.3094 + 1.6300) = 1.4721 
2 


Old v + .2 Iwoii slope) = new y 
1 + 0.2 0 ) = 1.2 
1 +0.2 0.1477)= 1.2295 

1 +0.2 0.1544)= 1.2309 

1 +0,2 0.1547)= 1.2309 

1.2309 + 0.2(1.3094)= 1.4927 

1.2309 + 0.2 (1.46541= 1.5240 

1.2309 + 0.2 (1.4718) = 1.5253 

1.2309 + 0.2 0.4721) = 1.5253 
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X 


*+\Jy\ «/ 

Mean sfope 

Old y + .2 (mean slope) = newy 

0.4 


1.6360 

— 

1.5253 + 0.2 (1.635> = 1.8523 

0,6 

0.6 + 

|/U.S52S)|= 1-9610 

- (1.635 + 1.961) = 1.798 

2 

1.5253 + 0.2(1.798) = 1.8849 

0.6 

r 

0.6 + 

= 1.9729 

-(1.635 + 1.9729)= 1.8040 

2 

1,5253 + 0,2 (1.804) = 1.8861 

0.6 

06 + 

| Jil.& S61)| = 1.9734 

- (1.835 + 1 9734) = 1.8042 

2 

1.5253 + 0.2 (1.8042) = 1.8861 


Hencey(0.6)~ 1,886! approximately* 


PROBLEMS 32.2 


I* Apply Eulers method to solve y* = x + y.y(0) = 0, choosing the step length = 0.2. (Carry out 6 steps). 

(Kcfttayam, 2005) 

2* Using simple Euler's? method solve Tory at x =*- 0.1 from dy/dx + y +■ ry.^O) = 1, taking step she h # 0.026. 

3* Using Eulers method, find the approximate value of y when dyidx - x 7 + /* andy(0) = 1 in five steps {Le. h = 0*2). 

( Mumbai, 2006) 

4, Solve y' =* 1 ~y,y(0) = 0 by modified Euler’s method and obtain y at x *= 0.1, 0-2; 0.3. (Anna, 200$) 

6- Given / + sin y,y(0) = 1. ComputeyfOJS) and yf 0.4 > with A = 0.2 using Eulers modified method. 

t*M7U/„ 2007) 

6. Given thaL dyidx - xr + y and y(0) - 1, Find an approximate value of y(0.1) taking h - 0,06 by modified Euler's 

method (VXU..2010) 

y ™ jf 

7. Given — = --- with boundary conditions J = 1 when x = 0, find approximately y for x = 01, by Euler’s modified 

ux y + x 

method I'd steps). (V.T. U ., 200?) 

8. Given that dyidx - 2 + <J{xy) andy s* t when x * l. Find approximate value ofy at x * 2 in steps of 0.2, using Euler's 

modified method. (Anna, 2004) 


RUNGE'S METHOD* 


Consider the differential equation, 

rfv 


dx 


= /U.y).y(*d) = y 0 


*..d) 


Clearly the slope of the curve through P(x 0 , y 0 ) is 
> (Fig. 32.2). 

Integrate both sides of (1) from (x 0 , y 0 ) to (* 0 + h f 
y (] + A), we have 

J .Vri + if f x f , + h 

dy= \ f(x % y) dx ,..(2) 

J*a J Tp 

To evaluate the integral on the right, we take N as 
the mid-point of LM and find the values of f(x, y) (Le. 
dyidx) at the points x Q , x u + hi 2, ,v 0 + A. For this purpose, we 
first determine the values ofy at these points. 

Let the ordinate through N tut the curve PQ in S 
and the tangent PT in S y The value ofy s is given by the point S v 
y & = NS = LP + HS X = y Q + PH tan 0 



* Called after the German mathematician Carl R tinge (1856-L927) who was professor at Gottingen. 



















1018 


Higher Engineering Maithematcs 


h h 

= .V 0 + 2 [dy/dx) P =y f> + 2 f (x °' y<>) "' (3) 

Also y T = MT = LP + RT = y Q + PR tan 8 = y 0 + A/U 0 , y 0 ). 

Now the value of at a 0 + h is given by the point T where the line through P drawn with slope at 
T(x 0 + h y y r ) meets MQ. 

v Slope at T = tan 0' ^ /‘{* 0 + A, y r > = f\x Q + A, y 0 + A/(jt 0 , y 0 )| 

= MR + /fr - y 0 + FT tan O' ~ y 0 + A/lx 0 + A * y 0 + A/(* 0 , y 0 )| ..,(4) 

Thus the value of f(x, y ) at P - f{x 0f y 0 X 
the value aff(x,y) at S = f(x 0 + A / 2,y 5 ) 
and the value of f(x* y > at Q - f(x Q + A, yq) 
where y v and y^ are given by (3) and (4). 

Hence from (2), we obtain 

k ~ f f(x f y > dx = — \f p + 4f s + f Q \ I By Simpsons 1 rule (p. 1106)1 

Jx n 6 " v 


= ^ t/’<* 0 .y 0 ) + V (* 0 + A / 2 *> , s ) + n* 0 + ** >'^>1 

which gives a sufficiently accurate value of k and also ofy -y 0 + A* 

The repeated application of (5) gives the values of y for equispaced points. 
Working rule to solve (I) by Runge's method: 

Calculate successively 

*i = hf{xQ,y Q ) 

k 2 = hf{x ii +%h,y 0 + 4 ^) 


and 

Finally compute. 


k’ = hf& 0 + h,y a +k ,) 
k 3 = hf(x 0 + h,y 0 + k’) 

k = i (k, + 4k 9 + kJ. 
6 1 2 3 


(Note that k is the weighted mean of k p k 2 and k$) 


-.(5) 


Example 32,12* Apply Runge's method to find an approximate value ofy when x = 0.2, given that dyidy 


= x + y and y - 1 when x - 0. 

Solution* Here we have = 0 t y 0 - 1 , A = 0 . 2 *f(x 0 *y 0 ) = 1 

k v - hf(x Qf y 0 ) - 0.2 ( 1 ) - 0.200 

k 2 = hf(x 0 + \h, ,y 0 +|^i) = 0.2 A 0 . 1 . 1 . 1 ) = 0.240 

k' = hfix Q + h,y 0 + k^) - 0 . 2 /’{ 0 . 2 , 1 . 2 ) = 0.280 

and k s = hfix 0 + h,y 0 + *') = O. 2 /X 0 . 1 , 1 . 28 ) = 0.296 

k = + ik 2 + A 3 ) 

= £(0.200 + 0.960 + 0.296) = 0.2426 

Hence the required approximate value ofy is 1.2426. 


32.7 


RUNGE-KUTTA METHOD* 


The Taylor’s series method of solving differential equations numerically is restricted by the labour 
involved in finding the higher order derivatives. However there is a class of methods known as Runge-Kutta 
methods which do not require the calculations of higher order derivatives. These methods agree with Taylor’s 
series solution upto the terms in h r \ where r differs from method to method and is called the order of that method. 
Euler's method, Modified Euler's method and Range's method are the Runge-Kutta methods of the first t second 
and third order respectively. 


* See footnote p, 1017. Named after Wilhelm Kutfa (1867—1944). 
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The fourth-order Runge-Kutta method is most commonly used and is often referred to as 1 Runge-Kutta 
method’ only* 

Working rale for finding the increment k of y corresponding to an increment h of x by Runge-Kutta 
method from 

— = fix, y\ y(x 0 ) = y 0 is as follows : 
dx 

Calculate successively 

= hf(x 0 , y 0 ) 

k. z = hf(x u + \h, Vq + \k] ) 


k. i = hf{x o +%h,y + lk. 2 ) 

anti k i = hf(x 0 + h,y 0 + k ;i ) 

Finally compute k = ^(k ] + 2k 2 + 2k :i + k 4 ) 

which pives the required approximate value = y 0 + k. 

[Note that k is the weighted mean ofk v k.„ k.^and k A ) 


Obs. One of the advantages of these methods is that the operation is identical whether the differential equation is 
linear or non-linear. 


Example 32.13, Apply Runge-Kutta fourth order method, to find an approximate value ofy when x - 0.2, 
given that dy/dx = x + y and y = 1 when x = 0. ( V, T. U2000 , P. T. V., 2007 ; S. V.T.U.. 2007) 

Solution. Here x 0 = 0,y 0 = 1, h - 0.2 ( /'U 0l y o ) = 1 

Jfe, = /i/‘(x 0 ,y 0 > = 0.2 x 1 = 0.2000 

*2 = ^(*b +1*^0 +i*t) =0.2 xf(0.l, 1.1) = 0.2400 

k 3 = hf(xo + ±k, y 0 +^*2) =0.2x/'(0.l, 1.12) = 0.2440 
and k 4 - hf[x 0 + h,y 0 + k 3 ) = 0.2 x f{ 0.2, 1,244) = 0.2888 

/. ^ = 6 ^ 1 *^ 2k., 2 + 2k r{ + h 4 ) 

= | (0.2000 + 0.4800 + 0.4880 + 0.2888) = | x (1.4568) = 0.2468. 

Hence the required approximate value of y is 1.2428. 


0.4. 


dy _ y 2 - x 2 

Example 32,14. Using Runge-Kutta method of fourth order, solve ^ “ ^2 + “2 with y(0) = I at x = 0.2, 

(U.P.T.U., 2010 ; J.N.T.U., 2009 ; V.T.U., 2008) 


Solution. We have f[x,y ) = 


,y 2 -.v 2 
y 2 + x 2 


To find yl0.2): 

Here x 0 = 0, = 1, h = 0.2 

A, = A fbc^ yj = 0.2 f(0, 1) 


k 2 = Ch,y 0 Ck^ = 0.2 m.l, 1 . 1 ) 

k 3 = hf[x 0 +ht,y 0 + i*;, j =0.2 f(0.1, 1.09836) 

k 4 = hf(x D +h,y 0 + k 3 ) = 0.2 ^(0.2, 1.1967) 

k= ~(k l + 2k 2 + 2k 3 +k i )= -[0.2 + 2(0.19672) + 2(0.1967) + 0.1891! 
6 ‘ 6 


= 0.2000 
= 0.19672 

= 0.1967 
= 0.1891 


= 0.19599 


Hence 


y(0.2)=y o + A = 1.196. 
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To find y(0.4): 
Here 

ar 5 =0.2,y, = 1.196, h = 0.2 
k l =hf{x v y l ) 

= 0.1891 


k 2 = A^fjc, + hi, y t + h x ) = 0.2 f( 0.3, 1.2906) 

= 0.1795 


k 3 = /)/[*, + hi , j = 0.2/'(0.3, 1.2858) 

= 0.1793 


k 4 = hf{x x + h,y 4 + k 3 ) = 0.2 f( 0.4, 1.3753) 

= 0.1688 


k - ^ (A’j + 2k 2 + 2 + A 4 ) 

= - [0.1891 + 2(0.1795) + 2(0.1793) + 0.16881 

6 

= 0.1792 

Hence 

,V(0.4) = i v 1 + k = 1.196 + 0.1792 = 1.3752. 


Example 32 A 5. Apply Runge-KuUa method to find an approximate value ofy for x = 0/2 in steps of (hi, 

if dy / dx = x + y* gu’en Mot y = /, (Mere x = 0, (V,T. t/., 2009; Os mania, 2007; Madras, 2000) 

Solution* Here we take h == 0.1 and carry out the calculations in two steps. 


Step I. * 0 = 0,,y 0 = 

1, A =0.1 



A, = hf(x 0 , y 0 ) = 0.1 f(0, 1) 

= 0.1000 


k 2 = hf{x 9 + \h, y 0 + |A,) = 0.1 /-(0.05, 1.1) 

= 0.1152 


A 3 = hf (,v 0 + \h.y 0 + jfcj) = 0.1 /-(0.05, 1.1152) 

= 0.1168 


k 4 = hfix,, + h,y 0 + k 3 ) = 0.1 /(0.1,1-1168) 

= 0,1347 

m \ 

k = £(A, + 2A a + 2A 3 + /t 4 ) 



= £(0.1000 + 0.2304 + 0.2336 + 0.1347) 

= 0.1165 

giving 

y0.1)=y o + k = 1.1165. 


Step II. x x - x Q + h 

= 0.1,;Vj = 1.1165, h =0.1 


/. 

*rV(*|.^])*0.1fl0.1, 1.1165) 

= 0.1347 


k, i = hf{x l + + £*,) = 0.1 /’(0.15, 1.1838) 

= 0.1551 


k 3 = hf{x l +\h,y l +\k l ) = 0.1/-(0.15,1.194) 

= 0.1576 


k 4 = hfix , + A,.y 2 + * 3 ) = 0.1 f(0.2, 1.1576) 

= 0.1823 

M 

k = £ (Aj + 2A 2 + 2A 3 + A 4 ) 

= 0.1571 

Hence 

>■(0.2) =y, + A = 1.2736. 



Example* 32*16. Using R unge-Kutta method of fourth order, solve for y at x = L2 W L4 from ~ = —— 

dx x * 4- xe* 

given x 0 = I, y Q = 0* (Mumbai , 2GOS) 


Solution* We have f{x,y) = 


2xy + e 
* 2 + xe 


X 


2 


To /Ind jffi.iy : 
Here 


x o= l,y 0 = 0,h = 0.2 
k i =hf& o ,y o ) = 0.2 ^ =0.1462 


%=*/(*o +7^0 + =0 ' 2 


2(1 -f 0.1)(0 + Q.073) + e u01 
(1 + 0 . 1) 3 +(1 + 0 . 1 ) e 1 * 01 


= 0.1402 
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l = v (*0 + \' 


-Vo 


V| J 2(1 -f 0.1)(0 + 0.07) + c 1 1 j 

2 J [ a + o.i> 2 + a + o.iie 11 | 


= 0.1399 


k^ = hf(x 0 + k,y 0 + A 3 ) = 0.2 


\ 2(1.2K0.1399) + g 12 1 

{ (1.2) 2 + (1.2) e 12 J 


= 0.1348 


1 1 

and A = - (A, + 2k 2 + 2 A 3 + kj = - 10.1462 + 0.2804 + 0.2798 + 0.13481 

s* 0.1402. 

Hence >(1.2) = y 0 + A = 0 + 0.1402 = 0.1402. 

To find y(1.4): 

Here x, = 1 . 2 , y, = 0.1402, A = 0.2 

A t = A/fXj.y,) = 0 . 2 /m, 0) = 0.1348 
k 2 = hf{x l + A/ 2 ,y, + A/2) = 0.2 f(l .3, 0.2076) = 0.1303 
k 3 - hf{x { + A/2, y, + Aj/ 2 ) = 0.2 f(l .3, 0.2053) = 0.1301 
Aj = A/Xxj + A,y, + A 3 ) = 0.2 /(l.3, 0.2703) = 0.1260 

A = — (A, + 2 A., + 2A, + A.) = - {0.1348 + 0.2606 + 0.2602 + 0.1260| = 0.1303 
6 1 ^ 4 f 6 

Hence y{1.4) =y x + A = 0,1402 + 0.1303 = 0.2705. 


PROBLEMS 32.3 


1 , Use Bunge's method to approximate y when x - LI, given that y = L2 when x = 1 and dy/dx s 3x + y 2 

2 , Using Runge-Kutta method of order 4, find y(0.2) given that dy/dx = dx + ~y,yf0) = 1, taking h - 0 . L 

(V,kl4. 2004) 

3, Using Runge-Kutta method of order 4, compute yL 2 ) and (.4) from 10 — = x 2 + y 2 , y ( 0 ) = I, taking h = 0,1 

dx 

{Rohtnk t 2003 ; Bhopal, 2002) 

4 , Use Runge-Kutta method to findy when x = L 2 in steps of 0 , 1 , given that: 

dy/dx = x 2 + y 2 and >■( 1 ) = 1.5. (Mumbai, 2007) 

5, Findy< 0 ,l) andyiO. 2 ) using JRunge-Kutta 4th order formula, given Lbaty* = x 2 - y andy(O) = L (J.N.T. £/*, 2006) 
0 , Using 4th order Runge-Kutta method, solve the following equation, taking each step of h = 0.1, given y(0) = 3, dy/dx 

= (4x/y - jyh Calculate y for x = 0. 1 and 0.2. (Anna, 2007) 


dy 

7. Use fourth order Runge-Kutta method to find V at x = 0.1, given that — = Se 1 + 2y, y(0) = 0 and h = 0.L 

dx 

(V.T.t/., 2006) 

H. Find by Runge-Kutta method an approximate value ofy for x = 0 . 8 , given that y - 0.41 when x = 0.4 and dy/dx 
= J(x + yj. (S. V’. T : (/,. 2007 S) 


9. Using Rungf-Kuttu method of order - 1 , find _v(0.2) for the equation = - — , y(0) = I. Take A - 0.2. 

( V.TM..2011S} 

10 . Given that dy/dx - (y 2 - 2xlf(y 2 + ae) undy - 1 at Jr = G ; find y for r = 0 . 1 , 0 . 2 , 0.3, 0.4 nnd 0.5. (Delhi, 2V02) 


PREDICTOR-CORRECTOR METHODS 


ItXj_ j and .v. be two consecutive mesh points, we have x ; = x i _, + A. In the Euler’s method (§ 32.4), we have 

+ A/‘(x 0 + i - 1 A,y (-1 ); £ = 1, 2 , 3,... ...( 1 ) 
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The modified Euler’s method (§ 32.51, gives 


yi + - t/U; _ t ,y ( _ t ) + fbp yjl 


».(2) 


The value ofy. is first estimated by using (1), then this value is inserted on the right side of (2) t giving a 
better approximation of y ( . This value ofy, is again substituted in (2) to Find a still better approximation ofy r 
This step is repeated till two consecutive values ofy. agree. 77ns technique of refining an initially crude estimate 
ofy i by means of a more accurate formula is known as predictor-corrector method. The equation (1) is there¬ 
fore called the predictor while (2) serves as a corrector ofy-. 

In the methods so far explained, to solve a differential equation over an interval x i t ) only the value of 
y at the beginning of the interval was required. In the predictor-corrector methods, four prior values are required 
for finding the value ofy at x i + r A predictor formula is used to predict the value of y at x- + { and then a corrector 
formula is applied to improve this value. 

We now describe two such methods, namely : Milne's method and Adams-Bashforth method. 


32.9 


MILNE'S METHOD 


Given dyf dx - fix, yi and y = y 0 , x - ; to find an approximate value ofy for x - x f> + nh by Milne's method , 

we proceed as fw. 

The value y 0 = yfv 0 ) being given, we compute 

y ] = yix 0 + h ), y % = y(x 0 + 2h), y 3 = y(* 0 + 3 h ), 
by Picard’s or Taylor's series method. 

Next we calculate, 


fo - fix 0 > V- f\ = fix o + h,y x ),f 2 = fix 0 + 2 h, y 2 ), f 3 = f(x 0 + 3/j,.v 3 ) 
Then to find y 4 = >’(* 0 + 4A), we .substitute Newton’s forward interpolation formula 

ft , e . Af , n(«-l) . a , n(7i- 1X« - 2 ) 3 
fix* y) = fo + n& fo + -^- A fo + --- + ... 


in the relation ,y_, = _y 0 + 


p + *h 

J^O 


f(x, y) dx 


y.i=y 0 + 


in 


fo + "Afo + 


* 


dx 


(Put x = .v 0 + rtft, = hdn\ 


= y 0 + h £ [fo + "Vo + * -aVo + - j dn 
= y 0 + h [ 4 f 0 f 8A/ 0 + + |iVo + 


Neglecting fourth and higher order differences and expressing Af 0 , A 2 f t] and A :i /q in terms of the function 
values, we get 


y\ p) - y 0 + — (2- f 2 + 2 f 3 ) which is called a predictor: 

o 

Having foundy Jf we obtain a first approximation to f A - f(x 0 + 4 h,y 4 ). 

Then a better value ofy 4 is found by Simpson's rule <p. 1106) as 

>'4 ' “ ^2 + ~ (fi * 4/3 + f 4 ) which is called a corrector . 
o 

Then an improved value of f 4 is computed and again the corrector is applied to find a still better value of 
y r We repeat this step until y 4 remains unchanged. 

Once y A and f A are obtained to desired degree of accuracy, y s = yix 0 + 5/j ) is found from the predictor as 

yT =*i + x (¥ * _/ * + v * > 

and f b - f(x 0 + 5 h, y.) is calculated. Then a better approximation to the value ofy 5 is obtained from the corrector 
as 
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yT =y-3 + *rV a + 44 + &■ 


We repeat this step till.y 5 becomes stationary' and we, then proceed to calculate^ as before. 

This is Milne's predictor corrector method. To ensure greater accuracy, we must first improve the accu¬ 
racy of the starting values and then sub-divide the intervals. 

Example 32,17. Apply Milne 's method, to find a solution of the differential equation y* - x — y 2 in the 
range 0 S x < l for the boundary conditions) 9 = Oat x ^ 0 * (V.T.U U 2009, Anna> 2005, liohtak, 2005} 

Solution. Using Picard’s method, we have 

y - y( 0) + f fix, y ) dx, where fix, v) - * - y 
Jo 

To get the first approximation, we put y = 0 in f(x,y\ 

giving y^= 0+ f xdx = ^- 

1 Jo 2 

To find the second approximation, we put y = jt 2 /2 in fix,yh 
gMiig y 2 = JjU-y 


<X 2 20 


Similarly, the third approximation is 


r 

v_ 

V 

x 5 ' 

2 ‘ 

*2 

fir - —- 

X 5 x 8 

x u 

Jo 

X 

,2 ' 

" 20 

/ 


2 

~ 20 + 160 

4400 


...(0 


Now let us determine the starting values of the Milne's method from (i), by choosing h = 0.2. 
x 0 = 0.0, y 0 = 0,0000, f 0 = 0.0000 

y 1 = 0.020, /, = 0.1996 

y 2 - 0.0795, f 2 = 0.3937 

y 3 = 0.1762, f 3 = 0.5689 


Xj = 0.2, 

*2 = 0.4, 
x 3 - 0,6, 


Using the predictor, 
x = 0*8, 

and the corrector t 


A /] 

yT = ny < 2/-,-4 + 2 /- 3 ) 


y'f = 0,3049, 


4 = 0.7070 


yT = >2+ 3 if2 + 4fa + fi>> > ie,ds 


y\ r ' = 0.3046, 


4 = 0.7072 


~.(u) 


Again using the corrector , 

yT 

= 0.3046, 

which is same as in (u) 

Now using the /; redicto r, 

yr 

= >'l + 

4 A 

3 

(24-4+24), 

x = 1.0, 

yT 

= 0.4554, 

4 = 0.7926 

and the corrector. 

yT 

= y 3 + 

^ (4 + 44 + 4>, gives 


yT 

= 0.4555, 

4 = 0.7925 


Again using the corrector ; 


Hence, 


y^ rl = 0.4555, a value which is the same as before. 
y(l» = 0.4555. 


Example 32 A 8. Given y* = x(xr ^y 2 )e~ J f y(0) = 1, findy at x = 0,1 , 0,2 and 0,3 by Taylors scries method 
and compute y(0,4) by Milne's method. (Anna , 2007) 
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Solution. Given y(0) = 1 and h - 0.1 

We have y'(x) = x (*- + y 2 ) e~ x ; y'(0)=0 

y"(x) = [fcc 3 + xy 2 ) <- e" 1 ) + 3x 2 + y 2 + x(2y)y1 e~* 

= e~* f- x 3 - xy 2 + 3x 2 + y 2 + 2jyy'l ; y"(0) = 1 

y"'(x) = - e ~* (- ** - xy 2 + 3 a 2 + y 2 + 2xyy' + 3x 2 + y 2 + 2xyy' - 6x - 2 yy' - 2 xy' 2 - 2xyy' | y'"( 0) = - 2 

Substitute these values in the Taylor’s series. 


y(x) =y(0) + ^y'(O) + —y'{0) + —y"'(0) + ... 


y(0.1) = 1 + (0.1K0) + ^ (0.1) 2 (1) + 4 (O.l) 3 (- 2) + ... 

2 6 

= 1 + 0.005 - 0.0003 = 1.0047 1.005 

Now taking x = O.l.y(O.l) = 1.005, h = 0.1 

y'(O.l) = 0.092, y"(0.1) = 0.849, y~<0.1) = - 1.247 
Substituting these values in the Taylor’s series about x = 0.1, 

0,1 (0.1) 2 (0.1) 3 

y(0.2) = y(0.1) + — y5t0.1> + ^-~y"(0.1> + ^-y"'(0.1) + ... 

(0. l) a (0.1) 3 

= 1.005+ (0.1X0.092)+ ———(0.849) + —1.247)+... 

2 

= 1.018 

Now taking x = 0.2, y(0.2) = 1.018, h = 0.1 

y'(0.2) = 0.176, y"(0.2) = 0.77,y"'(0.2) = 0.819 
Substituting these values in the Taylor’s series 

0.1 (0.1) 2 (0.1) 3 

>(0.3) -y(0.2) + yfy"<0.2) + ^-y"(0.2) + K -~~y"(0.2) + ... 

= 1.018 + 0.0176 + 0.0039 + 0.0001 = 1.04 
Thus the starting values of the Milne’s method with h = 0.1 are 


x p = 0.0 
x, =0.1 
* 2 = 0.2 
* 3 = 0.3 


y, = 1.005 

>3 = 104 
4A 


fo = y o ~o 

f x = 0.092 
f t = 0.176 

ft = 026 


Using the predictor, y\ p> =y 0 + — (2/'j -f 2 + 2f 3 ) 


= 1 + 


3 

4(0.1) 


[2(0.092)-(0.176)+ 2(0.26)1 = 1.09 


x = 0.4 


y\ p) = 1-09 


/■. =>*( 0.4) = 0.362 


Using the corrector, y^ = y 2 + - (f 2 + 4/j + f A ) 


Hence 


y\ r ' = 0.018 + —(0.176 + 4(0.26) + 0.362) = 1.071 
3 

y(0A) = 1.071, 


Example 32.10- Using Runge-Kutta method of order 4 t find > p for x^Q.l, 0.2 t 0.3 given that dy/dx = xy + 
y(0) = 1. Continue the solution at x - 0.4 using Milne’s method, 

(V.T. U., 2008; S. V. T U, 2007 ; Madras, 2006) 


Solution* We have f(x,y) = xy + y 2 
To findy(Q,l): 

Here x 0 = O t y 0 =• 1, h = 0.1- 
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k i = hf(x 0 ,y 0 ) = (0.1)/TO. 1) =0.1000 

A 2 = ft/'f* 0 +|*,y 0 +|A 1 j = (0.1)/T0.05, 1.05) =0.1155 

A 3 = v(*o yo+|*2 ] = (0.1)/{0.05,1.0577) =0.1172 

k 4 = hf(x Q + ft, y 0 + * 3 ) = (0.1) f( 0.1, 1.1172) = 0.13598 

k = ~(ft 1 + 2ife z + 2*g + fe 4 ) 

= I (0.1 + 0.231 + 0.2348 + 0.13598) = 0.11687 

6 

Thus >(0.1) = Vj = > 0 + k = 1.1169. 

To find y{0.2): 

Herex, = 0.1, y t = 1.1169, ft = 0.1. 


k t =h A* l .l' l > = (0.1)/‘(0.1, 1.1169) 

= 0.1359 

A 2 = A/'^x I +^A,>i +^*i 

| = (0.1)/X0.15, 1.1848) 

= 0.1581 


= (0.1l/'(0.15, 1.1959) 

= 0.1609 

k A = hf{x l + A,.y, + k 3 ) = (0.1>/*(0.2» 1.2778) 

= 0.1888 

k = — (k l + 2k 2 + 2+■ k A ) 


= 0.1605 


Thus y(0.2) =y a =>, + £= 1.2773. 
To find y(0.3): 

Here jc 2 = 0.2, y 2 = 1.2773, h = 0.1. 


k l = hf(x 2 ,y 2 ) = (0.1) /T0.2, 1.2773) 

= 0.1887 

k 2 *hf(x. 2 +^h,y z + i*,) = (0.1)/(0.25, 1.3716) 

= 0.2224 

A 3 = A/'jx.> +i/i,> 2 + ^1 =(0.1)/‘(0.25, 1.3885) 

= 0.2275 

k A = hf(x 2 + ft, > 2 + * 3 ) = (0.1) AO-3, 1.5048) 

= 0.2716 

k - - ik 1 + 2k z + 2A 3 + k 4 ) 

= 0.2267 


Thus >(0.3) = y 3 = y 2 + k = 1.504. 

Now the starting values of the Milne’s method are : 

x 0 = 0.0 > 0 = 1.0000 

> 1= 1.1169 
> 2 = 1.2773 


x, = 0.1 
x 2 = 0.2 
x a = 0.3 


> 3 = 1.5049 


Using the predictor. 


Ah 




X 4 = 0.4 y\ p) = 1.8344 

and the corrector , 


yV =y 2 + ~ <4 + 44 + 4 ) yields 

yf' = 1.2773 + — 11.8869 + 4 (2.7132) + 4.098] 
3 


f 0 = 1.0000 
/"j = 1.3591 
f. 2 = 1.8869 
f 3 = 2.7132 


f t = 4.0988 


= 1.8386 


4 = 4.1159 
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Again using the corrector. 


0.1 


y«> = 1.2773 + — {1.8869 + 4 (2.7132) + 4.11591 
3 


= 1.8391 


/. = 4.1182 


Again using the corrector 


0.1 


y*> = 1,2773 + — 11.8869 -f 4 (2.7132) + 4.11821 
3 


= 1.8392 which is same as (0. 


Hence y (0.4)= 1.8392. 




PROBLEMS 32.4 


1. Given — = x 3 +■ 3', y(0) « 2* The value ofv(€.2) ^ 2,073* v(0.4) - 2,4f>2* anti ><0,6> - 3,023 are gut by R.K. Method of 

dx 

4lh order Findy(0,8) by Milne's predictor corrector method taking h * 0.2. C Anna, 200*1) 

2 . Given 2 dy/dx - (1 +x 2 )y i andy(0) = l>y(0,I) ~ 1.06,y(0.2) ~ U2,y(0.3)« J±2I* evaluatey<0.4) by Milne s predictor 

corrector method, {V*TM.. 2011S ; Madron, 2003) 

3* From the data given below* ftndy at x = 1.4, using Milne's predictor-corrector formula r 

cZr 2 

x: 1 1.1 1.2 1.3 

y : 2 2.2156 2.4649 2.7514 (V.T.U., 2007) 

4, Using Milne's method, find y(4,6) given 5ry' + y a — 2 = 0 given y(4) = 1, y(4,l) = 1.0049, y(4.2) - .1.0097, yM.3j 

= 1.0143, y<4.4) = 1.0187. ' (Anna, 2007) 

dv 

5. If — = 2c 1 -y,y(0) = 2. y(0.1) = 2.010, y(0.2> = 2.04 and v(0.3) = 2.09; find v(0.41 using Milne’s predictor-corrector 

dr 


method. 


IV.T.U., 2010 i 


dv 

ft- Using Runge-Kutta method, calculate vfO-l), y(0,2) T and y(0.3) given that -f-— 7 ? = I* y(0) m 0. Taking these 

dx i + x m 


32.10 


values as starting values, find >(0,4) by Milne's method, 

ADAMS-BA5HFORTH METHOD 


dv 


Given — 1 — = f(x,y) andy 0 =y(x 0 \ we compute 
dx 

y - 1 = ^0 - hl,y _ 2 = y(3f 0 - 2/i),y_ 3 = y(* 0 - 3/t) 
by Taylor's series of Euler’s method or Rimge-Kutta method. 

Next we calculate f _ l = f(x 0 -h i y_ l hf^ 2 -f{x 0 - 2h, y _ 2 ), L a = f ” 3A, y _ a ). 

Then to find y v we substitute Newton’s backward interpolation formula 

fix,y) = f Q + n V^ 0 + — - 1} V 2 f 0 + — + 1)( ” + 21 VVo + ■ ■ ■• 

2 6 


in 


f*o+A 

.v 1 = y 0 + I fix, y'i 


dx 


...d) 


-V, = *0 + j^(/o +nVf 0 + n{n * ^ VVo +--■] dx 
= y 0 + h +nVf 0 + n(n -t 1 ) vVo+-j dn 
= 3- 0 + h ( f 9 +1'V/o + ^vYo + 1 VVo + -• •■) 


[Put x - .r 0 + nh t dx = hdn] 
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Neglecting fourth and higher order differences and expressing Vf Ql V“/*o and y 3 / 0 in terms of function 
Values, we get 


y[ pi =v 0+ ^ aafo-«f_i+3T/i 2 -v_,> 


...( 2 ) 


This is called Adams-Bashforth predictor formula^ 

Having found y p we find f\ - f(x u + 

Then to find a better value of y v we derive a corrector formula by substituting Newton’s backward 
formula at i.e., 

rt \ r ns n ^ n + D trr2s «(« + 13 (rt + 2} _ 3 . 

f{x,y) = f x + nV/1 + —-— V*f x +--- VYi + — in ID. 

z b 

= y„ + j£ ' | f x + nVfy + ^ + --.J dx [Put x =Xj + nh, dx = hdn] 

=y 0 + + 

Neglecting fourth and higher order differences and expressing V/j, V 2 f } and V 3 f y in terms of function 
values, we obtain 


dn 


y i r=y 0 + 7T7 {Vj+iVo-V^+F.,) 

24 


-.{3) 


which is called a Adams-Afott/frni cornecfor/brmu/a. 

Then an improved value of/’j is calculated and again the corrector (3) is applied to find a still better value 
ofy r This step is repeated till y } remains unchanged and then proceed to calculate y 2 as above. 

Obs. To apply both Milne and Adams-Bashforth methods, we require four starting values ofy which are calculated 
by means of Picard's method or Taylor’s series method or Euler's method or Runge-Kuita method. In practice, the Adams 
formulae 12) and (3) above together with fourth order Rimge-Kutta formulae have been found to be most useful. 


Example 32.20. Given ^ =r(l+y) andy(l) = 1, y (J. 1) = 1.233, v(1.2) = 1.548, y(1.3) = 1.979 . evaluate 

dx 


y(1.4) by Adams-Bashforth method. 


(V.T.U., 2010 ; J.N.T.U., 2009 ; Anna, 2004 1 


Solution. Here fix, y) = x 2 (1 + y). 

Starting values of the Adams-Bashforth method with h =0.1, are 

x = 1.0, y_ 3 = 1.000, f_ 3 = (1.0) 2 (1 + 1.000) = 2.000 
•*= 1.1,;y_ 2 = 1.233, f_ 2 = 2.702 
> = 1.2, y_j = 1.548, L, = 3.669 
- 1.3, y 0 = 1.979, f 0 - 5.035 


Using th 


U: 


- 155^-59/1, + 37/1 2 -9/1 3 ) 

•) 

73 ,/■, = 7.004 

V 1 +/1 2 ) 


6 . 


19 x 5.035 - 5 x 3.669 + 2.702) = 2.575 


Hence 
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4y t 

Kx a tuple 32,21. If ~ = 2e*y , y(0) - Q, ftndy(4) using Adams predictor-corrector formula 6v calculating 
ax 

y( IK y(2) and y(3) using Eulers modified form ult l ( JJV, T. K # 2006 ) 

Solution. We have f(x,y) = 2e*y. 

To find 0,1: 


X 

2e* v = y 

Mean slope 

Old y + h (Mean slope) - neu> y 

0.0 

4 

— 

2 + 0.1(41 = 2.1 

0*1 

2e u l (2.4) = 5.305 

|(4 * 5.305) = 4.6524 

2 + 0.1 (4.6524) = 2,465 

0,1 

2e 01 (2.465) = 5.449 

1 

“<4 + 5.449) = 4,7244 

2 + 0.1 (4.7244) = 2.472 

0.1 

2f° 1 (2.4724) = 5.466 

~ (4 + 5.465) = 4.7324 

2+ 0.1 (4.7324)= 2.473 

0.1 

2« w (2.473) = 6.467 

~j (4 + 5.467) = 4,7333 

2 + 0.1 (4.7333) = 2,473 

0.1 

5.467 

— 

2 + 0.1 (5.467) = 3.0199 

0.2 

2e u:i (.3.0199) = 7.377 

| (5.467 * 7.377) = 6.422 

2.473 + 0.1 (6.422t = 3.1155 

0.2 

7.611 

“(5.487 + 7.611) = 6.539 

4 

2.473 + 0.1 (6.539) = 8.127 

0.2 

7.639 

- (5.467 + 7.639) = 6.553 

2.473 + 0.1 (6.653) = 3.129 

0.2 

7.643 

~ (5.467 + 7.643) = 6,565 

2.473 + 0.1 (6.455) = 3 129 

02 

7.643 


3.129 + 0.1 (7.643) = 3.893 

0,3 

2*» 3 (3.893)= 10.61 

| (7.643 + 10.51) = 9.076 

3.129 + 0.1 (9.076) = 4.036 

0.3 

10.897 

| (7.643 + 10.897) = 9.266 

3.129 + 0.1 (9.2696) = 4.056 

0,3 

10.949 

“(7.643 + 10.949) = 9.296 

3.129 + 0.1 (9.296) = 4.058 

0.3 

10.956 

— (7.643 + 10.956? = 9.299 

3.129 + 0.1 (9.299) = 4.0586 


To find y(0.4) by Adam's method , the starting values with h =0,1 are 


x = 0.0 

y-» = 24 

/-3= 4 

X 

II 

O 

y_ 2 = 2.473 

f_ 2 = 5.467 

x = 0.2 

y_j = 3.129 

/L, = 7.643 

x = 0.3 

y 0 = 4.059 

f_ 0 = 10.956 


Using the predictor formula 

= y 0 + ~ Wo - + 37/L 2 - 9/\.) 

= 4.059 + ^ (55 X 10.957 - 59 x 7.643 + 37 x 5.467 -9x 4) 
24 

= 5.383 

= 5.383 /■, = 2e s,A (5.383) = 16.061 


Now x = 0.4 
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Using the corrector formula, 


Jf =>'u + 7T7 ^f^X9f 0 -5f_ i+ f_ 2 ) 


24 


0.1 


= 4.0586 + — (9x 6,061 + 19 x 10.956 - 5 x 7.643 + 5.467) = 5.392 
24 

Hence y(0.4) = 5.392. 

Example 32.22. Solve the initial value problem dyldx = v-v* y(0) ~ 1 to find y(0.4) by Adam s method. 
Starting solutions required are to be obtuined using Rungv-Kutta method of order 4 using step value h = 0.1. 

(P.T.U .. 2003) 

Solution. We have /" (*, y) = * - y 2 . 

To find y (0.1): 

Herex D =0,y {) = 1, A =0.1 

k l = tif(x 0 ,y 0 ) = (0.1)/(0, 1) = - 0.1000 

k 2 = M [*o + “ *. ft + | A ) = <0l1>/*(0.05. 0.95) = - 0.08525 

* 3 = hf +1 h, y 0 + ~ hz j = (0.1) f (0.05, 0.9574) = - 0.0867 


k A = hf{x Q + h,y 0 + k 3 ) = (0.1 )f(0. 1,0.9137) 

k - i (Aj + 2k 2 + 2k 3 + kj 

Thus y(0.1) = y, = y 0 + k = 1 -0.0883 
To find y(0.2): 

Here*, = 0.1, y, = 0.9117, h = 0.1. 

k x = hf(x vyi ) = (0.1)/(0.1, 0.9117) 


= -0.07341 
= - 0.0883 
= 0.9117 

= -0.0731 


k z = hf ^ ^ h, y x +| ki j = (0.1)/TO. 15, 0.8751) = - 0.0616 

= hf ^*i +1 A, yi *2 ] = (0-1) fW. 15, 0.8809) = - 0. 


k A = hf (x, + h,y t + k 3 ) = (0.1) f (0.2, 0.8491) 

*=£<*,+ 2* s + 2ft 3 + * < ) 
y(0.2) =y 2 = y, + k = 0.8494. 


0626 
= - 0.0521 
= - 0.0623 


Thus 
To findy (0.3): 

Here x 2 = 0.2 ,y 2 = 0.8494, y = 0.1 


k 1 = hf(x 2 ,y 2 ) = <0.1)/(0.2, 0.8494) 

= -0.0521 

k 2 = hf ^2 + i A, y 2 + | A ) = (0.1) /-(0.25, 0.8233) 

= - 0.0428 

*3 = M \x 2 +1 A. y 2 + ^ *£ ) = (0.1) f{ 0.25, 0.828) 

= - 0.0436 

= hf(x 2 +h,y 2 + k 3 ) = (0.1) f(0.3, 0.8058) 

= - 0.0349 

k ~ 1^*1 + 2 y-i + 2*3 + 

= - 0.0438 


Thus y (0,3) = y 3 = y 2 + k = 0.8061 

Now the starting values of Adam’s method with h - 0.1 are : 


* = 0.0 

y_ 3 = 1.0000 

/\, = 0.0-{1.0) 2 

= - 1.0000 

* = 0.1 

y_ 2 = 0.9117 

f_ 2 = 0.1 - (0.9117 ) 2 

= - 1.7312 

* = 0.2 

y_j = 0.8494 

f_ r = 0.2 - (0.8494) 2 

= -0.5215 

* = 0.3 

y 0 = 0.8061 

f 0 = 0.3 - (0.8061) 2 

= - 0.3498 
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Using the predictor , 

>’i p) =yo + ~ Wo ~ 59/., + 37/_j - 9/_ 3 ) 

a: = 0.4 yS' ?) = 0.8061 + — 155 (- 0.3498) - 59 <- 0.5215) + 37 (- 0.7312) - 9 (- 1)1 

J1 24 

= 0.7789 /, = - 0.2067 

Using the corrector, 

y[ c ' =y 0 + Ya (9/ 1 + i9/ 0 -5/_ ]+ /_ 2 ) 

y< rl = 0.8061 + ^ [9 (- 0.2067) + 19 (- 0.3498) - 5 (- 0,5215) - 0.7312) = 0.7785 
Hence y (0.4) = 0.7785. 


PROBLEMS 32.5 


* Using Adams-Bashforth method, obtain the solution of dyfdx =x -y* at x = 0.8, given the values 
a: : 0 0.2 0,4 0,6 

y : 0 0.0200 0,0795 0.1762 {Bhopal »m\ 


2. Using Adama-Bash forth formulae, determine y( 0, 41 given the differential equation dyfdx = — xy and the data 


x i 0 0.1 0.2 0,3 

yi 1 1.0025 L0I0I 1.0228 

3« Given y* =sP-y,y(6) = 1 and the starting values ytO.l) = 0.90516, y(0.2) = 0.82127,>(0.3) = 0.74918, evaluate 
using Adams -Bashforth method. (5, V.TM>, 2607} 

■I. Using Adams-BashftirLh method, findy(4 A i given fixy' + y J = 2, y<4} = 1 T yf4, 11 ■ 1.0049, y<4* 2) = 1,0097 andyW-3 
* 1.0143, 

5* Given the differential equation dyfdx = x^y 4 jr 1 and the data : 
x: 1 1.1 1.2 1*3 

y: 1 1,233 1.648488 1.978921 Uhdtite,2mgS} 

6* l Jjsing Adama-Bashfort h method, evaluate y i 1,4)* if y satisfies dyf dx + yfx = Ifx 2 and yt 1) - 1, y (1.1) a 0.996, y (1 2\ 
a 0.986, y HJ) = 0.972. ( Madras . 200,31 


32.11 


SIMULTANEOUS FIRST ORDER DIFFERENTIAL EQUATIONS 


The simultaneous differential equations of the type 



dy 

...d) 

and 

= <S> Ot ,y,z) 
dx 

...(2) 


with initial conditions yix Q ) -y Q and z(x 0 ) - z 0 can he solved by the methods discussed in the preceding sections, 
especially by Picard’s or Runge-Kutta methods, 

( i ) Picard’s method gives 


=y 0 + \f (*.3'o- 2 b )dx, z 1 =z 0 + |<>(x, y 0 , z c )dx 

y 2 = 3*0 + jV (*. Z2 = Z 0 + f <!> ( X , }’i ,z t )dx 

y 3 = 3 , o + » (x, y 2 ,z 2 ) dx, Z 3 = z 0 + Jo (x, y 2 , z 2 ) dx 

and so on. 

(ii) Taylor's series method is used as follows : 

If A be the step-size, y x =y (x Q 4 h) and z x =z (x 0 + A), Then Taylor’s algorithm for (1) and (2) gives 
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-Vi = y 0 * bio * Jj V + ^7 -Vo" + - 
z i ~ z o + b 2 o + ^7 *6 + ^7 + z o + **■ 


...(3) 


...(4) 


Differentiating (1) and (2) successively, we gety", z", etc. So the values J' 0 ',y 0 ",yand z 0 \ z {) ”, z 0 '".., are 
known. Substituting these in (3) and (4), we obtain >7, z x for the next step. 

Similarly, we have the algorithms 


. , h 2 „ h 3 

> 2 =Y,+ Av, + —y t +—y, + 


. , h 2 „ h 3 „ 

+ + iT 2 ! + ~ 


...C5) 


...( 6 ) 


Since y x andzj are known, we can calculate — andzpZ^.... Substituting these in (5) and (6), we 

get y 2 and z T 

Proceeding further, we can calculate the other values ofy and z step by step. 

(Hi) Runge-KutUx method is applied as follows ; 

Starting at (x 0 ,y 0 , z 0 ) and taking the step-sizes for x,y\z to be h $ k r l respectively, the Runge-Kutta method 

gives, 

A*J = hfiXy y 0 , z 0 ) ^ = h$ (x 0 , y^ z 0 ) 


k 2 = hf + 2 A.yp + \ *i»^- + | l \] 

k 3 = hf ^ + i A, y 0 + | k 2 , z 0 + 1 4 ) 
h A = hf U' n + A , y 0 + Ac 3 , z 0 + / 3 ) 


/ 2 = Ab (.v 0 + ~ A, y 0 + ~ A, , z 0 + | /, J 

/ 3 = Ab ^jt 0 + | A, y 0 + ^ * 2 , z 0 + 1 / 2 j 
l 4 ~ h$ (* 0 + h t y 0 + k v z 0 + / 3 ) 


Hence y t =y 0 + i ( k x + 2A 2 + 2A 3 + A 4 ) and z t =z Q + i (7 1 + 2/ 2 + 2/ 3 + / 4 ) 

To compute y 2 ant ^ z 2* vve s “ m ply replace jc 0 ,y 0 , z 0 by x t >y v z } m the above formulae. 

Example 32*2J. Using Pi curd’s method find approximate values ofy and z corresponding to x = 0J f 
given that y(0} ~ 2 f 2(0) = 2 and dy/dx - x + z f dz /dx = x - y* 


Solution, Here x 0 = 0, y 0 = % z 0 = 1, 
dy 


& =f(x.y.*)=x+*; 


dz 

and ^ = btx, y, z)~x-y l 


y ~ y 0 + J f (*t y z)dx and z = z 0 + J b (r, y z) <ix. 

First approximations y t = y 0 + f b (*» y 0 , zq ) fir = 2 + f (x + 1) dx - 2 + x + — x 2 

Jo 2 

ex f * 1 0 

Zj=z 0 + J b(^. = ] (*-4)dx = l-4x + -x 

Second approximations y 2 = y 0 + | f (x, y 3 , z 1 ) dx = 2 + | x + 1 - 4x + ^x 2 J dLv 


o 3 2 

= 2+ x -~ x+ ~ 
2 6 


z 2 = z 0 + 


= 1 + 


f Qixyy^z^dx 

JX(, 


o 5 

( / A = l-4x + ^* 3 -z 3 -^-i- 
2 4 20 
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Third approximations y 3 = y 0 + f f (x, ^2* z i ) dx 

J *o 


n 3 2 I 3 I 4 1 5 I 

= 2 4 X - X - X - X -A-- 


20 


120 


z 3 = z 0 + f $(x,y 2 ,z 2 )dx 


and so on. 

When 


Hence 


, 3 2 ® 3 7 4 31 5 1 g 1 7 

= 1 - 4x- x £ + -x J + — x - — A- 4 — ar - —— ,r 

2 3 12 60 12 252 


x = 0.1, 

y, = 2.105,y 2 = 2.08517, y 3 = 2.08447 
z 1 = 0.605, z 2 = 0.58397, z 3 = 0.58672. 
y{0.1) = 2.0845, z( 0.1) = 0.5867 


correct to four decimal places. 


0 


Example 32.24. Solve the differential equations 

^ =1 ^xz, ~ ^^xyforx = 0.3, 
ax ax 

using fourth order Runge-Kutta method. Initial values a rex = 0, y ~ 0, z ~ 1. 


Solution. Here fix, y, z) ~ 1 + xz, § (x, y, z) = - xy 

x 0 = 0, y 0 = 0, z 0 = 1. Let us take h = 0.3. 

A, = h f(x Q ,yQ, z Q ) = 0.3 flO, 0, 1) = 0.3 (1 + 0) = 0.3 

/, = M• (* 0 ,y 0 > V = 0-3 (- o x 0 ) = o 

k 2 = h f [ x 0 4 ~ h, y 0 + i A,. z 0 + | l t j 

= (0.3) /10.15, 0.15, 1) = 0.3 (1 + 0.15) = 0.345 

/ 2 = /,«,[* 0 +iA,y 0 +IV*o+^i j 

* 0.3 (- (0.15) (0.15)] = - 0.00675. 

( A Ag l 2 ^ 

* 3 = A AI *o + 2 ,y ° + 2 ,2 ° 2 J 

= (0.3)/(0.15, 0.1725, 0.996625) 

* 0.3 [1 4 0.996625 x 0.15] = 0.34485 

h = h ♦ + f’ 3 'o + ^' z o + ^j 

= 0.3 I- (0.15) (0.1725)] = - 0.007762 
k 4 = h f(x 0 4 h, y 0 + * 3 , Zq 4 l 3 ) 

= (0.3) A(0.3, 0.34485, 0.99224) = 0.3893 

/ 4 = A 0(x o 4A,y o 4A 3 ,z o 4/ 3 ) 

= 0.3 b (0.3) (0.34485)] = - 0.03104 
Hence y(x 0 4 h) =y 0 4 ~ (A, 4 2k 2 + 2A 3 4 A 4 ) 

i.e., y(0.3) = 0 4 | [0.3 4 2 (0.345) 4 2 (0.34485) 4 0.3893] = 0.34483 

6 

and z (x 0 4 h) = z 0 + ^ + 2/ 2 4 2l 3 + l 4 ) 

i.e., z( 0.3) = 1 4 - 10 4 2 4 (- 0.00675) 4 2 (- 0.0077625) 4 (- 0.03104)] 

6 


0.98999 
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32.12 


SECOND ORDER DIFFERENTIAL EQUATIONS 


Consider the second order differential equation 


d 2 y 

dx 2 




By writing dy/dx = z, it can be reduced to two first order simultaneous differential equations 


dy 

dx 


= 2, 


~ = fix, y,z) 
dx 


These equations can be solved as explained above. 

Example 32,25. Using Range Kutta method, solve ji*MXy* 1 2 - for x = 0.2 correct to 4 decimal places. 

Initial conditions are x ^ 0 t y - l t y'= 0, {Delhi, 2002) 

Solution. Let dy/dx = z - fix, y, z). Then dz/dx = xz 2 -y 2 = y, z) 

We have x 0 = 0, y 0 = U z q = 0 .A fi 02. 

Using /f 2 ... for flx+y* z) and / p / 2 ,... for <K*.y. z), Runge-Kutta formulae become 


and 


A, = hf[x 0 ,y 0 , z 0 ) 

= 0 . 2 ( 0 ) = 0 

A 2 = hf[x n + | A, z 0 + | /,) 

= 0.2 {- 0 . 1 ) = - 0.02 

*3 = + i^O + 2 *2" Z Q + Pl> 

= 0.2 (- 0.0999) = -0.02 

— A/i Xq + Zl., y Q + k.y Zq + l 

= 0.2 (- 0.1958) = -0.0392 
A = | (A x + 2A g + 2A 3 + A’ 4 ) 

= -0.0199 
Hence at x = 0.2, 

y =y a + k = 1 - 0.0199 = 0.9801 
y'=z =z 0 + / = 0 - 0.1970 = -0.1970. 


/j = A<Jt(Xj,, y^, 

= 0.2(- l) = -0.2 

l 2 = /i<Hx tl + | h, ,y 0 + |Aj, z 0 + £/,) 
= 0.2(- 0.999) = -0.1998 

f 3 = A(f»(x 0 + + 2^21^0 + 2^2^ 

= 0.2(- 0.9791) = -0.1958 

/ 4 = A<M-x 0 + h,y Q + A a , z Q + / 3 ) 

= 0.2(0.9527) =-0.1905 

f= |« 1 + 2/ 2+ 2/ a+ 2V 
= -0.1970 


Example 32.26, G/reu y* + *y' + y - 0 t yfOJ - /, yTO) = 0, obtain y for x = 0(0A) 0*3 by any method 
Fuji her, continue the solution by Milne's method to calculate y(OA), (Anna t 2004; Madras, 2003 S) 


Solution. Putting y' = z , the given equation reduces to the simultaneous equations 

z' + xz + y = 0, y' = z 
We employ Taylor's series method to find y. 

Differentiating the given equation n times, we get 

y n + 2 + ^i + l + n >'r, + > n = ° 

At * = 0. <y n + 2 \ = - tn + 1)( yJo 

y(0) = 1, gives y 2 (0) = - l,y 4 (0) = 32,y 6 (0) = -5 x 3,... 
and yj(O) = 0 yields y 3 (0) = y 5 (0) = ... = 0. 

Expanding y(x) by Taylor’s series, we have 

% 3 

y(x) = y(0) + x y l (0) + |y y 2 (0) + |y y 3 (0) + ... 

x 2 3 4 5x3 

y(x) = 1 - 2 ( + 4 i x 6 j x 8 ^... 

1 3 1 _ 

and 2{x) =/(x) = -x + -* --.v 5 = ... =-xy 


—(i) 


...(w) 

...(Hi) 


(0.1) 2 1 

y(0.1) = 1 - L ~~ + " (0.1) 4 - ... = 0.995 

2 o 


From (ii), we have 
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(0.2) 2 (0.2)* 

y(0.2) = 1 - —— + — -... = 0.9802 

Z o 

(0.3) 2 (0.3 ) 4 (0,3) 6 

y(0.3) = 1 - + ... = 0.956 

J 2 8 48 

From Uii), we have 

2(0.1) = - 0.0995,2(0.2) = - 0.196,2 (0.3) = - 0.2863. 

Also from (0, z'(x) = - (xz + y) 2'(0.1) = 0.985, z'(.2) = - 0.941, z'(0.3) = - 0.87. 
Applying Milne’s predictor formula, first to 2 and then toy, we obtain 

2(0.4) = 2(0) + - (0.1)|22'(0.1) - z'(0.2) + 22'(0.3)l 
3 


= 0 + (~)|- 1,79 + 0.941 - 1.741 = -0. 


3692 


and 


y(0.4)=y(0) + -(0.1) (2y' (0.1) -y'<0.2) + 2/(0.3)1 


= 0 + 




199 + 0.196 - 0.57361 = 0,9231 


Also z'( 0 . 4 ) = -MO, 4 )z (0.4) +y (0.4)1 = 10.4(- 0.3692) + 0.9231) = - 0.7754. 
Now applying Milne's corrector formula, we get 

2(0.4) = 2 (0.2) + - \z‘ (0.2) + 4z' (0.3) + 2 ' (0.4)1 
3 


= -0.196 + 




941 - 3.48 - 0.77541 = - 0.3692 


/ = z] 


and 


Hence 


y(0.4) =y (0.2) + £ (v'(0.2) + Ay' (0.3) + y'(0.4)| 
o 

= 0.9802 + 1-0.196- 1.1452-0.36921 = 0.9232 

y(0.4) = 0.9232 and 2(0.4) = - 0.3692. 


PROBLEMS 32.6 


I* Apply Picard's method to find the third, approximation to the values of y and z, given that dykbc = z T rhfdx 
= x* (y 4 z\ given y = 1, z = ^ ^hen x - 0. 

2. Solve the following differentia) equations using Taylor series method of the 4 th order, for x = 0.1 and 0.2, 

— ~ xz + 1, ~ = - xy ; yf 0) = 0 and ^(0) - l, 
dx dy 

3. Find y(0.I) t z(G.1), >(0.2) and zf0.2) from the system of equations : = x + ? t af = Jf given y(Q) *= 0 f z(0) - 1 using 

Kunge-Kutta of 4th order, 2009) 

1. Using Picard's method, obtain the second approximation to the solution of 



5. 


Use Picard's method to approximate y when x = 0.1, given that 
x = 



6* Using Runge-Kutta method of order four, solve y~ = y + xy\y(Q) - l,y'(0> = 0 to find yiQ£) and >'(0.2). 

7. Consider the second order value problem y* - 2 y* + 2y « e 2 * sin t with yfO) - - 0.4 and y'(0) - - 0.6, Losing the fourth 
order Runge-Kutta method, findy(0,2), {Anna, 2003) 
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ft- The angular displacement. 0 of a simple pendulum IB given by the equation 


8 

dt 3 / 


sin 0 = 0 


where / ^ 98 cm and g ^ 980 cm/sec 2 . If0 * 0 and dMdt ^ 4 47iJ at / ^ G, use Runge-Kutta method to find 0 and dtifdt 
when / =t 0,2 sec, 


32,13 


BOUNDARY VALUE PROBLEMS 


Such a problem requires the solution of a differential equation in a region R subject to the various condi¬ 
tions on the boundary of R. Practical applications give rise to many such problems. We shall discuss two-point 
linear boundary value problems of the following types : 

(t) + X(x) — + \x(x)y = yix) with the conditions y(x 0 ) = a, yixj = A. 

dx 1 dx 


d 4 y 

(ii) — j + X(x)y - g(x) with the conditionsy(x 0 ) =y'(jt D ) = a and y(x ) -y*ix ) = b. 
dx 

While there exist many numerical methods for solving such boundary value problems, the method of 
finite-differences is most commonly used. We shall explain this method in the next section. 


32.14 


FINITE-DIFFERENCE METHOD 


In this method* the derivatives appearing in the differential equation and the boundary conditions are 
replaced by their finite-difference approximations and the resulting linear system of equations are solved by any 
standard procedure. These roots are the values of the required solution at the pivotal points. 

The finite-difference approximations to the various derivatives are derived as under: 

Ify(*) and its derivatives are single-valued continuous functions ofx then by Taylor’s expansion* we have 


and 


h 2 h 2 

y(x + h) = y(x) + hy f (x) + (x) + (r) + ... 

h 2 h 3 

y(x - h) = y(x) - hy'(x) + — yXx) - — <x) + ... 


...U) 

...( 2 ) 


Equation (1) gives y'{x) = ^ lyix + h ) —yOr}] - ~ y"(x) - ... 

i.e., v'U) - 7 ly(r + h)-yix)\ + 0(h ) 

n 

which is the forward difference approximation afy'M with an error of the order A* 

Similarly (2) gives y*{x) = — \y(x) -y(x - A)] + 0(h) 

h 

which is the backward difference approximation of y'ix) with an error of the order h. 

Subtracting (2) from (1), we obtain 

y\x) =~\y(x + h)- yix - h)] + Om 

In 

which is the central difference approximation ofy'(x) with an error of the order A 2 , Clearly this central difference 
approximation toy'Oc) is better than the forward or backward difference approximationa and hence should be 
preferred. 

Adding (1) and (2), we get 

y"0t) “ ^ly(x + h)-2yfr) + y{x - h)] + (Xh 2 ) 
n 

which is the central difference approximation ofy"UJ* Similarly we can derive central difference approximations 
to higher derivatives. 
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Hence the working expressions for the centrul difference approximations to the first four derivatives afy t 
are as under: 


1 

A* 

1 

y i — 2/j3 <- v i , 2 “ ■* 1 + - 1 — -^t - 2^ 

y? = ^T0' tf2 -4y 1+1 + 6^.-4^^+^. 2 ) 


—C3> 
...(4) 
...(5) 
... ( 6 ) 


Ohn* The accuracy of this method depends on the size of the sub-interval h and also on the order of approximation 
As we reduce A, the accuracy improves but the number of equations to be solved also increases. 


Exam pie 32.27. Salve the equationy* - x + y with the boundary conditions y(0) — y(2 0 (Calicut. 1999} 

Solution. We divide the interval {0, 1) into four sub-intervals so that h = 1/4 and the pivot points are 
Jtp - 0, x l = 1/4, x t = 1/2, .* 3 = 3/4 and x 4 - L 

The differential equation is approximated as 

^Lvi + ,-2^ +^_,l =Xj+y, 

or 16v, + 1 - 33y, + lfty, _, = ,t, j = 1, 2, 3. 

Using Vt, = .V 4 = 0, we get the system of equations 

16y 2 - 33yj = i 
4 

16.y 3 - 33v 2 + ley, = | 

- 33y a + 16y 2 = £ 

4 

Their solution gives 

y x = - 0.03488, > 2 = - 0,05632, y 3 = - 0,05003, 

Obs- The exact solution being y(i) * - * n ^ x -x, the error at each nodal point is given in the table: 

smh 1 


X 

Computed value y(x) 

Exact value y(x) 

Error 

0,25 

-0,03488 

-0,03505 

0,00017 

0,5 

-0,05632 

- 0,05650 

0.00027 

0.75 

-0.05003 

-0,05028 

0.0002$ 


Example 32.28. Determine values of y at the pivotal points of the interval W r 1\ if y satisfies the hound 
ary value problem y* v + Sly = Six 3 , y(0) - y(l) = y*(Q) = y~(l) = 0 . (Take n = 3). 

Solution. Here h = 1/3 and the pivotal points are x 0 = 0, x A = 1/3, jc 2 = 2/3, x 3 = 1. The corresponding y- 
values are y 0 (= 0),y v y 2 ,y 3 (=01 

Replacing y* v by its central difference approximation, the differential equation becomes 



-jytot* 2-^1* 

i + 2 ) +8^ = 81^ 


y i + 2 - 4y, + , + 7 y t - 4y ( _ j + y,_ 2 = *£, t = 1, 2 

Ati = 1, 

.v 3 - 4y 2 + 7y t - 

4 y 0 + ^-i = 3/ 9 

At i = 2, 

y 4 - 4 >' 3 + 7 ->'2 

-4>’i +y B = 479 

Using y 0 

- y 3 = 0, we get - 4y 2 + 7y 2 + y 

_ j = 1/9 


y* + 7 yi - 4 ^i 

= 4/9 
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Regarding the conditions y m ^ = y* 3 = 0, we know that 

^ = F (y,+I_2y,+y< * l) 

At i = 0, y" 0 -9{y ?,-%r 0 +>_ I ) 

or y_! =-^1 

At t = 3, y 3 " = 90’ 4 - 2y 3 + y 2 ) 

*4 = “3-2 

Using (ift), the equation (i) becomes 

- 4y 2 + 6y, = 1/9 

Using (to), the equation (ii) reduces to 

6>2 - 4y, = 4/9 

Solving (o) and (vi), we obtain 

y, = 11/90 and y 2 = 7/45. 
Hence >>(1/3) = 0.1222 and y< 2/3) = 0.1556. 


!*•* 3 , 0 = 3'o" = o l -(fif) 
tv 3' a => , 3 = 0 I -(&) 

...(vi) 


Example 32.29. The deflection of a beam in governed by the equation 

3^T + 81 >' = # x) 

ax 

where ${*)*' doen by the table 

1/3 2/3 1, 

$ x) ; 81 162 243, 

and boundary condition y(0) =y'(0) = y”( l) — y"'( 1) = 0. Evaluate the deflection at the pivotal points of the beam 
using three sub-intervals. 

Solution. Here h = 1/3 and the pivotal points are x 0 = 0, x, = 1/3, x 2 = 2/3, x 3 = 1. The corresponding 
y-v allies are v 0 (= 0),y,,y 2 , y 3 . 

The given differential equation is approximated to 


-A- <y< +2 - 4 y, * 1 + 6 >’i - 4 y, -1 + >\-2 ) + 81 >'r =¥* ( ) 

n 


At i = 1, 

3 , 3 - 4 .V 2 +7 3'i- 4 .V 0 +y_,= 1 

...(f) 

At i = 2, 

.V 4 - 4y 3 + 7y a -4y, + y 0 = 2 

...(ii) 

At i = 3, 

>5 " 4 3’4 + 7 r 3 " A y-i + -Vj = 3 

...(iff) 

We have 

>o = 0 

...(/e) 

Since 

3[ — 2h '3* +1 ~ 3', _ j 1 


*\ for i = 0, 

o= yo=^(y 1 -y. 1 )Le.>_ 1 =y 1 

...(f) 

Since 

y’=^ 


a for j - 3, 

0 = 3’s = ~2 0> 4 - 2v 3 + .y 2 ), i.e. y 4 = 2y 3 - y % 
a 

...(«) 

Also 

y> = 2/t 3 (y, + 2 - 2 y t * 1 2 y, -1 - y, - 2 > 


.% for i = 3, 

0= y3 = 2ft 3 + 



y 5 = 2y 4 - 2y +yj 

~.(u«) 

Using (iv) and (u) p the equation (i) reduces to 



y 3 - 4y 2 + 8y, = 1 

...(ofl’f) 


Using t iv ) and (vi), the equation (ii) becomes 
~y» + 3 3' 2 — 2y t = 1 


-Xix) 
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Using (of) and (vii), the equation (Hi) reduces to 

Zy 3 - 4y 2 + 2y, = 3 -.(*) 

Solving (oiii), (or) and <x). wc get 

y % = 8/13, y 2 = 22/13,y 3 = 37/13. 

Hence >0/3) = 0.6154* > (2/3) = 1.6923, >(1) = 2.8462. 


PROBLEMS 32.7 


I, Solve the boundary value problem for x = 0,5 : 


ft 


3, 

4, 

5, 
0* 
7* 


d 2 3 y 

“pr + 1 - 0»y<0>^y<l) =0, 

Find an approximate solution of the boundary value problem : 

y* + 8 (fiin 2 ny)y = 0, 0 5 l t y(0) = y(l) = I. 

Solve the boundary' value problem 

ary # +y *0,jrtl)s l*y(2) = 2, 


(Take ft = 4) 

(Take n 9 4 ) 
(Take n m 4) 


Solve the equation 

y* - 4y' + 4y = e** 9 with the conditions >^D> « 0* yf 1) = - 2* taking n * 4. 

Solve the boundary value problem y* - 64y + 10 = 0 withy{0) te y{ l ) a 0 by the finite difference method. Compute the 
value of yi 0.51 and compare with the true value. 

Solve the boundary value problem 

y m + xy* +y *3r* + 2,y(0) = 0,y(l)^ l. 

The boundary value problem governing the deflection of a beam uf length 3 metres is given by 


^ + 2> = ijc z + | x + 4,jK0) = >'<□) «>(3) = y'<3) i= 0. 
dx B 3 

The beam is built-in at the left end {x = 0) and simply supported at the right end tr = 3). Determine y at the pivotal 
points x = 1 and x ^ 2. 

8 * Solve the boundary value problem* 


d 4 * 6 7 8 y 

+ Sly b 7^bt\y(0} = y'(0) =/U) ^ y^U) = 0. (Use n = 3) 

9, Solve the equation y 4 - y m + y - x 2 subject to the boundary conditions 

y<0) 9 y'(0) * 0 and ytt) p 2, /CD *= 0. (Take n = 5) 


32.15 


OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 32.8 


Sclt'i.i the cornet anmver or fill up the blanks in the following questions ; 

I. Which of the following is a step by step method : 

(«) Taylor * 1 s (ft) Adams-Boshforth (e) Picard's ( d ) None. 

2* The finite difference scheme for the equation 2y" +y = 5 is _ 

3, if y" = x + y, y(0) = I and.v tflJ tx)» 1 + x + x 2 f2 t then by Picard’s method* the value of y* 2 *{x) is .. 

4* The iterative formula of Euler's method for solving y = fix, y) with > U^) = y 01 is *.***. , 

5* Taylor’s series for solution of first order ordinary differential equations is * 

6, Using K tinge-Kutta method of order four, the value ofy(O.i) fory* =x - 3y # y(0) = 1 taking ft = 0,1 is 

(a) 0.813 (ft) 0,825 (c) 0,0825 (e/> none, 

7, Given y u , y p y T y d§ Milne's corrector formula to find y 4 for dyfdx - fix, y\ is ,**,*_ . 

8, The second order Runge-Kutta formula is . . 

0, Adams-Bashforth predictor formula to solve y* = /Tx, y) given y 0 =yix 0 > is ——. 

11). The multi-step methods available for solving ordinal differential equations are . . 

11- To predict Adam’s method all east_values ofy, prior to the desi red value, are required. 

1 2* Taylor’s series solution of/ = - JD ,y(0) = 1 uptox 4 is * 
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13 - 


14. 


16. 

16 . 


17. 


IS* 


19. 

20 . 
2L 
22. 




23. 

24. 


26, 


26. 


27 . 


dy 


{d) none. 


Using modified Euler's method, the value ofytfhl) for = x-y t y{0) is H 

(a) 0,809 ffl 0.909 (c) 0.0809 

Milne's Predictor formula is , 

Adam's corrector formula is_ 

Using Euler's method, dy/dx - (y ~ 2xVy f v(CJ> = 1 : gives y(0,l) =. 

d^y i> dy 

—y + j ~ + v = 0 is equivalent tn n set of two first order differential equations and 
dx dx 


The formula for the 4Lh order Hunge-KoUa method is. 

Taylor’s series method will be useful to give some.of Milne's method. 

The name of two self-starting methods to solve / = /fe,y) given y(jr 0 ) -y v are .1... 

I n the derivation of fourth order Runge-Kutta formula, it is railed fourth order because. 

If / = x t y(f}) - 1 then by Heard** method, the value of/1) is 

(a) 0,915 m 0.905 0.981 (d) none. 

The finite difference scheme of the differential equationi/ ■* 2v = 0 is.„ 

!f/ = - v,/0)- 1, the Euler's method, the value of/D is 

(a) 0,99 ib) 0,999 M 0.981 (d) none. 

In Euler's method if h is small the method is too slow, if h is large, it gives inaccurate value 
Hunge Kutta method is a self-starting method. 

Predictor-corrector methods are self-starting methods. 


iTrue nr False) 
(True ur False! 
(True ur False! 
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I 1. Introduction. 2 . Classification of second order equations. 3. Finite difference approximation to derivatives. 4. Elliptic | 
equations. 5. Solution of Laplace's equation. 6. Solution of Poisson's equations. 7. Parabolic equations. 8. Solution 
I of heat equation. 9. Hyperbolic equations. 10. Solution of wave equation. 11. Objective Type of Questions, 

i_i 


33.1 


INTRODUCTION 


There are many boundary value problems which involve partial differential equations. Only a few of these 
equations can be solved by analytical methods. In most cases, we depend on the numerical solution of such 
partial differential equations. Of the various numerical methods available for solving these equations, the 
method of finite differences is most commonly used. 

In this method, the derivatives appearing in the equation and the boundary conditions are replaced by 
their finite-difference approximations. Then the given equation is changed to a difference equation which is 
solved by iterative procedures. This process is slow but gives good results of boundary value problems. An added 
advantage of this method is that the computation can be done by electronic computer. Here we shall apply this 
method to the solution of important applied partial differential equations. For a detailed study, the reader 
should refer to author’s book 'Numerical Methods in Engineering and Science*. 


CLASSIFICATION OF SECOND ORDER EQUATIONS 


The general linear partial differential equation of the second order in two independent variables is of the 


form. 


CTU 




d 2 u 


A(x, y ) —s- + B(x\ y) —— + C(x, y)~— + F 


dx 


dxdy ~ ' dy 2 


du du \ 


Such a partial differential equation is said to be 
U) elliptic, if B 2 - 4 AC < 0, 

(ii) parabolic, if B 2 - 4AC = 0 t 
and (Hi) hyperbolic, if B 2 - 4AC > 0 , 


Example 33 J. Classify the following equations: 
d 2 u d 2 u J d s u du A du ^ *d 2 u 

ii j- j 

dx 2 


(i) + 4 T " + 4 - — + 2 =0 («) x 2 +(1 ~ y~ ) =0, -»<*<«>, - 1 <y < 1 


tixdy dy 2 ibr dy 


dx 2 


& 

dy 2 


(Madras, 200.3) 


2yd 2 u we . 0 . 2 , . _2. d x u 


i tit) U + x~)~ + (5 + 2x~) ^ ^ 
dx 2 dx dt 


dt 2 
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Solution, (i) Comparing this equation with (I) above, we find that 
A = 1,B = 4,C = 4 
B 2 - 4AC = (4) 2 - 4x 1x4 = 0 
So the equation is parabolic. 

(ii) Here A = x 2 , B = 0, C = 1 -y 2 

B 2 - 4AC = G - 4* 2 (1 -y 2 ) = 4x 2 (y 2 - 1) 

For all x between — « and «% x 2 is positive 

For all y between - 1 and 1 t y 2 < 1 B 2 — 4AC < 0 

Hence the equation is elliptic. 

(Hi) Here A = 1 + x 2 , B = 5 4 2x 2 C = 4 + x 2 

B 2 - 4 AC = (5 + 2x 2 ) 2 - 4 (1 4 x 2 ) (4 + x 2 ) = 9 Le, > 0 
So the equation is hyperbolic. 


PROBLEMS 33.1 


I. What is the classification of the equation + 2/T +/ v _ = 0. 


2 , Determine whether the following equation Is elliptic or hyperbolic ? 

(x + llu^- 2 (x + 2)w_ + (x + 3) * 0, 

3 . 


t -2 (x + 2+ (x + 3) 
Classify the equations (i) y 1 - 2xy u xy + x 2 


u +2w “3u-0 

yy * 


2 du iht 

(u) x —-fly — ^~X’tr — y~ 


a* 2 ' ' dy* 'dx ' dy 

..... 39 2 u 3*1* js 3 2 u „Su Su 


,4, In which parts of the tx, y) plane is the following equation elliptic ? 

d 2 u / at 2 + d 2 u ttedy + <x 2 + 4y 2 ) b 2 u /ay 2 = 2 sin (xyX 


{Madras t 2000 S) 
(P.TM., 2009 S) 


(Anna, 200$) 


33.3 


FINITE-DIFFERENCE APPROXIMATIONS TO DERIVATIVES 


Consider a rectangular region R in the x-y plane. Divide this region into a rectangular network of sides 
Ax “ h and Ay - k as shown in Fig. 33.1. The points of intersection of the dividing lines are called mesh points , 
nodal points or grid points . 




{x, y + A) 




lx-k, y) 

(i,j + l>i 
ix,y) 

tx h,y) 




HJ) 

(x,y-k} 

{i + bfl 

| 




(ij-l) 









Fig, 33.1 


Then we have the finite difference approximations for the partial derivatives in x-direction (§ 32,12): 

du u(x + h , y) - u(x t y ) 
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= u(x t y) - ulx - h,y) + h) _ u(x + h,y)- u(x - h, y} + 

/i 2/i 

a z u uU - A, y) - 2u(x t y) + u(x + h t y ) s 

and “-r s— ■■ - - — + Our) 

dr" A 

Writing w(x, y) - u(ih r jk) as simply n. the above approximations become 



Ui + Uj u i.j +0{h) 

...d) 


x A 



= UiJ ~^— J - + 0(A) 
h 

...(2) 


= + om 

2h 

...(3) 

and 

u „ = A 2 W) 

...(4) 


Similarly we have the approximations for the derivatives w.r.L y ; 



+ 0[k) 

3 k 

..-(5) 


u i, ~ u i i-i „ 

= —— J + O(k) 
k 

...(6) 


= U ‘- J + i + 0(k 2 ) 

2k 

...(7) 

and 

u n = U ^- 1_2u 'W +U ^-> + Oik 2 ) 

...(8) 


Replacing the derivatives in any partial differential equation by their corresponding difference approxi¬ 
mations (1) to (8), we obtain the finite-difference analogues of the given equations. 


ELLIPTIC EQUATIONS 


The Laplace's equation 


Y 


2 d 2 u tru 

v^ u = —2+-— = 0 

dor ay 


and the Poisson’s equation 


d 2 u d 2 u 


Bound a ry conditions 
prescribed 
at each 
point ofC 
( shaded ) 



Fig. 33.2 


are examples of elliptic partial differential equations. Laplace’s equation 
arises in steady-state flow and potential problems. Poisson’s equation 
arises in fluid mechanics, electricity and magnetism and torsion 
problems. 

The solution of these equations is a function u (x t y) which is satisfied at every point of a region R subject 
to certain boundary conditions specified on the closed curve C (Fig. 33.2). 

In general, problems concerning steady viscous flow, equilibrium stresses in elastic structures etc., lead to 
elliptic type of equations. 


SOLUTION OF LAPLACE'S EQUATION' 


d 2 U d 2 U _ n 

ar 2 + V 


...( 1 ) 


* See p. 619 
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Consider a rectangular region R for which u (x, y) is known 
at the boundary. Divide this region into a network of square mesh 
of side ft, as shown in Fig. 33.3 (assuming that an exact sub-divi¬ 
sion of R is possible). Replacing the derivatives in (1) by their 
difference approximations, we have 

1 

l 


Yt 

Kn 








or 


1 


u U = 4 [w < - 1.J- + u i + hi + u i.j - 1 + u U - i ] 


K* 


...( 2 ) 


This shows that the value of u f at any interior mesh point 
is the average of its values at four neighbouring points to the left, 
right, above and below. (2) is called the standard 5-point 
formula which is exhibited in Fig, 33.4. 









"2.4 

W 3, 4 

"4,4 


**2,3 

"3.3 

"4.3 


li %2 


"4,2 


J s, ;t 






U u* > 






** i - 


Hj 

. i.j 






L j + I 


\x | ft 3i | b 4 t b 5t , X 

Fig. 333 


*i+ l.j+i 


u i- Ij-i 

Fig. 33A 

Sometimes a formula similar to (2) is used which is given by 

u = — (u , . + h . , + y , , + w , .) 

t,j ^ vw j- 1 )f /+I T L;-l + 1 


s 

* 

V 

% 

A 

% 

% 

V 

4 

4 

/ 

/ 

f 

1 

* 

/ 

4 

/ 

4 

4 

4 

J 

* 

% 

\ 

N 

\ 

^ 


+ 1J-1 


Fig. 33.S 


*-■(3) 


This shows that the value of u i} is the average of its values at the four neighbouring diagonal mesh points. 
(3) is called the diagonal 5-point formula which is represented in Fig. 33.5. Although (3) is less accurate than 
(2), yet it serves as a reasonably good approximation for obtaining the starting values at the mesh points. 

Now to Find the initial values of u at the interior mesh points, we first use diagonal five point formula (3) 


and compute u 3 3 

* **2. 4’ **4, 4’ **4 f 2 **2. 2’ 

in this order. Thus wi 

1 get. 


U 3 r 3 ” 

— (6 I 8+ b 5 

1 + ^5.5 + ^1. }* 

; ** 2 . 4 ^ 

4 


**4,4 = 

7^3,5 + ^5, 

3 + ^5. 5 + U 3,3^ 

* " 4 , 2 " 

“ ^ + ^5. 1 + ^3, I + ^5, 3^ 


U 2y 2 = 

“ ^1,3 + ^3. 

4 

1 + "3, 3 + *1, 



The values 

at the remaining interior points i.e 3 , 

" 3 . 4 *" 

t 3 and u 3 2 are computed by 

point formula (2). 

Thus, we obtain 





"2.3 = 

— ^1,3 + U 3 t 

4 

3 + It, 4 + It, 2 ), 

" 3 . 4 = 

— ( u ^ 4 + ^ (J + fc 35 + u 3 3 ) 

4 


"4.3 = 

“ K 3 + 6 5, 

4 

3 + " 4 , 1 + " 4 , 2 ^ 

" 3 , 2 = 

i (u 2 2 + u 4 2 + u 3 3 + u 3 j) 
4 


Having found all the nine values of u i f once, their accuracy is improved by repeated application of (2) in 
the form 

u' n + 1> . .= 2_[« ln + lj . „ +K (nl . , +«' n+1 ‘ , + u tnl . ,1 

f-Kj i + bj t r j + i i'j-v 
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This formula utilises the latest iterative value available and scans the mesh points symmetrically from 
left to right along successive rows. This process is repeated till the difference of values in one round and the next 
becomes negligible. 

This is known as Liebmanns iteration process. 


Example 33JI L Solve the elliptic equation uL + u y = 0 for the square mash of Fig, 33.6 with boundary* 


values as shown* 


(Rohtaky 2005; VXtt, 2005) 


Solution. Let u lf u^ u 9 be the values of u at the Interior mesh-points. Since the boundary values of a 
are symmetrical about AS. 


— Up ttg- 

Also the values of u being symmetrical about CD, « a = u \> 


u e = u 4 , u 9 = u T 


Thus it is sufficient to find the values u v u 2 , 7/ 4 and u g . 
Now we find their initial value in the following order : 
1 
4 


u 5 = ~ (2000 + 2000 + 1000 + 1000) = 1500 (Std. formula) 


u, = -(0 + 1500 + 1000 + 2000)= 1125 (Diag. formula) 

4 

u, = - (1125 + 1125 + 1000 + 1500) = 1188 (Std. formula) 


« 4 = -(2000 + 1500 + 1125 + 1125) - 1438 (Std. formula) 
4 

We carry out the iteration process using the formulae : 

1 


1000 


2000 


1000 


500 1000 500 



c 

u 2 


A 

U 4 


O 0 B 


U 7 

u e 

«9 


D 




1000 


2000 


1000 


500 1000 500 

Fig. 33.6 


tif *» = - 11000 + uW + 500 + U 4 (n '1 


u 2 <™ + l! = - lu/* + ]) + u, w + 1000 + 

u 4 in + 1) = T [2000 + u 5 (n ’ + + » + «j tn! 3 


« 5 (n + lj = — [u t tn +lt + u 4 (n> + a 2 <" + 11 + n 2 ln ') 


First iteration : (put n = 0) 


«j (1) = -(1000 + 1188 + 500 + 1438) = 1032 


u <»’ = - (1032 + 1032 + 1000 + 1500) = 1141 
1 4 


u 4 m = ~ (2000 + 1500 + 1032 + 1032) = 1391 

i/, (1) = -(1391 + 1391 + 1141 + 1141)= 1266 
5 4 


Second iteration : (put n = 1) 


a/ 21 = - (1000 + 1141 + 500 + 1391) = 1008 
v 2) = - (1008 + 1008 + 1000 + 1266) = 1069 

4 


u 4 m = - (2000 + 1266 + 1008 + 1008) = 1321 
4 


U < 2i = -(1321 + 1321 + 1069 + 1069) = 1195 
5 4 
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Third iteration : 


u' 3 > = -(1000 + 1069 + 500 + 1321) = 973 
4 

« ™ = - (973 + 973 + 1000 + 1195) = 1035 
* 4 

k ™ = 4(2000 + 1195 + 973 + 973) = 1288 
4 

uJ 3) = -(1288 + 1288 + 1035 + 1035) = 1162 
5 4 

Fourth iteration : 


u , (4) = -(1000 + 1135 + 500 + 1288) = 956 
1 4 

u „ t4 > = -(956 + 956 + 1000 + 11621= 1019 
z 4 

u 4 ,4 > = 1 (2000 + 1162 + 956 + 956) = 1269 

« < 4 > = - (1269 + 1269 + 1019 + 1019) = 1144 
5 4 

Fi/Wi iteration: 

Uj (5) = 1 (1000 + 1019 + 500 + 1269) = 947 

u < 5) = -(947 + 947 + 1000 + 1144) = 1010 
* 4 

it® = 4(2000 + 1144 + 947 + 947) - 1260 
4 

» B (5) = ~ (1260 + 1260 + 1010 + 1010) = 1135 

Similarly, u™ = 942, u 2 (6 > = 1005, u 4 i6) = 1255, u 5 (6) = 1130 

= 940, u 2 (7) = 1003, u 4 a) = 1253, u s t7 > =1128 
u,® = 939, u 2 ,8) = 1002, u 4 (8 > = 1252, u 5 (8 > =1127 
it,® = 939, u 2 (6) = 1001, uf> = 1261, Bj® = 1126 

Thus there is negligible difference between the values obtained in the eighth and ninth iterations. 
Hence u 1 = 939, u 2 = 1001, u 4 = 1251 and u 5 = 1126. 


Example 33,3. Given the values of u(x, y) on the boundary of the square in the Fig . 33.7, evaluate the 
function u(x, y) satisfying the Laplace equation V 2 u = Oat the pivotal points of this figure. 

(Bhopal, 2009 ; Madras, 2003) 


Solution. To get the initial values of u,, u 2 , u 3 , u 4 , we assume u 4 = 0. Then 


u, = -(1000 + 0 + 1000 + 2000 ) = 1000 

1 4 

u„ = 1 (1000 + 500 + 1000 + 0) = 625 

2 4 

u _ = -(2000 + 0 + 1000 + 5001 = 875 


(Diag. formula) 
(Std. formula) 
(Std. formula) 


u , = - (875 + 0 + 625 + 0) = 375 
4 4 

We carry out the successive iterations, using the formulae 

1 


(Std. formula) 
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and 


U 3 (n + 1) = - |2000 + «,"" + u,'" 0, + 5001 
4 


in + 


l > = “ + 1( + 0 + tin 

4 J * 


{« + 1) 


+ 0J 


^Yrsf fYem/ion : (put /i = 0) 


uf l ' = -(2000 + 625 + 1000 4-875)= 1125 
4 

U <11= i(1125 + 500 + 1000 + 375) = 750 
* 4 

uJ 11 = 1(2000 + 375 + 1125 + 500) = 1000 
' f 4 

u 4 (1 ’ = 1 (1000 + 0 + 750 + 0) - 438 


Second iteration : (put n = 1) 


1000 , 


2000 - 


2000 


1000 


1000 1000 




U 2 


«a 

u * 





1000 


u x 0 = i (2000 + 750 + 1000 + 1000) - 1188 

u,< 2) = 1 (1188 + 500 + 1000 + 438) = 782 

1 4 

u ,< 2 > = 1 (2000 + 438 + 1188 + 500) = 1032 

‘ f 4 

u < 2 > = 1 (1032 + 0 + 782 + 0) = 454 
* 4 

Third iteration : (put n - 2) 

w < 3) = 1 (2000 + 782 + 1000 + 1032) = 1204 
1 4 

u P = 1 (1204 + 500 + 1000 + 454) = 789 

4 4 

U a (3) = 1 (2000 + 454 + 1204 + 500) = 1040 

up = 1 (1040 + 0 + 789 + 0) = 458 

Similarly, u “* = 1207, up =791, « 3 (4) =1041, ii 4 ‘ 4) = 458 

up = 1208, u 2 l5) = 791.5, « 3 (5) = 1041.5, u 4 (5) = 458.25 

Thus there is no significant difference between the fourth and fifth iteration values. 

Hence u % = 1208, u 2 - 792* u s = 1042 and u 4 = 458. 

Example 33*4, Solve the Laplcu e equation t/ n + u. = 0 given that (Fig. 33.8% 

Solution. We first find the initial values in the following order : 


500 0 

Fig. 33 7 


500 


u. = - (0 + 17 + 21 + 12.1) = 12.5 

5 4 

(Sfd. formula) 

u. = 1(0 + 12.5 + 0 + 17)= 7.4 

1 4 

(Diag. formula) 

u„= -(12.5 + 18.6 + 17 + 21) = 17.28 

3 4 

(Diag, formula) 

11,= 1(12.5 + 0 + 0+12.1) = 6.15 

7 4 

(Diag. formula) 

= 1 (12.5 + 9 + 21 + 12.1) = 13.65 

9 4 

(Diag, formula) 

u„ = 1 (17 + 12.5 + 7.4 + 17.3) = 13.55 

2 4 

(Std. formula) 

u 4 = 1 (7.4 + 6.2 + 0 + 12.5) = 6.52 

(Std. formula) 


11*1 17 19.7 



u i 

u 2 

H 



“ft 

H 










8.7 12 J 12.5 

Fig. 33,8 


18.6 

21,9 

21 

17 

9 
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u K = — (17.3 + 13.7 + 12.5 + 21) =16.12 (Std. formula) 

6 4 

u B - -{12.5+ 12.1 + 6.2 + 13.7)= 11.12 (Std. formula) 

4 

Now we carry out the iteration process using the Standard formula : 

«i n + 1) = i[(0 + ll.l + u\ n} + uip)] 

4 n + 1> = | [ft*-" +17 + 4 n) + I4" 1 )] 

(4 n + 1) = i[(4' M ‘ 1> +19.7+ 4 B) +21.9)] 

4" +1! = - [<4" 411 +19.7+4'” + 4"')] 

4 n 411 = ^ [<< 411 + 4 n+1) + C + 4"’)] 

4" +1) = | [(4° 41) +4" 4 u +4"’+2 d] 

4” +n = -~[o+(4" +1> +8.7+4 nJ )] 

*» = I [<4«+. 4 n+ » + i2.i + 4 n) )] 

4" +11 = i [(4" + u + 4 nl +12.8 + 17)] 

First iteration (put n = 0, in the above resuits) 

up =^(0 + ll.l + 4 o) + 4°') = i (0 + 11.1 + 6.52 + 13.55) = 7.79 

4“ =T (7.79 + 17 + 12.5 + 17.28) = 13.64 
4 

4 U =T (13.64 + 19.7 + 16.12 + 21.9) = 12.84 
4 

(1) 1 , 

4 = - (0 + 7.79 + 6.15 + 12.5) = 6.61 
4 

4 1 ’ = 7 (6 61 + 13.64 + 11.12 + 16.12) = 11.88 
4 

(l) 1 

W = T (11,88 + 17.84 + 13*65 + 21) = 16.09 
4 

(i) ^ 

u * T (0 + 6*61 + 8.7 + 11*12) = 6.61 

4 

4 1 ’ = 7 (6.61 + 11.88 + 12.1 + 13.65) = 11.06 
4 

4r =7 (11.06 + 16.09 + 12.8 + 17) = 12.238 
4 

Second iteration (put n = 1) 

4® = 7 (0 + 11.1 + 6.61 + 13.64) = 7.84 
4 

4 2) = 7 (7.84 + 17 + 11.88 + 17.84) = 16.64 
4 

4® - 7 (13-64 + 19.7 + 16.09 + 21.9) = 17.83 
4 

4® = - (0 + 7.84 + 6.61 + 11.88) = 6.58 
4 
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U^ 31 = 1 (6.58 + 13.64 + 11.06 + 16.091 = 11.84 
4 

i4j 2) = i (11.84 + 17,83 + 14.24 + 21) = 16.23 
4 

t4 2 ' = - (0 + 6.58 + 8.7 + 11.06) = 6.58 
4 

r Oi X 

Ub = T (6*58 + 11.84 + 12.1 + 14.24) = 11.19 
4 

Ug 2) = " (11.19 + 16.23 + 12.8 + 17) = 14.30 
4 

Third iteration (put n = 2) 

«i 3 ‘ =T (0 + 11.1 + 6.58 + 13.64) = 7.83 

4 

4 3> = T (7.83 + 17 + 11.84 + 17.83) = 13.637 
4 

i4 4 ’ = 4 (13.63 + 19.7 + 16.23 + 21.9) = 17.86 
4 

«4 3> =4 (0 + 7.83 + 6.58 + 11.84) = 6.56 
4 

<4 3> = 4 (6.56+ 13.63+ 11.19+ 16.23) = 11.90 

4 

«6 ’ =4 (11.90 + 17.86 + 14.30 + 21) = 16.27 
4 

*4 3 ’ =4 (0 + 6.56 + 8.7 + 11.19) = 6.61 

4 

1 

i =- (6.61 + 1L90 + 12.1 + 14.30)= 11.23 
4 

Ug 31 =4 (11-23 + 16.27 + 12.8 + 17) = 14.32 

4 

Similarly, u< 4) = 7.82,4*’ = 13.65, eJ, 4 ’ = 17.88, = 6.58, u' 5 4) = 11.94, u^ 4) = 16.28, 

j 4 4> = 6.63, i4 4) = 11.25,4 4> = 14.33 

«| 5) = 7.83, uf = 13.66, ui, 5> = 17.89, uf = 6.50, $ = 11 95,= 16.29, 
i4 5) = 6.64, = 11.25, i4 S) = 14.34 


33.6 


SOLUTION OF POISSON'S EQUATION* 


0 2 u d 2 u 




...( 1 ) 


This is an elliptic equation which can be solved numerically at the interior mesh points of a square net¬ 
work when the boundary values are known. The standard 5-point formula for (1) takes the form 

u i-UJ + u l *Uj +u i.j*l + u i, j - 1 ~ 4u u = h 2 f (Ut ’ J h) - m 

By applying (2) at each mesh-point, we arrive at linear equations in the pivotal values i, j. These equa¬ 
tions can be solved by Gauss-Seidal iteration method (p. 938). 

Example 33.5. Solve the Poisson equation u = - 81xy, 0 < x < 1, 0 <y < 1 given that u(0, y) - 0, 


u(x, 0) = 0, u(l, y) = 100, u(x, 1) = 100 and h = 1/3. 
Solution. Here ft = 1/3 J _ 1 u [ J (Fig. 33.9) 


(Anna, 2005) 


* See p. 882. 
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The standard 5-point formula for the given equation is 



For i/j (i = 1 ,j = 

i-e. f 

For u 2 ( 

i = 2J = 


For u 3 ( 

i = i j = 


For u 4 (i - 2J = 


- 4u, + u 2 “F = - 102 


u j - 4u 2 + = - 204 


u Y - 4 u 3 + « 4 = - 1 


u 2 + ” 4i/| = - 102 

Subtracting (u) from (u) T - 4w 1 + 4w 4 = 0 i,e. = « 4 
Then (tit) becomes 2w a - 4w 2 - - 204 
and (to) becomes 2u t - 4u 3 = - 1 

Now (4) x (it) + (of) gives — 14ttj + 4u 3 = — 612 

(vii) + (viii) gives - 12wj =— 613 

Thus u x = 613/12 = 51.0833 = u r 


MU) 

MUi) 

Miv) 

:XV) 

Mvi) 

...(vii) 

...(viii) 


y| 


o 

Li 

a 


100 u = 100 




u 2 



“4 





0 u = 0 0 
Fig. 33.9 


100 


100 


It 

a 

100 


OX 


From (vi\ 
From (uri), 


u 2 = - (u 1 + 102) = 76.5477 

2 

=25.7916. 


Example 33*8* Solve the partial differential equation V 2 u - ~ lOfx 2 + V 2 + 10) over the square with sides 
x = 0 =y 7 x = 3 =y with u - 0 on the boundary and mesh length - L 

(Anna, 2007 2007; Delhi, 2002 ) 


Solution* Here h = 1 (Fig. 33.10), 

The standard 5-point formula for the given equation is 

u i-i,j +u i* i. j +u i, j *1+ u i. j-1- 4 **? j 

= - ioa 2 +/ + io) 

For u ^i- 1 J - 2), (i) gives 

0 + u 2 + 0 + u 3 “ 4t* l = - 10(1 + 4 + 10) 


Mi) 


y* 

0 


E*e*, 


= i.(u 2 + tig + 150) 

4 

...(ii) 

2, j = 2), (i) gives u 2 = 1 (« 1 + u A + 180) 

4 

...(Hi) 

1,7 = 1), we have « 3 = — (u l + u 4 + 120) 

4 

.Mu) 

2,7 = 1), we have ti 4 = — (u 2 + u 3 + 150) 

4 

... (w) 



U l 

u* 


*3 

u A 





0 0 
Fig. 53.10 


Equations (ii) and (v) show that u 4 = u r Thus the above equations reduce to 

= — (u g + u s + 150) 

4 

1 

w 2 = 2 ^ u i + 90 * 

“ 3 = 2 tu i + 60) 

Now let us solve these equations by Gauss-Seidal iteration method. 

First iteration : Starting from the approximations u 2 = 0, u :i = 0, we obtain 

u. a> = 37.5. Then u„ (1) = - (37.5 + 90) = 64 ; u, (1) = I (37.5 + 60) = 49 
1 2 2 2 


0 X 

Mvi) 

...(vii) 

...(viii) 


100 
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Second iteration: 

u, i2) = ~ (64 + 49 + 150) = 66 ; u ,< 21 = - (66 + 90) = 78 ; u' 2) = - (66 + 60) = 63 

4 2 2 

Third iteration : 

u, ,3 > = - (78 + 63 + 150) = 73 ; u ' 3 > = ~ (73 + 90) - 82 ; u < 2) = I (73 + 60) = 67 

1 4 2 2 

iteration : 

it , 14) = i (82 + 67 + 150) = 75 ; tt‘ 4) = 1 (75 + 90) = 82.5 ; uj 4> = - (75 + 60) = 67.5 
4 2 2 

Fifth iteration: 


u < 6) = ~ (82.5 + 67.5 + 150) - 75 ; u < 5) = - (75 + 90) = 82.5 ; u , ,5) = 
1 4 2 

Since these values are the same as those of fourth iteration, vve have 

a l = 75, u 2 = 82*5, u 3 = 67*5 and u 4 - 75. 


1 (75 + 60) = 67.5 

2 


PROBLEMS 33.2 


1. Solve the equation « jx * ii = 0 for the following square mesh with boundary values as shown in Fig. 33.11. Iterate 
until the maximum difference between the successive values at any point is less than 0.00L (Delhi, 2002) 

2* Solve V 2 a - 0 under the conditions tt = 1. k = I ) t u(0 f y ) = 0, u(4,y ) = 12 +y for 0 <y <4 ; u(x, 0) = Sbc, titer, 4) = x 2 For 
0^.r< 4. imt, 200$) 

3. Solve the elliptic equation u ^ 4 * 0 for the square mesh with boundary values as shown in Fig* 33*12* Iterate 

until the maximum difference between successive values at any point is less than 0*005* 




i- Using central-difference approximation solve V 2 u = 0 at the nodal points of the square grid of Fig. 33.13 using the 
boundary values indica ted* (Vi T i U. f 2000) 



10 20 30 

F ig* 33.13 



5* Solve u ^ + u >y - 0 for the square mesh with boundary values as shown in Fig, 33* 14. Iterate till the mesh values are 
correct to two decimal places. 
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6, Solve the Laplace's equation + u ^ 0 m the domain of Fig. 33,15. 


9 16 







w 7 




U 4 

**A 







14 

12 

10 


0.5 2 4*5 

Fig. 33.15 




u * 

“l 



*% 



Wr, 


u } 






Fig. 33.16 


7. Solve the Poi&sotfs equation V u = for the square mash of Fig. 33.16 with u(x f y } = 0 on the boundary and 
mesh length = L (JM T. U., 20(14 S) 

Note. Solution of elliptic equations by Relaxation method is given in author's book "Numerical Methods in 
Englneering and Science*. 

cWM PARABOLIC EQUATIONS 


The one-dimensional heat conduction equation 

du 2 d 2 u 

aT" c a? 

is a well-known example of parabolic partial differential 
equations. The solution of this equation is a temperature 
function u(x, t) which is defined for values of x from 0 to / 
and for values of time t from 0 to «. The solution is not 
defined in a closed domain but advances in an open-ended 
region from initial values, satisfying the prescribed 
boundary conditions. (Fig. 33.17). 

In general, the study of pressure waves in a fluid, 
propagation of heat and unsteady state problems lead to 
parabolic type of equations. 

GO SOLUTION OF HEAT EQUATION 




Boundary, 
conditions 
prescribed 
along this 
line ° 


/ =*G 


Sol, Advances 


Open ended 
domain 
R 


I 


Boundary 
conditions 
prescribed 
along this 
line 


Initial conditions 
presented along this line 
Fig. 33.17 


du 9 d 2 U 


dt 


■ = c 


dx 2 


UD 


where c 2 - klsp is the diffusivity of the substance (cm 2 /secj 

Consider a rectangular mesh in the xd plane with spacing h along x direction and k along time t direction. 
Denoting a mesh point (x, t ) = (ih, jk) as simply i f j\ we have 

du Ujj+i 
dt k 

d 2 U _ ~2Uj.j +“i + i.j 

A 2 

Substituting these in {! ), we obtain 


(By (5} § 33.31 


ktr 

U ,,J + 1-“(,>= -TT 

h 


2lt ,.j + ♦ Ujl 


and 


jBy (4) § 33.31 
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or +1 * «*i - w + (1 “ 2ct) U U + aW * -1 J 

where a = kc 2 /h 2 is the mesh ratio parameter. 

This formula enables us to determine the value of u at the 
li t j + l)th mesh point in terms of the known function values at the 
points x- _ x i and x i + 2 at the instant K It is a relation between the 
function values at the two time levels j + 1 and j and is therefore, called 
a 2-level formula. In schematic form (2) is shown in Fig. 33.18 which is 

called the Schmidt explicit formula which is valid only for 0 < a < i. 


*,.( 2 ) 


t J 

ii.j * 1) 

4 


( j + l)f/i level 

k 

i * , 

1 i 

jth level 

(i - 1. j) 

(i,j) 


X 


Fig. 33.18 


Oil*, In particular when Cf = - , (2) reduces to 


l U* 1 “ 2 


u i * Up 


..(3) 


which shows that the value of u at x t at time t, 91 is the mean of the u-values at x t l andx i t j at time f This relation, known 
as Bendre-Schmidt recurrence relation* gives the values of u at the internal mesh points with toe help of boundary 
conditions. 

Note. The other formulae (i.e. Crank-Nicolson formula and Du Fort-Frankel formula) are given in author's book 
1 Numerical Methods in Engineering and Science ; 

Example 33.7, Solve — = ■ inO<x< 5 r t >0 given that u(x t 0) -20, u(0 t t) = 0, u(5, ti = 100 L CumjfUtp 
at erar 


u for the time-step with h — 1 by Crank-Nicholson method 

Solution. Here c 2 = 1 and h - L 
Taking a c 2 k!h) = 1, we get k - 1 
Also we have 


(Anna, 2006) 


i 

j 

0 

1 

2 

8 

4 

5 

0 

0 

20 

20 

20 

20 

100 

1 

0 

"i 


“3 

«4 

100 


Then Crank-Nicholson formula becomes 


4u* , , = w. 4 , , + w. , . _ + w. , .+ t . 

i r j+! J-1.J+) + l “t-l ,j f + 1 ,j 



4u x = 0 + 20 + 0 + « 2 


Le. 

4uj - u,j = 

20 

...(1) 


4u 2 = 20 + 20 + u l + u 

3 

Le. 

4 u t - 4 u z + u 3 - 

-40 

...(2) 


4 u 3 = 20 + 20 + u 2 + u 

4 

i.e. 

u 2 - 4U 3 + U 4 = 

-40 

...(3) 


4u t = 20 + 100 + u 3 + 

ioa 

Le. 

4u 3 - 4u^ + = 

-220 

...(4) 

Now (1) - 4(2) gives 

15 u 2 - 4« 3 = 180 





...(5) 

4(3) + (4) gives 

4u 2 - 15u 3 = - 380 





...(6) 

Then 15(5) - 4(6) gives 209u 2 = 4220 

Le. 

U 2 

= 20.2 



From (5), we get 

4u 3 = 15 x 20.2 - 180 

£.e 

u 3 

= 30.75 



From (1), 

4Uj = 20 + 20.2 

Le, 

u i 

= 10.05 



From (4) ( 

4«„ = 220 + 30.75 

Le. 

u t 

= 62.69 




Thus the required values are 10.05, 20.2, 30.75 and 62.68. 

Example 33.8. Solve the boundary value problem u t - under the conditions u(0, t) = u(l, t) = 0 and 
u(x, 0) = sin tec, 0 £ x £ 1 using Schmidt method (Take h = 0.2 and a = 1/2). (Rohtak, 2003) 

h = 0.2 and a = 1/2 


a = —- gives k = 0.02 


Solution. Since 
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Since a = 1/2, we use Bendre-Schmidt relation 


U u*i~ 2 


,+ 


U , + W> 


... 0 ) 


We have u(0, 0) = 0, u( 0.2, 0) = sin n/5 = 0.5875 

«(0.4, 0) = sin 2n/5 = 0.95111, u(0.6, 0) = sin 3n/5 = 0.9511 
fi(Q.8, 0} s sin 4 n/5 - 0.5875, »(1, 0) - sin jt - 0 

The value of u at the mesh points can be obtained by using the recurrence relation (i) as shown in table 
below : 



x —¥ 0 


0.2 

0.4 

0.6 

0.8 

1.0 

t 

i 

i 

j 

0 

1 

2 

3 

4 

5 

0 

0 

0 

0.5878 

0.9511 

0.9511 

0.5878 

0 

0.02 

1 

0 

0.4756 

0 7695 

0.7695 

0.4756 

0 

0.04 

2 

0 

0*3848 

0.6225 

0.6225 

0.3348 

0 

0.06 

3 

0 

0.3113 

0.5036 

0.5036 

0.3113 

0 

0,08 

4 

0 

0.2618 

0.4074 

0.4074 

0.2518 

0 

0.1 

5 

0 

0*2037 

0.3296 

0.3296 

0.2037 

0 


3 

Example 33,9. Find the values of u(x t t) satisfying the parabolic equation —- = 4 and the boundary 

ot dx" 

1 ! / 

conditions u{0 T t) = 0 ~ u(8 t t) and u(x, 0) = 4x - x? at the points x = / : i = 0, l t 2, 8 and t = — j :j — 0* J* 

2 8 

2, ***, 5 . 

Solution, Here c 2 = 4, A = 1 and k = 1/8* Then a = cP-kffi 2 = 1/2. 
a we have Bend re-Schmid t’s recurrence relation 


u ■ . = — (u , + u , ) 

i,j +1 2 1 _ 1 + W 

Now since ii(0, t) = 0 = u(S , f) 

a u 0 . = 0 and n gJ = 0 for all values ofj, i,e, T the entries in the first and last column are zero* 




Since u(r, 0) = 4*-x 2 

2 


u, _ = 4i - - i 2 = 0, 3.5, 6, 7.5, 8, 7.5, 6, Is 

t, u 2 


t = 0, 1, 2, 3, 4, 5, 6, 7 at * = 0 
These are the entries of the first row. 


i 

J 

0 

1 

2 

3 

4 

5 

6 

7 

6 

0 

0 

3*5 

€ 

7*5 

8 

7*5 

B 

3*5 

O 

1 

0 

3 

5*5 

7 

7-5 

7 

5*5 

3 

0 

2 

0 

2-75 

5 

6-5 

7 

m 

5 

2*75 

0 

3 

0 

2.5 

4,625 

6 

6.5 

6 

4*626 

2*5 

p 

4 

0 

2,3125 

4.25 

5.5625 

6 

# 5*5625 

4*25 

2*3125 

0 

5 

0 

2*125 

3.9376 

5.125 

5.5626 

5.125 

3.9375 

2.125 

0 


for 
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Putting7 = 0 in (f} # we have 


\ i " 7 } ^ U i - 1,0 + U i + l.C^ 


Taking i = 1,2, 7 successively, we get 

1 
2 


w i t i ~ ^ ^o,o + u 2, ~ g (0 + 6) — 3 


u 2 . i ~ g * w i H o * ~ ^ ^ + — 

1 1 

1 * 3 , i “ 2 ^2,o + u 4,o>= ~ {6 + 8) = 7 

j = 7.5, i/g 7, t/g | = 5.5j | = 3, 

These are the entries in the second row. 

Putting./ = 1 in (Of the entries of the third row are given by 

«i.2 = + + 

Similarly putting/ = 2,3, 4 successively in (i ), the entries of the fourth, fifth and sixth rows are obtained. 
Hence the values of u ( . . are as given in the above table. 

Example 33.10. Solve the equation 

du _ d g a 
dt dx* 

subject to the conditions u(x, 0) = sin kx, 0 <x Si; u(0 t t) = «f% t) - 0. Carry' out computations for two levels. 


takingh = 1/3, k = i/36. 

Solution. Here e 2 = l, h = 1/3, k = 1/36 so that 
a = kcVh 2 = 1/4. 

Also «j 0 = sin tc/3 = 73/2, u 2 0 = sin 2 ji/ 3 = v^/2 
and all other boundary values are zero as shown in Fig. 33.19. 
Schmidt’s formula [(2) of § 33.81 

u , = olu „ + (1 — 2a) u + ulu 

l,j +■ 1 f - l,j ' Kj t + 1 % j 


(V.7VU., 2005) 


tk 

0 


becomes 




( 1 , 2 ) 

(2, 2) 

i , 

— 

1 . 

(Li) 

(2, I) 



For i = 1, 2 \j = 0 : 

Uj , = jlu 0 0 + 2i<j 0 + u 2 0 ] = j(0 + 2 x J3/2 + J3/2 ) = 0.65 

u 2 ,1 = \ I“i. 0 + 2u %0 + u 3.ol = \ ( V3/2 + 2 X J372 + 0) = 0.65 
For i = 1, 2 J = 1: 

/i ]2 =-(ii n + 2ii] 1 + u 2 1 ^ = 0.49 
4 

w 2 2 - i. (h j j + 2 z* 2 A + t > = 0.49. 

4 


V3/2 V3/2 

Fig. 33.19 


0 * 


PROBLEMS 33.3 


1. Find the solution of the parabolic equation u ja = 2u / when idO, t)-u\4, t) a (1 and u(r, 0) - A 4 -x), taking A - 1. find 

the values upto ( =5. (Madras, 2(X)1) 

2, Solve the equation —- = — with the conditions /) - 0,u(x, 0t —jcll-x)andnU* J) - 0. Assume h - 0.1. Tabulate 

or Ot 

u for / = k , 2 k and 3/r choosing an appropriate value of k. (An/JH, 2004 ^ 
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3, Given --£ - — =s 0 t) =/'(5 i /) = 0. fix, 0) - x* (25 - ; find the value? off for x - ih(i - 0,1. 5) and 

a * 2 * 

t = jk(j - 0 ( l, *.*, 6) with & = 1 and £ = -. using the explicit method. 

2 

4. Solve the heat equation do fdt = ifti/dr 2 subject to the condition? a(0, t) » u{ 1, t) - 0 and 

«(x. 0 ) = 2x forO£x< ^ 

= 2(1 -x) for ^ Sar< L 

Take A = 1/4 and A according to Bendre-Schmidt equation. 


HYPERBOLIC EQUATIONS 


d^u d^u 

The wave equation : —— - c 2 —— is the simplest example of hyperbolic partial differential equations. Its 
dr dr 2 


solution is the displacement function u(a\ t) defined for values of x from 0 to / and for t from 0 to satisfying 
the Initial and boundary conditions. The solution as for parabolic equations, advances in an open-ended 
region (Fig. 33.17). In the case of hyperbolic equations however, we have two initial conditions and two bound- 
ary conditions. 

Such equations arise from convective type of problems in vibrations, wave mechanics and gas dynamics. 


33.10 


SOLUTION OF WAVE EQUATION 


d 2 U _ 2 

de~ c a? 

du 

subject to the initial conditions : u = f(x ) # — G<x£latf“G 

dt 

and the boundary conditions : edO, /) - 0(0, w(l* /) = y(0- 



™(1) 

>M) 

«.(3) 


Consider a rectangular mesh in the x-t plane spacing h along x direction and k along time t direction. 
Denoting a mesh point ( x , t ) = (ih t jk ) as simply i, j t we have 


d 2 u -2uij +«, ; *i ,j 

a* 2 ' " h 2 


, j ^ ti i , j + 1 

W~ a 2 


and 
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Replacing the derivatives in (1) by their above approximations, we obtain 


,21.2 


c*k 


Ujj _ J- 2 u t J +U,j + l = —2“ {u . - lj~ 2u i j + U i j + l) 

U .J + 1 = 2d - « 2(2) U U + a%c * <«; -1 ,j + “i * u- 1> 


...(4) 


[See (7) p. 1042] 


or 

where a-klh , 

Now replacing the derivative in (2) by its central difference approximation, we get 

+ _^v 

2A * 

or «,j + t = « (iJ f -1 + 2A g(x) at / = 0 i,e u i; , - n if . % + 2Ag(x) forj = 0 U5) 

Also initial condition u - fix) at t = 0 becomes u t 0 = /‘(x) „,(6) 

Combining (5) and (6), we have u- t = /(x) + 2Ag{x) _(7) 

Also (3) gives » 0 - = ♦(*) and K i y = y(£) 

Hence (4) gives the values of u t x at the (/ + l)th level when the nodal values at {j - l)th and jth levels 
are known from (61 and (7) as shown in rig, 32.20. Thus (4) gives an implicit scheme for the solution of the wave 
equation . 

A special case : The coefficient of ii | j in (4) will vanish if a = 17c or k = hie . Then (4 ) reduces to the simple 

form 

U ij + i s u i-i.j + u i + i P j“ u tj-i —®) 

This result provides an explicit scheme for the solution of the wave equation. 

Ob*. L For as l/c t the solution of (41 is stable and coincides with the solution 
For a < 1/1% the solution is stable but inaccurate. 

For a > 1/e, the solution is unstable. 

Ob* 2* The formula (4) converges for a£2 Le, for k 5 A. 

Example 33.11. Evaluate the pivotal values of the equation u u - taking h as 1 up to t = 1.25 . TAc 

tawiidaiy conditions are u(0 t t) = uf5, (j - 0 t u/x, 0) = 0 and u(x f 0) = x 2 ft? - x/, {Madras, 2006) 

Solution. Here c 2 - 16. 

The difference equation for the given equation is 

u iJ + i = 2( 1 - 16a 2 ) ^ + 16a 2 {u i _ X j + u t + hJ ) - j _ t where a = k/h .„(/) 

Taking h - 1 and choosing k so that the coefficient of u t J vanishes, we have 16a 2 = 1, Le. a k = A/4, = 1/4. 

” W reduces to u U*i = - W +u . + W u U-i ••(») 

which gives a convergent solution (since A/A < 1). Its solution coincides with the solution of the given differential 
equation. 

Now since u(0, t) “ uf5, t ) = 0. 

u 0 j — 0 and ^ - 0 for all values of j 
Le. the entries in the first and last columns are zero. 


Since 


U { x > 0) = ^5-X} 


or 


^0 = * 2 < 5 - 0 = 4, 12, 18, 16 for i = l t 2, 3 t 4 at f = 0. 
These are the entries of the first row. 

Finally the initial condition u t ( x t 0) = 0, becomes 

j +1 * 1 A 

2k = 0, when j = 0, giving u- x - u i _ l 

Putting j = 0 in (ii), U,,! = o + “i. i, o " J 

= «. -1, o + u , + 1, o “ i usin S 

W i, 1 — 2 w i- 1. o + u i + 1, 0^ 

Taking i = 1, 2, 3, 4 successively, we obtain 

“i. 1 = \ («o.o + u 2, fl) = ~ (0 + 12 ) = 6 

z 2 


.. Xiii ) 


... Uv) 
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« 2 ,l=i <“i ,0 + “aV* J (4+ 18) =11 

A A 

U 3A~ 2 + = 2 ^ + ^ ~ 14 

«4, 1 = £ Ko + U 5,0> = “ (18 + 0) = 9 

These are the entries of the second row . 

Putting j = 1 in (ti), we get 

U i t 2 ~ U i-h i 4 U i +1, i ~ U i\0 
Taking ( = 1,2, 3, 4 scccessively, we obtain 

u U2 = u o,i + u 2»i- u KQ = 0 + 11 " 4 = 7 
«2,2 = «|,, + u z 1 - U 2 0 = 6 + 14 - 12 = 8 
2 = U 2 W 1 + W 4, 1 “ **3, 0= 11 + 9— 18 = 2 
u 4 2 = t* 3 j + u 5 j - 0 = 14 + 0 - 16 - - 2 

These are the entries of the third row. 

Similarly putting/ - 2, 3,4 successively in (ii\ the entries of the fourth, fifth and sixth rows are obtained. 
Hence the values of u ■ ■ are as shown in the table below : 


i 

0 

i 

2 

3 

4 

3 

/ 







0 

0 

4 

12 

iS 

16 

0 

1 

0 

6 

11 

14 

9 

* 0 

2 


7 

8 

2 

-M i 

0 

3 

0 

2 

! W2 

- 8 

-7 

0 

4 

0 

-9 

- 14 

-11 


0 

5 

0 

— 16 

— 18 

-12 

-4 

0 


Example :i3 J 2* The transverse displacement u of a point at a distance x from one end and at any time t 
of a vibrating string satisfies the equation dPu/dt? - difuldx 2 , with boundary conditions u ~ Oat x-0,t>0 and 

u =0 at x = 4, t > 0 and initial conditions u = x (4 - x) a?id du/dt - 0 at t “ 0 r 0 < x < 4. Solve this equation 
numerically for one half period of vibration, taking h=t and k - 112. 


Solution* Here, k/k = 2 = c, 

a the difference equation for the given equation is 

ti- - t ~u , * + it- * -K- , , 

t t /+ 1 * - 1 t / t + 1,/ J p /-I 

which gives a convergent solution (since k < h)* 

Now since u (0, t) = u (4, t) = 0, 
a u Q j = 0 and u A j - 0 for all values of/* 

£.e., the entries in the first and last columns are zero* 

Since 0} = x (4-x), 

u J Q = i (4 — i) = 3, 4, 3 for i = 1, 2, 3 at t = 0* 
These are the entries of the first row. 

Also u t (x, 0} - 0 becomes 

Uj j+i ~a t j_ x 

— -- = 0 when/ = 0 t giving r = u t ^ 1 

Putting j = 0 in (i), u ( , = u i _ h0 + + x u k _ x 

= u i-i,n + u i*i 1 o“ u i.r usin g 

U i, 1 = ~ ( U i- 1,0 + U i+ 1.0* 


...Ci) 


...(if) 


or 


...Ctii) 
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Taking i - 1 , 2 , 3 successively, we obtain 


u i, l “ g Cu o.o + w l,0^ = 2 ; w 2 i - — (Wj t0 + u x^) ” ^ 


U 3,] = | (, '2.0 + U 4.0 


) = 2 


These are the entries of the 2nd row. 

Putting j = 1 ip (i), k ; 2 = “i _ i, i + u , + j, i - “i.o 
Taking i = l t 2, 3, successively, we get 


u t 2 = u 0 I + ^2,1 ~ u i.o = 0 + 3-3 = 0 


U 2.2 ~ U \, I 


W 3,t^ a 2,0 = 2 + 2 ” 4 = 0 


W 3 2 = U 2 1 + U 4 1 ” U 3 0 = 2 * 0 - 3 = 0 
These are the entries of the 3rd row and so on. 

Now the equation of the vibrating string of length / is u H = c 2 u 

21 2x4 

Its period of vibration = — = ■■ ■ = 4 sec. 

c 2 

This shows that we have to compute u [x n upto t - 2. 
similarly we obtain the values of u t 2 (4th row) and u i 3 (5th row). 
Hence the values of u ■ . are as shown in the table below : 


J 


0 

1 

2 

3 

4 


0 

0 

0 

D 

0 


1 


2 


3 

2 

0 

- 2 
-3 


4 

3 

0 

-3 

-4 


3 

3 

2 

0 

— 2 
-3 


Example 33.13* Find the solution of the initial boundary value problem; 


dr u _ d 2 u 


the initial conditions u(x> 0/ - sin kk>0£x<I and the boundary conditions u(Q t t) =* 0 , u(l, 
in the (a) the explicit scheme ; 

(6) the implicit scheme. 


Solution, {a) Explicit scheme 

Take h = 0.2, k = - = 0.2 
c 

«\ We use the formula, u t x = u i _ ^ + u- + ^ — u i 
Since u(0, f) = 0 , wU, f) - 0, u Q - = 0, Uj 7 = 0 for all values of 'j 
Le ., the entries in the first and last columns are zero. 

Since u(x, 0 ) = sin kx, u i 0 = sin me 

u Y 0 - 0, 0 = sin (0.2 jt) = 0.5878, u 3 0 = sin (0.4rc) = 0.9511, u 4 Q = sin (0.6 je) 

These are the entries of the first row. 


Since 0 ) = 0 we have — ( u t J + 1 -u t j_ t = 0, when j = 0 

hM 

a - , = u r 

■I, 1 E,” i 

Putting j = 0 in (i), u, 1 “ “i _ 1 , o + “i + 1 , o “ “i. -1 


Using («) u- j = | <u, _, 0 + u t - + , U, + ^ 0 ) 

Taking i = 1 , 2 , 3,4 successively, we obtain the entries of the second row. 
Putting 7 = 1 in (i), « f 2 = «, - 1.1 + u i + 1.1 “ u i, o 

Now taking i = 1 , 2, 3, 4 successively, we get the entries of the third row. 


f 1 = 4 and c = 2] 


4 

Q 

0 

0 

e 

o 

,Q£x<l; subject to 
t) = 0, t > 0 ; by using 

t Anna, 2007 ) 

fv c=ll 
...(*) 


= 0.5878. 


...Ui) 
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Similarly taking./' = 2, j = 3, j = 4 successively, we obtain the entries of the fourth, fifth and sixth rows 
respectively. 


f 

0 

i 

2 

3 

4 

5 

0 

IB 

0,5678 

0,9511 

0.9511 

0,5878 

0 

1 

0 

0.4756 

0.7695 

0.9611 

0.7695 

0 

2 

0 

0.1817 

0,4756 

0.5678 

0,3633 

0 

9 

0 

0 

0,0001 

-0.1122 

- 0,1816 

o 

4 

0 

- 0.1816 

- 0.5878 

- 0-7694 

0,4755 

0 

5 

0 

- 0,5878 

-0,9511 

-0.9511 

-0.5878 

0 


(6) Implicit scheme 
We have the formula : 

u i } + , = 2 (1 - a 2 c 2 ) u L j + a 2 c 2 (u i _ lrJ + u i * % J - u^j v where a-kth 
Here c 2 = 1, Take h - 0.25 and k = 0.5 so that a - k/h - 2. 


(i) reduces to 

U * . = — 6U + 4 (|/ - + U t 

Uj + 1 t.J v I ~ 1 T J * + 1,/' I, J- l 

Since u - 0 - sin nx 

♦\ ^n f o> = 0.7071, = 0.5, u B $ = 0.7071 

There are the entries of the first row. 


Since u t ix, 0) = 0, we have - ty ui + l - y £ £ _ 


j) = 0, where,/ - 0 


1=^-1 

Put7 = 0 and using Hi) reduces to 

u i t +1 = ” ^ u i ,o + ^ j 0 + 2t*. + 1_ q) 

Now taking / = 1, u t l - - 3 u x ^ + 2 0 + u 2 0 ) = 0.1213 

i = 2, u 2 j = - 3 u 2 0 + 2 (Uj 0 + 0 ) = 0.1716 

i = 3, n 3tl = - 3 u 3 0 + 2 (u 2 0 + u A Q ) = 0.1213 
These are the entries of the second row. 

Putting j = ), 07) reduces to 

U i,2 = - 6 “..l + 4(li i-I.2 + U i,I,l ) 

Now taking i = 1, u 12 = - 6 a, t + 4 (ti Q + u 2 ,) = 0.414 

i - 2, u 2 2 = - 6 u 2 j + 4 (r/j t x ) = 0,0592 
f = 3, u 3 2 = - 6 u 3 j + 4 (i/ 2 t + ii 4 !> = 0.414 
These are the entries of the third row. 

Putting./ = 2, (u) reduces to 

U t 3 = - Bu i 2 -F 4 _ lj2 + U f+ 1.2^-*“ U i, I 

Now taking i - 1, u l 3 = - 6 Uj 2 + 4 (u 0 2 + u 2 2 ) — u x x = 0.1097 

i = 2, u 2 3 - - 6 u 2 2 + 4 (u l 2 + u 3 2 ) - u 2 ' j = 0.1476 
/' 5= 3, U 3 3 = — 6 U B 2 + 4 (ti 2 2+^4 2 ) ” ^4 2 = 1097 

These are the entries of the third row. 

Hence the value of u f ■ are as tabulated below : 


i 

0 

1 

2 

3 

4 

j 






0 

0 

0.7071 

0.5 

0.7071 

0 

1 

0 

- 0.1213 

-0.1716 

-0.1213 

0 

2 

0 

0.0414 

0.0592 

0.0414 

0 


...{it) 


—(«i) 
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PROBLEMS 33.4 


J . Solve the boundary value problem u n ~ with the conditions ui 0, f ) = ^yj = 0, u{x t 0)= - xf 1 - x) and u t (x t 0) = 0* 

taking h - k - 0.1 for 0 £ f £ 0.4. Compare your solution with the exact solution at x = 0 5 and t - 0.3, 

(V.T.U., 2000) 

2. The transverse din placement u of a point at a distance x from one end and at any time / of a vibrating string satisfies 
the equation tftufdt 2 - 25 with the boundary conditions u (9, t) - u (5, t) = 0 and the initial conditions 


w (x, 0) * 


20 x for 0 £ x < 1 


and u t ix, 0) - 0. Solve this equation numerically for one hal f period of vibration, 


5 (5 — x) for 1 < x < f> 
taking h = l, k - 0.2. 

;i. Solve y u - y^ upto t - 0.5 with a spacing of 0,1 subject to y(0* /) = 0, y(l t O = 0, y t (x w 0) = 0* and y U\ 0J 


= 10 + x(l-xl 
4* The function u satisfies the equation 

d 2 «/* 2 =3 2 u/3r 2 

and the conditions : u(x t 0) = ^ sin nx\ u x tx, 0) = 0 for 0 < x < 1, 

© 

u[ 0,1) = u( 1, /) = 0 for f > 0. 

Use the explicit scheme to calculate u for x - 0(0. 1} 1 and t - (HO.D 0,5. 


(Anna, 2004 1 


33.11 


OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 33.5 


Fill up tfu blanks nr se/ccf tfu* corrert answer from each vf ihe foUawmg questiQM 

1. Which of the following equations is parabolic : 

te>/*r£ = 0 + V* + 4*0 + 2f i> + 44 = 0 W) none 

2 . = -L {«. * j ^ - ^ + % j * x * w J - ( _ j) is Leibmamfs five point formula. 

► ** 


(True or False) 


3. 


5, 


7. 

8. 

& 


10. 


th 


18. 

13, 

1C 


15. 


ia 

17. 


18 . 

19. 

20 . 

21 . 


22 , 


u « + + u - 0 is classified as ...... C V 2 u =* /Tx, y) is known as ...... 

The simplest formula to solve u n - a~ is . 6* The Finite difference form of dPu fik 2 is 

Schmidts finite difference scheme to solve u t = c 2 u fjf is ...... 

The 5-point diagonal formula gives u y = ...... 

The partial differential equation fx + 1) - 2 (x r 2) u ^ + ix + 3) w vy = 0 is classified as. 

u *,j +1 = ^ 41 , ; + n i _ t j) is called .. recurrence relation. 


Interms of difference quotients 4is ...... 

Bendre-Schmidl recurrence relation for one dimensional heat equation is 
The diagonal 5-point formula to solve the Laplace equation a + ii ?? - 0 is ...... 

In the parabolic equation u f - a 2 u^ if = ka 2 /h 2 f where k = At T and A = Ar, then explicit method is stable if a - 


ft 2 ar z 


= 0 is classified as , 


(F T. a, 2007) 


The boundary conditions of one-dimensional wave equation are ...... 

The explicit formula for one-dimensional wave equation with 1 - - 0 and X = kfh is. 

The general form of Poisson's equation in partial derivations is 

If u satisfies Laplace equation and u - 100 on the boundary of a square, the value of u at an interior grid point is. 

The I-aplace equation 14 ^ + — 0 in difference quotients is. 

The equation yu A + fl i? - 0 is hyperbolic in the region. 

To solve ^ - \ by Bendre-Schmidt method with h = 1, the value of Ar is. 






















Linear Programming 


I--- 1 

I 1. Introduction. 2. Formulation of the problem. 3. Graphical method. 4. Some exceptional cases. 5. General linear ' 
I programming problem. 6. Canonical and standard forms of LRP. 7. Simplex method, 8. Working procedure of the I 
I simplex method. 9. Artificial variable techniques—M-method, Two phase method. 10. Exceptional cases— l 
| Degeneracy. 11. Duality concept. 12. Duality principle. 13. Dual simplex method. 14. Transportation problem. | 
| 15. Working procedure tor transportation problems. 16. Degeneracy in transportation problems. 17. Assignment | 
| problem. 10. Working procedure to solve assignment problems. 19. Objective Type of Questions. | 

i_i 


34.1 


INTRODUCTION 


Linear programming deals with the optimization (maximization or minimization) of linear functions 
subject to linear constraints. This technique has found its applications to important areas of product mix, 
blending problems and diet problems. Oil refineries, chemical industries, steel industries and food processing 
industry are also using linear programming with considerable success. 

In this chapter, our purpose is to present the principles of linear programming and the techniques of its 
application in a manner that will suit the engineering students. Beginning with the graphical method which 
provides a great deal of insight into the basic concepts, the simplex method of solving linear programming 
problems is developed. Then the reader is introduced to the Duality concept- Finally a special class of linear 
programming problems namely : Transportation and Assignment problems, is taken up. For a detailed study, 
the student should refer to author's book 'Numerical Methods in Engineering and Science \ 


34.2 


FORMULATION OF THE PROBLEM 


To begin with, a problem is to be presented in a linear programming form which requires defining the 
variables involved, establishing relationships between them and formulating the objective function and the 
constraints. We illustrate this through a few examples. 

Example 34 J. A manufacturer produces turn types of models Mj and Each M 2 model requires 4 
hours of grinding and 2 hours of polishing; whereas each M r , model requires 2 hours of grinding and 5 hours 
of polishing. The manufacturer has 2 grinders and 3 polishers. Each grinder works for 40 hours a week and 
each polisher works for GO hours a week. Profit on an M } model is 7 3 and on an M 2 model is 1 4+ Whatever is 
produced in a week is sold in the market How should the manufacturer allocate his production capacity to the 
two types of models so that he may make the maximum profit in a umk. 

Solution. Let x l be the number of M x models and x 2 , the number of M 2 models produced per week. Then 
the weekly profit (in f) is 

■...(£) 


Z = 3Xj + 4 x 2 
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To produce these number of models, the total number of grinding hours needed per week 

= 4Xj + 2x s 

and the total number of polishing hours required per week 

~ 2Xj + 5* 2 

Since the number of grinding hours available is not more than 80 and the number of polishing hours is not 
more than 180, therefore, 

4x x + 2* 2 < 80 ..m(£0 

2x l + 5* 2 < 180 ...<«) 

Also since the negative number of models are not produced, obviously we must have 

x x 2 0 and x 2 2 0 

Hence this allocation problem is, to find x v x 2 which 
maximize 2 = 3*! + 4x 2 

subject to 4xj + 2 jc 2 < 80, 2* t + 5* 2 < 180, x v x 2 > 0, 

Obs*. The variables that enter into the problem are coiled decision variables. 

The expression (t ) showing the relationship between the manufacturer's goat and the decision ennobles, is railed the 
objective function. 

The inequalities Hi\ (iii) and (iv) are called the constraints 

This objective function and the constraints being all linear, it is a linear programming problem ( L.P.P ). Thift is an 
example of a real situation from industry. 


Example 34-2. A firm making castings uses electric furnace to melt iron with the following specifications; 

Minimum Maximum 

Carbon 3.20% 3A0%> 

Silicon 2*25% 2.35% 

Specifications and costs of various raw materials used for this purpose arc given below : 

Material Carbon % Silicon % Cost (& 

Steel scrap OA 0.15 850/tonne 

Castironscrap 3.80 2.40 900/tonne 

Remelt from foundry 3.50 2*30 500 f tonne 

If the total charge of iron metal required is 4 tonnes, find the weight in kg of each raw material that must 
be used in the optimal mix at minimum cost f J,N*T.U, f J999 $) 


Solution. Let* r * 2 , x 3 be the amounts (in kg) of these raw materials. The objective is to minimize the cost re,, 


minimize 


_ 850 900 500 

Z “ - x . + ——- x* + —— x- 

1000 1 1000 ^ 1000 3 


...(£) 


For iron melt to have a minimum of 3,2% carbon, 

0.4*j + 3,S* 2 + 3.5* 3 > 3.2 x 4,000 ...(££) 

For iron melt to have a maximum of 3.4% carbon, 

0.4jc 1 + 3.8t* 2 + 3.5x 3 < 3.4 x 4,000 
For iron melt to have a minimum of 2.25% silicon, 

0.15*! + 2.41* 2 + 2.35*3 - 2 25 * 4 * 000 «.(&) 

For iron melt to have a maximum of 2.35% silicon, 

0.15*! + 2.41jc 2 + 2.35x 3 < 2.35 x 4,000 .Jv) 

Also, since the materials added up must be equal to the full charge weight of 4 tonnes. 

/, *! + x 2 + x 3 = 4,000 ».(ui) 

Finally since the amounts of raw material cannot be negative ...(on) 

> 0, x 2 > 0, * 3 > 0 ...(tui) 

Thus the linear programming problem is to find x v x 2 , * 3 which 
minimize Z = 0.85x x + 0.9x 2 +■ 0.5x 3 

subject to 0.4*! + 3,8* 2 + 3.5* 3 > 12,800 

0.4*! + 3.8* 3 + 3.5*3 - 13,600 
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O.lSxj + 2.4lx, + 2.35.Y3 > 9,000 
0.15*, + 2.4br 2 + 2.35x 3 < 9,400 
+ * 2 + Jt 3 = 4,000 
x v x 2 , x 3 > 0. 


PROBLEMS 34.1 


L 


2 . 


3 . 


4. 


6 . 


6 . 


A firm manufactures two items. It purchases castings which are then machined, bored and polished. Castings for 
items A and B cost f 3 and f 4 each and are sold at ? 6 and ? 7 each respectively. Running costs of these machines 
are ? 20, T 14 and ? 17.50 per hour respectively. Formulate the problem so that the product mix maximizes the 
profit? Capacities of Uie machines are 

Port A Part B 

Machining capacity 25 per hr. 40 per hr. 

Boring capacity 28 per hr. 35 per hr. 

Polishing capacity 36 per hr. 26 per hr. 

A firm manufactures 3 products A, B and C, The profits an* 13, ? 2 and 1 4 respectively. The firm has two machines 
M | and M 7 and below is the required processing time in minutes for each machine on each product. 


Machine 


Mi 

AL 


A 

1 

2 


Product 

B 

3 

2 


C 

5 

4 


Machines M x and M 2 have 2000 and 2500 machine-minutes respectively. The firm must manufacture 100 A*#, 200 
P's and 50 C's but not more than 150 A r s. Set up an h.P.P. to maximize profit. {Kvmk&hetra, 2009 S) 

Three products are processed through three different operations. The time (in minutes) required per unit of each 
product, the daily capacity of the operations (in minutes per day) and the profit per unit sold for each product 
(in rupees) are as follows: 


Operation 

TYmc per unit 

Operation capacity 

Product / 

Product U 

Product IU 

1 

3 

4 

3 

42 

2 

5 

0 

3 

45 

3 

3 

6 

2 

41 

Profit (T) 

3 

2 

1 



The zero time indicates that the product does not require the given operation. The problem is to determine the 
optimum daily production For three products that maximize the proftL Formulate this production planning problem 
as a linear programming problem assuming that all unite produced are solti 

An aeroplane can carry a maximum of200 passengers. A profit of? 400 is made on each first class ticket and a profit 
oft 300 is made on each economy class ticket. The airline reserves at least 20 seats for first class. However, at least 
4 times as many passengers prefer to travel by economy class than by the first class. How many tickets of each class 
must be sold in order to maximize profit for the airline? Formulate the problem as an L.P, model, 

(Itahtak, 2006) 

A firm manufactures headache pills in two sizes A and B. Size A contains 2 grains of asprin, 5 grains of bicarbonate 
and i grain of codeine. Size B contains 1 grain of asprin, 8 grains of bicarbonate and 6 grains of codeine. It is found 
by users that it requires at least 12 grains of aspirin, 74 grains of bicarbonate and 24 grains of codeine for providing 
immediate effect. It is required to determine the least number of pills a patient should take to get immediate relief. 
Formulate the problem as a standard L.P.P. 

Consider the following problem faced by a production planner in a soft-drink plant. He has two bottling machines A 
and B. A is designed for 6-ounce bottles and B for 16-ounce bottles. However, each be can used on both types with 
some loss of efficiency. The following data is available: 

Af achim 8-ounce bottles 1 B ounce bottles 

A 100/mi note 40/minute 

B 60/minute 75/minute 

The machines can be run 8 hour per day, 5 days per w eek. Profit on a 8-ounce bottle is 15 paise and on a !6-ounce 
bottle is 25 paise. Weekly production of the drink cannot exceed 300*000 ounces and the market can absorb 25,000 
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8-ouncc bottles and 7,000 1 Bounce bottles per week. The planner wishes to maximise his profit subject, of course, 
to all the production and marketing restrictions. Formulate this as a L.RR 
7. A dairy feed company may purchase and mix one or more of three types of grains containing different amounts of 
nutritional elements. The data is given in the table below. Tim production manager specifies that any feed mix for bis 
live stock must meet, at least minimum nutritional requirements and seeks the least costly among all three mixes. 


& 



One unit weight of 

Minimum 

requirement 

Item 

Grain 1 

Grain 2 

Craw 3 

A 

2 

3 

7 

1,250 

Nutritional B 

1 

1 

0 

260 

ingredients C 

5 

3 

0 

900 

D 

6 

25 

1 

232.5 

Cost per weight of 

41 

35 

96 



Formulate the problem ns a L.P. model. 

A firm produces an alloy with the following specifications: 

(i) specific gravity £ 0.97; (li) chromium content 2:15%; (hi) melting temperature > 494*0 
The alloy requires three raw materials A, B and C whose properties are as follows: 
Property Properties of raw material 


A 

Sp, gravity 0.94 

Chromium 10% 

Melting pt. 470“C 


B 

LOO 

15% 

500*0 


C 

1.05 

17% 

520 - C 


Find the values of A, S, C to be used to make 1 tonne of alloy qf desired properties, keeping the raw material costs 
at the minimum when they are 7 105/tonne for A, 7 245/tonne for if and 7 16 5/tonne for C, Formulate an L*P. model 
for the problem. 


34,3 


GRAPHICAL METHOD 


Linear programming problems involving only two variables can be effectively solved by a graphical 
technique which provides a pictorial representation of the solution and one gets insight into the basic concepts 
used in solving large L.P.P. 

Working procedure to solve a linear programming problem graphically: 

Step 2. Formulate the given problem as a linear programming problem. 

Step 2. Plot the given constraints as equalities on - x 2 coordinate plane and determine the convex 
region* formed by them. 

Step 3, Determine the vertices of the convex region and find the value of the objective function at each 
vertex. The vertex which gives the optimal (maximum or minimum) value of the objective function gives the 
desired optimal solution to the problem. 

Otherwise . Draw the dotted line through the origin representing the objective function with Z - 0. As Z is 
increased from zero, this line moves to the right remaining parallel to itself We go on sliding this line (parallel 
to itself), till it is farthest away from the origin and passes through only one vertex of the convex region. This is 
the vertex where the maximum value of Z is attained, 

* A region or a set of points is said to be convex if the line joining any two of its points lies completely in the region Cor the 
setl Figs. 34,1 and 34,2 represent convex regions while Figs. 34.3 and 34.4 do not form convex seta. 



fig. 34.1 


Fig. 34.2 


Fig. 34.3 


Fig. 34.4 
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When it is required to minimize Z, value of Z is increased till the dotted line passes through the nearest 
vertex of the convex region. 

Example *14,3, Solve the L.PP.of Ex* 34.1 graphically. (V*T.U>, 2003) 

Solution* The problem is: 

Maximize Z ^ Zx } + 4*^ «.(i) 

subject to 4Xj + Jtv 2 £ 80 *..(«) 

2x x + 5x 2 1180 M ,(m) 

x v x 2 £ 0 „.(w) 

Consider ^ - x 2 coordinate system as shown in 
Fig. 34,5. The non-negativity restrictions Ut 0 imply that 
the values ofafp x 2 lie in the first quadrant only* 

We plot the lines 4xj + 2x 2 - 80 and 2.V, + Su; 2 = 180, 

Then any point on or below 4x } + 2x 2 - 80 satisfies 
(it) and any point on or below 2x } + 5* 2 = 180 satisfies 
(Hi). This shows that the desired point (x v x 2 ) must be 
somewhere in the shaded convex region OABC. This 
region is called the solution space or region of feasible solutions for the given problem. Its vertices are 0(0, Q) t 
A(20, 0) B{2.5, 35) and C(0, 36)* 

The values of the objective function (t) at these points are 
Z(O) = 0, Z(A) - 60, Z(B) = 147.5, Z(C) = 144. 

Thus the maximum value of Z is 147.5 and it occurs at B, Hence the optimal solution to the problem is 

x, = 2*5, x 2 = 35 and Z max = 147.5- 

Otherwise. Our aim is to find the point (or points) in the solution space which maximizes the profit 
function Z * To do this, we observe that on making Z - 0, (i) becomes 3x x + 4x 2 = 0 which is represented by the 
dotted line LM through O* As the value of Z is increased, the line LM starts moving parallel to itself towards the 
right. Larger the value ofZ, more will be the company’s profit In this way, we go on sliding LM till it is farthest 
away from the origin and passes through one of the corners of the convex region* This is the point where the 
maximum value of Z is attained. Just possible, such a line may be one of the edges of the solution space. In that 
case every point on that edge gives the same maximum value of Z. 

Here Z max is attained at B(2*5, 35)* Hence the optical solution is x x = 2.5, x 2 35 and Z mw - 147.5* 

Example 34*4 .Find the maximum valueofZ=2x + 3y subject to the constraints:x+y£30 f y% 3,0 £y £ 12, 
x-y>Q t and Q£x£20. {Rohtak, 2006) 

Solution. Any point (x, y) satisfying the 
conditions x £ 0,y > 0 lies in the first quadrant only. Also 
since x + y £ 30, y £ 3,y < 12, x Zy and x £ 20, the desired 
point (x, y ) lies within the convex region ABCDE (shown 
shaded m Fig. 34.6). Its vertices are A(3, 3), B(20, 3), 

C(20, 10), 13(18, 12), and £(12, 12)* 

The values ofZ at these five vertices are Z(A) - 15, 

Z(B) = 49, Z(C) = 70, Z(D) = 72, and Z(E) = 60. 

Since the maximum value of Z is 72 which occurs 
at the vertex Z), the solution to the L.F.P. isx = 18,y = 12 
and maximum Z = 72. 

Example 34.5* A company manufactures two types of cloth } using three different colours of wool. One 
yard length of type a cloth requires 4 oz of red wool , 5 oz of green wool and 3 oz of yellow wool . One yard length 
of type B cloth requires 5 oz of red wool, 2 oz of green wool and 8 oz of yellow wool* The wool available for 
manufacturer is 1000 oz of red wool, 1000 oz of green wool and 1200 oz of yellow wool The manufacturer can 
make a profit oft 5 on one yard of type A cloth and 13 on one yard of type B cloth . Find the best combination 
of the quantities of type A and type B cloth which gives him maximum profit by solving the L.P.P. graphically. 
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Solution. Let the manufacturer decide to produce x v yards of type A cloth and x 2 yards of type B cloth. 
Then the total income in rupees, from these units of doth is given by 

Z = 5*, + 3j: 2 .»($)- 

To produce these units of two types of cloth, he requires 


red wool = 4*j + 5* 2 oz, 
green woo! - 5x | + 2* 2 oz, 
and yellow wool = Sx x + 8* 2 oz. 

Since the manufacturer does not have more than 1000 oz of red 
wool, 1000 oz of green wool and 1200 oz of yellow wool, therefore 



4r, 

+ 5x z S 1000 

.Mi) 


for, 

+ 2x 2 < 1000 



3x, 

+ S* 3 < 1200 

..Xiv) 

Also 

*1 

> 0, x 2 > 0. 

Mv) 


Thus the given problem is to maximize Z subject to the constraints 
(if) to (o). (V,TM.,20Q4) 

Any point satisfying the condition (u) lies in the First quadrant 
only. Also the desired point satisfying the constraints ( ii ) to (to) lies in the 
convex region OABCZ? (Fig* 34.7), Its vertices are 0(0, 0) A(200, 0), 
£(3000/17, 1000/17), C(200Q/17, 1800/17) and D( 0 f 150), 

The values of Z at these vertices are given by ZiO) = G ( Z(A) = 1000, 
Z{B) = 1057*6, Z(C) = 905.8 and ZiD) = 450* 



Since the maximum value of Z is 1058*8 which occurs at the vertex B , the solution to the given problem is 
x x = 3000/17, x 2 = 1000/17 and max. Z = 1058*8* 

Hence the manufacturer should produce 176.5 yards of type A doth, 58*8 yards of type £ doth, so as to get 
the maximum profit of? 1058*8* 


Example 34.B. A company making cold drinks has two bottling plants located at towns T t and T t Each 
plant produces three drinks A, B and C and their production capacity per day is shown below: 


Cold drinks 

Plant nt 

7, 

T s 

A 

6.000 

2,000 

B 

1,000 

2,500 

C 

3,000 

3,000 


The marketing department of the company forecasts a demand of80,000 bottles of A f 22,000 bottles of B 
and 40,000 bottles of C during the month of June. The operating costs per day ofplants at T } and T 2 are 000 
and ? 4,000 respectively. Find {graphically) the number of days for which each plant must be run in June so as 
to minimize the operating costs while meeting the market demand. 

Solution* Let the plants at T x and T 2 be run for * 1 and x 2 days. Then the objective is to minimize the 


operation costs i.e*, 

min. Z - 6000*! + 4000*2 ,..(*) 

Constraints on the demand for the three cold drinks are: 
for A, 6 , 000 * j + 2 , 000*2 - 80,000 or 3*j + x 2 £ 40 

for B, 1 , 000 *! + 2 , 50G* 2 > 22,000 or*! + 2 . 5* 2 > 22 

for C, 3,000*! + 3,000*2 - 40,000 or*! + x 2 > 40/3 ..;(iu) 

Also *p* 2 >0 *..( 0 ) 

Thus the L.P.P* is to minimize (t) subject to constraints (ii) to (u). (V* T. U. t 2000 S) 


The solution space satisfying the constraints (u) to (u) is shown shaded in Fig. 34.8. As seen from the 
direction of the arrows, the solution space is unbounded. The constraint (in) is dominated by the constraints 
(ii) and (Hi) and hence does not affect the solution space* Such a constraint as (iv) is called the redundant 
constraint , 
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The vertices of the convex region ABC are A(22, 0), B(12, 4) 
and C{0, 40). 

Values of the objective function (i) at these vertices are 
Z(A) = 132,000, ZiB) = 88,000, Z(C ) = 160,000. 

Thus the minimum value of Z is ? 88,000 and it occurs at B. 
Hence the solution to the problem is = 12 days, x 2 = 4 days, Z |mn 
= ? 88 , 000 . 

Otherwise. Making 2 = 0, (i) becomes + 2x 2 - 0 which is 
represented by the dotted line LM through O. As 2 is increased, 
the line LM moves parallel to itself, to the right. Since we are 
interested in finding the minimum value of 2, value of 2 is 
increased till LM passes through the vertex nearest to the origin of 
the shaded region, Le> B(12, 4), 

Thus the operating cost will be minimum for*! = 12 days,jc 2 
= 4 days and 

2 min = 6000 x 12 ■+ 4000 x4 = ? 88,000. 

Obs. The dotted line parallel to the line LM is called the iso-cost 
line since it represents all possible combi nations o(x v x 2 which produce 
the same total cost. 


34.4 


SOME EXCEPTIONAL CASES 



Fig. 34.8 


The constraints generally, give region of feasible solution which may be bounded or unbounded. In 
problems involving two variables and having a finite solution, we observed that the optimal solution existed at 
a vertex of the feasible region. In fact, this is true for all L,P< problems for which solutions exist. Thus it may be 
stated that if there exists an optimal solution of an L.P.P., it will be at one of the vertices of the solution space. 
In each of the above exmples, the optimal solution was unique. But it is not always so. In fact, L.P.P. may 

have 

(0 a unique optimal solution, or (ii)an infinite numberof optimal solutions , or (Hi)an unbounded solution, 
or {iv) no solution . 

We now give below a few examples to illustrate the exceptional cases (ii) to (in). 

Example 34.7, A firm uses nutting machine#, grinding machines and lathes to produce two motor parts. 
The machining times required for each part, the machining times available on different machines and the 
profit on each motor part are given below: 


Type of machine 

Machining time reqd, for the motor part 
(mis) 

Max. time available 
per week (minutes) 

! 

n 

Milling machines 

10 

4 

2,000 

Grinding mac/nncs 

3 

2 

mo 

Lathes 

6 

12 

3,000 

Profit /unit (?) 

100 

40 



Determine the number of parts 1 and II to he manufactured per week to maximize the profit. 

Solution. Let x v x 2 be the number of parts I and II manufactured per week. Then objective being to 
maximize the profit, we have maximize 2 = 100 jc 1 + 40jC 2 „ # (i) 

Constraints being on the time available on each machine, we obtain 
for milling machines, I0 jc 1 * 4x 2 < 2,000 

for grinding machines, 3xj + 2* 2 < 900 


•Mi) 

.Mu) 
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for lathes, 6x } + 12x 2 < 3,000 .,.(u0 

Also x v x 2 > 0 ,„(e) 

Thus the problem is to determine x lt x 2 which maximize 
(i) subject to the constraints («) to (t/h 

The solution space satisfying (ii) t (iii), (iu) and meeting 
the non-negativity restrictions (v) is shown shaded in Fig. 34,9. 

Note that (Hi) is a redundant constraint as it does not 
affect the solution space. The vertices of the convex region 
OABC are 

0(0, 0), A(200, 0), B(125* 187.5), C«G, 260), 

Values of the objective function (i) at these vertices are 
Z(0) = 0, ZiA) = 20,000, Z(B) = 20,000 and Z(C) = 10,000. 

Thus the maximum value of Z occurs at two vertices A 

and J3. 

Any point on the line joining A and B will also give 
the same maximum value of Z i.e. t there are infinite number of 
feasible solutions which yield the same maximum value of Z. 

Thus there is no unique optimal solution to the problem and any point on the line AB can be taken to give 
the profit of? 20,000, 

Oh*, An L.P.P. having more than one optimal solution, is said to have alternative* or multiple optimal solutions. It 
implies that the resources cun bo combined in more than omt way to maximize the profit. 



Example 34,8, Using graphical method, solve the following L.P.P,: 

Maximize Z » 2x t + 3x 2 

subject to Xj -x $ <2 

Xj + x 2 £ 4 

(Kurukshetra f 2005 ; V.T, U., 2003 S) 


x v x 2 £ 0, 


..*(/) 
*“(w) 

(ip) 


Solution. Consider x t - x 2 coordinate system. Any point (x v x 2 ) satisfying the restrictions (to) lies in the 
first quadrant only. The solution space satisfying the constraints (ii) and (Hi) Is the convex region shown shaded 
in Fig. 34.10, 




Here the solution space is unbounded. The vertices of the feasible region (in the finite plane ) are A(3, 1) 
and B(0, 4). 

Values of the objective function (i) at these vertices are Z(A) = 9 and Z(B) = 12. 

But there are points in this convex region for which Z will have much higher values. For instance, the 
point (5, 5) lies in the shaded region and the value of Z thereat is 25. In fact, the maximum value of Z occurs at 
infinity. Thus the problem has an unbounded solution. 
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Example 34 ,9.So/ye graphically Ike following L.P.P.: 
Maximize Z - 4x 1 + 3x 2 

subject to Xj~x 2 <- 1* 

-x } + x z <0 

Xt’fyZO 


..Mi 

.MU) 

...(a) 


Solution.Consider jc 1 - x 2 coordinate system. Any point fy, x 2 ) satisfying (in) lies in the first quadrant 
only. The two solution spaces, one satisfying (ii) and the other satisfying (iii) are shown shaded in Fig. 34.11. 

There being no point fy, x. 2 ) common to both the shaded regions, the problem cannot be solved. Hence the 
solution does not exist since the constraints are inconsistent. 

'• The above problem had no solution because the constraints were incompatible. There may be cases in which 
the constraints are compatible but the problem may still have no feasible solution. 


PROBLEMS 34.2 


Using graphical method, solve the following L.P. problems: 

1. Max, Z = + Bx 2 

subject to x l +■ 2x 2 £ 200, x t + x a S 160, x t £ 60, x it x z ^0 (Rajasthan, 2003} 

2 . Max* Z - 5^ * 7x 2 

subject to + x 2 £ 4, + Bx 2 < 24,10^ + 7x a < 36, and x t , x 2 > 0* 

3. Min* Z = 20xj + 3Qx 2 

subject to x x + 2x 2 < 40* 3x l + x 2 > 30* 4x, + 3x a S 60* x v x 2 ^ 0. 

{ Kuruksketra , 2009 8; Mu mb at, 2004; \\T r U., 2004 ) 

5- Max, z - 3x + bx 2 subject to x x + 2x a £ 2000, X 1 + x 2 £ 1500, x 2 £ 600 and x x > 0* x 2 > 0. (Rohtak, 2004 1 

5, A firm manufactures two products A and B on which the profits earned per unit are ? 3 and * 4 respectively. Each 
product is processed on two machines M x and M T Product-A requires one minute of processing Lime on M y and 2 
minutes on M ? while B requires one minute on Af x and one minute on M T Machine M t is available for not more than 
7 hours and 30 minutes while Af z is available for 10 hours during any working day. Find the number of units of 
products A and B to be manufactured to get maximum profit 

6- Two spare parts A" and Fare to be produced in a batch. Each one has to go through two processesA and B, The time 
required in hours per unit and total time available are given below: 

X Y Total hours available 

Process A 3 4 24 

Process B 9 4 36 

Profits per unit of X and Y ore * 5 and * 6 respectively. Find how* many number of spare parts of A and Fare to be 
produced in this batch to maximize the profit* (Each batch is complete in all respects and one cannot produce 
fractional units and stop the batch). 

7 A manufacturer has two products I and 11 both of which are made in steps by machines A and B. The process times 
per hundred for the two products on the two machines are: 

Product Mfc* A Mf c, B 

I 4 hrs. 5 hrs. 

II 6 hr*. 2 hrs. 

Set-up times are negligible. For the coming period machine A has 100 hrs, and B has 80 hrs. The contribution for 
product I is T 10 per 100 units and for product 0 is * 6 per 100 units. The manufacturer is in a market w f hkh can 
absorb both products as much as he can produce for the immediate period ahead. Determine graphically, how much 
of products 1 and 11, he should produce to maximize his contribution. 

6. A production manager wants to determine the quantity to be produced per month of products A and B 
manufactured by his firm. The data on resources required and availability of resources are given below: 


Resources 

Requirements 

Available per month 

Product A 

Product B 

Haw material (kg.) 

60 

120 

12,000 

Machine hrsfpiece 

8 

5 

600 

Assemblyman hrs* 

3 

4 

500 

Sale price/piece 

? 30 

*40 
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Formulate the problem as a standard L.P.P. Find product mix that would give maximum profit by graphical 
technique. 

D. A pineapple firm produces two products: canned pineapple and canned juice. The specific amounts of material, 
labour and equipment required to produce each product and the availability of each of these resource* are shown in 
the table given below: 



Canned Juice 

Pineapple 

Available Resources 

labour (man hrs) 

S 

2.0 

12.0 

Equipment (m/c hrs) 

1 

2.3 

6,9 

Material (unit) 

J 

1.4 

4.9 


Assuming one unit euch of canned juice and canned pineapple has profit margins or t 2 and ? 1 respectively. 
Formulate this as UP. problem and solve it graphically. 

Solve the Following UP. problems graphically: 

ID. Maximize Z - 6r + 4y subject to 2x *y k 1, 3* + 4 y k 1.6 and y k 0. (Bombayt 2004) 

lk Minimize Z - Sx x + IZx^ subject to 60Xj + B0x 2 k 240, Wx t 4 60jc 3 k 300* 3€Ur 4 4 IB0 x 2 k 640, 
and x v x 2 k 0* 

12, G.J. Breweries Ltd. have two bottling plants one located at ‘G* and cither at V\ Each plant produces three drinks; 
whiskey, beer and brandy. The number of bottles produced per day are as follows: 


Drink 

Plant at G 

Plant at J 

Whiskey 

1500 

1500 

Beer 

3000 

1000 

Brandy 

2000 

5000 


A market survey indicates that during the month of July, there will be a demand of 20,000 bottles of whiskey, 
40,000 bottles of beer and 44,000 bottles of brandy. The operating cost per day for plants at G and J are t 600 and 
? 400. For how many days each plant be run in July so as to minimize the production cost, while still meeting the 
market demand. Solve graphically. 


34.5 


GENERAL LINEAR PROGRAMMING PROBLEM 


Any LJPJP. problem involving more than two variables may be expressed as follows: 

Find the values of the variables x v X T x n which maximize (or minimize) the objective function 

Z “ Cj*j + c^c 2 + _ + c n x n ...(i) 

subject to tiie constraints 


a u x l +a^ 2 + ... + a ln x n <b l 

o 2 ,Xj + OjjXj + ... + a 2 n x n ^ b 2 


a ml*l +u m 2*2 + -'- + 0 n .A, S6 nl 


and meet the non-negativity restrictions 


X„X.„ > 0 . 




..MU) 


Def- 1* A set of values x v x n which satisfies the constraints of the L.P.P. is ro//ed its solution. 

Def, 2. Any solution to a L.P.P. which satisfies the non-negativity restrictions of the problem is called its 

feasible solution. 


Def. 3, Any feasible solution which maximizes (or minimizes) the objective function of the L.P.P. is called 

its optimal solution. 

Some of the constraints in (ti) may be equalities, some others may be inequalities of (<) type and 
remaining ones inequalities of (>} type. The inequality constraints are changed to equalities by adding (or 
subtracting) non-negative variables to (from) the left hand side of such constraints. 

Deft 4. If the constraints of a general L.P.P. be 


Xv 1 '/- 6 ' 


(i = L 2,... k) then the non-negative variables s i which satisfy 
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^ + s* = b r (/ = J t 2 ,... A), are called slack variables, 

j = i 

Def. 5, If the constraints of a general L.P.P. be 

n 

y a tJ x t £b t , (i = k. k + l t fAen fAe uariaAte* s, which satisfy 

j-* 

H 

y GyA;, - s ( = , (i = k, k + 1 % ...), are called surplus variables. 

j =1 


34.6 


CANONICAL AND STANDARD FORMS OF 


t.P.P. 


After the formulation of L.P.P., the next step is to obtain its solution. But before any method is used to 
find its solution, the problem must be presented in a suitable form. As such, we explain its following two forms: 
{1) Canonical form. The general L.P.P. can always be expressed in the following form: 

Maximize Z = c^x } + c^r 2 + ... + c n x n 
subject to the constraints a l} x } + a i2 r 2 + + a in x n Sb t ;i = 1, 2 t ... m 

by making some elementary transformations. This form of the L.P.P. is called its canonical form and has the 
following characteristics: 

(1) Objective function is of maximization type, 

(it) All constraints are of {<) type, 

{Hi) All variables^ are non-negative. 

The canonical form is a Format for a L.P.P. which finds its use in the Duality theory. 

(2) Standard form. The general L.P.P, can also be put in the following form: 

Maximize Z = c l x l + c<pt 2 + ... c n x n 

subject to the constraints u H Xj + a (? x 2 + + a in x n = h.;i = 1,2, ... m 

x v x 2y ^x n >0 t 

This form of the L.P.P. is called its standard form and has the following characteristics: 

( 1 ) Objective function is of maximization type; 

(ii) All constraints are expressed as equations; 

(Hi) Right hand side of each constraint is non-negative; 

(iv) All variables are non-negative. 

Obfi. Any L.P.P, can be expressed in the standard form - 
As minimize Z ^ c t x t + c^x 2 + + c^jr n 

th equivalent to maximize Z'(--Z) = ^CjX| ... ^ c ^ n * 
the objective function can always be expressed in the maximization form. 

The inequality constraints can always be converted to equalities by adding (or s obstructing) the slack (or surplus) 
variables to the left hand sides of such const raints. 

So far, the decision variables x v x n have been assumed to be all non*negative. In actual practice, these 

variables could also be zero or negative. If a variable is negative, it can always be expressed as the difference of two non- 
negative variables c.g. a variable x t can be written as 

*- = x{-x* where x* > 0, x* £ 0. 


Example 34.10. Convert the following L.P.P, to the standard form: 

Maximize Z - 3x 1 + 5x 2 + 7x^ 

subject to 6xj - 4.x., < 5 , 3x w + 2x 9 + 5x ? > 11 , 4x } + Sx 3 <2 ,x v x 2 >(L 

Solution. As .r 3 is unrestricted, let x 3 = x 3 - x 3 " where x 3 \ x 3 " £ 0. Now the given constraints can be 
expressed as 


6x x — 4x 2 < 5, 

¥ m 

Saj + 2a 2 + 5x 2 - 5x s >11 
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4Aj + ar 3 ' - 3 .v 3 " < 2 

x l» * (i) (ii) * * * * * * * x 2* *3* x 3* ^ 0. 

Introducing the slack/surplus variables, the problem in standard form becomes: 

Maximize Z = 3*^ + 5x 2 + lx 3 - 7x 3 " 

subject to Sx y - 4 x 2 *f s x = 5, 

3xj + 2 x 2 + 5x 3 ' - 5 x 3 * - s 2 = 11, 

4x 1 + 3 .t 3 ' - Sx 3 " + s 3 = 2, 

X ! ( X 2* X 3 * X 3 * *P S 3 - ®- 

Ex ample 34.11. Express the following pro6/cm in the standard form: 

Minimize Z = + 4.r 5 

aufyect to 2xj 3x t =* - 4. 3:^ + 5x 2 ^x 4 - 10, x f - 4x 2 - 12* x p x 4 £ 0, 

Solution. Here x 3 , x 4 are the slack/surplus variables and x v x 2 are the decision variables. As x 2 is 
unrestricted, let x 2 ~ x 2 ' - x 2 where £ 0. 

The problem in standard form is 
Maximize Z f (= - Z) = - 3x x - 4x 2 + 4x 2 * 

subject to “2Xj + x 2 * - x 2 + 3x 3 - 4 

3x x + 5x 2 ' - bx 2 + x 4 = 10 
x 1 ~4x 2 '-4x/=12 
x v x 2 \x 2 '\x 3 ,x a >Q. 


34.7 


SIMPLEX METHOD 


(I > While solving an L.P.P. graphically, the region of feasible solutions was found to be convex, bounded 
by vertices and edges joining them. The optimal solution occurred at some vertex. If the optimal solution was not 
unique, the optimal points were on an edge. These observations also hold true for the general L.P.P. Essentially 
the problem is that of finding the particular vertex of the convex region which corresponds to the optimal 
solution. The most commonly used method for locating the optimal vertex is the simplex method. This method 
consists in moving step by step from one vertex to the adjacent one. Of all the adjacent vertices, the one giving 
better value of the objective function over that of the preceding vertex, is chosen. This method of jumping from 
one vertex to the other is then repeated. Since the number of vertices is finite, the simplex method leads to an 
optimal vertex in a finite number of steps. 

(2) In simplex method, an infinite number of solutions is reduced to a finite number of promising solutions 
by using the following facts: 

(i) When there are m constraints and (m + n) variables (m being <n), the starting solution is found by 
setting n variables equal to zero and then solving the remaining m equations, provided the solution exists and is 
unique. The n zero variables are known as non-basic variables while the remaining m variables are called 

basic variables and they form a basic solution. 

(ii) In an L.P.P., the variables must always be non-negative. Some of the basic solutions may contain 

negative variables. Such solutions are called basic infeasible solutions and should not be considered. To achieve 

this, we start with a basic solution which is non-negative. The next basic solution must always be non-negative. 

This is ensured by feasibility condition. Such a solution is known as basic feasible solution. 

If all the variables in the basic feasible solution are positive, then it is called non-degenerate solution 

and if some of the variables are zero, it is called degenerate solution* 

(Hi) A new basic feasible solution may be obtained from the previous one by equating one of the basic 
variables to zero and replacing it by a new non-basic variable. The eliminated variable is called the outgoing 

variable while the new variable is known as the incoming variable. 

The incoming variable must improve the value of the objective function which is ensured by the optimality 
condition. This process is repeated till no further improvement is possible. The resulting solution is called the 
optimal basic feasible solution or simply optimal solution* 
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(3) The. simplex method is, therefore , based on the fallowing two conditions: 

I. Feasibility condition. It ensures that if the starting solution is basic feasible, the subsequent will also 
be basic feasible, 

II. Optimality condition , It ensures that only improved solutions will be obtained, 

(4) Now, we shall elaborate the above terms in relation to the general linear programming problem in 
standard form, Le ., 


Maximize 

Z = CjXj + + ... + 

..AD 

subject to 

X °'j x j + 8,=b,,i = l, 2,... m 

...(2) 




and 

Xj > 0, «■ 2 0, j = 1, 2, ... n 

...(3) 


(0 Solution , x v x 2 , x n is a solution of the general LP.P. if it satisfies the constraints (2), 


(it) Feasible solution , x p x 2 , x n is a feasible solution of the general L,P,P, if it satisfies both the 
constraints (2) and the non-negativity restrictions (3). The set S of all feasible solutions is called the 
feasible region. A linear programme is said to be infeasible when the set S is empty, 

(Hi) Basic solution is the solution of the m basic variables when each of the n non-basie variables is equated 
to zero, 

(£o) Basic feasible solution is that basic solution which also satisfies the non-negativity restrictions (3), 

(v) Optimal solution is that basic feasible solution which also optimizes the objective function (1) while 
satisfying the conditions (2) and (3), 

(vi) Non-degenerate basic feasible solution is that basic feasible solution which contains exactly m non-zero 
basic variables. If any of the basic variables becomes zero, it is called ^degenerate basic feasible solution . 

Example 34.12. Find all the basic solutions of the following system of equations identifying in each case 
the basic and non basic variables: 2x } + x £ + 4x s = If 3x t + x 2 + 5x ? = 14. ( Mumbai , 2004; V, T. [/., 2003 S) 

Investigate whether the basic solutions are degenerate basic solutions or not Hence find the basic-feasible 
solution of the system. 

Solution, Since there are m + n - 3 variables and there are m = 2 constraints in this problem, a basic 
solution can be obtained by setting any one variable equal to zero and then solving the resulting equations. Also 
the total number of basic solutions - m * n C m - 3 C 2 = 3, 

The characteristics of the various basic solutions are as given below; 


No, of 
basic 
sol. 

Basic 

variables 

Non baste 
variables 

Values of basic 
variables 

h the sol. feasible ? 
(Are all Xj > Q t) 

Is the sol. 
degenerate ? 

1. 


*3 

m 2x l + x s = 11 

3r 1 + x 2 = 14 
x x = 3, = 5 

Yea 

No 

2, 


x i 

Jt a + 4 jc 3 = 11 

= 14 

t 2 = 3,j: 3 =-1 

No 

Yea 

a. 

X V X 2 

x $ 

2r, + 4x 3 = 11 

3r, + 6* a = 14 
jc, = 1/2, x 3 s fi/2 

Yea 

No 


The basic feasible solutions are: 

O') x l - 3, x 2 = 5, x 3 - 0; (it) Xj = 1/2, x r , = 0, x 3 = 5/2 
which are also non-degenerate basic solutions. 

Example 34.13. Find an optimal solution to the following h'P.P, by computing all basic solutions and 
then finding one that maximizes the objective function: 

2x l + 3x^ - x 3 + 4x 4 = 8, Xj - 2x% + 6x 3 - 7x 4 --3, x p x 4 «> 0, 

Max. Z - 2x } + 3x, 2 + 4x 3 + 7x^ 
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Solution* Since there are four variables and two constraints, a basic solution can be obtained by setting 
any two variables equal to zero and then solving the resulting equations. Also the total number of basic solutions 
= <C 2 = 6. 

The characteristics of the various basic solutions are as given below: 



maximum value of Z - 


PROBLEMS 34.3 


1 , 


Reduce the following problem to the standard form: 

Determine x x £ 0, x 2 £ 0, x% > 0 so as to 

Maximize Z - 3x % + 5x 2 + &x 3 

subject to the constraints 2x 3 - Sx 2 < S t 3x v + 2x 2 + x 3 > 5, 3*j + 4x 3 < 3. 

Express the following L*P,P. in the standard form 
Maximize Z - 3x t + 2x ? + 5x a 

subject to - 5x 1 + 2x 2 ^ 5, + 3x 2 + 4x 3 > 7, + 5x 3 £ 3, x v x 2 , x 3 > 0. 

Convert the following L.P.P. to standard form: 

Maximize Z - 3*. — 2x 2 + 4x 2 

subject to x x + 2x 2 -i- x a £ S t 2x x -x 2 + x^-t 2* 4x v - 2x 2 - Zx$ --B t x v x 2 > 0. 

4. Obtain all the basic solutions to the following system of linear equations: 

Xj + 2x 2 + x 3 = 4 t 2xj + + Bx z - 6. 

5 , Show that the following system of linear equations has two degenerate feasible basic solutions and the nan- 
degenerate basic solution is not feasible: 

2Xj + x % - x s - 2, 3xj + 2x 2 + x a = 3. iKun/kshtitra, 200? 8} 


2 , 


3. 


iKurukshetm f 2009} 


iKurukshetra, 2007 S* 
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0. Find all the basic solutions to the following problem; 

Maximize Z = x l + + 3* a , 

subject to x t + Zt 2 + 3x 3 = 4, 2x t + 3* a + Su 3 =7 and x l £ 0, x a 2 0, x % 2 0, 

Which ofthe bask solutions are (a) non-degenerate basic feasible* (6) optima] basic feasible ? 

( Kurushetra, 2009 S; Mumbai, 2003) 


34.8 


WORKING PROCEDURE OF THE SIMPLEX METHOD 


Assuming the existence of an initial basic feasible solution, an optimal solution to any L.P.P. by simplex 
method is found as follows : 

Step 1. (!) Check whether the objective function is to be maximized or minimized. 

If Z = Cfr + C # 2 + CjC 3 + ... + C n 3C„ 

is to be minimized, then convert it into a problem of maximization, by writing 

Minimize Z = Maximize (-Z) 

(it) Check whether all b*s are positive . 

If any of the 6/s is negative, multiply both sides of that constraint by -1 so as to make its right hand side 
positive. 

Step 2 , Express the problem in the standard form. 

Convert all inequalities of constraints into equations by introducing*! slack/surplus variables in the 
constraints giving equations of the form 

32*2 * a i ^ c 3 + «. + Sj + 0 s 2 + 0 s 3 = 6 j. 

Step 3^ Find an initial basic feasible solution. 

If there are m equations involving n unknowns, then assign zero values to any ( n - m) of the variables for 

finding a solution. Starting with a basic solution for which : j = 1,2. (n - m) are each zero, find all s r If all 

$ i are > 0, the basic solution is feasible and non-degenerate. If one or more of the s t values are zero, then the 
solution is degenerate. 

The above information is conveniently expressed in the following simplex table: 




c i 

c 2 

£\j ... 0 

0 

0... 

C B 

Basis 

*! 

*2 

X 3 Sj 

S 2 

S 3 ... b 

0 

s i 

“ll 

a !2 

a iS I 

0 

0 ... 6, 

0 

S 2 

°2l 

°22 

Q^q *•» 0 

1 

0 ... b 2 

0 

S 3 

a 3l 

°32 

°33 •" ® 

0 

1 ... fig 

* 


» 

. 

• 

„ 

• * 




Body matrix 


Unit matrix 


[The variables s v $ 2 , s 3 etc, are called basic variables and variables x p jc 2 , x 3 etc, are called non-basic 
variables. Basis refers to the basic variables s r s 2t s 3 ... c j row denotes the coefficients of the variables in the 
objective function, while c B -column denotes the coefficients of the basic variables only in the objective function. 
6-column denotes the values of the basic variables while remaining variables will always be zero. The 
coefficients of x r s (derision variables) in the constraint equations constitute the body matrix while coefficients of 
slack variables constitute the unit matrix 


Step 4. Apply optimality test. 

Compute C J - Cj - Z J ; where Z } - E c^a tJ 

[C -row is called net evaluation row and indicates the per unit increase in the objective function if the 
van able iieading the column is brought into the solution.] 


If all C ; are negative, then the initial basic feasible solution is optimal. 

If even one C is positive, then the current feasible solution is not optimal ( Le ., can be improved) and 
proceed to the next step. 

Step 5, (i) Identify the incoming and outgoing variables * 

If there are more than one positive C V, then the incoming variable is the one that heads the column 
containing maximum £7. The column containing it is known as the key column which is shown marked with an 







1076 


Higher Engineerjng Mathematics 

arrow at the bottom. If more than one variable has the same maximum Cj t any of these variables may be selected 
arbitrarily as the incoming variable. 

Now divide the elements under 6-col uran by the corresponding elements of key column and choose the row 
containing the minimum positive ratio 8. Then replace the corresponding basic variable (by making its value 
zero). It is termed as the outgoing variable. The corresponding row is called the key row which is shown marked 
with an arrow on its right end. The element at the intersection of the key row and key column is called the key 
element which is shown bracketted. If all these ratios are £ 0, the incoming variable can be made as large as we 
please without violating the feasibility condition. Hence the problem has an unbounded solution and no further 
iteration is required. 

(ii) Iterate towards an optimal solution. 

Drop the outgoing variable and introduce the incoming variable alongwith its associated value under c B 
column. Convert the key element to unity by dividing the key row by the key element. Then make all other 
elements of the key column zero by subtracting proper multiples of key row from the other rows. 

[This is nothing but the sweep-out process used to solve the linear equations. The operations performed are called 
elementary row operations .| 

Step 6 , Go to step 4 and repeat the computational procedure until either an optimal (or an unbounded) 
solution is obtained. 

Example 34.14* Using simplex method 

Maximize Z =■ 5x r 4 3x 2 

subject to Xj + < 2, 5Xj + 2x $ £ 10, 3x } + 8x^ x 2 £ 0. ( V 71 U. t 2003 S) 

Solution. Consists of the following steps : 

Step 1. Check whether the objective function is to be maximized and all b’s are positive. 

The problem being of maximization type and all 6*s being > Q f this step is not necessary* 

Step 2. Express the problem in the standard form . 

By introducing the slack variables the problem in standard form becomes 

Max. Z = 5*j + Sx 2 + Osj 4 0s 2 4 0 s 2 

subject to x x + x 2 + Sj 4 0s 2 + Os 3 = 2 ,.,(i) 

5x 1 + 2 x 2 + 0s x + s 2 4 0s 3 = 10 

3x, 4 Sx 2 4 0 s } 4 0s 2 4 = 12 ...(til) 

^^ 2 ' ^3 ~ 

Step 3 r Find an initial basic feasible solution. 

There are three equations involving five unknowns and for obtaining a solution, we assign zero values to 
any two of the variables. We start with a basic solution for which we set x v = 0 and x 2 - 0. (This basic solution 
corresponds to the origin in the graphical method). Substitutingx 1 = x 2 = 0 in (i), (ii) and (iii\ we get the basic 
solution 

s x - 2, s 2 - 10, s 3 = 12 

Since all s v s 2 , s 3 are positive, the basic solution is also feasible and non-degenerate. 

The basic feasible solution is 

x \ ~ x 2 " 0 (non-basic) and = 2, s 2 = 10, s 3 = 12 (basic) 

Initial basic feasible solution is given by the following table : 



c > 

5 

3 

0 

0 

0 



C B 

Basis 

*1 

x 2 

s i 

*2 

% 

b 

0 

0 

s i 

( 1 ) 

1 

1 

0 

0 

2 

2/1*- 

0 

s i 

5 

2 

0 

1 

0 

10 

10/5 

0 

S 3 

3 

8 

0 

0 

1 

12 

12/3 


Zj = E c 

O 

0 

0 

0 

0 

0 



C j =c } -Z j 

5 

3 

0 

0 

0 





T 
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EForsj-column (j = l) t Z J = E c B a n = 0(1) + 0(5) + 0(3) = 0 
and for x 2 -eolumn (/ = 2), Z r = Ic B o^ 2 = 0(1) + 0(2) + 0(8) - 0 

Similarly Z/b) = 0(2) + 0( 10) + 0(12) = 0J 

Step 4 * AppZy optimality test 

As C J is positive under some columns, the initial basic feasible solution is not optimal (i.e. can be 
improved) and we proceed to the next step. 

Step 5. (i) Identify the incoming anti outgoing variables. 

The above table shows that Xj is the incoming variable as its incremental contribution CV (- 5) is 
maximum and the column in which it appears is the key column (shown marked by an arrow at the bottom). 

Dividing the elements under ft-column by the corresponding elements of key-column, we find minimum 
positive ratio 8 is 2 in two rows* We, therefore, arbitrarily choose the row containing s, as the key row (shown 
marked by an arrow on its right end)* The element at the intersection of key row and the key column Le. t (1), is 
the key element. s y is therefore, the outgoing basic variable which will now become non-basic* 

Having decided that x } is to enter the solution, we have tried to find as to what maximum value x x could 
have without violating the constraints* So removing s v the new basis will contain x i§ s 2 and s 3 as the basic 
variables. 

(if) Iterate towards the optimal solution * 

To transform the initial set of equations with a basic feasible solution into an equivalent set of equations 
with a different basic feasible solution, we make the key element unity* Here the key element being unity, we 
retain the key row as it is* Then to make all other elements in key column zero, we subtract proper multiples of 
key row from the other rows. Here we subtract 5 times the elements of key row from the second row and 3 times 
the elements of key row from the third row. These become the second and the third rows of the next table. We 
also change the corresponding value under c B column from 0 to 5, while replacing s t by x x under the basis. Thus 
the second basic feasible solution is given by the following table : 



c , 

5 

3 

0 

0 

0 



C H 

Basin 

*1 

*2 

s i 

*2 

% 

b 

0 

5 

*1 

I 

l 

1 

0 

0 

2 


0 


0 

-3 

- 5 

1 

0 

0 


0 

S 3 

0 

5 

- 3 

0 

1 

6 



Z j = ^ C H% 

5 

5 

5 

0 

0 

10 




0 

- 2 

-5 

0 

0 




As Cj is either zero or negative under all columns, the above table gives the optimal basic feasible solution. 
This optimal solution is x\ - 2, x 2 = 0 and maximum Z - 10 . 

Example 34*15* A firm produces three products which are processed on three machines. The relevant 
data is given below : 



The profit per unit for products A, B, and C is ? 4 f ? 3 and ? G respectively. Determine the daily number 
of units to be manufactured far each product . Assume that all the units produced are consumed in the market * 

Solution* Let the firm decide to produce x v x 3 units of products A, B t C, respectively* Then the L,P. 
model for this problem is : 

Max* Z = 4x l + 3x 2 + Sx 3 

subject to 2x x + 3* 2 + 2 x 3 < 440, 4x x + 3* 3 < 470, 2x t + 5x 2 < 430, x it x 2 , x 3 > 0. (V*T. 17*, 2004) 

Step 1. Check whether the objective function is to be maximized and all bs are non-negative. 

The problem being of maximization type and b*s being > 0, tills step is not necessary* 
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Step 2 . Express the problem in the standard form . 

By introducing the slack variables s v $ 2 ,s 3I the problem in standard form becomes : 
Max. Z = 4x ] + 3x 2 + 6x 3 + 0s 1 + 0s 2 + 0s 3 

subject to 2x 1 + 3 jc 2 + 2x 3 + Sj + 0 s 2 + 0s 3 = 440 

4x x + Gjc 2 + 3x 3 + Osj + s 2 + 0s 3 = 470 

2tj + 5x a + 0x 3 + OSj + 0$ 2 + s 3 - 430 

JCg, Xify Sg, Sy > 0* 

Step 3, Find an initial basic feasible solution. 

The basic (non-degenerate) feasible solution is 
jcj = x 2 = x 3 = 0 (non- basic) 
fij = 440* = 470* s 3 = 430 (basic) 

a Initial basic feasible solution is given by the following table : 



Cj 

4 

3 

6 

0 

0 

0 



c n 

Basis 

*1 

x* 

*3 


s 2 

*3 

b 

0 

0 

*x 

2 

3 

2 

l 

0 

0 

440 

440/2 

0 

S 2 

4 

0 

(3) 

0 

1 

0 

470 

470/3*- 

0 


2 

5 

0 

0 

0 

1 

430 

430/0 

Z -L C H a 


0 

0 

0 

0 

0 

0 



ESS 

1 

li 

‘O" 


4 

3 

6 

0 

0 

0 




Step 4. Apply optimality test 

As C J is positive under some columns, the initial basic feasible solution is not optimal and we proceed to 
the next step. 

Step 5 . (i) Identify the incoming and outgoing variables . 

The above table shows that x 3 is the incoming variable while s 2 is the outgoing variable and (3) is the key 

element. 

(«) Iterate towards the optimal solution . 

Drop s 2 and introduce x 3 with its associated value 6 under c B column. Convert the key element to unity 
and make all other elements of key column zero. Then the second feasible solution is given by the table below : 



c j 

4 

3 

6 

0 

0 

0 



c ii 

Basis 


X 2 

*3 

*1 

s 2 


b 

0 

0 

s i 

-2/3 

(3) 

0 

1 

-2/3 

0 

300/3 

mm- 

6 

s a 

4/3 

0 

1 

0 

1/3 

0 

470/3 

DO 

0 

s 3 

2 

5 

0 

0 

0 

l 

430 

86 


Zj 

8 

0 

6 

0 

2 

0 

940 




-4 

3 

0 

0 

— 2 

0 






T 








Step 6. As Cj is positive under the second column , the solution is not optimal and we proceed further. Now 
x 2 is the incoming variable and is the outgoing variable and (3) is the key element for the next iteration. 

Drop sj and introduce x 2 with its associated value 3 under c B column. Convert the key element to unity 
and make all other elements of the key column zero. Then the third basic feasible solution is given by the 
following table : 



c j 

4 

3 

6 

0 

0 

0 


C B 

Basis 

*1 

x 2 

*3 

s l 

s 2 

S 3 

b 

3 

X 2 

- 2/9 

1 

0 

1/3 

-2/9 

0 

380/9 

6 

*3 

4/3 

0 

1 

0 

1/3 

0 

470/3 

0 

s 3 

28/9 

0 

0 

- 5/3 

10/9 

0 

1970/9 



22/3 

3 

6 

1 

4/3 

0 

3200/3 



-10/3 

0 

0 

- 1 

-4/3 

0 
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Now since each C J <0* therefore it gives the optimal solution 

x t - 0, x 2 - 380/9, * 3 = 470/3 and Z max = 3200/3 U 1066.67 rupees. 

Kxnmple 34.16. Solve the following L.P.P. by simplex method: 

Minimize Z = - 3x^ + 3x r 

subject to 3x 1 - x 2 + 2x 3 £?, 2x t + 4x 2 > - 12 f - 4x 1 + 3x 2 + 8x 3 < 10, x r x# x 3 > 0, 

{Mumbai, 2004 ; V T.U., 2003) 

Solution. Consists of the following steps : 

Step L Check whether objective function is to be maximized and all be are non-negative. 

As the problem is that of minimizing the objective function, converting it to the maximization type, we 
have Max. Z f - -x } + 3x 2 - 3x r 

As the right hand side of the second constraint is negati ve, we write it as 

- 2Xj - 4 x 2 < 12 

Step 2. Express the problem in the standard form. 

By introducing the slack variables s v s 2 , s T the problem in the standard form becomes 

Max. Z f = - Xj + 3x 2 - 3jc 3 + 0s, + 0 s 2 + 0s 3 

subject to 3 x t - x 2 + 2x 3 + s j + 0 s 2 + 0 s 3 - 7 

- 2x t - 4x 2 + 0x B + Osj + s 2 + 0$ 3 - 12 

- 4Xj + Zx 2 + 8x 3 + Osj + 0 s 2 + s 3 = 10 
x v x 2 ,x 3 ,s v s 2 , S 3 SO. 

Step 3. Find initial basic feasible solution. 

The basic (non-degenerate) feasible solution is 

x x = x 2 - x 3 - 0 (non-basic); s x - 7, s 2 = 12, s 3 - 10 (basic) 

,v Initial basic feasible solution is given by the table below : 



c j 

~ 1 

3 

~3 

0 

0 

0 



c n 

Basis 

*1 

*2 

*3 


*2 

S 3 

b 

e 

0 

*1 

3 

- 1 

2 

1 

0 

0 

7 

7/(- 1) 

0 

«a 

- 2 

-4 

0 

0 

l 

0 

12 

12 /(- 4) 

0 

S 3 

-4 

(3) 

8 

0 

0 

l 

10 

10/3<— 

Zj — I- a- 


0 

0 

0 

0 

0 

0 

0 




-1 

3 

-3 

0 

0 

0 




Step 4 , Apply optimality test 

As Cj is positive under second column, the initial basic feasible solution is not optimal and we proceed 
further 

Step 5. (i) Identify the incoming and outgoing variables . 

The above table shows that x 2 is the incoming variable, s 3 is the outgoing variable and (3) is the key 
element. 

(ii) Iterate, towards the optimal solution . 

/. Drop $ 3 and introduce x ? with its associated value 3 under c B column. Convert the key element to 
unity and make all other elements of the key column zero. Then the second basic feasible solution is given by the 
following table: 


c fl 

C c 

Basis 

-1 

*1 

3 

*2 

-3 

*3 

0 

s i 

0 

s 2 

0 

S 3 

b 

e 

0 

s i 

(5/3) 

0 

14/3 

1 

0 

1/3 

31/3 

31/5*- 

0 

s 2 

-22/3 

0 

32/3 

0 

1 

4/3 

76/3 

- 38/11 

3 

x 2 

-4/3 

1 

8.3 

0 

0 

1/3 

10/3 

-5/2 


Zj 

-4 

3 

8 

0 

0 

1 

10 



C j 

3 

0 

~ 11 

0 

0 

-1 





T 
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Step 6 '. As Cj is positive under First column, the solution is not optimal and we proceed further x x is the 
incoming variable, is the outgoing variable and (5/3) is the key element. 

/. Drop s 1 and introduce x l with its associated value - 1 under c B column. Convert the key element to 
unity and make all other elements of the key column zero. Then the third basic feasible solution is given by the 
table below ; 


C B 

c > 

Basis 

-1 

*1 

3 

*2 

-3 

*3 

0 

s i 

0 

s 2 

0 

s s 

b 

*1 

x i 

1 

0 

14/5 

3/5 

0 

1/5 

31/5 

0 

s, i 

0 

0 

156/5 

22/5 

1 

14/5 

354/5 

3 

*2 

0 

1 

32/5 

4/5 

0 

3/5 

58/5 


Z J 


3 

82/5 

9/5 

0 

8/5 

143/5 


C j 

0 

0 

-97/5 

-9/5 

0 

-8/5 



Now since each Cj < 0, therefore it gives the optimal solution 

x } = 31/5, x 2 = 58/5, x 3 - 0 (non-basie) and Z' m&x = 143/5 
Hence Z- = - 143/5. 


Example 34,17. Maximize Z - 107xj + x ? 4 2x v 
subject to the constraints : 14x t + x 2 - 6x 3 + 3x f = 7, 


I6Xj + — x% - tfcj £5, 3xj - x 2 -x, £0, x ; , Xy x 4 >0. 


Solution. Consists of the following steps : 

Step 1. Check whether objective function is to be maximized and all b*$ are nun *negative. 

This step is not necessary. 

Step 2 . Express the problem in the standard form , 

Herex 4 is a slack variable. By introducing other slack variables and s 2 the problem in standard form 
becomes 

Max. Z = 107xj 4 x 2 4 2 r 3 + flbr 4 4 0s t 4 0 s 2 


subject to 


14 1 „ A 7 

y *i + g *2 - 2x 3 + X 4 + Os, + 0s 2 


lfiXj 4 — x 2 — 6 Lic 3 4 0x 4 + $ l + 0s 2 = 5 
z 


3Xj -X 2 -X :{ 4 Gx 4 4 OSj 4 S a = 0 
X v X 2 , X 3> X 4 , S v s 2 > 0. 

Step 3 . Fmcf initial basic /east&ie solution* 

The basic feasible solution is 

x t = x 2 = x 3 = 0 (non-basie); x 4 = 7/3, s 3 - 5, s 2 = 0 (basic) 
/. Initial basic feasible solution is given in the table below : 



c j 

107 

1 

2 

0 

0 

0 



C B 

Basis 


*2 

*3 

*4 


% 

b 

e 



14 

1 





7 

7 ,14 

0 

Xj 



-2 

L 

0 

0 

— 



4 

¥ 

3 




3 

3 3 

0 

s i 

16 

1 

2 

- 6 

0 

1 

0 

5 

5/16 

0 

S 2 

(3) 

- 1 

- 1 

0 

0 

1 

0 

0/3<- 

Z = Xr n a 


0 

0 

0 

0 

0 

0 

0 


II 

"t 

N, 


107 

1 

2 

0 

0 

0 




T 
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Step 4. Apply optimality test * 

As Cj is positive under some columns, the initial basic feasible solution is not optimal and we proceed 
further, 

Step 5. (i) Identify the incoming and outgoing variables. 

The above table shows that x l is the incoming variable, s 2 is the outgoing variable and (3) is the key 
element. 

(ii) Iterate towards the optimal solution * 

Drop s 2 and introduce x 1 with its associated value 107 under c B column. Convert key element to unity and 
make all other elements of the key column zeros* Then the second basic feasible solution is given by the following 
table: 



c j 

107 

i 

2 

0 

0 

0 



C B 

Basis 

*1 

*2 

*3 

*4 


S 2 

b 

9 

0 

*4 

0 

17/9 

-4/9 

1 

0 

14/9 

7/3 

-21/4 

0 

S 1 

0 

35/6 

-2/3 

0 

1 

- 16/3 

5 

- 15/2 

107 

*1 

1 

- 1/3 

- 1/3 

0 

0 

1/3 

0 

0 


Z J 

107 

- 107/3 

- 107/3 

0 

0 

107/3 




C J 

0 

110/3 

113/3 

0 

0 

-107/3 







T 







As Cj is positive under some columns, the solution is not optimal* Here 113/3 being the largest positive 
value of C, is the incoming variable. But all the values of 6 bei ng < 0, x 3 will not enter the basis. This indicates 
that the solution to the problem is unbounded* 

I Remember that (i) the incoming variable is the non-basic variable corresponding to the largest positive value ofCj 

and 

(ii) the outgoing variable is the basic-variable corresponding to the least positive ratio 0, obtained by dividing the b- 
eolumn elements by the corresponding key-column elements .! 


PROBLEMS 34.4 


Ugficjg simplex method, solve the following LP-P* (1-8): 

1, Maximize Z = x, 4 3x a , 

subject lox, 4 2x 2 i 10, 0 £ x t < 5, 0 1 x 2 £ 4. (Kurushetm, 2009 ; V*T.U. t 2003) 

2. Maximize Z = 4x r + 10x 2 

subject to 2x x + x 2 < 50, 2x x * 5r a < 100 t 2x x + 3^ < 90, x 1( x 2 > 0. iKurushctm , 200 ft) 

3. Maximize Z ^ 4x t + bx T 

subject to x x - 2x% £ 2, 2x x + x 2 £ 6, Xj 4 2x 2 £ 5, - x t 4 * 2 < 2. x 1( x z £ 0* 

4, Maximize Z - I0x l + ^ + 2x s 

subject to + x 2 - 2x 3 < 10, 4x t 4 x 2 + x 3 ^ 20, x v x 2 , x 3 > 0. 

5* Maximize Z = 3x t 4 2x 7 + 6r 3 , subject to x t 4 2r a + x $ < 430, 3x t + 2#j £ 460, x x + 4x 2 < 420, x Jt x z £ 0* 

(Mumbai 2004} 

6. Minimize Z = 3x^ + 5x 2 4 4ju 

subject to 2x g 4 Zx 2 < 8, 2x t 4 Bx z < 10, 4 2x 3 4 4x 3 < 15, x v x 2 , x 3 > 0, (Afum&oi, 383W 3) 

7. M i nimize Z = x 3 — 3x 2 4 2* 3 , 

subject to 3x j - x 2 4 ^ 7, — 2*j 4 4x 2 < 12, - 4x t 4 %x 2 + &r 3 £ 10, x u x 2? x 3 £ 0* (Madras, 20W J 

8, Maximize Z ^ 4x t + 3x 2 4 4x 3 4 €br 4 

subject to x\ 4 2x 2 + 2x 3 4 4 i 4 < 80, 2Xj 4 2x 3 + x 4 < 60, 3x x + Sx 2 + x 3 + x A <> 80, x lw x 3 , x 4 > 0. 

9, A firm produces products A and B and sells them at a profit of ? 2 and ? 3 each respectively. Each product is 
processed on machines G and H> Product A requires 1 minute on Q and 2 minutes on H whereas product B requires 
1 minute on each of the machines. Machine G is not available for more tlian 6 hrs, 40 min/day whereas the time 
constraint for machine H is 10 hrs. Solve this problem via simplex method for maximizing the profit. 

10. A company makes two types of products* Each product of the first type requires twice n$ much labour time as the 
second type. If all products are of second type only, the company can produce a total of 500 urnta a day. The market 
limits daily sales of the first and the second type to 150 and 250 units respectively* Assuming that the profits per 
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unit are ? 8 Tor Iype I and ? 5 for type II, determine the number of unils of each type to be produced to maximize 
profit ? 

11. The owner of a dairy is trying to determine the correct blend of two types of feed. Both contain various percentages 
of four essential ingredients. With the following data determine the least coat blend ? 


Ingredient 

% per kg of feed 

Min requirement in kg. 

Feed 1 

Feed 2 

l 

40 

20 

4 

2 

10 

30 

2 

3 

20 

40 

3 

4 

30 

id 

6 

Cost 

5 

3 



12. A manufacturing firm has discontinued production of n certain unprofitable product line. This created considerable 
excess production capacity. Management is considering to devote their excess capacity to one or more of three 
product 1, 2, and 3. The available capacity on machines and the number of machine-houra required for each unit of 
the respective product, is given below : 


Machine Type 

Available Time 

fhrs/ week) 

Productivity ( hrs / unit ) 

Product 1 

Pnxluct 2 

Ptxxluct 3 

Milling machine 

260 

8 

2 

3 

Lathe 

160 

4 * 

3 

j 

Grinder 

50 

2 

~ 

1 


The unit profit would be ? 20, £ 6 and ? 8 respectively for products 1, 2 and 3, Find how much of each product I'Ve 
firm should produce in order to maximize profit. 

13* The following table gives the various vitamin contents of three types of food and daily requirements nf vitanuus 
akmgwith cost per unit. Find the combination uf food for minimum cost. 


Vitamin (mg) 

Food F 

Food G 

Food H 

Minimum daily 
requirement (mg) 

A 

l 

1 

10 

1 

C 

100 

10 

10 

60 

D 

10 

100 

10 

10 

Cost/unit (?) 

10 

15 

5 



14* A farmer has 1*000 acres ofland on which he can grow- com, wheat or soyabeans. Each acre of com costs ? 100 fok* 
preparation, requires 7 man-days of work and yields a profit off 30. An acre of wheat costs t 130 to prepare* 
requires 10 man-days of work and yields a profit oft 40. An acre of soyabeans costs ?70 Ui prepare, requires 8 man* 
days of work and yields a profit of? 20. If the farmer has ? 100,000 for preparation and can count on 8,000 man-days 
of work, hnw many acres should be allocated to each crop to maximize profile ? 


34.9 


ARTIFICIAL VARIABLE TECHNIQUES 


So far we have seen that the introduction of slack/surplus variables provided the initial basic feasible 
solution. But there are many problems wherein at least one of the constraints is of (>) or (-) type and slack 
variables fail to give such a solution. There are two similar methods for solving such problems which we explain 
below : 

( 1 ) M-met hod or Method of Penalties* This method is due to A. Charnes and consists of the following 

steps: 

Step L Express the problem in standard form. 

Step 2. Add non-negative variables to the left hand side of all those constraints w-hlch are of (£) or (=) type. 
Such new variables are called artificial variables and the purpose of introducing these is just to obtain an initial 
basic feasible solution. But their addition causes violation of the corresponding constraints. As such, we would 

























Linear Programming 


1083 


like to get rid of these variables and would not allow them to appear in the final solution. For this purpose, we 
assign a very large penalty (- M) to these artificial variables in the objective function. 

Step 3. Solve the modified L.P.P. by simplex method. 

At any iteration of simplex method, one of the following three cases may arise : 

(0 There remains no artificial variable in the basis and the optimality condition is satisfied. Then the 
solution is an optimal basic feasible solution to the problem, 

lit) There is at least one artificial variable in the basis at zero level (with zero value in 6 -cotumn) and the 
optimality condition is satisfied. Then the solution is a degenerate optimal basic feasible solution. 

(iii) There is at least one artificial variable in the basis at non-zero level (with positive value in 6 -cotumn) 
and the optimality condition is satisfied. Then the problem has no feasible solution. The final solution is not 
optimal, since the objective function contains an unknown quantity Af . Such a solution satisfies the constraints 
but does not optimize the objective funct ion and is therefore, called pseudo optimal solution. 

Step 4 . Continue the simplex method until either an optimal basic feasible solution is obtained or an 
unbounded solution is indicated. 

Obs* The artificial variables are only a computational device for getting a starting solution. Once an artificial 
variable leaves the basis, it has served its purpose and we forget about it i,e r the column for this variable is omitted from 
the next simplex table, 

Example 34.18. Use Charne's penalty method to 
Minimize Z - 2Xj + x 2 

subject to 3x } + x 2 = 3 t 4x t + 3x 2 > ft x f + 2x 2 <3> x 2 £ ft (Anna, Af Tech, 2006 ; V.T U, t 2000 S) 

Solution. Consists of the following steps : 

Step 1. Express the problem in standard form. 

The second and third inequalities are converted into equations by introducing the surplus and slack 
variables s v s 2 respectively. 

Also the first and second constraints being of (=) and (>) type, we introduce two artificial variables , A, r 

Converting the minimization problem to the maximization form, the L.P.P. can be rewritten as 

Max. Z f = - 2x j - x 2 + Osj + 0s 2 - MA r - MA 2 
subject to 3x, + x z 4- 0s x + 0 s 2 + A x + 0 A 2 = 3 

4x t + 3x 2 - s x + 0s 2 + OAj + A 2 = 6 
Xj + 2x 2 + 0 s x + $ 2 + OAj + 0 A 2 = 3 
x v x 2 , $ v A |, A.y ^ 0 

Step 2 . Obtain an initial basic feasible solution. 

Surplus variable s x is not a basic variable since its value is - 6 . As negative quantities are not feasible, s x 
must be prevented from appearing in the initial solution. This is done by taking s x = 0 . By setting the other non- 
basic variables x v x 2 each = 0 , we obtain the initial basic feasible solution as 

= 0, = 0 ; A a = 3, A 2 = 6 t 5 2 = 3 

Thus the initial simplex table is 



c j 

-2 

- 1 

0 

0 

- Af 

- M 



C B 

Basis 

*t 

x 2 

s i 

®2 


a 2 

6 

e 

- M 

A, 

(31 

1 

0 

0 

1 

0 

3 

3/3 <— 

-M 

a 2 

4 

3 

-1 

0 

0 

1 

6 

6/4 

0 

S 2 

1 

2 

0 

1 

0 

0 

3 

3/1 

= Ic fl % 


— 7Af 

-4M 

M 

0 

-Af 

— Af 

-9M 




7M — 2 

4Af - 1 

-M 

0 

a 

0 




T 


Since Cj is positive under x x and x 2 columns, this is not an optimal solution. 
Step 3 . Iterate towards optimal solution. 

Introduce x [y and drop A j from basis. 
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/- The new simplex table is 



-2 

-1 

0 

0 




c B Basis 

x i 

*2 

s i 

*2 

a 2 

6 

e 

-2 x, 

1 

m 

0 

0 

0 

1 

3 

-M A 2 

0 

(6/3) 

- 1 

0 

1 

2 

6/5<- 

0 s 2 

0 

5/3 

0 

1 

0 

2 

6/5 

Z 

-2 

2 5 M 

M 

0 


~2~2 M 


j 


3 3 








1 5 M 






c 

0 


-A/ 

0 

0 



j 


3 3 

t 






Since C is positive under x 2 

column, this is not an optimal solution* 




•\ Introduce x 2 

and drop A, 

r 






Then the revised simplex table is 







e > 

-2 

- 1 

0 

0 



c ti 

Basis 


*2 

*1 

s 2 

b 


-2 

x t 

1 

0 

175 

0 

3/5 


- 1 

x 2 

0 

1 

- 3/5 

0 

6/5 


0 


0 

0 

1 

l 

0 



z, 

- 2 

- 1 

1/5 

0 

-12/5 



c 

0 

0 

- 1/5 

0 



Since none of C J 

is positive, this an optimal solution* Thus, an optimal basic feasible solution to the 

problem is 










3/5, x 2 - 6/5, Max. Z' = - 12/5. 





Hence the optimal value of the objective function is 






Min. Z = 

: - Max. Z* = - 

(- 12/5) = 12/5 





Example 34.19. Maximize Z = 3x } + 2x„ 






subject to the constraints : 2x s + x 

2 <2, 3x } + -lXr, 

212, x } . x s 20. 






Solution* Consists of the following steps : 

Step L Express the problem in standard form. 

The inequalities are converted into equations by introducing the slack and surplus variables s v s 2 
respectively, Also the second constraint being of {>) type, we introduce the artificial variable A. Thus the L.P.P. 
can be rewritten as 

Max, Z = 3x 1 4- 2x 2 + 0s 1 + - AM 

subject to 2 .Tj + x 2 + + 0 s o + 0A = 2 , 

3xj + 4x 2 + 0s 1 - s 2 + A = I2 P 

a; p x 2 ,Sj,AS 0 

Step 2. Find an initial basic feasible solution. 

Surplus variable s 2 is not a basic variable since its value is - 12* Since a negative quantity la not feasible, 
s 2 must be prevented from appearing in the initial solution* This is done by letting s 2 = 0* By taking the other 
non-basic variables x x and x l} each = 0 , we obtain the initial basic feasible solution as 

x l = x 2 = s 2 -Q,s t -2 t A^ 12 

*\ The initial simplex table is 



C J 

3 

2 

0 

0 




C B 

Basis 

*1 

X 2 

s l 

S 2 

A 

b 

0 

0 

s i 

2 

t 1 ) 

1 

0 

0 

2 

2 <— 

-Af 

A 

3 

4 

0 

- 1 

1 

12 

3 

= a tJ 


— 3Atf 

-4 M 

0 

M 

— Af 

- 12Af 


C^c-Z] 


3 + 3Af 

2 + 4Af 

0 

“M 

0 




T 
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Since is positive under some columns, this is not an optimal solution. 
Step 3 . Iterate towards optimal solution, 

Introduce x 2 and drop s r 
#\ The new simplex table is 



c j 

3 

2 

0 

0 

-M 


e a 

Basis 

*i 

*2 


s 2 

A 

b 

2 

*2 

2 

1 

l 

0 

0 

2 

-M 

A 

-6 

0 

-4 

-1 

1 

4 

h 


4 + 6 M 

2 

2 + 4 M 

M 

-M 

4 - AM 

$ 


-(1 + 6 M) 

0 

-(2 + 4 M) 

-M 

0 



Here each is negative and an artificial variable appears in the basis at non-zero level. Thus there exists 
a pseudo optimal solution to the problem. 

( 2 ) Two-phase method* This is another method to deal with the artificial variables wherein the L.P.P. is 
solved in two phases. 

Phase I* Step L Express the given problem in the standard form by introducing slack, surplus and 
artificial variables. 

Step 2. Formulate an artificial objective function 

Z = -A l -A 2 ... - A m 

by assigning (- 1 ) cost to each of the artificial variables A t and zero cost to all other variables. 

Step 3 . Maximize Z* subject to the constraints of the original problem using the simplex method. Then 
three cases arise : 

(а) Max. Z* < 0 and at least one artificial variable appears in the optimal basis at a positive level 

In this case* the original problem dosn’t possess any feasible solution and the procedure comes to an end, 

(б) Max, Z* = 0 and no artificial variable appears in the optimal basis. 

In this case, a basic feasible solution is obtained and we proceed to phase II for finding the optimal basic 
feasible solution to the original problem. 

(c) Max , Z* = 0 and at least one artificial variable appears in the optimal basis at zero level. 

Here a feasible solution to the auxiliary L.P.P, is also a feasible solution to the original problem with all 
artificial variables set = 0 . 

To obtain a basic feasible solution, we prolong phase I for pushing all the artificial variables out of the 
basis (without proceeding on to phase II), 

Phase II- The basic feasible solution found at the end of phase I is used as the starting solution for the 
original problem in this phase Le. r the final simplex table of phase I is taken as the initial simplex table of phase 
II and the artificial objective function is replaced by the original objective function. Then we find the optimal 
solution. 

Example 34*20* Use turn phase method to 

Minimize Z = 7.5x } - 3x 2 

subject to the constraints 3x 2 - x 2 - > 3 t x } - x 2 + x 7 >2, 

x [f Xp x 3 £0. 

Phase I, Step l. Express the problem in standard form . 

Solution, Introducing surplus variables $ v s 2 and artificial variables A r A 9f the phase I problem in 
standard form becomes 

Max, Z‘ = 0x } + 0x 2 + 0jt 3 + 0s 1 + 0s 2 -A l -A 2 
subject to 3xj - x 2 - x 3 - s l + 0s 2 + A t + GA 2 = 3 

x i ~ x 2 * x 3 + + QAj + A 2 = 2 

■Tj * ^3' ^2* ^1* ^2 ~ 

Step 2. Find an initial basic feasible solution. 

Setting - x 2 - x 3 - s, =s 2 = 0 7 
we have A } = 3, A^ = 2 and Z* = - 5 
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Initial simplex table is 



0 0 

0 

0 

0 *1 

-1 



c B Basis 

*1 *2 

*3 

*1 

s 2 A v 

a 2 

6 

e 

-i a 1 

(3) -1 

- 1 


0 l 

0 

3 

14- 

-1 a 2 

1 -I 

1 

0 

-1 0 

1 

2 

2 

zf = Ic^ 

-4 2 

0 

1 

1 -1 

-1 

-5 


Cj'Cj-Z* 

4 -2 

T 

0 

-1 

-1 0 

0 



As Cj is positive under x l column, this solution 

is not optimal. 




Step 3. Iterate towards an optimal solution . 






Making key element (3) unity and replacing A } 

byx v we have the new simplex table : 



c j 

0 0 

0 

0 

0 * 1 

-1 



c B Basis 

*1 *2 

*3 

s i 

*2 A I 

A 2 

b 

e 


1 

1 

1 

1 




0 x, 

1 ~ 3 

* 3 

" 3 

0 5 

0 

1 

— 3 

“ 1 A 2 

o -I 

( 4 1 

J 

i 

- 1 3 

1 

1 

3 

UJ 

3 

4 

z ; 

2 

4 

1 

1 

-1 

-1 


0 3 

“ 3 

“ 3 

1 3 


jn 

2 

4 

I 

1 




c j 

0 - 3 

3 

T 

3 

“ l “3 

u 



Since C is positive underx 3 and 

columns, this solution is not optimal 




Making key element (4/3) unity and replacing A 2 by x 3 , we obtain the revised simplex table : 


e j 

0 0 

0 

0 

0 

-1 

- 1 


C B Basts 

Xj x 2 

*3 

s i 

S 2 

A, 

*2 

b 

0 

1 - 1/2 

0 

*1/4 

- 1/4 

1/4 

1/4 

5/4 

0 x 2 

0 -1/2 

1 

1/4 

-3/4 

- 1/4 

3/4 

3/4 

z; 

0 0 

0 

0 

0 

0 

0 

0 

c j 

0 0 

0 

0 

0 

-1 

- 1 



Since all Cj < 0 , this table gives the optimal solution. Also = 0 and no artificial variable appears in 
the basis. Thus an optimal basic feasible solution to the auxiliary problem and therefore to the original problem, 
has been attained. 

Phase II. Considering the actual cost s associated with the original variables, the objective function is 

Max. Z' = - 15/2r 1 + 3x, 2 + 0x 3 + + 0 s 2 - 0A, - 0A 2 

subject to 3x, - x 2 - x z - s i + 0 s 2 + A x + 0 A 2 = 3, 

x 2 - x 2 ■+■ x 3 + - s 2 + 0A ] + A 2 = 2, 

x 2* x 2 * x 3f s ly s 2 , A Tp A 2 > 0 

The optimal initial feasible solution thus obtained, will be an optimal basic feasible solution to the 
original LP.P. 

Using final table of phase I, the initial simplex table of phase II is as follows : 



C j 

- 15/2 

3 

C H 

Basis 

x i 

*2 

- 15/2 

x i 

1 

- 1/2 

0 

X 3 

0 

-1/2 



- 15/2 

15/4 

C , 


0 

- 3/4 


0 

0 

0 


*3 

S 1 

S 2 

b 

0 

- 1/4 

- 1/4 

5/4 

1 

L/4 

-3/4 

3/4 

0 

15/8 

15/8 

-75/8 

0 

-15/8 

- 15/8 



Since all < 0, this solution is optimal. 

Hence an optimal basic feasible solution to the given problem is 
x 1 = 5/4, x 2 ” 0* - v 3 “ 3/4 and min. Z - 75/8. 
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34.10 


EXCEPTIONAL CASES 


(1) Tie for the incoming variable. When more than one variable has the same largest positive value in 
Cj row (in maximization problem), a tie for the choice of incoming variable occurs. As there is no method to break 
this tie, we choose any one of the prospective incoming variables arbitrarily. Such an arbitrary choice does not in 
any way affect the optimal solution. 

(2) Tie for the outgoing variable. When more than one variable has the same least positive ratio under 
then 0-column, a tie for the choice of outgoing variable occurs. If the equal values of said ratio are> 1, choose any 
one of the prospective leaving variables arbitrarily. Such an arbitrary choice doesn't affect the optimal solution. 

If the equal values of ratios are zero, the simplex method fails and we make use of the following 
degeneracy technique. 

(3) Degeneracy- We know that a basic feasible solution is said to be degenerate if any of the basic 
variables vanishes. This phenomenon of getting a degenerate basic feasible solution is called degeneracy which 
may arise 

( i ) at the initial state , when atleast one basic variable is zero in the initial basic feasible solution 

or (ii) at any subsequent stage , when the least positive ratios under 0-column are equal for two or more 

rows. 

In this case, an arbitrary choice of one of these basic variables may result in one or more basic variables 
becoming zero in the next iteration. At times, the same sequence of simplex iterations is repeated endlessly 
without improving the solut ion. These are termed as cycling type of problems. Cycling occurs very rarely. In fact, 
cycling has seldom occurred in practical problems. 

To avoid cycling, we apply the following perturbation procedure ; 

(i) Divide each element in the tied rows by the positive coefficients of the key column in that row. 

Hi) Compare the resulting ratios (from left to right) first of unit matrix and then of the body matrix, column by 
column. 

(Hi) The outgoing variable lies in that row which first contains the smallest algebraic ratio. 


Example 34-21- Maximize Z = 5x t + 3x 2 
subject to x t + x 2 £2, SXj + 2x % < 10. 3x s + Sx 2 < 12; x ]r x 2 £ 0. 

Solution. Consists of the following steps : 

Step L Express the problem in the standard form. 

Introducing the slack variables s v s 2 , $3, the problem in the standard form is 
Max. Z = 5 x l + 3 *‘ 2 + OSj + 0 s 2 + 0 s 3 
Xj + x*, + s { + 0 -v 0s 3 = 2 
5xj + 2 x 2 + 0 s x -f s 2 + 0s 3 = 10 
3a^ + &r 2 + 0s 1 + 0s 2 + = 12 

X|, JCg, Sj, s 2 , > 0. 

Step 2. Find the initial basic feasible solution . 

The initial basic feasible solution is 

= x 2 = 0 (non-basic) 

Si = 2, s 2 = 10, = 12 (basic) and Z = 0. 

Initial simplex table is 



C J 

5 

3 

0 

0 

0 



C B 

Basis 

*i 

*2 


*2 

H 

6 

0 

0 

*i 

1 

1 

1 

0 

0 

2 

2/1 

0 

S 2 

(5) 

2 

0 

1 

0 

10 

10/5<— 

0 

S 3 

3 

8 

0 

0 

1 

12 

12/3 

Zj^tC B £ly 


0 

0 

0 

0 

0 

0 


Cj = Cj- Zj 


5 

3 

0 

0 

0 





T 
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As Cj is positive under x 2 columns, this solution is not optimal 
Step 3. Iterate towards optimal solution* 

,t 1 is the incoming variable. But the first two rows have the same ratio under 0-column, Therefore we 
apply perturbation method. 

First column of the unit matrix has 1 and 0 in the tied rows. Dividing these by the corresponding elements 
of the key columns, we get 1/1 and 0/5, $ 2 -row gives the smaller ratio and therefore s 2 is the first outgoing 
variable and (5) is the key element. 

Thus the new simplex table is 



c j 

6 

3 

0 

0 

0 



c 8 

Basis 


x s 

H 

*2 

*3 

b 

e 

0 

5 l 

0 

(3/5) 

1 

-1/5 

0 

0 

0 

5 


1 

2/5 

0 

1/6 

0 

2 

5 <- 

0 

S 3 

0 

34/5 

0 

-3/5 

1 

6 

16/17 

h 


5 

2 

0 

1 

0 

10 


<7 


0 

1 

0 

-1 

0 




T 


As Cj is positive under x 2 column, this solution is not optimal. 

Making key element (3/5) unity and replacing by # 2 , we obtain the revised simplex table : 



C J 

5 

3 

0 

0 

0 


C B 

Basis 

*1 

x 2 



S 3 

b 

3 

x 2 

0 

1 

5/3 

-1/3 

0 

0 

5 

x t 

1 

0 

-2/3 

1/3 

0 

2 

0 


0 

0 

-34/3 

5/3 

1 

6 

z. 


5 

3 

5/3 

2/3 

0 

10 

c , 


0 

0 

-5/3 

- 2/3 

0 



As Cj< 0 under all columns, this table gives the optimal solution. Hence an optimal basic feasible solution 
is x x = 2, x 2 - 0 and Z max = 10* 
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8, Maximize* Z = 5x % — 4x 2 + &e 3 , 
subject to : 2x % 4 2x 2 - > 2 t 

3a*! - 4x 2 S 3, x 2 + x 3 £ 5, 

x v x 2 * r 3 £ 0, (AfumAai* 2009 J 

-Solve the following degen or ate UP, problems : 

I0i Maximize Z - Sh^ + Sx 2 

subject to : 4^ + x 2 £ 8, 2x x + x 7 <> 4, 
x v x 2 > tl 


9. Maximize Z ^ 5x t - 4x 2 * 3x v 
subject to : 2*, + x 2 - 6x 3 * 20, 

0Xj + 5 x 2 + I0jt 3 £ 76, 
8Xj — Zx 2 + 6x 3 £ 50, 

x \* x 2’ x & ^ 


11, Maximize £ = 2x t -*- 3x 2 + 10jc 3 
subject to : x x + 2x 3 ^ 0, x 2 + a\j = 1, 

^j r X 2 » £3 - 0 - 


34.11 


tl) 


DUALITY CONCEPT 


One of the most interesting concepts in linear programming is the duality theory. Every linear 
programming problem has associated with it, another linear programming problem involving the same data and 
closely related optimal solutions. Such two problems are said to be duals of each other. While one of these is 
called the primal , the other the dual. 

The importance of the duality concept is due to two main reasons. Firstly, if the primal contains a large 
number of constraints and a smaller number of variables, the labour of computation can be considerably reduced 
by converting it into the dual problem and then solving it. Secondly, the interpretation of the dual variables from 
the cost or economic point of view proves extremely useful in making future decisions in the activities being 
programmed, 

(2) Formulation of dual problem. Consider the following L,P.P.: 

Maximize Z = c l x l + c^ 2 * 4 

subject to the constraints <* 11*1 + a i ^2 + **■ * a \ n x n - 

« 21*1 + “ 22*2 + - + a 2n X n 5 b V 


°ml*l + “m2*2 + - + a mrt* n £ b nt 
Xp rj, -*p| — O' 

To construct the dual problem, we adopt the following guidelines : 

(f) The maximization problem in the primal becomes the minimization problem in the dual and vice 

versa . 

(U) (£) type of constraints in the primal become (>} type of constraints in the dual and vice versa. 

(Hi) The coefficients c v e 2 , c n in the objective function of the primal become ft v & 2> b m in the objective 
function of the dual, 

Uv) The constants b v b 2t b m in the constraints of the primal become c v c 2 ,,,,, c ri in the constraints of the 

dual, 

(o) If the primal has n variables and m constraints, the dual will have m variables and n constraints Le. 
the transpose of the body matrix of the prim a! problem gives the body matrix of the dual. 

(vi) The variables in both the primal and dual are non-negative. 

Then the dual problem will be 
Minimize W = 6 ) y l 4 bg? 2 4 ... 4 b n y m 
subject to the constraints a tfli + a 2^2 + — + a m \>' m ^ c p 

“l^l + °2&2 + - + ~ C 2’ 


+ a 2*>'2 + - + * c n - 

Example 34.22. Write the dual of the following L.P.P.: 

Minimize Z = 3x t - 2x 2 + 4x v 

subject to 3x t + 5x^ + 4x 3 ? 7, 6x } + x, + 3x 3 > 4, ?x } - 2x , — x- < 10, 

Xj - 2x s + 5x 3 > 3, 4x { + 7xj - 2x 3 £ 2, x } , x 3 > 0. 








1090 


Higher Engineering Mathematics 

Solution. Since the problem is of minimization, all constraints should be of > type. We multiply the third 
constraint throughout by - 1 so that - lx 3 + 2x 2 + x a £ - 10 . 

Let y v y T y a , y 4 andy & be the dual variables associated with the above five constraints. Then the dual 
problem is given by 

Maximize W » ly t + 4y 2 - 10 y 3 + 3y 4 + 2 y 5 

aubjL'tt to 3 y x + 6y 2 - 7v 3 + y t + 4y 5 £ 3, 5y ] + y 2 + 2 y 3 - 2y 4 + 7v 5 £ - 2 , 

+ 3v 2 + y z + 5y 4 - 2y 5 £ 4, y ,, y v y,, y 4 , y 5 2 0 . 

(3) Formulation of dual problem when the primal has equality constraints. Consider the problem 
Maximize Z = e 1 x t + c 2 x 2 

Subject to a U X l + <*12*2 = a 2l X \ + a 2 Z X 2 - $2* x v x 2 ~ 0* 

The equality constraint can be written as 

a n Xj + a V2 x t ^ b x and o u x x + a l 3 jr 2 £ 6 , 

or a n x i + ** 12*2 an d “ a u x i - a ia y 2 5 - A,, 

Then the above problem can be restated as 
Maximize Z = c^c l + c t jx 2 

subject to a n x \ + a \ 2 x 2 ^b v -a ll x i - a 12 r 2 £ - 6 p 

02 )^! + 022^2 £ ^ 2 t X l* X 2 5 

Now we form the dual using y^.y^Vg as the dual variables. Then the dual problem is 
Minimize W - h^yf -y } *) + b.^y T 

subject to a n (yf + a 2 S y 2 a 12 (y/ -yp + a 2 ^v 2 >c 2 > y x *yi,y 2 £ 0 . 

The term (yf ~y } ") appears in both the objective function and all the constraints of the dual This will 
always happen whenever there is an equality constraint in the primal. Then the new variable yf -yf* (=yj) 
becomes unrestricted in sign being the difference of two non-negative variables and the above dual problem 
takes the form. 

Minimize W = b^y } + fi^y 2 , 

subject to a lv y 3 + a 21 y a > c v a l ^ l + unrestricted in sign. y^ > 0 . 

In general, if the primal problem is 

Maximize Z = CjJCj + c.^c 2 + + c n x n* 

subject to a ir Yj + o 12 y 2 + ... + a ln x n = b % 

U 2l X l + tI 22 X 2 ■*■■■* + a 2n X n = ^2 


°ml*l + «W% + + = K 

—t ^ ^ t). 

then the dual problem is 

Minimize W = A^Vj + b^y 2 + ... + b uj y m 

subject to G n>V + “21*2 + +a mt > m s c v 

« 1#1 + a 2&2 + - + * c 2’ 


Vl + V 2 + '" + V™ ^ C „ 

y 1 ( y 2 , t y m all unrestricted in sign. 

Thus the dual variables corresponding to equality constraints are unrestricted in sign. Conversely when 
the primal variables are unrestricted in sign f corresponding dual constraints are equalities. 

Example 34.23. Construct the dual of the L.P.P.: 

Maximize Z =5 4x t + #x 2 4 - 2x v 

subject to 2&j % 3x z -i- 2x$ < 7, 3x ; - 2x 2 + . = d. a r v ,. x 7 > 0, 

Solution. Lety t and y 2 by the dual variables associated with the first and second constraints. Then the 
dual problem is 

Minimize W = 7y 3 + 5y 2t 

subject to 2y 1 + 3y 2 < 4, 3y 3 - 2y 2 < 9, 2y A + 4y 2 < 2 t y x > 0 T y 2 is unrestricted in sign. 
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PROBLEMS 34.6 


Write the duals of the following problems (1 - 4> 

1. Maximize Z - lUx, + 1 &x* + I§x 3 

subject lo (br s + fu* + 3x $ ^ 26, •b l + 2av, + ux 3 s 1, x v x 2 , jt 3 > 0, 

2. Minimis Z = 2tfj + 4v a + 3Xj,» 

subject to 3x, + 4 jt l , + x 3 £ 1 i * * 2x, - 3* 2 + 2x 3 £ - 7* - 2r 3 - &c g S - 1 

3* j + 2*^ + 2x$ £ 5, x v x lt > 0, 

3. Maximize Z = 3jc t + ififcg + 7.^ 

subject to x, “X 2 * £ 3, - 3x t 4 2x 3 £ 1, 2^j 4 x 2 - r 3 - 4, x v x yt > 0. 

4~ Minimize Z - 3^, - 3r 2 + x ;J 

subject to *2x x - dx 2 4 <#£>, 4jc 1 - 2x y & 9 t - 8*j 4 4x 3 + 3r a = 8 f 

x v x 2 > 0 and x 5 is unrestricted. tUfomlo^ 2004) 

5* Obtain the dual problem of the following L,P,P, 

Maximize fix) = 2x t + r>jr 2 + br, 

subject to 5Xj 4 fir,* — jr a < 3* - 2xj + x^ 4 4i 3 < 4* x ( — 4 &Xj £ !, 

- Hr, - 3 x 2 4 7x a < S, x }t x lt Xa £ 6. 

Also verify that the dual of the dual problem is the primal problem. 


34.12 


(1) DUALITY PRINCIPLE 


If the primal and the dual problems have feasible solutions then both have optimal solutions and the 
optimal value of the primal objective function is equal to the optimal value of the dual objective function be.. 

Max, Z = Min, W 

This is the fundamental theorem of duality. It suggests that an optimal solution to the primal problem 
can directly be obtained from that of the dual problem and vice-versa. 

(2) Working rules for obtaining an optimal solution to the primal (dual) problem from that of 
the dual (primal!: 

Suppose we have already found an optimal solution to the dual (primal) problem by simplex method. 

Rule L If the primal variable corresponds to a slack starting variable in the dual problem, then its optimal 
value is directly given by the coefficient of the slack variable with changed sign, in the C row of the optimal dual 
simplex table and vice-versa. 

Rule II. If the primal variable corresponds to an artificial variable in the dual problem, then its optimal 
value is directly given by the coefficient of the artificial variable, with changed sign, in the C row of the optimal 
dual simplex table, after deleting the constant M and vice-versa. 

On the other hand, if the primal has an unbounded solution, then the dual problem will not have a fea¬ 
sible solution and vice-versa . 

Now we shall workout two examples to demonstrate the primal dual relationships. 

Example 34*24. Construct the dual of the following problem and solve both the primal and the dual ; 

Maximize. Z d 2x } 4 x tJt 

subject to -x t -r 2x 2 < 2 x f + x<> < 1, x } £ 3 , Jt fi x 2 > 0 . {Rohtak, 2000) 

Solution. Using the. primal problem. Since only two vari¬ 
ables are involved, it is convenient to solve the problem graphi¬ 
cally. 

In the Xp *vplane, the five constraints show that the point 
ttp x 2 ) lies within the shaded region OABCD of Fig. 34,12. Values 
of the objective function Z — 2x x + x\, at these corners are ZtO) = 0, 

Z{A) = 6, Z(B) = 7, ZiC) ~ 6 and Z{D) = 1. Hence the optimal solu¬ 
tion is ~ 3,x 2 = 1 and max. (Z) - 7. 

Solution. Using the dual problem . The dual problem of the 
given primal is : 
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Minimize W = 2y v + 4y 2 + 3 

subject to -y x + y 2 + .y 3 >2, 2y x + y 2 > l,y v y 2 >0~ 

Step L Express the problem in the standard form. 

Introducing the slack and the artificial variables, the dual problem in the standard form is 
Max. W - - 2 y x - 4y 2 - 3y a + 0s l + 0 s 2 - MA X - MA 2 
subject to -y { + y 2 + y z -s j + 0s 2 + A, + 0A 2 - 2, 

2y 1 + y 2 + 0 y 3 + 0 s x -s 2 + 0A t + A 2 = 1 
Step 2 . Find art initial baste feasible, solution. 

Setting the non-basic variables y v y 2 ,y 3 , fip s 2 , eat: h equal to zero, we get the initial basic feasible solution 

y j - y 2 - >a - s i “ - 0 (non-basic); A { = 2, A 2 = 1. (basic) 

•V Initial simplex table is 


e B 

- M 

- M 

c > 

Basis 

z j 

c > 

-2 

y ! 

-1 

2 

-M 

Af-2 ! 

— 4 

i 

a) 

-2M 

2M-4 

T 

- 3 

>3 

1 

0 

- Af 

M — 3 

0 

s l 

0 

Af 

- M 

0 

S 2 

0 

-1 

M 

-M 

-M 

1 

0 

~M 

0 

- Af 

A, 

0 

1 

-Af 

0 

6 

2 

1 

~3AT 

0 

2/1 

i/i*- 

As C is positive under some columns, the initial solution is not optimal. 




Step 3 L Iterate towards an optimal solution . 







(i) Introduce y 2 

and drop A. 

Then the new simplex table is 






c i 

-2 

»4 

-3 

0 

0 

-Af 

-Af 



c 8 

Basis 


>2 

*3 

s i 

5 2 

A , 

A 2 

A 

0 

-A/ 

At 

-3 

0 

<1J 

- I 

1 

1 

-] 

1 

1/1+- 

-4 


2 

1 

0 

0 

- 1 

0 

1 

1 

1/0 



3Af-8 

— 4 

-Af 

M 

4 “ A/ 

- Af 

M-4 

-Af-4 



c, 

6-3AT 

0 

A/ -3 

- Af 

Af — 4 

0 

4-2Af 







T 







As C is positive under some columns, this solution is not optimal. 




(if) Now introduce y 3 and drop A r 

Then the revised simplex table is 





c j 

— 2 

*4 

— 3 


0 

0 

-M 

-Af 



Basis 


y 2 

y% 



S 2 

A i 

A 2 

b 

— 3 

y 3 

- 3 

o 

i 


- 1 

1 

1 

- 1 

l 

-4 

y 2 

2 

i 

0 


0 

- 1 

0 

1 

1 


Z j 

1 

* 4 

— 3 


3 

1 

-3 

- 1 

— 7 


c j 

- 3 

0 

0 


-3 

- 1 

3 - A/ 

1 - Af 



As all Cj <, 0, the optimal solution is attained. 

Thus an optimal solution to the dual problem is 

y | = 0, y 2 — l f y 3 - 1, Min. W = - Max. (W r ) - 7. 

To derive the optimal basic feasible solution to the primal problem, we note that the primal variables x v 
x 2 correspond to the artificial starting dual variables A v A 2 respectively. In the final simplex table of the dual 
problem, C J corresponding to A v and A< } are 3 and I respectively after ignoring M, Thus by rule II, we get opt 
x j “ 3 and opt. x 2 - 1, 
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Hence an optimal basic feasible solut ion to the given primal is 
Xi = 3, x 2 - 1 ; max. Z = 7* 

Obs. The validity *»f the duality theorem is therefore * checked since max. Z x non. W ~ 7 from both the methods 

Example 34*25. Using duality solve the following problem ; 

Minimize Z = 0.7x s + Q*5x s 

subject to x } 2 4, x 2 5 6, x 2 + $x 2 > 20 , > 18, x p x s > 0. (V T U r$ 2004) 

Solution. The dual of the given problem is Max. W = 4y { + 6 y 2 + 20y 3 + 18y 4 , 
subject to y t + y 3 4 2v 4 £0.7, y 2 + 2y 3 + y 4 < 0.5, y v y 2 , y 3 , y 4 > 0. 

Step 1. Express the problem in the standard form. 

Introducing slack variables, the dual problem in the standard form becomes 
Max. W = 4y r + 6y 2 + 20y 3 + 18y 4 + Osj + 0s 2 , 
subject to + 0y 2 + y 3 + 2y 4 + s t + 0s 2 5= 0.7, 

0v, +y 2 + 2y 3 + y 4 + 0s t +$ 2 *Q.& 9 y v y v y 9 >y 4 ZQ. 

Step 2 . Find an initial basic feasible solution. 

Setting non-basic variables yj,y 2t y a ,y 4 each equal to zero, the basic solution is 

y x = y 2 - y 3 =y 4 = 0 (non-basic); Sj = 0.7, s 2 = 0.5 (basic) 

Since the basic variables s l% $*> > 0, the initial basic solut ion is feasible and non-degenerate. 

Initial simplex table is 


C B 

0 

0 

c v 

Basis 

8 i 

s 2 

C , 

4 

I 

0 

0 

4 

6 

y-i 

0 

1 

0 

6 

20 

>3 

1 

(2) 

0 

20 

T 

18 

*4 

2 

1 

0 

18 

0 

*i 

1 

0 

0 

0 

0 

S 2 

0 

1 

0 

0 

b 

0.7 

0.5 

0 

0 

0.7/1 

0.5/24- 

As Cj is positive in some columns, the initial basic solution is not optimal. 

Step 3 . Iterate towards an optima/ solution* 

(i ) Introducey 3 and drop s 0 . Then the new simplex table is 


C J 

4 

6 

20 

18 

0 

0 



C B 

Basis 


V 2 


>4 

S 1 


b 

0 

0 

s i 

I 

— 1/2 

0 

(3/2) 

1 

-1/2 

9/20 

3/10*— 

20 


0 

1/2 

1 

1 

2 

0 

1/2 

1/4 

1/2 


h 

f) 

10 

20 

10 

0 

10 

5 




4 

— 4 

0 

8 

0 

-10 




T 


As Cj f is positive under some of the columns, this solution is not optimal. 
(it) Introduce y 4 and drops r Then the revised simplex table is 



c j 

4 

6 

20 

18 

0 

0 


C B 

Basis 

>i 

>2 




s 2 

h 

18 

y*. 

2/3 

- 1/3 

0 

1 

2/3 

-1/3 

3/10 

20 

Vi 

- 1/3 

2/3 

1 

0 

-1/3 

2/3 

1/10 


Z i 

16/3 

2 m 

20 

18 

16/3 

22/3 

74/10 


C J 

-4/3 

-4/3 

0 

0 

-16/13 

-22/3 
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As all Cj < 0, this table gives the optimal solution. 

Thus the optimal basic feasible solution isy { = 0,y 2 = 0,y 3 - 20, y 4 = 18, max. W = 7 A 
Step 4. Derive optimal solution to the primal. 

We note that the primal variables x v x. f correspond to the slack starting dual variables s p s 2 respectively. 
In the final simplex table of the dual problem, values corresponding to s } and s 2 are - 16/3 and - 22/3 
respectively. 

Thus, by rule I, we conclude that opt, x t = 16/3 and opt. x 9 = 22/3. 

Hence an optimal basic feasible Solution to the given primal is 
x x = 16/3, x 2 = 22/3; min, Z = 7.4. 

Oh^, To check the validity of the duality theorem, the student is advised to solve the pvrn L.P.P. directly by 
simplex method and see that min, Z - max. W =j 7.4. 


PROBLEMS 34.7 


Using dimlity solve the following problems (1 - 4>: 

1* Minimise Z - 2x t + tx v 

subject to x t + + 2x% > 5, 3Xj + av, + 2x% > 4 and x v > 0 {J.N.71LL, 2O0l\ 

% Maximize Z - 2x t + x 2 * 

subject to + 2x 2 s 10, x t + x 2 < 6, x j - x 2 $ 2 t x t - 2x 2 S 1> x 2 > 0. \Amlhru M. Tech., £0§V 

3, Maximize Z ^ '6x % +■ 2*.^ 

subject to x x + x u > 1, x, + £ 7 t x x 4 2r 2 < lfl, x 2 £ 3, x* £ 0. 

4, Maximize Z - 3x x + + bx^ 

subject to x { + 2y 2 + x 3 < 430, 3 j r, + < 460, + 4j^ S 420, x r > 0. 


34.13 


(1) 


DUAL SIMPLEX METHOD 


In § 34.9, we have seen that a set of basic variables giving a feasible solution can be found by introducing 
artificial variables and using A/-method or Two phase method. Using the primal-dual relationships for a prob¬ 
lem, we have another method (known m Dual simplex method) for finding an initial feasible solution. Whereas 
the regular simplex method starts with a basic feasible (but non-optimal) solution and works towards 
optimality, the dual simplex method starts with a basic unfeasible (but optimal) solution and works towards 
feasibility. The dual simplex method is quite similar to the regular simplex method, the only difference lies in 
the criterion used for selecting the incoming and outgoing variables. In the dual simplex method, we first deter¬ 
mine the outgoing variable and then the incoming variable while in the case of regular simplex method reverse 
is done. 

(2) Working procedure for dual simplex method ; 

Step 1. (i) Convert the problem to maximization form , if it is not so. 

Hi) Convert (>) type constraints, if any to (<) type by multiplying such constraints by -1. 

(Hi) Express the problem in stand a rd form by introducing slack variables. 

Step 2. Find the initial basic solution and express this information in the form of dual simplex table . 

Step 3. Test the nature of C = Cj - Z J : 

(a) If all Cj < 0 and all 6- > 0, then optimal basic feasible solution has been attained. 

(b) If all C J < 0 and at least one b t < 0, then go to step 4, 

(c) If any > 0, the method fails. 

Step 4. Mark the outgoing variable. Select the row that contains the most negative b r This will be the key 
row and the corresponding basic variable is the outgoing variable. 

Step 5. Test the nature of key row elements: 

(a) If all these elements are > 0, the problem does not have a feasible solution. 

(b) If at least one element < 0, find the ratios of the corresponding elements of Cy row to these elements. 
Choose the smallest of these ratios. The corresponding column is the key column and the associated variable is 
the incoming variable. 
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Step 6. Iterate towards optimal feasible solution. Make tile key element unity. Perform row operations as 
in the regular simplex method anti repeat iterations until either an optimal feasible solution is attained or there 
is an indication of non-existence of a feasible solution. 

Example 31,26. Using dual simplex method; 
maxim ize - $x t ~ 2x. Jt 

subject to x 3 4 x 2 > 1, Xj 4 x $ < 7 t x } 4 2x s > It), x 2 > 3, x t > 0, x 2 > 0. (Mumbai, 2004) 

Solution. Consists of the following steps : 

Step L (i) Convert the first and third constraints into (<) type. These constraints become. 

-x l - x\ 2 £ - 1, - 2x 2 10, 

(it) Express the problem in standard form 

Introducing slack variables s v s 2 , $ ( the given problem takes the form 

Max, Z = - 3X| - 2x 2 4 0^ + 0.% 4 0,s 3 4 0 s i 

subject to -jf t -x 2 is ] =-l^ 1 + x 2 4 s 2 = 7 t -x t - 2x 2 4 s 3 = - 10 t 

x 2 + s„ = 3, X lt x 2 , S V S 2 , » 3 , s 4 £ 0. 

Step 2 , Find the initial basic solution 

Setting the decision variables x v x 2 each equal to zero* we get the basic solution 
x } - x 2 == 0, Sj = - 1, s 2 - *l % s 3 = - 10, s 4 = 3 and Z - 0, 

.\ Initial solution is given by the table below : 



- 3 

- 2 

0 

0 

0 

0 


c# Basis 

*1 

*2 

*i 

S 2 

*2 

S 4 

b 

0 s t 

- 1 

- 1 

1 

0 

0 

0 

-1 

0 $ 2 

1 

t 

0 

1 

0 

0 

7 

0 s 3 

- 1 

(— 21 

0 

0 

1 

0 

- 10 «- 

0 s, 

0 

1 

0 

0 

0 

1 

3 

Z J = % 

0 

0 

0 

0 

0 

0 

0 

C =c -Z 

J J J 

- 3 

-2 

T 

0 

0 

0 

0 



Step 3 , Test nature of C f 

Since all C values are < 0 and b x - - 1, b s - - 10, the initial solution is optimal but infeasible. We 
therefore, proceed fu rther. 

Step 4. Mark the outgoing variable * 

Since b 3 is negative and numerically largest, the third row is the key row and s 3 is the outgoing variable. 
Step 5. Calculate ratios of elements in C-row to the corresponding negative elements of the key row , 

These ratios are - 3/- 1 = 3,~ 2/- 2 ^ 1 (neglecting ratios corresponding to 4ve or zero elements of key row), 
Since the smaller ratio is 1, therefore, x 2 -colunm is the key column and (— 2) is the key element. 

Step 6L Iterate towards optimal feasible solution. 

O') Drop s 3 and introduce x 2 alongwith its associated value - 2 under c & column. Convert the key element to 
unity and make all other elements of the key column zero. Then the second solution is given by the table below : 


1 tt 
0 

0 

— 2 


Basis 




— 3 


_ 1 
2 

1 

2 

1 

2 


H) 


|1 

- 1 

— 2 

T 


-2 

X 2 

0 

0 

1 

0 

-2 

0 


0 
s j 

1 

0 

0 

0 

0 

0 


0 

^2 

0 

l 

0 

0 

0 

0 


1 

- 1 


b 

4 
2 

5 

- 2 t- 
^ 10 


0 
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Since all Cj values are < 0 and l> 4 = - 2, this solution is optimal but infeasible. We therefore proceed 
further, 

07) Mark the outgoing variable. 

Since h % is negative, the fourth row is the key row and s 4 is the outgoing variable. 

(Hi) Calculate ratios of elements in C -row to the corresponding negative elements of the key row , 


This ratios is - 2/ - | =4 (neglecting other ratios corresponding to + ve or 0 elements of key row). 


^-column is the key column and [ - —J is the key element. 

(/t>) Drop Sj and introduce x t with its associated value - 3 under the c B column. Convert the kc'y clement to 
unity and make all other elements of the key column zero. Then the third solution is given by the table below : 



C J 

-3 

-2 

0 

0 

0 

0 


c n 

Basis 

*1 

*2 


»2 

S 2 


b 

0 

s t 

0 

0 

1 

0 

‘1 

* l 

6 

0 

H 

0 

0 

0 

1 

l 

1 

0 

- 2 

X 2 

0 

1 

0 

Q 

0 

1 

3 

-3 

X i 

1 

0 

0 

0 

- 10 

- 2 

4 

Z. 


-3 

- 2 

0 

0 

3 

4 

- 18 

c, 


0 

0 

0 

0 

-3 

-4 


J 








Since all C^ values are < 0 and all />’s are > 0, therefore this solution is optimal and feasible. Thus the 
optimal solution is x x - 4, x 2 - 3 and Z mik% = - 18. 

Example 34.27, Using dual simplex method, solve the following problem 
Minimize Z = 2xj + 2x.y + 4x^ 

subject to 2x } + 3x 0 + Sx 3 > 2 t 3x t 4 x 2 + 7x 3 < 3, x t + 4x 2 + fixj £ 5, x p x Lff x 3 Z 0* 

{Kurukshetm , 2009 ; Kerala , 2005) 


Solution* Consists of the following steps : 

Step 1. (i) Convert the given problem to maximization form by writing 
Maximize Z' = - 2x x - 2r 2 - 4x 3 . 

(ii) Convert the first constraint into (<) type. Thus it is equivalent to 
- 2*i - 3r 2 - 4r a < - 2 
f in) Express the problem in standard form . 

Introducing slack variables, s 2 , s 3 , the given problem becomes 

Max. Z* = - 2tj - 2x 2 - 4x 3 + Os, + 0s 2 4 Gs 3 

subject to — 2x y - 3x 2 — 5x 3 + s, 4 0s 2 + 0s :i = — 2, 

3.r, + x 2 + 7a 3 + 0i>j 4 s 2 + 0s 3 — 3, 
x y + 4x 2 + 6x 3 4 QSy + 0 s 2 4 s 3 - 5, 
x v x 2 , x 3 , s v s 2 , > 0, 

Step 2. Find the initial basic solution. 

Setting the decision variables x v x 2t x 3 each equal to zero, we get the basic solution 
Xy - x 2 = x 3 - 0, s v = - 2, s 2 - 3, s 3 - 5 and Z' - 0. 

Initial solution is given by the table below : 



c j 

-2 

-2 

-4 

0 

0 

0 


% 

Basis 

x i 

*2 

*3 


S 2 

% 

b 

0 

s \ 

- 2 

(-3) 

— 5 

1 

0 

0 

— 2 <— 

0 

s 2 

3 

1 

7 

0 

1 

0 

3 

0 


1 

4 

6 

0 

0 

1 

5 


z j 

0 

0 

0 

0 

0 

0 

0 


Of 

-2 

-2 

-4 

0 

0 

0 





T 
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Step 3. Test nature of 

Since all C values are < 0 and b } - - 2, the initial solution is optimal but infeasible. 

Step 4 . Afarfr the outgoing variable . 

Since ftj < 0, the first row is the key row and $ A is the outgoing variable. 

Step 5. Calculate the ratio of elements of Cy row to the corresponding negative elements of the key row . 
These ratios are - 21- 2 = 1, - 2/- 3 = 0.67, - 4/- 5 ^ 0.8, 

Since 0.67 is the smallest ratio, xycolumn is the key column and {- 3) is the key element. 

Step 6\ Iterate towards optimal feasible solution. 

Drop s x and introduce x 2 with its associated value - 2 under c B column. Then the revised dual simplex 
table is 




-2 

-2 

-4 

0 

0 

0 


c B 

Basis 

*i 

x a 

*3 

*1 



b 

-2 

*2 

2/3 

1 

5/3 

- m 

0 

0 

2/3 

0 

s 2 

7/3 

0 

Ifi/3 

1/3 

l 

0 

7/3 

0 

% 

-6/3 

0 

-2/3 

4/3 

0 

1 

7/3 



-4/3 

-2 

-10/3 

2/3 

0 

0 

- 4/3 



-2/3 

0 

-2/3 

-2/3 

0 

0 



Since all £ 0 and all h*s are > 0, this solution is optimal and feasible. Thus the optimal solution is 
Xj - 0, x 2 = 2/3, x a = 0 and max. 7J - - 4/3 Le< 9 min. Z = 4/3. 


PROBLEMS 34.8 


Using dual simplex method, solve the fallowing problems : 

J. Maximize Z » * ~x 2 

subject to Xj + Xj > 1, 2x, 4 Sx 2 £ 2; x v x 2 > 0. 

% Minimize Z = 2x 1 + x^ w 

subject to 3Xj + x a ^ 3, 4x, + 3r 2 £ 6, x, + 2r„ 5 3, x t , x 2 > 0. UCtt/i/AjrAcrra, 2007 S) 

3. Minimize Z =5 x t + 2x 2 4 3x a , 

subject to 2r t - x 2 + x 3 > 4 % Xj + x. 2 4 2r a < 8. x a — x 3 > 2; x )t x*, x 3 £ 0. 

L Minimize Z ^Xj 4 2x a 4 x a 4 4x 4 

subject to 2x a + 4x 2 4 5x a * x 4 > 10, 3x t — x 2 + 7x a - 2x 4 > 2 
feJ 4 2x 2 4 X 3 4 GX |'t 15, X,, x 2 , x v x # £ 0, 


34.14 


ill 


TRANSPORTATION PROBLEM 


This is a special class of linear programming problems in which the objective is to transport a single 
commodity from various origins to different destinations at a minimum cost. 

(2) Formulation of a transportation problem. There are m plant locations (origins) and n distribution 
centres (destinations). The production capacity of the ith plant is a- and the number of units required at the jth 
destination is b-. The transportation cost of one unit from ike ith plant to the jth destination is c<> Our objective is 
to determine the number of units to be transported from the ith plant to jth destination so that the total transpor¬ 
tation cost is minimum . 

Let x y be the number of units shipped from ith plant to jth destination, then the general transportation 
problem is : 

m n 

Minimize Z = II v* 
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subject to the constraints 

x n + x i2 + — + x m ~ °r ^ or '^ origin U = 1, 2, m) 
x ij + x 2 j + — + x mj ~ for/th destination (j - I t 2 t n) 

V 0 ' 

Def, 1* The two sets of constraints will be consistent if 

m n 

2 >- 5 > 

1*1 y*l 

which is the condition for a transportation problem to have a feasible solution. Problems satisfying this condi¬ 
tion are called balanced transportation problems. 

2. A feasible solution to a transportation problem is said to be a basic feasible solution if it contains at the 
most [m + n - 1) strictly positive allocations, otherwise the solution will degenerate. If the total number of 
posit i ve (non-zero) allocations is exactly (m +n - 1), then the basic feasible solution is said to be non-degenerate. 

3. A feasible solution which minimizes the transportation cost is called an optimal solution. This problem 
is explicitly represented in the following transportation table ; 


Dis tri bud on cm t res (Des ti nation s) 


Plants 

(origins) 


Demand 


12 j n Supply 



The nut squares are called cells, The per unit cost e- of transporting from the ith origin to the/th destina¬ 
tion is displayed in the lower right side of the (i t j)th cell . Any feasible solution is shown in the table by entering 
the value of *. in the small square at the upper left side of the (i, j)th cell. The various u's and 6's are called rim 
requirements . The feasibility of a solution can he verified by summing the values of x tj along the rows and down 
the columns* 

Obs* 1. The specie! features of a transportation problem are that 

(i) the coefTidents of all in the constraints are unity, and 

(ii) the total supply - total demand Tb f . 

Ohs. 2, The objective Function and the constraints being all linear, the problem can be solved be simplex method 
But the number of variables being large, there* will be too many calculations. However, the coefficients of all x wf in the 
constraints being unity, we can look for some technique which would be simpler than the simplex method. 


34.15 


WORKING PROCEDURE FOR TRANSPORTATION PROBLEMS 


Step 1. Construct transportation table. Express the supply from the origins a r demand at destinations fy 
and the unit shipping cost c fj in the form of a matrix, know as transportation table. If the supply and demand are 
equal, the problem is balanced . 

Step 2. Find the initial basic feasible solution. We find an initial allocation which satisfies the demand at 
each project site without violating the capacities of the plants (origins) and also meeting the non-negativity 
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restrictions. There are several methods for initial allocations North-West corner rule. Row minima method, 
Least cost method, Vogel’s approximation method. The Vogel's approximation method (VAM) takes into account 
not only the least cost r.. but also the costs that just exceed the least cost c and therefore yields a better initial 
solution than obtained from other methods. As such we shall confine ourselves to VAM only which consists of the 
following steps ; 

(i) Display the difference between the least and the next to least costs in each row, by enclosing them in 
brackets to the right of the row. Similarly display the differences for each column within brackets 
below that column. 

(it) Identify the row or column with the largest difference among all the rows and columns and allocate as 
much as possible under the rim requirements, to the lowest cost cell in that row or column. In case of 
a tie allocate to the cell associated with the lower cost. 

I f the greatest difference corresponds to ith row and is the low est cost in the ith row, allocate as 
much as possible i.e, min fo r , b) in the (i f j) th cell and cross off the ith row or the jth column, 

(til) Recalculate the row and column differences for the reduced table and go to the previous step, 

(iu) Repeat the procedure till all the rim requirements are satisfied. Note? the solution in the upper left 
corner small squares of the basic cells. 

Step 3. Apply optimality check 

In the above solution, the number of allocations must be V?i + n - 1\ otherwise the basic solution 

degenerates. 

Now to test for optimality t we apply the modified distribution (MODI) method and examine each unoccu¬ 
pied cell to determine whether making an allocation in it reduces the total transportation cost and then repeat 
this procedure until lowest possible transportation cost is obtained. This method consists of the following 
steps : 

(i) Note the numbers u t along the left and u along the top of the cost matrix such that their sums equal to 
the original costs of occupied cells solve the equations [u t + v - c^l starting initially with some 

u i = 0 

(it) Compute the net evaluations w sj = u. +■ v - c fj for all the empty cells and enter them in upper right hand 
corners of the corresponding cells. 

(Hi) Examine the sign of each w tJ , If all w tj < 0 t then the current basic feasible solution is optimal. If even 
one ivy > 0, this solution is not optimal and we proceed further. 

Step 4 . Iterate towards optimal solution 

U) Choose the unoccupied cell with the largest w tJ and mark 0 in it. 

(ii) Draw a closed path consisting of horizontal and vertical lines beginning and ending at 9-cell and 
having its other corners at the allocated cells. 

(m) Add and subtract 0 alternately to and from the transition cells of the loop subject to rim 
requirements. Assign a maximum value to 0 so that one basic variable becomes zero and the other 
basic variables remain non-negative. Now the basic cell whose allocation has been reduced to zero 
leaves the basis. 

Step 5. Return to step 3 and repeat the process until an optimal basic feasible solution is obtained. 


Example 34d!8* Solve the following transportation problem : 




Destination 



A 

b 

C D 


I 

21 

W 

25 13 

It 

Source II 

17 

IS 

14 23 

23 Availability 

III 

33 

27 

(S 41 

19 

Require men t 

6 

10 

U> 15 

13 


Solution. Consists of the following steps ; 

Step L Transportation table. Here the total availability and the total requirement being the same i.e. 43, 
the problem is balanced. 
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Step 2. Find the initial basic feasible solution. Following VAM, the differences between the smallest and 
next to the smallest costs in each row and each column are computed and displayed within brackets against the 
respective rows and columns (Table 11 The largest of these differences is (10) which is associated with the fourth 
column. 


Table 2 

11(3) 

13(3) 

19(9) 6 10 12 4 4 - 

(15) (9) (4) (18) 

Since c |4 (= 13) is the minimum cost, we allocate x u » min (11,15) =11. This exhausts the availability of 
first row and therefore we cross it. 


17 

18 

14 

12 — 
23 

32 

27 

18 

41 


13(3) 

19(9) 


Table 1 


21 

16 

25 

m 

13 

17 

18 

14 

23 

32 

27 

18 

41 

6 

10 

12 

15 


(4) (2) (4) (10) 


Table 3 


Table 4 


Table 5 


17 

18 

14 

9(3) 

at 

18 

14 

3(4) 

zr 

27 

W 

18 

32 

27 

18 

19(9) 

27 

18 

19(9) 

7 

12 4 - 


19 


6 10 12 

(15) (9) (4) 


10 12 

(9) (41 


The row and column differences are now computed for reduced table 2 and displayed within brackets, The 
largest of these is (18) which is against the fourth column. Since c l4 (= 23) is the minimum cost, we allocate 
x u - min (13, 4) = 4, 

This exhausts the availability of fourth column which we cross off Proceeding in this way, the subsequent 
reduced transportation tables and differences for the remaining rows and columns are shown in Tables 3, 4 
and 5. 

Finally the initial basic feasible solution is as shown in Table 6. 


Table 6 Table 7 


^ 17 18 9 23 


21 

16 

25 

11 

13 

- 10 

<-> 

21 

(-) 

16 

(-) 

25 

m 

13 

JT 

AT 


j~r 

0 

JET 

AT 

H 

ZT 

17 

18 

14 

23 


17 

18 

14 

23 


ZT 

mT 


9 

(-) 

ZT 


(-) 

32 

27 

18 

41 


32 

27 

18 

41 


Step 3. Apply optimality check 

As the number of allocations =? m + n - 1 (Le. t 6), we can apply MODI method. 

(i) We have u 2 + = 17, u 2 + v 2 = 18, u g + v iy = 27 

u B + u 3 = 18, u t + e 4 - 13, u 2 + v A - 23 
Let u 2 = 0, then u, = 17, v 2 = 18, « g = 9, v 3 = 9, v 4 = 23 1 u, = - 10. 

(«) Net evaluations w A j - (u i + t^) - for all empty cells are 

w j! = - 14, w l2 = - 8, w r3 = - 26, = - 5, w 3l =- 6, w 24 = - 9. 

{Hi) Since all the net evaluations are negative, the current solution is optimal. Hence the optimal 
allocation is given by 

X u = 11, X 21 = 6, *22 = 3, x 24 = 4, r 32 - 7 and * 33 = 12. 

The optima] (minimum) transportation cost 

= 11 x 13 + 6 x 17 + 3 x 18 + 4 x 23 + 7 x 27 + 12 x 18 = ? 796 - 
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Example 34.29. A company has three cement factories totaled in cities 7, % 3 which supply cement to 
four pwjects located in towns I, *2, 3, 4. Each plant can supply 6, 1, IQ truck toads of cement daily respectively 
and the daily cement requirements of the projects are respectively 7, 5 t 3> 2 trut'k loads, The transportation 
costs per truck toad of cement (in hundreds of rupees) from each plant to each project site are us follows : 

Pmjccl sites 



1 

2 

3 

4 

/ 

2 

3 

11 

7 

Factories 2 

t 

0 

6 

1 

3 

5 

8 

IS 

9 


Determine the optimal distribution for the company so as to minimize the total transportation cost 
Solution. Consists of the following steps : 

Step L Construct transportation table. Express the supply from the factories, demands at sites and the 
unit shipping cost in the form of the following transportation table (Table 1). Here the supply being equal to the 
demand, the problem is balanced. 

Table 1 


Project sites 



1 

2 

3 

4 

Supply 

1 

2 

3 

11 

7 

6 

Factories 2 

1 

0 

6 

1 

1 

3 

5 

8 

15 

9 

10 

Demand 

7 

5 

3 

2 

17 


Step 2 . Find the initial basic feasible solution. 

Using VAM t the initial basic feasible solution is as shown in Table 2. The transportation cost according to 
this route is given by 

Z«t(lx2 + 5x3+lxl+6x5 + 3xI5+lx9) times 100 - ? 10,200. 

Step 3. Apply optimality check. 

As the numbers of allocations = (m + n -1) Le. t 6, we can apply MODI method. 

We now compute the net evaluations w i} - Ui t + Vj) - c tJ w hich are exhibited in Table 3, Since the net 
evaluations in two cells are positive, a better solution can be found. 


Table 2 


1 

2 

5 

3 

11 

7 

1 

0 

6 

1 

1 

6 

5 

8 

3 

15 

1 

9 


7 5 3 2 


Table 3 




2 

3 

12 


6 

0 

1 


5 


(+) 


(-) 



2 

3 

11 


7 

- 5 


(-) 

t-i 

<+) 

1 




1 

0 

6 


1 

3 

6 


<-) 

3 

1 




5 

8 

15 


9 


Step 4 . Iterate towards optimal solu tion . 

First iteration ; 

(a) Next basic feasible solution, 

(£) Choose the unoccupied cell with the maximum w-. In case of a tie, select the one with lower original 
cost. In Table 3, cells (1, 3) and (2, 3) each have w t j - 1 and out of these all (2, 3) has lower original cost 6, 
therefore we take this as the next basic cell and note 0 in it. 

(if) Draw a dosed path beginning and ending at 0-cell. Add and subtract 0, alternately to and from the 
transition cells of the loop subject the rim requiremen ts. Assign a maximum value to 0 so that one basic variable 
becomes zero and the other basic variables remain > 0. Now the basic cell whose allocation has been reduced to 
zero leaves the basis. This gives the second basic feasible solution (Table 5). 
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Table 4 Table 5 


1 

2 

5 | 

3 

11 

7 

1 

0 

0 

i 6 

1 -fl 

i i 

6 

5 

8 

3 1 -e 

15 

1 +0; 
9 


1 

2 

5 

3 

11 

7 





0-1 


1 - 1 



1 


0 


6 


1 

6 




3-1 


1 + 1 



5 


8 


15 


9 


Total transportation cost of this revised solution. 

= ?{ 1 x 2 + 5 x 34 * 1 x 6 + 6 k 54 ‘ 2 x 15 + 2 x 9 ) times 100 = ? 10,100. 

(6) Optimality check , As the number of allocations in table 5 = m + n - 1 (Le^ 6), we can apply MODI 
method. We compute the net evaluations which are shown in Table 6, Since the cell (1, 3) has a positive value, 
the second basic feasible solution is not optimal. 

Table 6 Table 7 

Nfil 

u \ 2 3 12 6 


1 

2 

5 

3 

(+> 

n 

M 

7 


(-> 

<-) 

1 



<-) 


i 

0 


6 


) 

6 


(-i 

2 


2 



5 

8 


15 


9 i 



Second iteration : 

(a) Next basic feasible solution* In the second basic feasible solution introduce the cell (1, 3) taking 0 = 1 
and drop the cell (1, \) giving Table 7, Thus we obtain the third basic feasible solution (Table 8). 

Table 8 Table 9 




(ft) Optimality Check. As the number of allocations in Table 8 = m + n — 1 0\e.» 6), wo can apply MODI 
method. 

We compute 1 the net evaluations which are shown in Table 9. Since all the net evaluations are < 0, this 
basic feasible solution is optimal. 

Thus the optimal transportation policy is as shown in Table 9 and the optimal transportation cost 
= ? 15x3+1x11*1x6 + 7x5+1 x 15+ 2x9] times 100 = ? 10,000. 

KEEEM DEGENERACY tN TRANSPORTATION PROBLEMS _ 

When the number of basic cells in a non transportation table, is less than *m + n - V the basic solution 
degenerates. To remove the degeneracy, we assign a small positive value c to as many zero-valued variables as 
may be necessary to complete in + n - V basic variables. The cells containing £ are then treated like other basic 
cells and the problem is solved in the usual way. The cs are kept till the optimum solution is attained. Then we 
let each c —» 0. 
























































































































Linear Programming 


1103 


Example 34*30* Solve The following transportation prolyl cm 


Fmm 


To 


9 

12 

B 

e 

9 

10 

5 

7 

3 

7 

7 

5 

5 

6 

6 

5 

9 

It 

3 

11 

2 

6 

8 

tl 

2 

2 

10 

9 

4 

4 

6 

2 

4 

2 

22 


Solution, Consists of the following steps : 

Step 2. Transporation table. The total supply and total demand being equal, the transportation problem is 
balanced. 

Step 2 , Find the initial basic feasible solution. 

Using VAM, the initial basic feasible solution is as shown in Table 1. 

Step 3. Apply optimality check. Since the number of basic cells is 8 which is less than rn + n - 1 = 9, the 
basic solution degenerates. In order to complete the basis and thereby remove degeneracy, we require only one 
more positive basic variable* We select the variablex 23 and allocate a small positive quantity e to the cell (2, 3). 


5 


6 + l = 6 


2 


9 


We now compute the net evaluations w tJ = (ii J + - c- which are exhibited in Table 2. Since all the net 

evaluations are < 0, the current solutions is optimal Hence the optimal allocation is 

X U " ^ *^22 = ^26 = ^ = ^ ■*'33 ~ ^^41 ” * X 44 ~ ® = 4. 

A The minimum (optimal) transportation cost 

= 5x9 + 4x3 + £k7 + 2x5+1x6+1x9 + 3x6+-2x2 + 4x2 
= 112 + 7t = % 112 as c 0* 



4 4 6 + c = 6 2 4 2 4- 


Table 2 
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PROBLEMS 34.9 


L Obtain an initial basic feasible solution to the following transportation problem : 


To + 

0 E F G 


11 

13 

IT 

14 

260 

16 

18 

14 

10 

300 

21 

24 

13 

10 

400 

200 

225 

275 

250 



2, Solve the following transportation problem : 


Suppliers 

Consumers 

A 

B 

c 

Available 

i 

6 

a 

4 

14 

ii 

4 

9 

8 

12 

in 

1 

2 

6 

5 

Required 

6 

10 

15 

31 


3. Consider four bases of upo rations B i and three targets T + The Urns of bombs per aircraft from any base that can be 
delivered to any target are given in the following table ; 


V 

ft \ 

1 

2 

3 


8 

6 

5 

1 




2 

6 

6 

6 

3 

10 

8 

4 

4 

8 

6 

4 


The daily sortie capability of each of the four bases is 150 sorties per day. The daily requirement in sorties over each 
target is 200, Find the niloeaUun of sorties from each base to each target which maximizes the total tonnage overall 
the three targets. 

4. A company has factories F v F^ F, a which supply warehouses at W lt W, 2 and Weekly factory capacities, weekly 
warehouse requirements and unit shipping costs (in rupees) are os follows ; 


---- 

Factories 

Warehouses 

Supply 

W i 

W* 

W $ 

A 

16 

20 

12 

200 


14 

8 

18 

160 

r* 

26 

24 

16 

90 

Demand 

180 

120 

156 

450 


Determine the optimal distribution for Ibis company to minimize shipping coats. 

5. A company is spending ? 1,000 on transportation of its units from plants to four distribution centres. The supply 
and demand of units, with unit cost of transportation are given below : 


Plants 

Distribution centres 

Availabilities 


^2 

n iL 

o 4 

i> , 

19 

30 

50 

12 

7 


70 

30 

40 

60 

10 

p* 

40 

10 

60 

20 

18 

Requirements 

5 

8 

7 

15 



What can be the maximum saving by optimal scheduling 
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6. A departmental stare wishes to slock the following quantities of a popular product in three types of containers : 
Container type : 1 2 3 

Quantity : 170 200 180 

Tenders are submitted by four dealers who undertake* to supply not more than the quantities shown below : 

Dealer 1 2 3 4 

Quantity : 150 160 110 130 

The store estimates that profit per unit will vary with the dealer as shown below : 


Dealers —t 
Container type 

1 

1 

2 

3 

4 

1 

8 

9 

6 

3 

2 

6 

11 

5 

10 

3 

3 

8 

7 

9 


Find the maximum profit of the store. 

7. Obtain an optimum basic feasible solution to the following transportation problem : 


2 

3 Available 

5 

10 

a A company has three plants at locations A. B and C which supply to warehouses located as D, E # F t G and H* 
Monthly plant capacities are 800 T 500 and 900 units respectively. Monthly warehouse requirements are 400, 400, 
600. 400 and 800 units respectively. Unit transportation costa in rupees are given below : 

To 




D 

E 

F 

G 

H 


A 

5 

8 

6 

6 

3 

From 

B 

4 

7 

7 

6 

6 


C 

8 

4 

6 

8 

3 


Determine an optimum distribution for the company in order to minimize the total transportiilion cost 


Frtmi 



Demand 


34.17 


(1) ASSIGNMENT PROBLEM 


An assignment problem is a special type of transportation problem in which the objective is to assign a 
number of origins to an equal number of destinations at a minimum cost (or maximum profit). 

(2) Formulation of an assignment problem. There are n new machines M t (i = 1, 2, n) which are to 
be installed in a machine shop . There are n vacant spaces S J (j = 1 , 2, ... n) available , The cost of installing the 
machine M- at space Sj is rupees . Let us formulate the problem of assigning machines to spaces so as to 
minimize the overall cost 

Let x^ be the assignment of machine M y to space Sj Le. t let x l j be a variable such that 

{ l t if ith machine is installed at jih space 
0 , otherwise 

Since one machine can only be installed at each space, vve have 

x ii + *(2 + ■" + ^ - 1» for machine M { (i = 1 , 2*... n) 
x \j + x 2 f + + x nj ~ f° r s P ace Sj (j - 1,2,... n) 

n n 

Also the total installation cost is iiv*. 

i=i j=l 
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Thus the assignment problem cun be stated as follows ; 

Determine x- ■ > 0 (j = 1,2, n) so as to 

n n 

minimize Z =s ^ ^ r y * (i) (ii) * * * * * * * x o 

i=i jf-i 

n fl 

subject to the constraints x y = 1, j - 1, 2 f n and ^ x- = 1, i = 1, 2, «. 

*=i j=t 

This problem is explicitly represented by the following n x n cost matrix : 

Spaces 


Machines 



s. 


s 3 

s a 


€ ll 

C 12 

C 13 

c u 

m 2 

C 2l 

Cr £2 

r 23 

C -ln 

m 3 

l 

C $l 

C 32 

C 33 

"* C 3n 

K 

C nl 

.. 

h5 


C ,m 


Ohs, This assignment problem constitutes n ! possible ways of installing n machines ut n spaces. If we enumerate 
all these n ! alternatives and evaluate the cost of each one of them and select the one with the minimum cost, the problem 
would he solved But this method would be very slow and time consuming, even for small value of n and hence it is not at 
all suitable. However, a much more efficient method of solving such problems is available. This is the Hungarian 
method for solution of assignment problems which we describe below 


34.18 


WORKING PROCEDURE TO SOLVE AN ASSIGNMENT PROBLEM 


Step 1. Reduce the matrix , Subtract the smallest element of each row (of the given cost matrix) from all 
elements of that row. See if each row contains at least one zero. If not, subtract the smallest element of each 
column (not containing zero) from all the elements of that column. This gives the reduced matrix . 

Step 2Assign the zeros 

(а) Examine rows (of the reduced matrix) successively until a row with exactly one unmarked zero is 
found. Make an assignment to this single zero by encircling it Cross all other zeros in the column of this en¬ 
circled zero, as these will not be considered for any future assignment. Continue in this way until all the rows 
have been examined. 

( б ) Now examine columns successively until a column with exactly one unmarked zero is found. Encircle 
this zero and make an assignment there. Then cross any other zero in its row. Continue in this way until all the 
columns have been examined. 

In case, some rows or columns contain mor than one unmarked zeros, encircle any unmarked zero arbi¬ 
trarily and cross all other zeros in its row or column. Proceed in this way, till no zero is left unmarked. 

Step 3 . Apply optimality check. 

Repeat step 2 (a) and ib) until one of the following occurs ; 

(i) If no row* or no column is without assignment (encircled zero), then the current assignment is optimal. 

( ii ) If there is some row and/or column without an assignment, then the current assignment is not optimal 

and we go to next step. 

Step 4. Find minimum number of lines crossing all zeros . 

(a) Tick (S) the rows which do not have assignments, 

( b ) Tick (*0 the columns (not already marked) which have zeros in the ticked row. 

(c) Tick (O the rows (not already marked) which have assignments in ticked columns. 

Repeat {&) and (c) until no more marking is required. 

id) Draw lines through all unticked row r s and ticked columns. If the number of these lines is equal to the 

order of the matrix then it is an optimal solution otherwise not. 
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Step 5 l /ferate totuarefs op/ima/ so/utfon. 

Select the smallest element and subtract it from all uncovered elements. Add this smallest element to 
every element lying at the intersection of two lines. The resulting matrix is the second basic feasible solution. 
Step 6. Go to step 2 and repeat the procedure until the optimal solution is attained. 


Example 34,31, Four jobs are to be done on four different machines. The cost fin rupees) of producing ith 
Job on the jth machine is given below : 

Machines 


Jobs 




M, 

M s 

M 4 


IS 

U 

13 

15 

J, 

17 

12 

12 

13 


14 

IS 

10 

14 


16 

13 

11 

17 


Assign the jobs to different machines so as to minimize the total cost. 


Solution, Consists of the following steps : 

Step L Reduce the matrix. Subtract the smallest element 11 of row 1 from all its elements. Similarly 
subtract 12, 10 and 11 from rows 2, 3 and 4 respectively. The resulting matrix is as shown in Table 1. Columns 
1 and 4 do not have any zero element. Subtract the smallest element 4 of Col, 1 from all its elements and element 
1 from all elements of Col. 4. The reduced matrix is as given in Table 1, 


Table 1 


Table 2 




m 2 

m 3 

M, 


M, 


M a 

M 4 

Jx 

4 

0 

2 

4 

Jx 

0 

® i 

2 

3 

J 2 

5 

0 

0 

1 

J 2 

1 

X 

X 

® 


4 

5 

0 

4 


® 

5 

X 

3 


5 

2 

0 

6 

J 4 

1 

2 

® 

5 


Step 2. Assign the zeros , Row 4 has a single unmarked zero in Col 3. Encircle it and cross all other zeros 
in Col 3, Row 3 has a single unmarked zero in Col 1. Encircle it and cross the other zero in col 1, Row 1 has a 
single unmarked zero in Col 2. Encircle it and cross the other zero in Col 2. Finally row 2 has a single unmarked 
zero in Col. 4. Encircle it (Table 2), 

Step 3. Apply optimality check. Since we have one encircled zero in each row and in each column, this gives 
the optimal solution. 

The optimal assignment policy is 

Job 1 to machine 2, Job 2 to machine 4* Job 3 to machine 1, Job 4 to machine 3, 
and the minimum assignment cost = ?(!!+ 13 + 14 + 11) = ? 49. 


Example 34,32- A marketing manager has 5 salesmen and 5 sales districts. Considering the capabilities 
of the salesmen and the nature of districts, the marketing manager estimates that sales per month (in hundred 
rupees) for each salesman in each district would be as follows : 

Sales districts 


Salesman 



A 

B 

c 

D 

E 

1 

32 

38 

40 

28 

40 

2 

40 

24 

28 

21 

38 

3 

41 

27 

33 

30 

37 

4 

22 

38 

41 

36 

36 

5 

29 

33 

40 

35 

39 


Find the. assignment of salesmen to districts that will result in maximum sales. ( Madras * 2000) 
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Solution. Consists of the following stops : 

Step L Reduce the matrix. Convert the given maximization problem into a minimization problem, by 
making all the profits negative, since max. Z = min, ( - Z). Then subtract the smallest element of each row from 
the elements of that row. Now subtract the smallest element of each col. (not containing zero) from the elements 
of that column. This gives the reduced matrix (Table If 

Table 1 Table 2 


I 

--12— 
« 
j 

... 0 — 

0 «■ 

- 7 *" 

— 0 - 

i 

0 

10 

8 

10 

1 

0 

i 

— f 

0 

8 

4 

2 

1 

1 

0 

1 

- 23 -- 

... 1 

— 0 — 

~ 0 — 

4 

5 - 

- 15 — 

— 5 

— 0 - 

— 0 —! 

t 

— 1 - 


i 

8 — 
i 

-<o>-- 

— B — 

— 7 -- 

(£>- 

(b 

1 

14 

12 

14 

4 

<p 

12 

8 

6 

4 

i 

“ 19— 

--- 1 — 

-®- 

-Oft 

5 " 

- ii-” 

— 5 


—30C— 

— 3 ~ 


Step 2, Assign the zeros. Rows 2 and 3 have each a single unmarked zero in Cof 1, Encircle these. Columns 
2 and 5 have each a single unmarked zero in row L Encircle these and cross the zero in row 1* Columns 3 and 4 
have each unmarked zeros. Encircle the zeros in each of the rows 4 and 5 as shown in Table 1 and cross other 
zeros. 

Step 3. Apply optimality cheek. As cof 4 is without assignment, this solution is not optimal. Therefore we 
go to next step. 

Step 4 . Find minim um number of lines crossing all zeros. Draw' the least number of horizontal and vertical 
(dotted) lines which cover all the zeros. Since there are four dotted lines which are less than the order of the cost 
matrix (= 5), we got to step 5. * 

Step 5 L Iterate towards optimal solution. Select the smallest element in the Table 1, not covered by the 
dotted tines. Such an element is 4 which lies at two different positions. Selecting the elements that lies at 
position (3, 5) arbitrarily, subtract it from all the uncovered elements of the cost matrix (Table 1) and add the 
same to the elements lying at the intersection of two dotted lines. Now draw more minimum number of dotted 
lines so as to cover the new zero. Here we draw such a line in Col. 5 (Table 2), 


Table 3 



A 

B 

C 

D 

E 

1 


® 

X 



2 

® 




X 

3 

X 




® 

4 



® 

X 


5 



X 

® 



Now, since the number of dotted lines is equal to the order for the cost matrix, the optimal solution is 
attained. 

Finally, to determine this optimal assignment, we consider only the zero elements (Table 3): 

(i) Examine successively the rows with exactly one zero. There is no such row r * 

(ii) Examine successively the columns with exactly one zero. Col. 2 has one zero, encircle it and cross all 
zeros of row 1. 

{Hi) Encircle arbitrarily the zero in position (2,1} and cross all zeros in row' 2 and Cof l. Then encircle the 
unmarked zero in row 3. Now encircle arbitrarily the zero in position (4,3) and cross all zeros in row 4 and Col. 
3. Finally encircle the remaining unmarked zero in row 5. 

Now each row and each column has one encircled zero, therefore the optimal assignment policy is : 

Salesman 1 to district B, 2 to A, 3 to £T, 4 to C and 5 to D. 

Hence the maximum sales = f (38 + 40 + 37 + 41 + 35) x 100 = ^ 19,100. 
































Line*fi Programming 


1109 


PROBLEMS 34.10 


1* A firm plans to begin production of throe new products on its throe plants. The unit cost of producing i at plant j is 
as given Mow. Find the assignment that minimizes the total unit cost. 

Plant 


1 


3 


Pirnluct 


1 

to 

& 

12 

2 

18 

6 

14 

3 

6 

4 

2 


2* Solve the following assignment problem : 



l 

2 

S 

4 

A 

10 

12 

19 

U 

B 

5 

10 

7 

8 

c 

12 

14 

13 

11 

D 

8 

15 

n 

9 


3. A machine tool company decides to make four bu b-assemMies through four contractors. Each contractor in to 
receive only one sub-assembly. The cost of each sub-assembly is determined by the bids submitted by each 
contractor and is shown in table below tin hundreds of rupees). Assign different assemblies lo contractors so as to 
minimize the total cost. 

Contractor 


Suhaswmbly 



A 

B 

c 

n 

i 

15 

13 

14 

n 

H 

11 

12 

15 

13 

m 

18 

12 

10 

11 

IV 

15 

17 

14 

16 


4* Four professor# are each capable of teaching any one of the four different courses, Class preparations time in 
hours for different topics varies from professor to prafessur and is given in the to hie below. Each professor Is 
assigned only one course. Find the assignment policy schedule so as to minimize the total course preparation 
time for ail courses. 


Prof. 

LP. 

Queuing Theory 

Dynamic 

Pn.*gram rang 

Regression ■analysis 

A 

2 

10 

9 

7 

B 

15 

4 

14 

8 

C 

13 

14 

16 

11 

D 

3 

15 

13 

8 


5. Consider the problem of assigning four working labour units to four jobs. The assignment costs in thousands of 
rupees are given by the following matrix. 


Labour unit 

■ Job 

x 

I 

u 


m 

IV 

L % 

42 

35 


28 

21 


30 

25 


20 

15 


30 

25 


20 

15 

l 4 

24 

20 


16 

12 


Find the optimal assignment. 

6, A company has six jobs to be processed by six mechanics. The following table gives the return in rupees when the llh 
job is assigned to thejth mechanic. How should the jobs be assigned to the mechanics so as In maximize the over all 
return ? 
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Mechanic 

Job 

i 

I 

n 

m 

IV 

V 

VI 

1 

9 

22 

58 

11 

19 

27 

2 

43 

78 

72 

50 

63 

48 

3 

41 

28 

91 

37 

46 

33 

4 

74 

42 

27 

49 

39 

32 

0 

3f> 

11 

57 

22 

25 

18 

6 

13 

56 

53 

31 

17 

28 


34.19 


OBJECTIVE TYPE OF QUESTIONS 


PROBLEMS 34.11 


Fill up the blanks tn the following questions . 

1* Iftfcaflibility in a linear programming problem means ...... 

2, TW significance of the (Zj - C,t row in the simplex solution procedure is that 
2. The duality principle states that_ 

4, The difference between the transportation problem and the assignment problem is . . 

6. The speanl lectures of a transportation problem pro 
6. The canonical form of an L.P V is such that ...... 

7* Thtf dual problem of the LP.P. : 

Max. Z = 4x x + 9x* + 2x 2 , 

subject to 2x, + Sx a + 2r a < 7, 3x t - 2^ + 4* a -6, x (1 x^ x n > 0, is ...... 

8, The optimality and feasibility conditions related with Dual simplex method are. 

9, Feasible and basic solutions related with n transportation problem are 

10. A transportation problem is 

_ Supply 


2 

3 

11 

4 

5 

6 

8 

7 


Demand 10 ft 12 8 

its linear programming problem is ..... 

11. The bsmk feasible solutions of 2x x + x rJ + Uj - U, 'Xx x + x 2 + 5x 3 = 14 are .„ f ., 

12. A slack variable is defined as. 

13. The advantage of dual simplex method is . .... 

14. ff the total availability is equal to the total requirements, the transportation problem is called ...... 

16. An artificial variable is that ...... 

15. Two conditions on which the simplex method is based are 

17. A feasible solution which minimizes the transportation cost is called an_solution. 

18. The dual problem of . Maximize Ex t + 6x> subjecl U> x x ¥ 2x z = 6. - x % + > $ * t unrestricted and x 2 £Q, i& ...... 

19. For a balanced transportation problem with 3 rows and 3 columns, the number of basic variables will be 

20. Using graphical method. Max, Z - fu*j -t 3x 2 subject In 5Xj + 2x 2 £ 10, 3.t t + 5x 2 £ 15, x v x 2 > 0, is 

21. In a L.P. problem, unbounded solution is that M .„* 

22. Degeneracy in a transportation problem is resolved by ....... 

23. A basic solution is said to be non-degenerate in L.P.IL when. 

24. The dual of the problem Max. Z - 2x x + x 2 subject to - x 3 ■+ 2*\_, £ 2, x x ¥ x 2 < 4 T x x 5 3, x v x 2 £ 0 is 
26. The two methods used to find the initial solution of a transportation problem are . 

26. Constraints involving "equal to sign* do not require use of...... or ...... variables. 





























Calculus of Variations 


| 1. Introduction. 2. Functionals. 3. Euler's equation. 4. Solutions of Euler’s equation. 5. Geodesics. | 
6.1 soperi metric problems. 7. Several dependent variables. 8. Functionals involving higher order derivatives . 
‘ 9. Approximate solution of boundary value problems—Rayleigh-Ritr method. 10. Weighted residual method— 

I Galerkin’s method. 11. Hamilton's pnnciple. 12, Lagrange’s equations. I 


35.1 


INTRODUCTION 


The calculus of variations is a powerful technique for the solution of problems in dynamics ofrigid bodies, 
optimization of orbits anti vibration problems. The subject primarily concerns with finding maximum or mini¬ 
mum value of a definite integral involving a certain function, ft is something beyond finding stationary values of 
a given function. Only an elementary exposition of the subject is given here with the sole aim of introducing the 
student to a topic whose importance is fast growing in science and engineering. 

Before proceeding further, the student should revise § 5J2 concerning maxima and minima of functions 
of several variables. 


FUNCTIONALS 


Consider the problem of finding a curve through two points ( x v y } ) and 
(x 2f y 2 ) whose length is a minimum (Fig, 35. H It is same as determining the 

curve y = y(x) for which _y(jc 1 ) = y v yU 2 ) = y 2 such that yj* 1 + y' 2 ) dx is a 

minimum. 

In general terms, we wish to find the curve y -yix) whereytej) =y x and 
y{x 2 ) - y 2 such that for a given function fix , y , y% 

r Ji' 

' fix, y, y f ) dx is a stationery value or an extremum. .»(!) 

An integral such as (I), which assumes a definite value for functions of 
the typey = y(x) is called a Functional. 

In differential calculus, we deal with the problems of maxima and minima of functions. The calculus of 
variations is however, concerned with maximizing or minimizing functionals. 



EULER'S EQUATION 


A necessary condition for 

I = | x f(x f y, y ')dx to be an extremum is that 
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dy dx^dy'J 


This is called Euler’s equation. 

Proof. Let y = y(x) he the curve joining points A(x ,,>,), B(x.,, y 2 ) which makes 1 an extremum. Let 
y = y(x) + eti<*) 

be a neighbouring curve joining these points so that at A, ijtx,) = 0 and at B, t)(x 2 ) - 0. 

The value of / along (1) is / = f ' /"lx, y(x) + eti(x), y'(x) + crj'(x)] dx 

This being a function of E, is a maximum or minimum for E = 0. when 
dl 


dt 


= 0 at e = 0 


Differentiating / under the integral sign by Leibnitz’s rule (p. 139), we have 

— = r J *(^<k + d£dy + df 5^1 dx 
dt (dx 3e dy de dy' de J 

But e being independent of x, — = 0. Also from (1), — = T((x) and ^ = f|'(x). 

at at OE 


dJ 

Substituting these values in (4), we get — - J 


P 

)x > 


~~ r|(x) + ~ n't*) 
dy dy 


Integrating the second term on the right by parts, we have 


dl 


= p*L 1]ix)dx+ 

dt J *i dy 


r\ 2 .-±m 

dy dx(ty } 


df < \ 

F nte) 


_ r j d 

J *t dx{dy' 


V) 


dx 


n(x) dx 


i)(x) dx 


Since this has to be zero by (3), 


dy dx( d?) 


which is the desired Euter*s equation. 

Obs* I- Other forms of Euler’s equation* 

(a) Since f is a function of x, y\ y\ we have — = — + -r—r + - * 

dx dbe dy dx qy dx 

df W W » 
at % J a/ 


and 


or 


dx ^ ayj ■ dx idy'J d/ 

Subtracting (6) from (5). w 0 get £ -1 (/ i) = | + | / - / £ (f) 

ILL-S k_jLM =0 

dx t/ 3 dy’) eh y \% dx\jtf}\ 
dx{ f * dy’J dx 


Hence 

which is another form of {/). 

(6) Again since ~ is also a function of x,y, y', say : vj/tx, y,y'). 

dy 


...( 1 ) 

...( 2 ) 


...(3) 


...(4) 


[By (2)1 


...{/) 


...( 6 ) 

...( 6 ) 


[By (Dl 
...(//) 
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a (an , a (an aV „ j 3fjf LjL 

d/ ) *dy lay' J ‘ V + av' l. V J y + y dydy' + y a / 2 


_ d_ 
dx _ 

B 2 f d 2 f d 2 f 

Substituting this in f D t vee get — - —— - y f —— - y” —-=■ - 0 

<fy dttdy Bydy dy 

which is an extended form of (0* 

Ohs- 2. The above problem can easily be extended to the integral 


fy.Tu, 2001) ,xm) 


= f* f<*> yu V2 .vi'. - >0 ® 

involving n functions y v y 2> y of*. Then the necessary condition for this integral to be stationary is 

i - 1,2..* 

ay, 

These are Euler's equations for the n functions* 


.JfV) 


SOLUTIONS OF EULER'S EQUATION 


Every solution of the Euler's equation which satisfies the boundary' conditions, is called an extremal or a 
stationary function of the problem* The extremal can easily be obtained in the following cases : 

(1) When f is independent of x 

We have dffdx - 0 and Euler's equation {//) above becomes — [ f - y f — 1 = 0 

dx V dy J 

Integrating, we get f-y'-i— - constant* This directly gives a solution of Euler's equation. 

(2) When fis independent ofy 

d ( 9/ \ 

We have 3/73v - 0 and Euler’s equation {/) reduces to — — = 0 

dx l, J 

rf 

Integrating — = constant which gives a solution directly* 

dy 

(3) When f is independent of y\ 

df 

We have dffdy' = 0 and the equation (/) becomes — = 0 which gives the desired solution. 

(4) When fis independent of x and y 

We have = = 0 and 0. = 0. 

% tkiy 9)% 

ti 

fy' 2 


dx 

d 2 f 

Then the equation (///) above becomes y* *—^ = 0* 


If —~ * 0, it reduces to y" = 0 which gives a solution of the form y - ax + 6* 

w 

Example 35 J * Find the extremals of the functional f tj (/ 2 fz s ) dx . 
Solution* We have f = y' 2 /x 3 which is independent ofy Le. t df/dy - 0. 


(V.TM. t 2003) 


Euler’s equation reduces to 


dx 


i]=0 

dy’j 


t*e*, 


4(*/-V) = 0 or y7v' = 3/x 

x 
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Integrating both sides, f — dy - 3 f — + log c 

J y J x 

Le* , logy = 3 log x + log c or y* = ex 3 

Hence y = cx 4 /4 + c f or y = c x x 4 + c 2 

This is the required extremal, 

Example 35.2- Prove that the shortest distance between two points in a plane is a straight line , 

(V. T.U. t 2003 S ; Bhopal 2003) 

Solution. Let A(x p y 1 ) and B(x 2 , y £ ) be the given points and s the arc length of a curve connecting them 
(Fig, 35.2). Then 

s= £d s = £JoT/2) dx B(X2 ’ y2> 

Now s will be minimum if it satisfies Euler's equation 

d Ji-jL(*t ) =0 

tty dx {%') 


Here f = J(1 + y ' 2 ) which is independent ofy i.e., df/dv = 0 




) r = 0 or 


d 

\ y . 1 

dx 

l ^ 1 + y' 2 >.( 


= 0* 



Fig. 35.2 


,\ On integration, we have y*f + - constants' - constant, m say. 

Integrating, we gety = rnx + c y which is a straight line, the constants m and c are determined from the fact 
that the straight line passes through A and B. 

Example 35,3, Find the curve passing through the points (x p y 2 ) and y?) which when rotated about 
the x-axis gives a minimum surface area . ( V. .T. t/., 2009 j 

Solution. In Fig. 35.3, the surface area - V 1 2ity ds 

J *i 

= 2n | ' y^/(l + y' 2 ) dx. This has to be 

Since f = y 1 /(l + / 2 ) is independent of x, therefore, Euler's 
equation reduces to 

f-y*— = constant, c : say (By §35.4 (1)1 
. 3 


minimum. 




or 


j Va + / ! ) - /1- a+y 2 r 1,2 . 2 /1 = c 

. 1 - 5 - , 'Jiy 2 - e ) 

y^Vu + y > = c or y = ^ - —-— 

Separating the variables and integrating, we have 

r dy r dx , „ , (y) x + a 

J ,/(y 2 -c 2 ) 1 c \c) c 



i.e.. 


y = c cosh 




which is a catenary. The constants a and c are determined from the points (xy y L ) and (x 2 ,y 2 ). 

Qbs. This problem is also important in connection with soap films which are known to have shapes with minimum 
surface areas. 
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Example 35-4. Find the path an which a particle in the absence of friction, will slide from one point to 


another in the shortest time under the action of gravity. 

Solution. Let the particle start sliding on the curve OP 1 from O 
with zero velocity (Fig. 35.4)- At time t t let the particle be P(x t y) such 
that arc OP = s. 

By the principle of work and energy, we have 

K.E. at P— K.E. at O = Work done in moving the particle from O 

to P . 

\2 


(V'T.U, 2004 ) 


1 


ds 



or 


- m \ — - 0 - mgy 

2 [dtj 

ds/dt - yj{2gy) 

Thus the time taken by the particle to move from 0 to P 1 is 


Fig. 35.4 


..At) 


= r *= p p 

JO Jo J(2ev) .K2e) Jo 


yjOgy) sf(2g) 

Here f = j\{\ + y*)ly\ is independent of x. 

/, Euler's equation reduces to f - y* dffdy* = constant, r : say 


Vd+y 2 ) 

fy 


dx 


Le., 


or 


Van-/ 2 ) 3 pa*/ 2 )] _ P<i + .v- 2 ) 

V? Vt fy j Jy 

i/[.v(l + y ,Z )J = l/c = Va, say. 


--y 


.y 


+ / 2 >Vy 


= r 


Solving for yy we have 


v' = f^ = 

' 


a - y 


Separating the variables and integrating, we get 

f dx = f 

Jo Jc 


r 

Jo 


or 


x — 



[Puty = a sin 2 0| „.(i) 


2o sin 0 cos 0 d0 


= a f 2sin a 0£/0-af El - cos 20) d0 = — (20- sin 20) „,(«) 

Jo Jo 2 

Writing a/2 - 6 and 20 - cJ> T equations («) and li) become x = b (t|) - sin t\ j),y - b (1 - cos §) which is a cycloid. 
The constant b is found from the fact that the curve goes through (x v yj). 

Obs. This is the well-known brachistochrone problem which derives its name from the Greek words ‘braehistos' 
meaning shortest and ‘chronos’ meaning time. It was proposed by John Bernoulli in 1636 and its solution formed the 
basis far the study of the 'C'alculua of Variations’. iV.TAL. 2006) 

Example 35.5* Find the curves on which the functional f Ky'f + 12xy\ dx with y (0) = 0 andy (I) - J 

Jo 

cun be extremised. (V*, T, C/ v 2010) 

Solution. We have f-y f2 + 12xy 

V -*,.±(*0 =2y« 


...ft) 


df/dy = lfe; = jy ; ~ 

dy dx / 


(If d 

Hence the Euler’s equation -J- - — 

dy dx 


I = 0 becomes 


w, 

12x-2y" = 0 e\e., .y" = 6* 
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Integrating (i), y f - 3x 2 + C .Mi) and y - x 3 + Cx + C' 

Using the boundary conditions, when x = 0, y = 0 (£«) gives C' - 0. 

When x = 1, y - 1, (m) again gives C - 0. 

Hence (m) reduces toy = x 3 which is the only curve on which extremum can be attained, 

J '%f2 

(y" “ y* + 2xy)dy with y{0) = 0 and y(id2) = 0, 
o 


be 


extremized? 


iV.T.U.. 2006) 


and 


Solution. Let f- y' 2 - y 2 + 2xy so that ~ = 0 — 2y + 2x 

d ( df 




and 


•\ Euler’s equation — - — f — ] =0 becomes 
3 y dx{dy f ) 

“ 2y + 2x - 2y" = 0 or y" + y = x or (D 2 + 1) y = x 
Its A,E. £? 2 + 1 = 0 gives D = ± i. 

C,F. = c 1 cos x + Cg sin x 
1 


PX = 


-x = (1 + D 2 )~ l x = (1 “D 2 )x — x 


D 2 + 1 

Thus y = C| cos x + c 2 sin x + x 

Using boundary conditions : when x = 0, y - 0, O') gives e 1 = 0 ; 
when x = tc/2, y = 0, ( i ) gives 0 = c 2 + n/2, Le. y c 2 = - n/2. 


Mi) 


Hence (i) reduces to y = x - “ sin x, which is the only curve on which the given functional can be 


extremized. 


or 


Example 35.7* Solve the variational problem 

8 J lx 2 [yf + 2y(x + y )] dx == 0, given ytt)- y{2) - 0 * 

Solution. Let f = * 2 (y') 2 + 2xy + 2y 2 so that ^ = 2x+ 4v, %■ = 2*V 

dy dy 

/. Euler’s equation — —— f —^ 1 = 0 becomes 

dy dx\dy J 

2x + 4y —— (2x 2 y') = 0 or 2x + 4v - (2x 2 y" + 4xy') = 0 
dx 

+ 2xy' - 2y = x, This is Cauchy’s homogeneous linear (§ 13,9) 
Putting x - e* t it reduces to [D 2 + D — 2) y - eK 

Its solution is 

Since y(l) = 0, we have c % + c 2 = 0 


IV.T.U., 2006) 


y = c x e l + c 2 21 + te 1 or y = c } x + ~ + i x log; 

3 x 3 


and 


1 2 

y(2) = 0 gives 0 = 2 c x + — +■ — log 2 

— 8 


Solving these equations, we get c x - - c 2 = log 2, 
Putting the values of c Y and c 2 in 0)> we get 


~<i) 


y = — |8 log 2 {x~ 2 - x ) + 7x log x} 
21 


which is the required solution. 
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GEODESICS 


A geodesic on a surface is a curve along which the distance between any two points of the surface is a 
minimum- To find the geodesics on a surface is a variational problem involving the conditional extremum. This 
problem was first studied by Jacob Bernoulli in 1698 and its general method of solution was given by Euler, 


Example 35.8- Show that the geodesies on a plane are straight lines. 


(V.ra, 2009) 


Solution. Lety =y (x) be a curve joining the points A (x 1 ,y L ) and B (x 2 ,y 2 ) in the ary-plane. Then the length 
of a curve joining A and B is given by 

s= f ~dx^ f 2 J[1 + {dyfdx) 2 \ dx ie. f s - f 2 J(1 + v' 2 ) dx 
JA dx J Xt ' 

The geodesic on the xy-plane is the curve y -y(x) for which s is minimum. 

We have fix, y, y') — yj {1 + y r2 ) which depends on .y* only. Hence the Euler's equation. 

0 yield, 

dy mW) 


±\ 

2 y i 


la + y' 2 )\ 


i.e. 


= 0 i.e., y" 1^(1 + y' 2 ) - 


y"(l + y' 2 )-y' 2 y"~0 i.e., ^=0 

dx 4 


y'-i^yY 

2^/d+ y 2 ) 


= 0 


Integrating twice, we get y = epe + c 2 
which is a straight line. 

Hence the geodesics on a plane are straight lines . 

Example 35*9. Find the geodesics on a right circular MHinder of radius a. 

Solution. In cylindrical coordinates (p, §, z) we have 

x - r cos $,y = r sin <J)» z - z. 

The element of arc on a right circular cylinder of radius a, is given by 
ds 2 = (ctx) 2 + idy) 2 + (dz) 2 = (dp) 2 + (pd({>) 2 4- dz 2 = a 2 + dz 2 


or 


ds = yj[a 2 + (dz/d§) 2 ] . d§ or s = f* 2 J(a 2 + z' 2 ) 

Jdi. 


ip. 357 

[*•. p ~ a and dp = 0| 
...(*) 


Now the geodesic for the given cylinder is the curve for which s is minimum. Here/= ^{a 2 + z' 2 ), which is 

a function of <J) and z* while z is absent. 

Euler’s equation for the functional (/) reduces to 

df . f z' 

— = constant or — 

32 V<a 2 +*' 2 ) 


= c, say. 


This simplifies to (z f ) 2 - constant or dzld§ - c x , say. 

Integrating, z — c t + c 2 

This is the desired geodesics on a circular cylinder which is a circular helix. (Example 8.3, p. 318) 


or 


Example 35-10, Show that the geodesics on a sphere of radius a are its great circles . 

Solution. In spherical coordinates {r, 9, <]>), we have 

x = r sin 0 cos y = r sin 0 sin z = r cos 0. 

.v The arc element on a sphere of radius a, is given by 

ds 2 = dr 2 + (r tfB) 2 + {r sin 0 <:/<■) ) 2 = a 2 d% 2 + (a sin 0) 2 d§ 2 

ds = a yj\ 1-fsin 2 B(d$/dQ) 2 ] dB, or s = a f J[ 1 + sin 2 0, d 0 


ip. 359) ...(£) 
[ v r = a, dr - 0 
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Now the geodesic on the sphere r - a is the curve for which s is minimum. Here f = a *J(l -h sin 2 0, 0' £ ) 
which is a function of 0 and 0' while 0 is absent* 

Euler’s equation reduces to 3/730' = constant, 

3/ a sin z 0. 0' 


or 


or 


Jd + sin 2 B.<t»' 2 ) 


= constant. 


sin Q-0 _ c ( sa y) or ^ n 2 0 (sin 2 0 — c 2 ) 0^ = c 2 

^(1 + sin 2 0.0' 2 ) 


t/0 

d0 


c cosec 2 0 


sin 0 \J(sin 2 0 - c 2 ) yj( 1 - c 2 cosec 2 0) 


Integrating 


i= j 


c cosec 2 0 * c/0 




■ + e — - s in 


-l 


c cot 0 


■ 2 ' --*■ 


+ c 


c"j — (c cot er] 

or cot 0 = A cos 0 + B sin 0 or a cos 0 “ Aa sin 0 cos 0 + Ba sin 0 sin 0 

or 2 = Ax + By [By < i ) when r = a] 

This is a plane through the centre (0,0,0) of the sphere which cuts the sphere along a great circle. Hence 
the required geodesics are the arcs of the great circles . 




IN PROBLEMS 35.1 


1* 

Solve the Euler’s equation for the following functionals : 



<*) f 

■% 

(») P (1+xV) y’dx. 

(V.T.U., 2004) 

2* 

Show that the general solution of the Euler’s equation for the integral 



r~JW 

dx is Or - h) 2 + y 2 = k 2 . 


Find the extremals of the following functionals : 


3. 

[- (i 2 + y 2 + 2ye 1 ) dx. 

Jx* 


(V.T.U., 2004) 

4* 

rit/2 t 

{ V J + y? - 2 y sin x) dx,yiO) - y (jt/2) = 0, 

J(> 

(V.T.U., 2008) 

6. 

f (V 2 - .V 2 + iy COs x) tlx; y(0) - 0, >■ (nr) = 0. 

Jo 

(V.T.U., 2008S) 

6* 

r44 

y j 

f’ <b;y(i) = 0,>-(2) = 3. 

J f y 

, d 

»*; f| *\ ■’ ’ . , j ” - im 

8* 

f 2 ^ (1+y,2) dx;y(1) = 0,j-<2)= 1. 

Jl X 


(Madurai, M.E., 2000 S) 

, • 1 ,'Jm 


jp, f jjj 

9. Solve the variational problem 5 [ [ v 2 - ty') 2 ] dx under the conditions y(0) = 0, >fn/2) = 2. (V.T.U., 2010} 

Jo 

10. A heavy cable hangs freely under gravity between two fixed points. Shaw that the shape of the cable is a catenary. 
11- A particle is moving witin a force perpendicular to and proportional to its distance from the line of zero velocity. 

Show that the path of quickest descent (brachistochrone) is a circle. 

12 * Find the geodesics on a right circular cone of semi-vertical angle a. 
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35.6 


ISOPERIMETRIC PROBLEMS 


In certain problems, it is necessary to make a given integral. 

/= f" f(x,y, y') dx „Xl) 

Jx t 

maximum or minimum while keeping another integral 

J = f * g(x* y> y) dx ».(2) 

Jxt 

constant Such problems involve one or more constraint conditions, just as J = a constant, A typical example of 
this type is that of finding a closed curve of a given perimeter and maximum area* This being one of the earliest 
problems to engage attention, we often refer to problems of this type as isoper[metric problems. 

Such problems are generally solved by the method of Lagrange multipliers* To extremize (1), we multiply 

(2) by X and add to (1) where X is the Lagrange multiplier. Then the necessary condition for the integral H 


i)H 

ill 

| 

3y 

dx 



the parameter X are determined from the three conditions namely: the two boundary conditions and the integral 
J having given constant value. 


Example 35,11, Find the plane curve of fixed perimeter and maximum area. 

Solution. Let l be the fixed perimeter of’ a plane curve between the 
points with abscissae and x 2 (Fig* 35*5), Then 


\WTV-, 2000 S) 


i = f Va+y 2 ) dx 


Also the area between the curve and the jr-axis is 


-r 


y dx 


M) 




We have to maximize (it) subject to constraint (i). 

Taking f- y and g = Jl + y' 2 ), we write H = f+}g =y + X y[{ 1 + y' 2 ) 

Now H must satisfy the Euler’s equation 

j -1 f 

= 0 



3H 

*L| 

'*). 0 

.-. X~ — 

Xy 

3y 

dx \ 

Hy'j 

dx 

Jo. +y 2 )_ 


Integrating w.r.t. x, we have x - 'ky't ^(1+ y' 2 ) = 0 

_ . . „ , , , x - a 

Solving for y , we get y = = = = 

VlX 2 - (x - a) 2 ] 

Integrating again, y = ^[X 2 - (x - ci) 2 ] + b i.e. {x - a) 5 + (y - b) 2 = X 2 which is a circle. 

Example 35.12. Prove that the sphere is the solid figure of revolution which, for a given surface area, has 
maximum volume. (V.T. V2006; Madras, 2000 S) 

Solution. Consider the arc OPA of the curve which rotates about the x-axis as shown in Fig. 35.6. 

Then surface area S = f 2rty ds = f 27ry J( 1 + y' 2 ) dx 

J* = 0 Jo 

2 

Tty dx. 
o 























and g = 2ny yji 1 + y 2 ), we write H - f + )g = ny 2 + 2nXy yj(l + / 2 ). 

Now /f has to satisfy Euler's equation. But it does not contain x 
explicitly. 

BH 

H — y — r = constant, c : say 




or 


JO" 2 + 2jr^y ,/f 1 ■+ v' 2 ) - y . 2ji/.y - ---- - = c 

'JtX + y' 2 ) 



0 27cXy 
Tty 2 + 


= c 


■»(i) 


Va+y 2 ) 

Since the curve passes through O and A for which y = 0, (i ) gives c = 0, 
y + 2U ^(1 + y' 2 ) =0 

, f \[( 4X 2 - ,y 2 ) 


Solving for _y', 


= ^l 

ab: J 


Fig. 35.6 


|*=| 


Separating the variables and integrating, we get 

. —-— - + A or x = k - JiiX 2 - v 2 ) 

M'-y") 

When jc = 0, y = 0 £ = 2 Jl 

/. (zz) becomes (x — 2X) 2 + y 2 = (2X) 2 which is a circle with centre (2ft., 0) and radius 2X. 
Hence the figure formed by the revolution of given arc is a sphere. 


.Mi) 


PROBLEMS 35.2 


1, Find a function y (x) for which f (r 2 + y 2 ) dx is stationary, given that f v 2 dx = 2 ;y (0) - 0,y (1) = 0. 

Jc ip 

(Madras, 2000 S ) 

2 , Find the extremals of the iso peri me trie piobtem v tv (x)l =* f y 2 dx given that f y dx = 1 \ a constant. 

J*u 

3, Show that the curve c of given length / which minimizes the curved surface area of the solid generated by the 

revolution of c about the x*axis is a catenary. (Y.T U :t 2000 S) 

4, Find the extremal of the functional / = f [(y') 2 — y 2 1 dLr under the conditions y(0) = 0, y (it) = 1 and subject to the 

Jo 

f" 

constraint y dx = 1, 

Jo 

5, Prove that the extremal of the isoperimetric problem v [y (r)J - J y 2 dx y y{ t) = 3, y (4) = 24, subject to the condition 

J y dx - 36 is a parabola. 


(Madras M.E. t 2000) 


SEVERAL DEPENDENT VARIABLES 


We now extend the variational problem of § 35,3 to a problem with several variables as functions of a 
single independent variable i.e., A necessary condition for 


J *i 


)dx 


an 
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to be an extremum is that —- 

fyi <*x 


| =0 ,i = l,2,....n 

3y i . 1 


...( 2 ) 


Let^j, j 2 , ...,y n satisfy the boundary conditions = y il ,y i (x 2 ) = y i2 

Consider arbitrary functions q^x), t) 2 (x), q^x) which are all zero on the boundary i.e., 

rt/xj) = 0 = 

Replacing^, y 2 ,... byyj + + e 2 q 2 ,... in (1), we get 

/(e) = /■(*, yj+£ir|i.^2+ e2 T l2^".^ +e i T li-> , 2+^2.-) dx 


...(3) 


This is a function of the parameters e p e 2 , and reduces to (1) for e x = e 2 = = 0. 

To find the stationary value of (1), we find the stationary value of /{e) for e 1 = = 0, /(e) will have a 

stationary value when 


and 


Writing 


(3) becomes 


*>■ £ 


0/(e) _ n d/(e> _ n 

— “ u ’ ^ - “ u » ■" 
oE^ dEg 

f = f(x,y v y 2 , ...,yf,y,f, -) 

F = fix, + Eiiip y 2 + e 2 q 2 , ..-.y/+ £^'.> 2 ' + ->■ 

Fdx. 


Xj, x 2 being constants independent of £ p differentiating under the integral sign, we get 

d/(e) dF 


= r^dx= f 

OF.-, 


dcj J*, d^ 

dm 


*2 dF dF , , , 




= 0, when e x = = „, = 0 gives 


Integrating by parts the second term, we get 


f 2 „ 

df n 

p d 

r df ) 

v hi + 
J *i dyi 


J** dx 

k&Vi'J 


r\ x (x) dx = 0 


L€. t 


p _ d_ 

Jii 1 dy! dx 


V^Vl J 


Tl,(x)rfx = 0 


rijfXj) = 0 = t|j(x 2 )J 


Since this equation must hold good for all values of r)j{x), we get 


df d 
dy t dx 


df ^ 




= 0 


Similarly 


arte) 

5£n 


= 0 when Ej = e 2 = = 0, will give 


Jt 

d 

dy z 

dx 




= 0 and so on. 


All these conditions give a system of Euler’s equation (2). A solution of these equations leads to the desired 


curves. 


that the functional 


Example 35.13. Show 
= - 1, y (0) = 0, y (k/ 2) = J is stationary for x = - sin t, y - sin t. 


dt such that x ( 0 ) = 0, x Kid2) 
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3 / d ( d f \ 

Solution* Euler’s equations are — — ■— = 0 

dr dt \'6x J 


V_±(v _. 0 


dy dt l^cjy' 


Here f = 2ry + x' 2 + y' 2 . 


f = 2 V, f = 2*\ 
ox dr 




( i ) becomes 2y ——(2x') — 0 i.e. y 
dt 


Hi) becomes 2x - —(2 y') = 0 i,e > 
dt 


2y-2— =0 or 
dt 2 

2x -2^ = 0 or 
dt 2 


-y 


drx 
dt 2 


d 2 y 

— i- = x 

dt 2 


Now to solve these simultaneous differential equations, we differentiate (iii) twice, 

d A x __ d 2 y 
dt 4 


- x 


dt 1 


or (. D 4 - l)x - 0 which is a linear equation with constant coefficients. 

Its solution is 
From (iii), 


x = c ± e* + c 2 e 


* x + c 3 cos x + c 4 sin x 


y = X = c x € A + <r * - c 3 COS x - c A sin X 


Since 


Also 


x = 0 when t - 0 
y — 0 when t - 0 
x = — 1 when t = n/2 
y — I when t - n/2 
Adding (vii) and (uiii), c y + c 2 = 0 
Adding Ux) and (x), c x e^ 1 + c 2 e~ m - 0 
Solving these equations, we get c ± = c rj = 0. 

From (uiii), c 3 = c 1 + - 0. From (ix) f c 4 - - ], 

Hence from (t>), x - - sin x and from (ci), y = sin r. 


0 = c i + c 2 + c 3 
0 = Cj + c 2 - c 3 


-1 = c l e* J2 + c z <r ld2 + c 4: 


1 = c, € ■ + r, } c 


«- iV2 


- C„ 


...(0 

...(h) 


...(iii) 

,..(iu) 

[By (it;)] 

-4u) 

...(ui) 

...(vii) 

...(viii) 

~Xix) 

..Xx) 


FUNCTIONALS INVOLVING HIGHER ORDER DERIVATIVES 


A necessary condition for 


to 


7 = f ' fix, y,y',y") d* 

be extremum is ^ - ± {$-,1 + *1 M = 0. 

dy dx ( t)y' j dx 2 l J 


Lety(x) be the function which makes (1) stationary and satisfies the boundary conditions 

y(*i) = y v ybc 2 ) = y^y'^) =y { and/(x 2 ) = y.f. 

Consider the differentiable function T|(x) such that 

Ti(Xj) = 0 = r|(.r 2 ) and ^'(Xj) = 0 = tT(x 2 ) 

Replacing y byy + er| in (1), we get 


pJCj 

/(e) = \ f (x, y + er|, y + eT|', y' + er]')dx 

Jjti 


-.( 1 ) 


...( 2 ) 

-.(3) 


This is a function of the parameter e and reduces to (1) for £ = 0. 

To find the stationary' value of (1), we find the stationary value of 7(e) for e = 0. But 7(e) will have a 
stationary value when dl(t)/dc - 0. 

Writing f - f(x,y,y\y") and F = f(x,y + a\,y' + tr\\y" + erf). 

pXii 

(3) becomes/(c) - F dx 
J*. 










Calculus of Variations 


1123 


x v x 2 being constants independent of E, differentiating under the integral sign, we get 


rf/te) 

dt 

am 

d£ 


r^s dF , f dF dF f dF 

= ~7i dx= \ + + 

dt Jx { l^dy dy dy 

- 0 when e = 0 gives f ” j — n + — rf + ri * ] c/jc = 0 

k dv 1 dy' dr' 1 


Integrating by parts once the second term and twice the third term, we get 


f x * df , 

1 ” T| dx + 

df ^ 

** r%. d f df 

r j . q dx + 

IW--I 

%).n 

ix ] dy 

dy 

Xl t j dx [&y‘ 

dy dx ! 

.V) 


C li-mhil a]"-’*-" 

Since this equation must hold good for all values oft](a:), we get 


cm)-'*- 

(By (2)3 


df d (df 


>Uo 


df 


3y dx \ dy' ) dx 2 UV 

fJCg . > 

In general, a necessary condition for the functional 1 = I f (x, v, y\ y* t jr") dx to be stationary* will be 

ijf! 

= 0 


(df" 

i + 4 



' df ■ 

IV, 

1 dx 1 

U'J 

dx n 



which is called the Euler-Poipson equation and its solutions are called extremals. 

O' 2 - y B + x 2 ) dx under 
o 

the conditionsy (0) = 0, y' (0) - l,y (jt/ 4) = y’ (it 14) = li42 isy = sin x, (.Madras M.E., 2000 S) 


Solution. The Euler-Poisson equation is 

df d (df 


cty dx\dy') dx 2 l^cly 


df 1 


- 0 




Here 


f= O'") 2 -y 2 + x\ $-=- 2 y,'f. =Q j !?L= 2y" 

dy dy dy 


cr 

/. (t) becomes — 2y + —■=■ (2 y") = 0 or y w —y = 0 or (D 4 — 1) y = 0 
dx~ 


Its solution is y(x ) = c l e x + c 2 e~ x + c 3 cos .v + c 4 sin x 
y'(x) = Cjg 1 - Cg e~ 1 - c 3 sin x + c, cos x 
Applying the given boundary conditions to (it) and (iii), we get 
0 = y(0) = Cj + c 2 + c 3 ,1 y (0) = Cj - c 2 + e 4 


= v(jc/4) - + c 2 e~ ^ c 3 + 


V2 C4 


...(it) 

...(Hi) 


...(iv) 


-i = y'( ji/ 4 ) = c.e 10,4 - c 2 e“ 71,4 -^ c 3 + c 

y/2 1 2 j2 3 V2 

Solving the equation (io), we get c, = c., = c 3 = 0, c 4 = 1. Hence the required curve isy = sin x. 
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PROBLEMS 35.3 


L Show that the functional • 2x + | —j +1 j 
for x - I +4 /2 »y = t 
2. Find the extremals of the functional v (y t z) - [ (2 yz - 2 y 2 + y' 2 - z^) dx 

JjEn 


dt , such that *l0) - l f y (0) - 1 ;x (1) = 1.5* y (1) = 1 is stationary 


iY„TJJ. r M.E. t 2000} 


3. Find a function y (a) such that f y 2 dx = 1 which makes f y' 2 dx a minimum if>(0) - 0 - yfaih v^f0) = 0 - y*in). 

Jo Jo 

4 * Find the extremals of the functional f ( y * £ - y 2 + x £ ) dx that satisfies the conditions ytO) = 1, ylG) - 0 T 

JO 

y(it/ 2) = 0, y f {n/2) * - 1. (Madms, MM, 2000 S) 

5. Find the extremals of the functional J" | py* 2 J dx which satisfies the boundary conditions y(— a 1 = Q*y F (- c) 


= 0 9 y(a)-0 r yXa)-0. 

6. Find the extremals of the following fimctionafa : 


(0 u|y(x)l = f (10y 2 - y* 2 ±x 2 )dx (Nagpur , 1997) {it) L J [y(x)] = f * i2xy + y*' 2 ) dx m 

JjtQ 


35.9 


APPROXIMATE SOLUTION OF BOUNDARY VALUE PROBLEMS - Rayieigh-Ritz Method 


In § 35.3, we have seen that the solution of Euler's differential equation alongwith boundary conditions 
amounts to extremising a certain definite integral. This fact provides a technique of solving a boundary value 
problem approximately by assuming a trial solution satisfying the given boundary conditions and then 
extremising the integral whose integrand is found from the given differential equation. 

To solve a boundary value problem of Rayleigh-Ritz method, we try to write the given differential equa¬ 
tion as the Euler's eq uation of some variational problem. Then we reduce this variational problem to a minimiz¬ 
ing problem assuming an approximate solution in the form 

y (x) = y Q (x) + Xc. (x) ..-(1) 

where the trial functions ^ ( x ) satisfy the boundary conditions and (x ) = 0 on the boundary C of its region R. 

f 6 

Let the integral to be extremised be / = I /(y, y , x) dx —(2) 

J« 

such that y (a)-A and y (fe ) “ B. 


Substituting (1) in (2) by replacing^ in y in /, giving / as a function of the unknowns c-. Then e’s become 
parameters which are so determined as to extremise I, This requires 

dl 


<k: 


= 0, 




Solving these equations, we get the values of which when substituted in (1) give the desired solution. 

Example 35,15. Solve the boundary value problem y* -y + x - 0 (0 < x < l) r y (0) =y (2) = 0 fiy Rayleigh 
Ritz method. 


Solution. Given differential equation my”—y+x = Q 

Its solution is equivalent to extremising the integral / - f F{x, y t y) dx 

Jo 

where F (x, y, /) = 2xy - y 2 - y' 2 , 

since the Euler’s equation — —— f — ] = 0 gives (i). 

dy dx J 


...U) 













Calculus of Variations 

Assume that the trial function is y ix) = c Q + c x x + CgX 2 
To satisfy y(0) = 0, yfl) = 0, we require c Q = 0, c 2 = - c y 
j. {Hi) becomes y (a:) = c 3 x( 1 - x) 

Substituting y and y' in I, we have 

7 = £ I2xy - y 2 - iy'fl dx - £ [2^ (x 2 - x 3 } - c 2 (x - x 2 ) 2 - c 2 (l - xf) dx 


1 II 2 

6 Cl 30 1 


Its stationary values are given by dlldc t U-. «,-£• 

_ 5 

Thus the approximate solution is y (x) = — xil — x) 


..( iii } 

..(tu) 


... (w) 


35.10 


WEIGHTED RESIDUAL METHOD— Galerkin's Method 


The starting point of this method is to guess a solution to the differential equation which satisfies the 
boundary" conditions. This trial solution will contain certain parameters which can be adjusted to minimize the 
errors so that the trial solution is as close to the exact solution as possible. 

Consider the boundary value problem 

y" - fly, y\ x) with y fa) = A andy ( b ) = B ,.,(1) 

We write the differential equation as R = y* —fiy* y*> x) ...( 2 ) 

where R is the residual of the equation (R = 0 for the exact solution y ( x) only which will satisfy the boundary 
conditions). 

Consider the trial solution as y(x) = c t 0 1 (x) + c 2 § 2 {x) + ... 

where yia) - A and y lb) = B. The trial solution is differentiated twice and is substituted in ( 2 ). 

To find Cj, c 2 , we weight the residual by trial functions **■ an( ^ se ^ integrals to zero. Thus 

vve have J fi ^(x) dx - 0 , | R <]) 2 {x) dx - 0, ... 

These lead to simultaneous equations in the unknowns. 

Having found c lt c 2> the approximate solution y (x) is obtained. 

Example 35,16. Use Galerkins method to solve the boundary value problem of Example 35.14, 

Compare your approximate solution with the exact solution. 

Solution. The residual is f? = y* - y + x -.(i) 

To find the trial solution which satisfies the boundary conditions, we derive a Lagrangian polynomial 
(§ 28.8) which passes through the points : 

x : 0 1/2 1 

y : 0 c 0 

The resulting polynomial is y (x) = 4 cx (1 -x), so that 4 *(x) = x (1 -x). 

Substituting y (x ) 7 y* (x) in (i), we get R = 4cx 2 + (1 - 4 c)x - He 

Thus | R 4p(jc) dx - 0 gives | I4cx 2 + (1 - 4c) x - 8 c| x (1 -x) dx - 0 whence c = 5/88. 

_ 5 

Hence the approximate solution is yix) = — x (1 -x) which is same as found in Example 34.14. 

Exact solution. Rewriting the given equation as ( D 2 - l)y = - x, 
we find its solution as y = CjC* + CgC“* + x 

Sincey( 0 ) = 0 andy(l) = 0 , therefore c 2 = -c l = l/(e -e” 1 )* 
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Hence the exact solution is y = x -—p 

e - e T 

The approximate and the exact solutions for some values of .v are given below for comparison : 


X 

Approx. Sol. 

Exact Sol. 

0.25 

0.043 

0.035 

0.50 

0.057 

0.057 

0.75 

0.043 

0.05 


Ofos. To obtain a trial solution containing two unknown parameters, we derive a Lagrangian polynomial which 
passes through the points : 

* : 0 1/3 2/3 1 

y t 0 c t c 2 0 

More the undetermined parameters, the more accurate is the solution, but it involves more labour to find their 

values. 

Example 35-17 *Find the approximate deflection of a simply supported beam under a uniformly distrib¬ 
uted load w Fig. 35.7 f using Galcrkin 's method. 


Solution, The differential equation governing the deflection y(x) of the 
beam is EI ^—~■ - w = 0, 0 <x < t (0 [§ 14,8] 


w per unit length 


dx 

The boundary conditions to be satisfied are 

y (x = 0 ) — y (x = t) - 0 (deflection is zero at ends) 



d 2 y d 2 y 

a y -(x = Q ) = ^4(x = /) =0 


dx z 


dx z 


(bending moment zero at ends) 


x = 0 


Fig. 35.7 


* = i 


».(m) 


We assume the trial solution y (x) - c j sin (nxlt) + c 2 sin (3ftx/Z), which satisfies the boundary conditions (zi) 
and (Hi). 

Substituting the trial solution in (i), we obtain the residual 

R = EIc 1 (ft //) 4 sin (jut//) + EIe 2 (3ft //) 4 sin (3 tdc//) - w 


Thus 


[* R . si 
Jo 


sin (nxfl) - 0 and 


j: 


R . sin ( 37 xxfl) = 0 


Computing these integrals, we get 

EIc x ( j ill)* 1/2- w . Wn = 0, EIc 2 (StUD* 1/2 - l u . 2Z/3ti = 0 


Solving these, we obtain 


Atuf 


c i = _5 


jfEI 


and c 2 = 


A wC 
243k 5 El 


Hence the deflection of the beam is given by 


, Awl 4 f . frcrV 1 - f&TDc )\ 

• T( ' l ' )= 7Sr(Tj + 243 S,n l— J)' 


PROBLEMS 35.4 


L Solve the boundary value problem : 

y" +y + * - 0 (0 £ x £ l\y (0) -y(l) ~ 0 by 

ii ) Rayleigh-Hitz method, tii) Galerkin’s method. Compare your solution with the exact solution, 

2 . Using Galerkin’s method, solve the boundary value problem y" - 3.x 4 Ay ; y( 0 ) = 0 f y (1 > = 1 . 

:t. Apply Gaterkinb method to the boundary value problem y" + y + x = 0 (0 ^ x < 1) ; y (0) - y (/) - 0. to fuid the 
coefficients of the approximate solution y (x) = cpc (J - x) + c^pr (J - x)* 














Calculus of Variates 


[Hint* Substituting y Of), y*{%) in the given equation replacings, y ft by y , y“, we get the residual ft - - 2cj + c ? 
(2 — fix) + x(t -x ) {Cj + e^x) + x 


Thus 


f 12 , x 11 — dx = 0 and [ R P z® (I - x) dx ^ 0. 
Jo i fi Jo 


Computing these integrals, we get 


13 


10 Cy + 20 ^ 12 * 20 + 305 Cz ™ ' 


x 

20 


Solving these, we obtain c t - 71/369, c 2 = 7/41J 

4, Using Kilz method, find an approximate solution of the problem y*-y + 4»e*=Qpff(0> -yt 0) = L/U) ^y(l) = e. 

5. Solve the boundary value problem : y" + (I + x 2 )y 4 I - 0,y(- l) -y (l) - 0,by taking the approximate solution y (x) 

» c x (1 -x 2 ) 4 (l - and using (i) Ritz method, (M) Galer kin’s method. 

G, Given the boundary value problem : _y~ + ri^y - x r y (0) = 1 r y (1) = - 0,9, 

Use Galerkin’s method to estimateytCLB), taking the trial solution : 

y = 1 — 1.9 x + c,x ,(i - *& + 4^(1 -x). 

7. Using Galerkirfs method, obtain an approximate solution of the boundary val ue problem : 


+ ?=*.? (0)=0..y(l> = 1, 


in the form y (x) *= x + x (l - rife, + 

8* Of all the parabolas which pass through (Q» 0) and (1, 1), determine the one, which when rotated about the ,r-axis, 
generates a solid of revolution with least possible volume between jr = 0and*- 1 

I Hint* Take the parabola as y =x + cx (i -x).] 

B, thing Rayleigh- Bit? method, find the potential at any point due to a charged sphere of radius a. 

{Hint. Potential at a distance r from the centre of the sphere is $ = $ n (/7a J*, where $ f/ is the value of ip for r = a and 
h < 0 so that $ -4 0 as r —> <«* 

Electrostatic Field due to charged sphere being conservative, electrostatic intensity/? = Vty. 

Also potential energy for unit, volume = E 2 

ok 

A Total potential energy of the Field in the entire region J? exterioT to the given sphere is 

in j/jfef 4? 

R R 1 ' - 

■^rrr(s) #4*4* 

Electrostatic field will be in stable equilibrium if V is minimum, f.c,, dV/dp = 0 and rf-Vklp 2 > 0. 

This gives A = — 1. Hence $ - ^ a/r.l 


35.11 


HAMILTON'S PRINCIPLE* 


An important concept of mathematical physics is Hamilton's principle which 
states that the time integral of the difference between the kinetic and potential ener¬ 
gies of a dynamical system is stationary 

Consider a particle of mass m moving from a fixed origin O under the effect 
of a force F (Fig, 35,8), At any time f t let its position vector be R. Then by Newton’s 
second law, 


md It ^ 


Ul) 



Fig, 35.8 


* Named after the Irish mathematician William Rowan Hamilton (1805-1865) who is known for his contributions to 
dynamics. 
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Let the natural path OBA of the particle be changed to another path OCA, end points remaining the same. 
Let this variation in path, often called virtual displacement, be Sit. Then the work done during this displace¬ 
ment is 


8W = F . SR = . SR 


Also the kinetic energy of the particle is 


dt 


{By (1)1 


'-HfT 


Thus 


ST + SW = m ^. —(SR) + m^~. SR = m ~ . SrI 

dt dt dt 2 dt V dt ) 


Integrating both sides w.r.t t from t Q to / s , we get 


i 


(ST + SW) dt = m 


r/R 

dt 


SR 


= 0 


...(2) |v SR = 0 at t 0 andtjJ 


If the force field is conservative, there exists a potential V such that IV = - V. Then (2) takes the form 

J (ST - 5V) dt = 0 or 5 J (T - V) dt = 0 Le., | (T - V") dt ...(3) 

is stationary. This proves the Hamilton's principle for a particle. Its derivation can be extended to a system of 
particles by summation and to a rigid body by integration. Hence the principle is true for any dynamical system, 

Obs. I t can be easily shown that the integral {$) is a minimum along the natural path as compared to that along 
any other path joining O to A, 


Def. The energy difference T-V = Lis called the kinetic potential or the Lagrangian function. 


35.12 


LAGRANGE'S EQUATION 


In a dynamical system, the position of a body can be specified by the quantities q v q 2J ... q n which are 
called the generalised coordinates. 

The potential energy V T being a function of position only depends on these generalised coordinates q.> The 
kinetic energy T, however, depends upon q A and the velocities dqjdt {Le., q t ) i = 1,2, n. Therefore, Lagrangian 
function L^T -Vis also a function of Qj and g it i = 1, 2, n. 

r l i 

Thus by Hamilton's principle, the system moves so that L dt is stationary. 

4 


Euler's equation must hold good, Le., ~ 


pi = 0,i= 1,2,... n. 


dq i dt 

These are called Lagrange's equations which determine the motion of the system. 

Example 35.18. A mass , suspended at the end of a light spring having spring constant k, is set into 


vertical motion . Use Lagrange r s equation , to find the equation of motion of the mass , 

Solution. At any time f, let the displacement of m from the equilibrium position 
O be x (Fig. 35.9). Then the kinetic energy of P is 

Also the work done during its fall from O to P is 

W= {mg - kx) dx = mgx ~ \ kx 2 . 

If V is the potential energy of the mass at P, then 

V = - W = i kx 2 - mgx 


H/jUl/t/i/W// 


x Ax 



mg 

Fig. 3S.9 

















Calculus of Variations 


a Lagrangian L =. T-V - ^mx 2 ^ mgx - ~kx 2 . 

Thus the Lagrange’s equation 


=0 

dx dtXdxJ 


becomes 


d 2 x 


(mg - kx) - — (mx ) = 0 or m = mg - kx 


dr 


which is the required equation of motion. 


Example 35 *19. Apply Lagrange's equations, to show that the equations 
of motion of the double pendulum of Fig . 3510 are given by 

(m 1 + m 2 )l l d 1 + m 3 / 2 @ g + (m 2 + m 2 )gB l = 0 

and l j 0j + 1 2 % + - 0 

for small angles 0 r (Punjab, M,E. t 1997) 



•M) 


or 


Solution. At any time t, let the masses m v m £ be at P 1 (x v y x ) and P 2 (x 2 , y 2 ) (Fig. 35.10) so that 
Xj == l x sin 0j ,y x = l x cos 0j I 

x 2 = ^ sin 0j + l 2 sin 0 2 , y 2 - ^ cos 0j + 1 2 cos 0 2 J 
Then total kinetic energy is 

T = fm^ 2 + j' 1 2 ) + |m 2 (i 2 2 + ,y 2 2 ) 

= ) /f 0j + 2 m 2 ^ 2®2 + cos (®i “ & 2 ) [Using (i)] 

Also total potential energy is 

V - m^gl t (1 - cos Sj) + + 1 2 - l x cos 0 2 - Z 2 cos 0 2 ) 

a Lagrangian L = T - V = ^(m 1 + m 2 ) /f 0j + |m 2 /^0 2 

+ 0i0 2 cos (0 1 —0 2 ) - (m } +■ m 2 )gl l (l - cos 0j) —(1 - cos 0 2 ) ...(if) 

Tlius the Lagrange’s equation corresponding to 0 p is 

^ dL 1 

-r— = 0. becomes 

o»J 

- m 2 Z 1 Z 2 0 1 G 2 sin (0j - 0 2 ) - (m 2 + m 2 )^Z 1 sin 0j ~ Km 1 + m 2 )l x 0 : + m f / { l 2 Q 2 cos (B x + 0 2 )] = 0 

(m j + m 2 ) Zj 0j + m 2 Z £ 0 2 cos (0 X - 0 2 ) + fn 2 Z 2 0 2 2 sin (B x - 0 2 ) + (m Y + m 2 )# sin 0 L - 0 
Similarly from (if)* Lagrange’s equation corresponding to 0 2 , f.c.. 


aL 

d_ 

00 j 

dt 


jiL _ -d {JL ) = n 
ae 2 dt(de 2 ) 


becomes 


m 2 Z 1 Z 2 0^ sin (0 : - 0 2 ) - m 2 gl 2 sin 0 2 - |m 2 Zj 0 2 + m 2 l x l 2 8j cos (Gj - 0 2 )| = 0 

or l 2 0 2 + Z t 6 X cos (0 t - 0 2 ) - Z 1 0* sin (0 f - 0 2 ) + g sin 0 2 = 0 

Now 0 JL and 0 2 being small, retaining first order terms only, (Hi) and (iv) reduce to 

(m 1 + m 2 )Z 1 0 1 +m 2 Z 2 0 2 + (m x + m 2 )gB 1 = 0 and Z 1 0 1 -*-/ 2 G 2 + £ 02 = 0 * 
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PROBLEMS 35.5 


1, In a single pendulum, a mass m is suspended by a Light rod of length / and the system vibrates in a plane, Using 
Lagrange’s equation, show that G + {gll\ sin 0 = 0. 

Show that if 0 is small, the period of oscillation is s lU / g ). 

2, Two masses m l and m 2 are connected by an inextensible string which passes over a fixed pulley. Using Lagrange's 
equations, show that the acceleration of either mass is numerically 

= (ni 1 - m 2 ) gf{m^ ± m 2 ), 

3, A perfectly flexible rope of uniform density per unit length is suspended with its end points fixed. Show that it 
assumes the shape of a catenary, 

1 A bead of mass m from rest slides without friction under gravity along a wire inclined at an angle n to the vertical 
and rotating with constant angular velocity ex Show that in times t f the bead has slided through a distance 

g cos a , , , . -. 

-- 5 — cosh iwt am a - L), 

or sin“ a 









Integral Equations 


1. Introduction, 2, Definition. 3. Conversion of a linear differential equation to an integral equation and vice versa. 
4. Conversion of boundary value problems to integral equations using Green’s function. 5. Solution of an integral 
equation, 6. Integral equations of the convolution type. 7. Abel's integral equation. 8. IntegfO-differential equations. 
9, Integral equations with separable kernels. 10, Solution of Fredholm equations with separable kernels, 11. Solu¬ 
tion of Fredholm and VoJterra equations by the method of successive approximations. 


INTRODUCTION 


Integral equations play an effective role in the study of boundary value problems. Such equations also 
occur in many fields of mechanics and mathematical physics. Integral equations may be obtained directly from 
physical problems eg., radiation transfer problem and neutron diffusion problem etc. They also arise as repre¬ 
sentation formulae for the solutions of differential equations, A differential equation can be replaced by an 
integral equation with the help of initial and boundary conditions. 

Integral equations were first encountered in the theory of Fourier integrals. In 1826, another integral 
equation was obtained by Abel. Actual development of the theory of integral equations began with the works of 
the Italian mathematician V, Volterra (1896) and the Swedish mathematician L Fredholm (1900), 


36.2 


DEFINITION 


An integral equation is an equation in which an unknown function appears under the integral sign , We 
shall take up integral equations in which only linear functions of the unknown function are involved. The 
general type of linear integral equation is of the form 

y(x) = Fix) + X f K(x t t ) y(t) dt 
Jo 

where Fix) and K(x, t) are known functions while y{x) is to be determined. The function K{x, t) is called the Kernel 
of the integral equation . 

If a and b are constants, the equation is known as Fredholm integral equation. 

If a is a constant white b is a variable, it is called a Volterra integral equation. 


CONVERSION OF A LINEAR DIFFERENTIAL EQUATION TO AN INTEGRAL EQUATION AND 
VICE VERSA 

To make this transformation, the use of the following formula is necessary : 


36.3 


r f x fix) dxdx= f \x-t)f{t)dt 

Ja Ja Ja 

In general, f f ... f f(x)dx a =-—[ U-f)' 1 ' 1 fit) dt 

J<* J« Ja (n — 1) ! Jfl 


...(/) 

...(//) 
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Proof* Let 


/„ = Vix-t )"- 1 f<t)dt 
Jjl 
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.M) 


where n is a positive integer and a is a constant. 

Differentiating both sides w.r.L x, using Leibnitr/s rule (p, 139) 


i.e.. 


d[n 

dx 


= \ l —(x-tf 1 fu)dt *\(x-ty>- 1 fit)\ lKX .i-Vx~ty'- 1 f(t)\ lma .o 

In WC 


= (\n~mx-t ) n - 2 fU)dt = (n-l>/„_,(*) 
Jfl 

Again differentiating (2) w.r.t, x 


dx* 

Proceeding in this way, we get 
d n ’ l l 


d = li n _ v (x)] = (n~ l)(n — 2) I n _ 2 > using(1) 


dx 


.n ”1 


= (n -1) <n — 2)... 1./,(*)-(■-« t/,(x) 


Now taking n = 1 in (1), we get 

4 = f f(t)dt- f fix^dxt 
Ja Jti 

Putting x = a in (1), we obtain 

/ fl (a) = 0 for alt n 

Taking n- 2 in (2), we get ^ ~ L(x) 

dx 


f Ii(x 2 )dx 2 

Jii 

= f [** fixiidxi dx 2 
Ja Ja 


dl~ 

Putting n = 3 in (2), we have —— = 2 IJjt) 


dx 


...( 2 ) 


...(3) 


[v I 3 (a) = 0 ] 

[Using (3)| ...(4) 


4 (a) =0] 
I Using (4)1 


4 = 2 V I 2 (x)dx 

Ja 

J -JC ^ fjfj 

[ | ‘ fix t )dxi dx 2 dx$ 

a la la 

Proceeding in this way, we get 

4 = (ft-1)1 f P P FtJc^ctrj dx 2 ..-dx n 

la hi Jet 

f P — f dx 2 ...dx n = 1 - - - f f(t)dt 

J a Ja Jtt l/l “ 1)1 Ja 

lfx 2 , * 3 ,... x n be the same as x, we get the formula (II) above. 

Kxximpie 36.1. Convert the differential equation y“(x) - 3y'(x) + Syfx) = 5 sin a:, y(0) = l, y r (0) = -2 into an 
integral equation. 

Solution. Integrating both sides of the given differential equation, we get 

[/(*) -/CO)] - 3[y(*) - V (0)] + 2 f X * 1 ) dt = 5(1 - cos x) 

Since y'(Q) = - 2 and y(O) = 1 , it becomes 

y’(x) + 2- 3y(x) + 3 + 2 f y(f) dt = 5-5 cos x 

Jo 








Integral Equations 

i.e., y'(x) - 3v<jc) + 2 j" y(t)dt = - 5 cos x 

Integrating again as before, we have 

Iy(x) -y(0)l - 3 f y(f) dt + 2 f f y(f) dt = - 5 sin x 
Jo Jo Jo 

or y(x) — 1 — 3 f y(f) dt + 2 f (x - f) y(f) dt = - 5 sin x 

Jo Jo 

or y(x) + f )2(x - t) - 31 y(f) dt = 1 - 5 sin x 

Jo 

which is the desired integral equation. 

Example 36*2, Show that the integral equation 

y(x) = £ (x + t) y(t)dt + 1 

is equivalent to the differential equation 

y*(x)-2x/(x) - 3y(x) = 0, y (0) = 1, y'(0) = 0. 

Solution. Differentiating (i) by Leibnitz’s rule (p. 139), we have 
dy 


(Using (I) above) 


M 


(Kerala, M. Tech., 2005) 


or 


s f' ± {x + t)y ( t ) dt+(x + x) y(x) 4- (x) - (x + 0 ) y( 0 ) ( 0 ) 

dx Jo otc dx dx 

= f*y(t) dt + 2xy(x) = f* y(x) dx + 2xy (x) 

Jo Jo 

Differentiating again w.r.t, x, we get 

4t *yW + 2lry'(*) + 1 . y(x)] = 2xy' (x) + 3y(x) 
dx 

^Z-2x^ ~ 3y(x) = 0 
dx’ dx 


...(it) 


...(tit) 


Puttingx = 0 in (i), we obtain 

y( 0 ) = f* (x + t) y(t)dt + 1 i.e., y( 0 ) = 1 

Jo 

and putting x = 0 in (it), we gety' ( 0 ) = 0 . 

Hence (i) is equivalent to (tit) with initial conditions y( 0 ) = l,y ( 0 ) = 0 . 

Example 36.3. Show that the. integral equation 

y(x) = f t(t - x) y(t.) dt + ^ x ~. 

J o 2 

is equivalent to the differential equation 
d s y 

—- +xy = I and the conditions y(0>= y'(0) = 0. 
dx~ 

Solution. Differentiating (£) w.r.t. x by Leibnitz’s rule (p. 139), we have 


,.|i) 


dy 


dx~ l t ( t ~ x WyMdt + )f (t-x)y(t)] (=i . 1 +r- If (t-x)y(t)l , =0 .0 

= f f(- 1) y(f) dt + x = x - f ty(t)dt 
Jo Jo 

Differentiating (if) w.r.t. x, we get 

0 = 1 _ {iol U - y(01 dt " U M ° It=0 ' ° + lty ’ r } = 1 "'^ (x) 


...(ii) 
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d 2 y 

or —* * xy = 1 which is the differential equation corresponding to (i). 

dx 

Also^(O) - 0 andy'(O) = 0. 

Example 36,4* Find the integral equation corresponding to the boundary mine problem 
y*(x) + X v (x) = 0, y(0) = yd) - 0 L 

Solution. Integrating both sides of the given differential equation w.r.t. x over (0 t x), we get 

/<x)-/(0) + X f X y(x) dx = 0 
Jo 

y'(x) ^ c - X f y(x) dx * taking y'<0) = c 

Jo 

Again integrating (i) w.r.t. x in (0, x ), we obtain 

y(x) -y(0) = cx - X £ £ y(x) dx 

yix) = cx - X J (* -1) y (t) dt 


or 




...go 


[Using (I) of § 36.3 and noting thaty(O) = 0] 


where 


Putting x - 1 in (ii) f we get 

v(l)=c-X {\l-t)y(tidt 

Jo 

c - X f (1 -t)y(t)dt 
Jo 

Substituting the value of c from (Hi) in (ri), we get 

y(x) = Xx f Cl — f)J- X f (x-t)y(t)dt 
Jo Jo 

~ kx j £(I -t)y(t)dt + j (1-f) (x-t)y(t)dt 

- X f t(\-x) y(t) dt + X f (1 ~ t ) y (t) dt 
Jo Jx 

= X | JJjiK*, 1 ) ><*) dt + J 1 tf(x, yit) dt J 

„ fm-x) whent<x 
K(x, f) = J 

}x(l~t) when t> x 

y(x) = X f K(x,t) y(t) dt 
Jo 


Iv y(l) = 01 
...(iii) 


Hence 


which is a Fredholm integral equation with a symmetric kernel K{x, t). 


PROBLEMS 36.1 


Transform each of the lo Mowing boundary value problems into corresponding integral equations : 

1 . y m + xy' + y = 0, given that y{ 0 ) - I, y'(0 ) j= 0 . (Madras, M.&, 2000) 

dy 


2 , y* - sin xv r + = jc, given ihat > = 1 . — = - l when x = 0 . 

or 

3, y" + xy l f given that y(0) =* y'(0) = 0. 

4, y^4si( 1 - x}y* + e~ *y = x 3 - 5r t given that y = - 3, -- =4 when x = 0 


(HiSeufPiQM^ jgoaoQb 


dx 


d*y 




5. — £ + y = cos x given that y = 0„ y' = 1, y* = 2 at x = 0. 
dx 3 


(Kerala, M. Tech, 2005) 
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dy a*y i 

6* —V + —r - xy - !?in x given that y = l*y' - - - - at x = 0. 

fix 3 dsT 2 

of*v , <f 3 y dy 

7* — 7 j- - 4 —t—f 6 -—^ - 4 ; + v = 4 cos 2r given that 
dx* dx** dx £ dx 

y Uy* - 4»y* - 0 M y* f = 2 whem - 0 . 

Convert each of the following integral equation? into differential equations alongwith initial conditions : 

8 * y(x) = f Cx +f) y W) dt -1. 9* v(x) =* f ix - 1) yit)di + 3 sin x. 

Jo Jo 

10. yOr) + 3 [*<* - if y(t) dt = x 2 - 3x + 4. li. y(x)* [ {x -1 ) 2 * 4 (x - 1) - 31 yit) dt = e * 

Jo Jo 

f 

12 . If y* (x) - fix) ;y (0) -jKO = 0. show that y(x> = f ITlx, f) rf/, 

Jo 


where Kix t t) ~ 


(x - i ) when t < x 


-it -1) when i > x 
. I 



CONVERSION OF BOUNDARY VALUE PROBLEMS TO INTEGRAL EQUATIONS USING 
GREEN'S FUNCTION 


Consider the linear homogeneous differential equation 

L(y) + 0 (je) = 0 


where L(y) = 


i(-i) 


+ <7 


y-py + py +qy 


together with the homogeneous boundary conditions of the form 

dy 

ay + |J -f = 0 
dx 


~( 1 ) 

. 42 ) 

* 43 ) 


Now let us find a function G ( x t t) which for a given number t> is given by G x (x) when x < t and by G 0 (x) 
when x > t and which has the following properties : 

I. G j and G 2 satisfy the equation L{G) - 0 in their defined intervals f e., L(G t ) = 0 when x < t; L (G 2 ) = 0 
when x > t. 

II. Gj and G, 2 satisfy the boundary conditions at the end points x = a and x = b respectively. 

Ill* G (x; t) is continuous at x = t Le. y G x (t)~ G 2 (t). 

IV. The derivative of G is continuous at every point within the range of x except at x -t Le. t GJ{t) - G/(t) 

= - 1 /pit) 

Defi G(x, t) as defined above is called the Green’s function. 

IfG(x t t) exists, then the solution of the given problem, can be transformed to the integral equation 


y(x) - f G (x, t)ty(t)dt 

Ja 


.44) 


Let y - y^x) and y = y 2 (x) be the non-trivial solutions of the equations L(y) = 0 whidi satisfy the 
homogeneous conditions at x = a and x = b respectively. 

The above conditions / and // are satisfied if we write 


c= fe 


j C’i_y l (x), when x <t 
[C 2 y 2 (-*), when a- > t 
Imposing the condition III on (5), we get 

C 2 y 2 (t) - C^t) = 0 

Imposing the condition IV on (5), we have 

C 2 y 2 <0 - C v yJ (t) =-Vp tf> 


...(5) 


...( 6 ) 


...(7) 
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s yJit)y2(t)-y^t)yiU) * 0 


Equations ( 6 ) and (7) give a unique solution, if 
yiW y 2 (t) 
y%m y 2 xt) 

By Abel's formula*, we find that 

yi(t}y 2 'U)-y 2 (t)y y '(t) = C/pU ) 
Now [(7) x y 2 (f) - ( 6 ) x y l (f)] gives on using ( 8 ), 

G, =- ~ y 2 (0 and C 2 = - ^y/G 


...( 8 ) 


Thus ( 6 ) reduces to 


G (x 7 t) = < 


-^yi(*).v 2 (G, x<t 

~-~yi(t)y2 (*>. *>t 


...O) 


Conversely it can be shown that the integral equation. 

y(x) = f G(x, t)QU)dt 

Jq 

where G{x, t) is as defined by (9), satisfies the differential equation L[y) + <}Hx} = 0 together with the prescribed 
boundary conditions. 

Example 86.5. Transform the differential equation y" *■ y - x, y (0) - 1, y' (i) - 0 to a Fredholm integral 
equation, finding the corresponding Green's function. {Madras M E., 2000 S) 


Solution. Given equation is Uy) + (fir) - 0 
with the conditions y(0) = 0 , y'( 1) = 0, where L (y) = y" and ) = y - * 

The associated equation Liy) = 0 is y"(y) = 0 
Its solution is y = CjX + C 2 

Now y,(x) is a particular solution of (ii) satisfying the condition y( 0 ) = 0 . 

Taking C 2 = 0 and Cj = 1 , we get y^x) = x 
y 2 (x) is another solution of Ui ) satisfying the condition y'(l) = 0 . 

From (Hi), y'{l) = Cj = 0. Then y(x) = C 2 
Taking C. 2 = 1 , a particular solution isy 2 (x) = 1 . 

(7 

The constant C is found fromy,(x)y 2 '(x) -y 2 (x^yj'(x) = 


...(() 

...Ui) 

...(fit) 

...(io) 


p(x) 


Since L(y) = py " + p'y' + qy~y " (given), p = 1 
Thus C = y ] (x)y 2 '(x) -y 2 (x)y,' (x) = x . 0 - 1.1 = - 1. 
Green's function is given by 

G(x, t ) = ' 


c 

-y\U)y 2 ix) 


, X < t { 

_ jx, x<t 

, " U x>t 

, X > t 1 


...(D) 


Hence the equation (i) is equivalent to the integral equation 

y(x) = f G(x, G ((KG dt = f G (x, t) ,{y -1 ) dt 

Jo Jo 


= £ G(x, t) y(t ) dt - 1 x. / dt + j* t. t dt j 


* The conditions thaty,(x) and y 2 (x) satisfy the equation 

Uy) = 0 are (p yff + qy, = 0 ...(i), (py 2 T + qy 2 = 0 --(») 

i(i) x y 2 - (ii) x y t l gives y£py{Y -y^py’ft' ~ 0 

lp<yiy 2 ' -y 2 yi'>r = o or y, y,' -y 2 y{ = CIp 


or 
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where G(x t t) is given by (t>K 


f G(j:, f) yU) dt - - 

X 

t 2 

f) 

X 

Jf) 


jL 

0 


= f 1 G(^,n^)(/(--(x 3 +2) 

Jo 6 


tl 

3 


t 


X 


Example 36.6. Find the Green’s function for the boundary value problem 

d 2 y!dx? + p 2 *- 0, y(0) = 0 =y(ll 


Solution. We observe that the solution y x = sin px satisfies the boundary condition v y(0) = 0 and the 
solution y 2 = sin p(x - t) satisfies the second condition yd) - 0. Also both these solutions are linearly 
independent. 

The constant C is found from y x y 2 ->' 2 >V = C/p (xL 
Since Liy) - py* + p'y* + qy= y* (given), /. p = 1 

C ~y t y^ -y$y\ = P sin P x cos p(x - 1) - p sin p(x - 1) cos px = p sin p 
Hence the Green's function is given by 


G(x, t) = 


yiMy 2 (t) 

C 

y l (t)y 2 (x) 

C 


x<t 

x>t 


sin px sin p (t - 1) 
p sin p 

sin pi sin p(x -1) 
p sin p 


PROBLEMS 36.2 


1. Transform the problem tPyldx 2 + xy = 1 ;yi 0) = 0 - y< 1 j to an integral equation, finding the corresponding Greeifs 
function. 

2. Transform the problem y* + y *x ;y (0) - l f y* (1) * 0 to an integral equation using Green's function. 

3. Construct an integral equation corresponding to the boundary value problem 

d 2 u 

—2 + e* u * x ; 11 (0) ^ 0, u (I) ^ X, 
ax 

4. Find the Green's function for the boundary value problem d^yfdx 2 —y - 0 with y(0) ~yf 1) = 0. 

d^u du 

5. Transform the boundary value problem x l —^ + x — + (wr — 1) a = 0 ; u (D> ^ u (11 - 0, to an integral equation. 

dx* dx 


[Hint. w t (x) - x, u 2 (x) - — -x and C = - 21 


36.5 


SOLUTION OF AN INTEGRAL EQUATION 


r b 

The solution of the integral equation y(x) - F(x) + X 1 Kix^t) y(i) dt is a function y(x) which when 

Ja 

substituted in the equation reduces it to an identity w.rJ . x. 


Example 36.7. Show that yix) = 2 ~ x is u solution of the integral equation 

J% x_, y (0 dt = e* +x~l. 


...li) 


Solution. Since 


yU) = 2-t 
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l- e " i- e * {l 


= 2e* 


= 2e r (- e' 1 + 1) +e*(xe z )-e x 


"C 


= -242e*+x + <*(e-*-l) = e I +x^l. 

Thus (e) is identically satisfied by y(x) = 2 - x. Hence y(x) = 2 - x is a solution of (0* 

Example 36.8. Show that the function yix) = (1 4 is a solution of the Volterra integral equation : 


y(x) = — l — - \l~Z£ y(t) dt - 

1 + X J 0 1 + XT 


...U) 


Solution. Substituting yOc) = (1 + jc 2 )' 3 ^ in the R.H.S. of (t), we have 

1 r t 1 

1 + X 2 Jol + X 2 (1 + 

1 f 1 


,2,1/2 


i + x* i + * z [(l + r) 

1 i 

+ ■ 


i + x 2 I4X 2 (1+X 2 ) ,/2 l-t-x 2 <l4x 2 )*' 2 
Thusy(x) = (1 4 x 2 )~ m is a solution of the integral equation (t). 


= y(x) 


- Ai) 


(Integrating by parts) 


Example 36.9. Show that the function y{x) - xe* is a solution of the integral equation 

yixi s sin x 4 2 f cos (x ~ t) y ft) dt . 

h 

Solution. Substituting y(x) « xe* in the R.H.S. of it}, we have 

sin x + 2 f cos (x -1). te l dt 

Jo 

= sin x 4 2 |cos x J t , e* cos t dt 4 sin x J te 1 sin t dt 

- sin x 4 2 cos x j - 1 t. e l (cos t 4 sin t)\ - — f e f (cos t 4 sin t) dt \ 

121 lo 2 Jo J 

4 2 sin x I--1 t . e* (sin t - cos t ) T - — f e* (sin f - cos t) dt\ 

U 1 b 2 Jo J 

= sin x 4 xe* (cos 2 x 4 cos x sin x 4 sin 2 x — sin x cos x) 

- cos x f e* (cos t 4 sin t) dt — sin x [ t (sin t — cos £) dt 

Jo Jo 

= sin x 4 xe* - cos x j e* sin t 4 sin x | cos t | 

= sin x 4 xe T - e* cos x sin x 4 e* sin x cos x - sin x - xe* 

Thusy(x) = xe* is a solution of the integral equation (t). 

1 INTEGRAL EQUATIONS OF THE CONVOLUTION TYPE ________ 

y(x) = Fix) 4 f X K(x-t)y(t)dt 
Jo 


is an integral equation of convolution type and can be written as 

ym=F(x) + K(x)*y(x) 

It is a special integral equation of importance in applications. 


[See p. 748) 
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Taking Laplace transform of both sides, assuming that L F {x) - fls) and (a:)! - £(s) both exist, and 
using convolution theorem 

y(s) = f{s) + k(s) . ,y($) or y(s) - - ^ 


\-k(s} 

Now taking the inverse transform of both sides, we get the required solution. 

Example 36.10. Solve the integral equation 

y (x) = 3x* + f y(t) sin (x - t) dt. 

Jo 

Solution. Given integral equation can be written as 

;y{x) = 3x 2 + yfie) * sin (x - 0 

Taking Laplace transform of both sides and using the convolution theorem (p. 748), we get 


- 6 s 

,V = -r + _V ■ —5- 

s 3 s 2 + 1 


or y = 


6 (s' 






= 3x 2 + xV4 


On inversion, we get y = 6 ^ — + — 

which is the require solution of (i), 

Ohs. The above solution can also be verified by direct substitution in the given integral equation. 


.»«) 


or 


Example 86* 1L Solve y(x) - x + 2 J cos (x -1) y(t) dt. 

Solution. The given equation can be written as 

y(x) = x + 2 cos [x) * y(x) 

Taking Laplace transform of both sides and using convolution theorem, we get 


1 s 

y(s) = + 2 —->(s) or y 

s 


s 2 +1 


1- 


2s 




S 2 + 1; 


s 2 + 1 2 1 


y 2,„ 112 „ + „2 „_i ’ ,*2 


2 2 
+ - 


ris-ir s s 2 s-1 (s- 1 ) 

On inversion, we obtain y = 2 + x - 2e* + 2xe* 

Hence y = x + 2 + 2(x - I) e* is the desired solution. 

Example 36*12. Solve the integral equation f y(t) y (x - t) dt ^4 sin 9x. 

jo 

Solution. The given integral equation can be written as 
y(x) * yfx) - 4 sin 9x 

Taking Laplace transform of both sides and using the convolution theorem, we get 

36 ~ . 6 


l y (s)l 2 = 

On inversion and noting that L 


s 2 + 81 
-i 1 


or y = ± 


yjs 2 +81 


\/<s 2 + a 2 ) 


= J 0 (ax), we get 


.M) 


_y = ± 6 L~ l 


= ± 6 Jp, (9x) 


,n/(s 2 + 9 2 ) 

Thusy - 6J 0 (9x) and y = - 6 J Q <9x) are both solutions of (i)* 
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36.7 


ABEL'S INTEGRAL EQUATION 


J rX yfl) 

—- dx - G(x> 

0(x-;)“ 

such that G(*) is given and a is a constant (0 < a < 1), is known as Abel’s integral equation. This is an important 
integral equation of the convolution type. An application of this equation is in finding the shape of a smooth wire 
lying in a vertical plane such that a bead placed anywhere on the wire slides to the lowest point in the same time. 
This is the well known tautoehrone problem and the shape of the wire is a cycloid. 


or 


f * v/w 

Example 3b. 13. Solve the Abel's integral equation I —f - — dt = 1 + 2x - x 3 . 

Jo J(x -1) 

Solution. The given equation can be written as 

y(x) * *- 1/2 = 1 + 2x - x 2 

Taking the Laplace transform of both sides and using convolution theorem, we get 
y .liter ,/2 ) = L( 1 + 2x-x 2 ) 


„T(l/2) 1 2 2 

y — rrTz — = — + —=•-~ or 


s u2 s s 2 s” 


1 f 1 „ 1 

y ~ ra/2)U 1/z ' V ' 2 


1 

On inversion, and noting that L~ l ——r = -- 

s Hrc + U 


f we have 


y= - 


1 *,-1^2 v l/2 JJ/2 

1 1 +2.— _2 


hi) r(fl ‘ r(|) r(f) 




-1/2 , j„l/2 8 3/2 


+ 4x ~-~X 
3 


Hence 


y = 


3n Jx 


(3 + 12.x — 8x 3 ) is the desired solution. 



36.8 


INTEGRO-DIFFERENTIAL EQUATIONS 


An i ntegral equation in which various derivatives of the unknown function ytx) are also present, is called 
an in tegro-differential equation. An example of such an equation is 

y'(x ) = y(x) - cos x + f sin (x-Ov it) dt 

Jo 

The solution of integro-difTerentiaJ equation subject to given initial conditions can also be found by 
Laplace transforms as illustrated below : 


Example 36-14, Solve + 3y + 2 f v dx = x, given y(0) = L 

dx J o 


Solution, Given equation can be written as y'{x) + 3y(x) + 2 f y dx =. 

Jo 

Taking Laplace transform of both sides, we get 

L\y'{x)\ + 3 L\y(x ■)] + 2 L j J' y <*) dx j- - Ux) 


or 


\s y is) - y (0)1 + 3 y (s) + 2 - y <s) = \ 


[Using § 21.6] 


sy + 3y + 2- y = l + 4- 


[v y(0) = l] 
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or 


y- 


l + s 2 


1+s 2 


2 5 

■ + ■ 


s(s 2 + 3s + 2) s(s + 1) (s + 2) 2s s + 1 2(s + 2) 

On inversion, we obtain y = ^ L~ 1 f-1 - 2 L~ l (— — 1 + - L 1 — — 1 

2 UJ U + lJ 2 U + 2J 

1 5 

Hence y - — 2eT* + — e* 2 * is the required solution, 

2 

Example 38,15. Solve “ = 3 f cob 2 (x - t) v(0 dt + 2 given y(0) = L 

ax Jo 

Solution. Given equation can be written as 

y%) = 3 cos 2x * yix) + 2 
Taking Laplace transform of both sides, we get 

W<*)] = 3L(cos2r). j(s) + - 

$ 

, m . 3sy (s) 2 - (s + 2)(s*+4) 

s y (s) - y(0) = _ y _— + - or y ~ 


s“ + 4 s 


s 2 (s 2 + 1) 


tv y (0) = 1| 


S S l s 4 + 1 s 4 + 1 

On inversion, we obtain y - 4 + &t - 3 cos x - 6 sin x 
which is the required solution. 

Qbs, The given integro-differential equation can be converted into the following integral equation by integrating it 
from 0 iox and using y(0) = i. 


yix) = 2x + 1 + 3 f ix -t)ca$2tx-t) vit) dt, 
Jf) 


PROBLEMS 36.3 


1. Show that y(x) = 1 ~ x is a solution of the integral equation f e* ‘ f ytt ) dt = x. 

Jo 

2. Show thatytx) = 1 is a solution of the Fredholm integral equation 

yix) + f xte* 1 -1) y U) dt ~ e* - x. 

Jo 

3* Show that yfcsr) = —~ is a solution of the integral equation f - —- dt = l. 

k JhTT) 

4. Show that yix) *= e 1 (2r - 2/3) is a solution of the Fredholm integral equa tion 

>(*)+ jV-*y(f)d t=2xe. 

Solve each of the following integral equations : 

5. y(r)=x;+ - f ix -ti* y{t \ dt. 6. y(x) = x 2 + f vCf) sin (x — f> dt. 

6 Jo Jo 

% f yit)y{x-t)dt = 2y{x\ + x~2. ft. f y(f)yfx -t)dt = 9 sin 4x. 

Jo Jo 

i r* 

9* Find a solution of the integral equation yix) = - sin 2x + J yit) yix-t)di 
Solve the following integral equations : 

UK ^ -f Ay + 5 f y(t) dt = e'*, y (0) - 0. il* ~ + 2y + f yit) dt ^ sin ,t f y (0) - 1* 

dx Jo ‘ dx Jo 


t Mumbai, 2006) 
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12. y'(x) = x + £ y(x - I) cob t dt, y(O) = 1. 

14. p JZ--L dt = -Jx- 

Jn Ji - () 


13. >'<*)= f *f) caf><*-i)tft.y(0)= 1. 

Jo 

IS. r —^vmdi ~*0e + U. 

Jo (x— t) va 


INTEGRAL EQUATIONS WITH SEPARABLE KERNELS 


A kernel K(x t t) of Fredholm integral equation is said to be separable (or degenerate) if it can be expressed 
as the sum of a finite number of terms, each of which is the product of a function of x alone and a function oft 


alone fe, if it is of the form K(x t t)= ^ f n ( x ) g n (0 


n m 1 


Also since cos (x + t) == cos x cos t - sin x sin t\ cos (x + /) is a separable kernel. 


36.10 


SOLUTION OF FREDHOLM EQUATIONS WITH SEPARABLE KERNELS 


Consider the integral equation 

y(x) = \ f K{x, t ). y(t) dt + /^xl 
Jo 

where K(x, t) = f y (x).£,(*) + f 2 (x). g 2 (t) + ... + f m (x). 

Substituting (2) in (1), we get 


...( 1 ) 

...( 2 ) 


,v(x) = 


m 


n - I 


y(f) dt + F(x) 


=x 2 f « {x) 1j>*** + / ^ ) 


...{3) 


C h 

Evidently g n (t)y(t) dt - C n (say), is a constant and will be different for different values of n. Then (3) 
Jq 

takes the form 


m 

,y(:r) = *X C » fn M + F(x) 


...(4) 


n = I 


This is a solution of (1) in which m constants C v Cp C m are to be determined. 
Now multiplying both sides of (4) by g k (x) and integrating from a to b t we obtain 

£ >’(x)g*(x)dx =X J £C„ f a (x) gf,W dx + £ F(.x)g k (x)dx 


n = l 


g k (x ) f n (x) dx = a kn and £*(*) F(jc) dx = P A1 the above equation becomes 

a ■ a 

m 

c * = x Z c '- a *- +p * 


n-l 


= + C 2 a h2 + - + C m a kJ + P* 

Taking & = 1, 2, m, we get the following m equations which determine C v C 2 ,... C m : 

(1 — Xct] 1 ) C| - Xt*i £ C 2 — *** — X a lm C m = p| 

- Xa 2i Ci + (1 - Xo^gl C 2 — - X a 2m C m — P 2 


».(5) 


^ml^l ^m2 ^2 a- + (1 Xct m/?I ) — P m 

Equations (5) will give a unique solution if the determinant A of the coefficients of C V C% ... C m is not zero. 
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Now the following cases arise : 

/. F(x) = 0 t (1) is said to be a homogeneous integral equation and all p’s are zero, 

( i ) If A / 0 , the only solution of (4) is the trivial solution C x - C 2 = ... = C m = G. Then y(x ) = 0 is the trivial 
solution of (1). 

(it) If & - 0, at least one of the C's can be assigned any v alue and the remaining C's can be found accord¬ 
ingly, Then (4) gives infinitely many solutions. The values of X for which A = 0 are known as theei^e« values . Any 
non-trivial solution of the homogeneous integral equation for a certain value of X is called the corresponding 
eigen function . The solutions corresponding to eigen values of X can be expressed as arbitrary multiples of eigen 
functions. 

II. When fTx) * 0. Let us assume that g m (x) ilx = 0 so that p,,, = 0 

Jfl 

(i) If A *Q t the only solution of (i) is the trivial solution C t = C 2 = ... = C m = 0. 

Theny = F(x ) is the desired solution of (1). 

(ii) If A = 0, atleast one of the C's can be given any value and the remaining C’s can be found. 

Then (4) gives infinitely many solutions. 

IIL When atleast one of the p’s * 0 

(£) If A? Q t then equations (5) give a unique solution of the constants C. 

Hence there is o unique solution of (1). 

(ii) If A = 0 , then equations (5) will be inconsistent, 

■\ Either there is no solution or infinitely many solutions of U) exist. 


Example 36.16* Find the eigen rnlues and eigen functions of the following homogeneous integral equa¬ 
tions with degenerate kernels: 

(£)y(x)-X f (Bxt - 4x~)yft) dt (u)y(r)= — f e x ** yftfdt. 

Jo e - 1 *0 

Solution* (£) Given equation may be written as 

y(x) ~ x\ l 2x £ ty(t) dt - 4x 2 £ y(t)dt j 

or y(x) = (2Xx) C { - (4Xx 2 ) C 2 *..(£) 

where C t - £ ty(t) dt, C 2 = £ y(0 dt 
Substituting y(x) in C v C 2 we get 

Cj= fj(2X/) C t “ (4Ji 2 ) C 2 } dt 

C 2 - [ 1 {(m)C l -(4U 2 )C 2 )dt 
Jo 


or 

c t 

jl-2* 

£ t 2 dt | + C 2 ■[ 4a £ C dt j- =0 



l-”i 

’fdfj + c 2 |l + 4X J\ 2 dfj =0 

or 

c i( 

■-?) 

+ IC 2 = 0 ; - ACj + C 2 (1 + 4W3) = 0 


a The determinant of eigen values will be 


= 0 or (X + 3r = 0 


1-2X/3 X 
-X 1+4X/3 
*\ The eigen values are X, - - 3, X 2 - - 3 
For Xj = Xg = — 3, the equations (ii) reduce to 

3Cj - 3C 2 = 0 ; 3C, - 3C 2 = 0 i.e., Cj = C 2 
*\ From (i) y(xj = - - 2x 2 ) ~x- 2x 2 if C l -- 1/6 
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Hence the eigen function corresponding to X } “ X 2 = - 3 ? is 

y(x) - x - 2x 2 

(it) Given integral equation may he written as 


yM = -f~ f'eV MO * = C, 
e 2 - 1 e 2 - 1 


where C = f e' yO) 

Jo 


rff 


Substituting the value ofy(f) from (i) in C, we get 


or 


c- jvf." j*- rv* 

Jo ^ e 2 - l j e 2 -1 ^ 
e 2 - 1 Jo 


= 0 Le. C = 0 


Hence from (i ) t y(x) = 0 

which shows that the given integral equation has only trivial solution* 

Thus it does not contain any eigen values or eigen functions- 

Example 36 J 7- Solve the integral equation 

A* 

yf;c) = cos x + X sin (x - t) y(t) dt. 

10 

Solution, Writing the given equation in the following form : 

y{x) = cos x + X |sin x J* cos / yit) dt - cos x J sin t y {/) dt | 
or y(x) = cos x + (X sin x ) C x - (X cos x) C 2 

Ais 

where C x ~ cos t yit) dt , C 2 = sin t - yU)dt 
Substituting yix) in C i and CV>, we get 

Cj = J cos t Icos t + (X sin f) C x - (X cos J) C 2 ) dt 

C 2 = J sin t (cos t + (X sin t) C x - (X cos /) C 2 ) dt 

} +c °K' 


c\ i 


or 


f 

Jo 


cos t sin t dt 


cos 2 t dt 


H 


cos^ t dt 


C, j- X J .sin 2 t dt J + C 2 11 + X £ sin t cos t dt j = £ sin t cos t dt 


By evaluating each of the integrals in 07), we get 

C.+ - C 2 Xji = - n ; - - C. Xit + C 2 = 0 
1 2 2 2 

The determinant of the equations 077) is given by 


1 




*2** 1 


= 1 + - X 2 Jt 2 * 0 
4 


Thus the equations (07) have a unique solution 

2n 


C, = 


3_ 4 + XV 


iC-i — 


Xji 2 


4 + X 2 tc 2 


...(£) 


...{() 


...(it) 


...07i) 
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Substituting these values of C t and C 2 in (i), we obtain the required solution 


or 


y(jr) = cos x + 


y(x)^ 


4 + X 2 k 2 


(2n sin x - Xn 2 cos x) 


4 + X 2 ^ 2 


(2 cos x + nX sin x)> 


PROBLEMS 36.4 


Determine the cijp»n values and functions for the following homogeneous integral equations with degoneruu* 

kernels : 


1. yix)-X [' «*-» l,yit)dl, 

Jo 

3, y(x) - X sw d x y{l)dt* 

Jo 

5, y(x} = X f sin xcmt .y (f )dL 

Jo 

Solve the following integral equation.® 

7. ylx)=x + X f U-f)>(f)d/ 

Jo 

9- yW = x + X f (1 + sin or Hin 0 y(t) dt . 

Jo 

J ^/2 

sin x cos f >Kf > df 

0 


2* y(x) - X J (5x + 4x 2 t * 3xt) yit} dt * 

l. >(x) - X f Bin x sin tyU) dt = 0. (Moc/m&Af.R, 2000 5) 

Je 

6, v(x) = X f sin (x + f) . vOJ d/- (Madras 2000) 

Jo 

r i 

a >(*) = * +X (1+ «-+*) JW*. 

Jo 

r*'« 2 

10. v(x) = (2x - n) + 4 shT x yit) dt, 

Jo 

12* y(x) - x + X f U «is t + t 2 sin x + cos x sin t) yit) *tt 

J~ it 


13, 


J *I 

xt - y(0 dt in the form y(x) = I + — — (X* 3K 
o 2(3 - X) 


What happens when X -8 ? 
14, For the integral equation 


ytx) = F\x) -f X f (I - 3xf) y(t > dt, 
Jo 


find the eigen values of X and the corresponding eigen functions, 

15- Obtain the most, general solution of the equation 

fin 

y{x) = F(x) + X sin (x + t} yit) dt 

Jo 

where (i) Fix) = x (if) f\x) - l t under the assumption that X # ± 1/n. 


36.11 


SOLUTION OF FREDHOLM INTEGRAL EQUATION BY THE METHOD OF SUCCESSIVE 
APPROXIMATIONS 


fb 

Consider the Fredholm equation y(x) - Fix) + X Fix, t) yit) dt 

Jti 


Ul) 


where F(x ) is continuous in a < x < h and K(x, t) is Finite and continuous in the rectangle a <x<b and a <t <b. 
Replacing y under the integral sign by an initial approximation y{0), we get the first approximation 

y' l) (x) = FXx) + X f/C(x, t)y m (t) dt ...(2) 

Replacing _y under the integral sign in (1) by y (1 \ we get the next approximation 

y 2) (x) = F(x) + X f' K(x, t) y m (t) dt 

J n 


-.-(3) 
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Proceeding in this manner, we get the general formula for successive approximations as 

rb 


■M) 


y {n) <x) = Ft?) + X f K(x , t) y n - l) ( t) dt 

Jfl 

We now, obtain the condition for the eonvergency of the sequence y inl (x). 

Replacing x by f and t by a dummy variable t v (2) becomes 

y« w)= Fit > + x f ,J ku, <, j y°» (/,) a, 

Jo 

Then (3) takes the form 

yWix) = Fix) + X £ Kix, t) < FU) + X ) y o> (/,) dt x | dt 

= Fix) + X f* Kix, t) Fit) dt + X 2 f Kix, t). f Kit, (, )>» (t.) dt, dt ...(5) 

Jtt Ja Jit 

Writing K* 4>{x) = I K(x, t) ) dt, the equations (1), (2) and (5) become 

y(x) = Fix) + XK* yix) 
y m ix) = Fix)+XK*y {0) <x) 

y 2) (x> = Fix) + xk* Fix) + x 2 k* 2 y 0j (x) 

Similarly y«> (x) = Fix) + XK* Fix) + X 2 K* 2 F(x) + X 3 /T 3 y°> x 

In general y> n) (x) = Fix) + XK* Fix) + X 2 /T 2 F(x) + X 3 K* 3 Fix) + ... + X" K*" y 0) (x) 

As n —>«, we get 

.y(x) = Lt y n (x) = F(x) + Lt 1XK* Fix) + X 2 K‘ l Fix) + ... «*| ...(6) 

Now Fix) and K(x, /) being continuous for all values ofx and t in (a, ft), Fix) < M and | K (x, t) | < m where 
M, m are their respective maximum values in (a, ft). 

|K* F(x)| = f 6 K(x,t) Fix)dt 
I Ju 

rb 


< mM 


i 

Ja 


dt 


< mM (ft - a) 


Similarly 

Then 


K* r Fix)<m r M. ib-aY 
| X r K‘ r Fix) | < | X' | • m r Mib - a Y 
<M (|X| m (ft — o)I r 


i.e., for 


In (6), JV fT F(x)<Af£[|X|m(6-a)r 

1 I 

Now the series on R,H.S. being a geometric series, converges for \X\ m (6 -a) < 1. 

oo 

Thus by comparison test, v Fix) also converges for \X\ mib - a) < 1 

i 

1 


\X\ c 


.*.(7) 


rn ib - a) 

Hence the given integral equation (1) will have a continuous solution when the condition 17> is satisfied. 

Obs. I. To evaluate the successive terms in the series 16) conveniently, we choose y^fe) = Fix). 

Obs. 2. Volterra integral equations can also be solved by following exactly similar procedure as above (See 
Example 36.19). 

Example 36.18* Solve, by using the method of successive approximations, the integral equation 

yix) = 1 + X J xt yit) dt ,..(t) 
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or 


Solution. Taking the initial approximation y m (x ) = 1 and substituting it in the RJLS* of (t), we get 


2 


y n (x)al+X f jr/ 1 cf/ = 1 + Ax 

Jo 

Substituting y m (x) in the R.H.S. of (i), we have 

y 2) u) = i + x £ xt j i + x ^ j at = i+xx £‘ j / 


X/ 2 , , 

+- dt 

2 


= 1 + Xx 


e x t 


„ „ Xx X 2 JC 

— + — — =1 + — + — 
2 6 


2 2 3 

Substituting y 2) (x) in the B.H.S. of (i), we get 

kt k 2 t) 


y 3, (x) = i + x 


r 1 /, ^ xV 
h { 2 6 


dt = 1 + Xx 


t 2 ( 

- + 

2 


X X 
2 + 6 


2^1 ,3 


Xx X 2 x X 3 x 


Xx 


= 1 +-+ --+- ~ 1 H- 

2 6 18 2 


' X X 2 
1 + — + —=■ + 
3 3 2 


Hence the solution of (t) is 


yix) = 1 + 


Xx 


1 + 






As the number of terms tends to infinity, the exact solution is 

T \ fx \ 2 ' 

+ ■ ► OO 


>(x) = 1+ y 


= 1 + 


y(x) = 1 + 


Xx 


1 + 
1 


2 l-X/3 
3Xx 


HiH8 

ISumming up the G.P, which Converges for A/3 < II 


only if A < 3* 


2(3- A) 

Example 36.19, Using the method of successive approximation s* solve the Volterra integral equation 

y($&= 7+x+ [*(x-t)0)dt. 

Jo 

Solution. Taking the initial approximation y im (x) - 1 + x and substituting it in the R.H,S. of (i) p we get 

y( t) = l+x+ f (x — /) (1 + /) dt 
Jo 

, ( ^ 

= 1 + x + x x + — 

L 2 . 

Substituting lx) in the RH.S. of (i), we obtain 


( Jt 


x* * 3 


M) 


r ( t 2 / 3 "1 
(x)= 1 +x + J o (x-f)^l + ( + - + - 


--+- = 1 + X + -+ — 


dt 


Jl 


xxx 

«1+X + * |* + y + y + — 
, X 2 X 3 X* X 5 

= I + x + — + — + — + —— 
2 6 24 120 


4 \ / 


/ V 


,5 \ 


X X X X 

—— H-+ —- Hh 

2 3 8 30 


Proceeding in this manner, we get 


r —4 5 n 

y*> (x) = i + — + — + — + — + — 

1! 2! 3! 4! 5! «! 
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As n —»oo, the exact solution of (t) is 


( y v 2 r 3 r n ^ 

y(x) = Lt 1 + —+ — + — + —+ — 
*->-( 11 2! 3! n ! 


2 3 

. XXX 
= 1 + — + — + — + ... 

1 2! 3! 


= e*. 


PROBLEMS 36.5 


Apply the method of, sue cesstve approximations* to solve the following Fredholm integral equations . 11 to 31 

i, yi r)sl-X f xty(t)dt, 1 vix) = sin * + X f ctmU + di 

JO Jo 

3. ytjr) sl+X f (1 — 3x*) y(t) di, 

Jo 

Using the ilenitive method, solve the following Vol terra integral equations : (4 to GV 

4. y(x)s=l+ f y(t)dt. {MadrasMM>, 20008} 5, y(x) = l+x~ f y(t)dL 

Jo Jo 

6. >(*) ^ x + f U - x) y(t) di, 

Jo 

7. yix) = 2(1 + jc a ) - f 1 jo' (0, dt. 

Jo 

8. Choosing the initial approximation y® 1 (jr) = 0, for the solution of the integral equation 

J n ,2 -2 s 

Ht ~x}yit) dt + —, show thaty 1 *^) =-- 

0 2 2 40 

8. Starting with the initial approximation y°*fje) - 1, for the solution of the integral equation 

y(x) = 1 + f'(jc + t)y(t)dt, 

Jo 






. ... , 3x 2 7x* 77x 9 

ahow that y' 3 l (x> = 1 + — * — + - 5 — 


(Madras At. E„ 2000) 
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I. SET THEORY 


37.1 


(1) The concept and the language of sets play a very important role in expressing mathematical ideas 
concisely and precisely. It was Cantor* who first introduced and developed the notion of sets in mathematical 
investigations. It is, therefore, essential for a student of engineering to grasp the basic ideas of Set Theory , 

Def. A collection of objects defined by some property, is called a set. The objects belonging to a set are called 

its elements or members. 

Examples of a set are (i) the set of positive integers less than 25, («) set of pages in a book, and (m) set of women 
students in a college, 

A set is denoted by a single capital letter eg. A, B t S, X, Y and the elements of a set are generally 
denoted by small letters a, h t c, x, y , z . 

When e is an element of a set S, we write e e S and read as *e belongs to S\ When e is not an element of S, 
we write e e S. 

If S be a set of odd integers, 3, 7, II e S but 4, 6 € S. 

(2) Representation of a set 

(i) Tabular form of a set. In this, the elements are enclosed in curly brackets after separating them by 
commas, e.g the set of positive even integers less than 9 is written as S = (2, 4, 6, 8] and the set of 
prime numbers between 4 and 14 is T = {5, 7,11, 13). 

(ii) Symbolic form of a set , In this 5 the set is written as where x is a typical element of the set and 

PU) is the property satisfied by this element. In symbolic form, the above two sets are 
S = \x/x = a positive even number < 91 
T - [xlx - a prime number between 4 and 14}. 

*The great German mathematician George Cantor (1845-1918), the creator of *Set theory. 
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(3) Empty set or null set. A set which has no elements is called an empty set or the null set and is 
denoted by the symbol 

(4) Finite and infinite sets. A set is said to be finite if it has a finite number of elements. Otherwise a set 
is said to be infinite. 

The number of distinct elements in a finite set A is called its cardinality and is denoted by \A\, 

For instance , the set of days in a year is finite, the set of points in a line is an infinite set, 

(6) Subset. If every element of a set A is also an element of set B f then A is called a subset of B and this 
relationship is denoted by A c: B or B =j A ; which is read as 'A is contained in B\ 

Another definition ; If A and B are two sets such that 

x e A x € B, 

then A is called a subset of B, 

The notation stands for the word 'implies*. 

For instance r the set V of vowels is a subset of the set A of the English alphabet and we write V cA. 

(6) Power set. For a set A, collection of alt subsets of A is called the power set of A and is denoted 6y P(A), 
If A = [1, 2, 3] then P{A) consists of 2 3 ie, 8 elements <J>, [1], [2], [3], (1, 2], [2, 31, [3, 1] and [l t 2, 3], 

In general, if A has n elements, then P(A) has 2 n elements, 

(7) Equality of sets. Two sets A and B are said to be equal if the elements of both are the same Le< , if each 
element of A is also an element of B and vice versa , and we write A = B. 

In other words, if A and B are two sets such that 

AcB and BcAoA = 5. 

Here o stands for 'implies and is implied by* or 'if and only if \ 

For instance, 12, 3, 51 = {3,2, 5 r 31 = (2,5,3, 2}, since the change in the order of elements or the repetition of an element 
is immaterial and all these contain the same elements 2, 3, 5. 

(8) Proper and improper subsets. When the set B contains all the elements of A and some others t A is 
said, to be a proper subset of B and is denoted by A e B, 

i,e, t if A c B and A * B then Acfi. 

If A a B and every element of B is also an element of A i.e. ,BcA ( then A is said to be an improper subset 
ofB Le.,A = B , 

For instance^ the set of positive odd integers and the set of positive even integers are both proper subsets of the set 
of natural numbers, 

(9) Universal set is that which has all the sets under investigation as its subsets , It is generally denoted 

by *U\ 

For instance the set of all letters of English alphabet is a universal set of the sets of the form (a, i, e, (6, x f u, m) etc. 



Example 37,1. If A, B, C are sets such that Aq B and B q C, then show that AcC. 

mm 


Solution. Let x be any element of A, 

Since Ac5 all the elements of A belong to B, 


so 

X € A X E B 

.M) 


Again asBcC i.e., all elements of B belong to C, 


so 

x e B => x € C 

..XU) 


A It follows from (i) and (it) that x e A => x € C 



A c; C . 



Example 37.2, Which of the following sets are equal ? 

$ 


Sj = fl, Z Z 3/ 3 S 2 = fx ; j r~2x + 1=0} 


S 3 = (3, 2 . 1} andS 4 = fix 2 + f 7x* 6 =* Of 



Solution. Here S x - \1> 2, 2, 3) = il T 2, 3| 

s 2 = \x : (x - l) 2 = 0) = !1), s 3 = (1, 2, 3} 

= {x : (x - 1) ix - 2) Or - 3) = 0} = {1, 2, 31 
From these we find that S,, S 3 , S 4 are equal. 
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37.2 


SET OPERATIONS 


(1) Union of two sets A and B is the set of all elements which belong to A or to B or to both . ft is denoted by 
Au B read as f A union B f and is represented by the shaded portion in Fig. 37.1. 

Symbolically A U B = € A or* e S|. 



F%. 37,1 



fig. 37.2 


(2) Intersection of two sets A and B is the set of elements which are common to both A and B. It is denoted 
by A n B read as A intersection B* and is represented by the shaded portion in Fig, 37.2. 

Symbolically A n B - |xtx € A and x e B) 

Such diagrams as Figs , 37A and 37.2 which exhibit the various relations between the sets are known as 

Venn diagrams. 

(3) Disjoint sets. If the sets A and B have no common dements, they are called disjoint sets. Their 
intersection is an empty set. 

For instance t if A be a set of boys in a college and B the set of girls in the same college, then A and B are disjoint sets 
£.i\ A B - 4>. 

(4) Complement of a set. If B a A, the set of elements of A which are not in B is called the complement 
of B in A and is denoted by B r in A. It is also known as the difference A - B of sets A and B . Thus 

B* in A ^ \xlx <e A and x e B\ 

which is shown shaded in Fig. 37.3 (i). 

If U be a universal set . then the set 4 U - A r is called the complement of A and is denoted by A*\ which is 
shown shaded in Fig. 37,3 («). 

For instance , if U = U. 2, 3, 4, 5, ... ) and A = <1, 3, 5, 7,then A ( = (2, 4, 6, 8 .4. 



(5) Cartesian product of two sets A and B denoted by Ax B is defined to be set of all ordered pairs (a t h) t 
where a e A and b e B Le., 

Axfl = f(<z, 6) : a g A and 6 e £} 

For instance if A *= ll t 21, B = [1, 2, 3], then A x B = ftl, IX U* 2), (1,3), (2.1), {2, 2), (2, 3) \ t B*A = ((1, 1), (I, 2), (2,1), 
(2, 2), 13, IX (3, 2)) A x B * B * A. 


Example B7JL If A = f2, B t 6 , 71, B = f0 4 2, 5 p 7, Sh C * (1, 2 , 3 f 5, 61 show that 

A \j (B u C) = (A v B) n (A \J Cl 

Solution. Here B n C = {2, 51 

Au(BhC)= 12, 5, 6,7J .„(£) 

Aw£ = {0,2,5, 6, 7, 8|, 

AkjC = II, 2, 3, 5, 6 t 7| 

(A u B) n (A w C) = (2, 5, 6, 7| „.(«) 


Again 
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Hence from (0 and {ii) t we get 

Au(finC) = (AuJ3)n(Au O* 


Example 37*4* With the help of Venn diagram, show that 

A n(B \j C) - (A n B ) v(A r> Cl 



fig. 37-4 



Solution* First we draw vertical lines in the whole areas of B and C so as to represent B uC. 
[Fig. 37*4 (t)h 

Now draw horizontal lines in the whole area A, Thus the double hatched area in [Fig* 37*4 (it)] represents 
area common to A and B^jC Le*> A n (B u C). 

Again we draw horizontal lines in the area common to A and B so as to represent A n B [Fig* 37*4 (iii)]. 
Now draw vertical lines in the area common to A and C t so as to represent A n C. Then the whole hatched 
area in [Fig, 37*4 (io)] represents (A nB) w tA n C), 

Hence we observe that the double hatched area in Fig. 37*4 (it) is equal to the total hatched area in 
Fig. 37*4 (iv )* 


Example 37,5- Prove that fi ) A - (B n C) = (A - B) u (A - Cl 

(if) A x (B n C) = (A x B) n (A x C), 

Solution* Ct) Let x be an arbitrary element of the set A - {B n C), then 


(Tiruputi, 2001) 


x e A — (B n C) x e A and x £ (B n C) 

=> x e A and (xgB or igC) 

(ieA and xgB) or (x e A and x £ C) 
x e (A - B) or x e (A — C) 
jce(A“fl)ulA -Cl 
A-(B nC)^(A-B)Kj{A-C) 

Again if x be an arbitrary element of the set 04 - B) \j (A - C), then 
x€(A-B)u(A-C) x€i(A-B) or xe(A-C) 

(x e A and x e B) or (x e A and x £ C) 
x € A and (x g B or x e O 
xeA and BnC 
x <= A - (B n C) 

CA -B) w (A - C) c A - (B n C) 

From (i) and (if), we get A — (BnC)=(A-B)uW - O* 

(ii) (x t y) e A x (B nC) 

=> x e A and y € (B n C) 

=> (x e A andy £ B) and (x e A andy e C) 
=> (x T y) € (A x B) and (x t y) e (A x C) 

=> tx,y) e (A x B) n (A x C) 

Hence Ax(BnC) = (AxB)n (A x C), 


1\* x g (A - B) x e A and x g B] 


,„(0 


***(n) 
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37.3 


LAWS OF SET THEORY 


1. Commutative Law 

Akj H = B kj A t AnB = BnA. 

2. Associative Law 

A u (B u C) = (A uB)uC 
A n (B oC) = (AnB)n C 

3. Distributive La tv 

A n (B u C) = (A n B) u (A n C) 
i4u(BnC)s (A u B) n (A u C) 

4. Comp/em^ttf Law 

AuA f =t/;AnA r = f 

5. /cfettfity Lao; 

Aw<J>=A = <|iuA 

Anl7=A = I/oA. 

6. A&sorpfforr Law 

Au LA r\B) = A ;A niA n B) = A 

7. De A/or^an's Law 

(A u BF = A*' n ff;(An BF = A c u B‘ 

8. Involution Law 


C A C Y = A, 


37.4 


PRINCIPLE OF INCLUSION 


(1) //"A one/ £ 6e se/.s iw'f/i cardina/ifies | A | and | B |, then 
\ A \jB | = |A| + |B|--|AuB | 

Proof. The number of common elements in A and B is | A r\ B | . Each of these elements is counted twice 
in | A | + | B |, once in | A | and once in | B |. This should be adjusted by subtracting the term | A n B | from 
|A| + |S|. 

Hence |A u B | = |A | + |B | - |A r> B |. 


Ob«. Using the distributive law, we can extend the above result for three sets A, B,C so that 

|AuBuCj = |A| + |B| + |C)-|AnB|-|flnC|-|Cr,A| + |Ar>BnC’| 

IV.T.U.. 2002) 


For | AkjBuC \ = | (A^B)u C | 

= ] A u B | + |C|-| (AuBloC | 

= | A | + | B | - | AnB | + | C || (AnOu(BnO | 

«|A| + |B| + |C|-|Art£t|-||AnCl-t|BnC|-|Ar>BnC|I 


whence follows the result. 


(2) Duality. If S be any identity involving sets and operations (e.g, complement, intersection n and union 
w etc.) and a new set S* is obtained by replacing r\ by u, u by r\ by U and U by <{> in S, then the statement S'* 
is true and is called the dual of the statement S. 

For iiisfanre, the dual of A n (B kj A) = A is A \a iB r\ A) = A. 

Example 37.6. In a survey conducted on 250persons, it was found that 180 drink tea and 70 drink coffee 
and 50 take both tea and coffee. How many drink atleast one bevnrage and how many drink neither ? 

Solution. Let A be the set of tea drinkers and B the set of coffee drinkers. Then 
| A kjB j = | A | + | B | - | A n B | = 180 + 70 - 50 = 200 
Hence 200 persons drink at least one beverage and 250 - 200 = 50 persons drink neither tea nor coffee. 
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Example 87-7- Hew many rni^gen? between I and 488 are divisible by 3 but not by 5. 


Solution. Number of integers between 1 and 468 which are divisible by 3 


Number of integers between 1 and 468 which are divisible by 3 and 5 = 


-[■ 

468 

3x5 


468 


= 156 


= 31 


Hence the number of integers between 1 and 468 divisible by 3 but not by 5 = 156-31 = 125. 

Example 37.8. How many integers are between 1 and 200 which are divisible by any one of the integers 
2, 3 and 5 ? 

Solution. Let A Jt A 2 , A 3 denote the set of integers between 1 and 200 which are divisible by 2, 3, 5 
respectively. 

' 2001 =66,M 3 J = [M =40 


IA,I = [ 2 ° n ] = 100, IAJ = 


[Aj n A 2 \ = 


-^-1 = 33, [A 
2x3j 


2x3 
[A 2 n A 3 J = 


i ^A a I = 


200 


= 20 


200 


3x5 


2x5 

= 13, [Aj nA 2 n A 3 ] = 


200 


2x3x5 


= 6 


Hence IA 1 wA 2 wA 3 ] = | A, | + j A 2 | + J A 3 | - J A x n A 2 | 

- I A 2 oA 3 | - | A 3 nAj | + [Aj^Agn A-j] 

= 100 + 66 + 40 - 33 - 13 - 20 + 6 = 146. 


PROBLEMS 37.1 


1* Show that the following sets are equal : 

A = |2 ( lb B m II, 2 t !, % 1, 2|, C * tr : 3x + 2 = 01 

2. Which of the following statements are true ? Give reason to support your answer, 

U) tof c {a. b , c) («) a c: ( a t 6, cl {iii) a £ |a t 6, e) 

(in) la, b| c: (a, b t cl (w) (a. 6) € (a, b t c] (ui) 4 c la. b* e|, 

3. Prove that 

(i) B-A is a subset of A € . («) B - A* = B n A (Andhra, 2Q04) 

Uu ) (AcB.BcC.Cc^l => A ~ C, 
i If A = la, fe, c, d, el, B - la, c, e,g) and C = lb f e, f t g) r prove that 

(i)WvB)nC = UoOu(BAO (a) (A nB)\j(A n'£)=Ar\($v'@)L 

5, HA=AkjB then prove that B = A n B, 

6. Prove that A ufT= S»AcB, 

7- With the help of tlie Venn-diagram, prove that 

(i) (AuBf = A c r\B c and {Ar\Br^A c v JF, (AndAra, 2004 J 

(ti) A u (B n C) = (A u B> a (A u O. 200/ 5> 

8. If B c A, prove that 

(i) BuCcAuC CuJBaCcAa C. 

9. it ) If A u B - A n B, show' that A = B, 

(u) If A uB = A uC and A r\B = Ar\C y show that B = C. 

10. (i) Prove that (i) A-B=A-AnB, (V.T.f/., 200 J ; Afatfrcs, 2000) 

(ii) A-(BuC)*(A-fl)AtA-C). 

11. Show that for any two sets A and B 

ff) A - B = A n B (i/JAgBo^ <A C 

(m)AwB ^Wnl)u(BnA)uW^B). 

12. If A, B. C be sets such that A cr B. B nC = show that A n C = 

13. Show that AwlfluCy ^(AuFInlAu 
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14. Prove that A x (B m C) =* CA * B)\j {A * C). (Andhm, 2001) 

15. US iB any set and Fite) is its power set and A and B belong to Pfs) T prove that B n tA - B) '■» 4>. 

16. If A and B are finite sets then prove that A u B and AnB are finite sets and 

niA L/ B) = niA) + n(JJ)witA ri/f), (Andhra, 2004 ) 

17. In survey conducted on 200 [people, it was found that 140 are smokers while 60 are alcoholic and 40 are both 
smokers and alcoholics. Find how many are neither smokers not alcoholics. 

18. How many integers between 1 and 769 are divisible by 5 but not by 7. 

18* How- many integers are between 1 and 250 while are divisible by any of the integers 3, 6, and 7* 

20. Out of a data? of 153 students, 64 have taken History, 63 have taken Geography, 62 have taken Economics, and 43 
have taken Geography and History. 45 have taken History and Economics, 46 have taken Geography and 
Economics and 37 have taken sill the three subjects. How many of the students have not taken any of these three 
subjects ? Use a Venn diagram. 


II. ALGEBRA OF LOGIC 


37.5 


INTRODUCTION 


(1) Logic is concerned with all types of reasoning such as valid statements, mathematical proofs, valid 
conclusions etc. Logical reasoning is used to prove theorems, to verify the correctness of computer programs and 
to draw conclusions from experiments. Later on, we shall observe that the algebra of sets and logic is analogous 
to the algebra of switching circuits which is similar to ‘Boolean Algebra’. 

(2) Propositions and Statements, A proposition is a declarative sentence which is either true (1) or 
false CO). Some authors use T and F respectively for 1 and 0. The truth or falsity of a proposition is defined as its 
truth value. 

All the declarative sentences to which it is possible to assign one and only one of the two possible truth 
values are called statements. 

Example 37.9, Which of the following are statements: (a) Agra is in India (ft) 3 + 4 = 5 (c) Where do you 
live ? (d) Do you speak Hindi f 

Solution, (a) and (b) are statements that happen (a) is true and ( b ) is false. 

C c) and (d) are questions so they are not statements. 

(3) Compound statements. The statement which is composed of sub-statements and logical connectives 
is called a compound statement 

eg. t 'It is raining and it is cold' is a compound statement as it is comprised of two sub-statements "It is raining' and "it 
is cold 1 . 

(4) Truth table* The truth value of a compound statement is completely determined by the truth value of 
its substatements, A convenient way to represent a compound statement is by means of the truth table wherein 
the values of a compound statement are specified for all possible choices of the values of the sub statements. 

We shall use the numbers 0 and 1 to denote the false and true statements. Also we use letters p f q, r, ... to 
represent a proposition or logical variable. 


37.6 


LOGICAL OPERATORS 


(1) Coxy unction. Ifp and q are two statements then their conjunction p and q written as p a q, is defined 
by the truth table 1 . 

Table 1 Table 2 

P q pvq 

1 i 1 

10 1 
Oil 
0 0 0 



PAg 

i i 

t 

1 0 

0 

0 1 

0 

0 0 

0 
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For example, the conjunction ofp ; it is raining and q : I am cold is p a q : It is raining and 1 am cold L 

(2) Disconju notion. If p and q are turn statements , then their discon/unction p or q written as p v q is 
defined by the truth table 2. 

Far example, the disjunction of p and q for p : it is raining today ; q ; 3 is an odd integer is 
p v q : it is raining today or 3 is an odd Integer, 

(3) Negation, If p is a given statement and its negative 'not p\ written as - p (or Np or ]p) is defined fey the 
following truth table: 

P -P 

0 l 

1 0 


For example, the negation of the following statement 

(a) p : 2 + 3 > 1 is - p : 2 + 3 5 1 

(b) q : it is hot is \ it is cold. 


Example 37.10, If p be 'it is Hot " and q be 'it is raining', describe each of the following statements by a 
sentence: 

(a)qv~p (b)-pn-q (c)-(-pvg), 


Solution, (a) It is raining or it is not hot. (fe) It is not hot and it is not raining* 
ic) It is hot but not raining. 

(4) Conditional operator. The conditional statement 'if p then q J written as p -> q is defined by the truth 
table 4 : 


Table 4 


Table 5 


p 

9 

p~*q 

P 

V 

p*->q 

l 

1 

1 

1 

I 

l 

i 

0 

0 

X 

0 

Q 

0 

1 

1 

0 

1 

0 

0 

0 

1 

0 

0 

1 


Oba. The contrapositive of conditional statement p q is the statement -p -4 - q. 

(5) Biconditional operator. Ifp and q be two statements, then the statement 4 p if and only if q' denoted 
by p «-> q and abbreviated as *p if q* is called a biconditional statement. The truth table for biconditional state¬ 
ment is table 5. 

Example 37.11. Construct the truth tables for 

(a) p a - q (fe) (p v q) v - p 

(c) (p -> q) a fq -> p) (d) (p-*q) v - (p - q). 

Solution, (a) The truth table is 


p 

q 

- q 

p*-q 

1 

i 

0 

o 

I 

0 

i 

t 

0 

l 

0 

i) 

0 

0 

i 

0 

ifo) The truth table is 


p q 

pv*y 

rP 

ip v q} 


l 1 

1 

0 

1 


1 0 

l 

0 

1 


0 1 

1 

1 

1 


0 0 

0 

1 

1 
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(c) The truth table is 


p 

7 

p-*q 

q->p 

(p — ► q} a (g -* p) 

1 

1 

1 

l 

1 

1 

0 

0 

l 

0 

0 

1 

1 

0 

0 

0 

0 

1 

1 

1 


id) The truth table in this case is 

p q p -> q 

~q 

p -► - </ 

ip - q> 

p q v - (p 

l 

1 

1 

0 

Q 

L 

1 

l 

0 

0 

i 

i 

0 

0 

0 

1 

1 

0 

I 

0 

l 

0 

0 

1 

i 

0 

1 

1 


37.7 


STATEMENTS GENERATED BY A SET 


<1> If S be a set of statements, then any valid combination of statements in S with conjunction, 
disconjunction or negation is a statement generated by S. 

A statement generated by a set S need not include each element of S in its expression* 

For example, if p, q, rare statements in S then 

(a) fp A q) a r ib) - q a r (c> (p a q) v q a r) 

are statements generated by £\ Their truth tables are: 


P 7 


r pA q (p a q} at - q 

(a) 


1 1 L 
1 I 0 
1 0 1 
0 1 1 
10 0 
0 1 0 
0 0 1 
0 0 0 


l 

1 

0 

0 

0 

0 

0 

0 


1 

0 

0 

0 

0 

0 

0 

0 


0 

0 

] 

0 

1 

0 

1 

1 


- q a r 

Hr) 

0 

p 

1 

0 

0 

0 

1 

0 


( t) 

1 

1 

1 

0 

0 

0 

1 

0 


(2) Tautology is an expression involving logical variables which is true for all cases in its truth table . It is 
also called a logical truth, 

(3) Contradiction is an expression involving logical variables which is false For all cases in its truth 
table. Obviously, the negation of a contradiction is a tautology. 

In other words, a statement formula which is a tautology is identically true, while a formula which is a 
contradiction is identically false. 

Oba. The conjunct ion of two tautologies is also a tautology* 


Example 37.12. Show that (a) p v ~ p is a tautology (h) p -> q *-> (- p v q)* 
Solution. (#) The truth table is 


P 


py - p 

1 

0 

1 

0 

i 

1 


Hence p v - p is a tautology. 
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(6) The truth table is 



Hence ip -¥ q) (~ p v g) is true. 


37.8 


EQUIVALENCE 


(1) If p and q be statements generated by the set of statements S r then p and q are equivalent if p q is a 

tautology which is denoted by p o g. 

If p q is a tautology, then we say that p implies q and write it as p => g. 


Obi. All tautologies are equivalent to each other and all contradictions are equivalent to each other. 

(2) Equivalent formulae. Some basic equivalent formulae are given below which can be proved by using 
truth tables : 

1 .p vp op 

pApOp 

/atempofent Zam 

2, p v q <=> q a p 

p a g 0 q Ap 

Commutative Zaws 

3. (p v g) v r o p v (g v r) 

(p a g) a r 0 p a (q a r) 

Associative taws 

4. p v (q a r)o(pv^)A(pv r) 

pA(gvr)o(pA^)v(pA r) 

Distributive laws 

5 t p v - p o 1 

P A - p O 0 

Negation taw 

6.p v 0 op 

pAlop 

Identity taws 

7. p v 1 o 1 

PaOoO 

Null laws 

8 . p v ip a q) o p 

p A (p V g) op 

Absorption taws 

9. - (p v g) o ~ p a ~ g 

-(pv^)o-pv^ 

De Morgan’s laws 

10 . p => p v q 

g op v q 

Disjunctive addition 

11 . p Agog 

p^q^q 


12 . (p v q) a - p o q 

(pvg)A-gop 


13. {p H >q) a (g —> r) o (p -> r) 


Chain rule 

14. p-nya-pv^ 


Conditional equivalence 

15. p q <o (p g) a (g —* p) 


Biconditional equivalence 

Example 37.13. fftaf 



(a) p -> fg -* r) o p <7 v rj 

0 fp a q) r 


(6)f- p a f — g a rjj v (q at) v (p a rj 

0 r 



Solution, (a ) By conditional equivalence q —> r o ~ q v r 

Replacing q -> r by - q v r, we get p -* (~ q v r) which is equivalent to - pv(^vr) by the same rule. 


Thus 

"pv(^vr) co 

(^pv^)vr 

(By (3)] 


0 

'(pA?)vr 

[By (9)] 

( 6 ) 

0 

S-PaI^a r)l v {q a r) v (p a r) 

(p a g) r 

[By (14)1 


0 

I- p a (~ q a r)] v (g v p) a r 

[By (4)] 


0 

i-pA-gAr] v(gvp)Ar 

[By (3)] 


0 

I- (p v g) a r] v (g vp) a r 

[By (9)] 


0 

(p v g) v (p v g)| a r 

[By (4)] 


0 

1 AT 

[By (5)] 


0 

r 

[By C6)[ 
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■elrJfc^ DUALITY LAW 


(1) Two formulae A and A* are said to be duals of each other if either one can be obtained from the other by 
replacing a by v and v by a. 

If the formula A contains special variables 1 or 0 , then its dual A* is obtained by replacing 1 by 0 and 0 

by 1. 


eg., (i) Dual of (p v q) a r is (p a q) v r 

(») Dual of {p a q) v 0 is (p v g) a 1 * 

(2) Tautology implications. A statement A is said to tautologically imply a statement B if and only if 
A B is a tautology which is read as U A implies B” 

The implications listed below have important applications which can be proved by truth tables : 

1. p Aq p p =$ p v q 

2. - p p -* q q p -* q 

3 . - (p q) p - (p -> <?) => - q 

4. p a {p -* q) q - p a (p v q)^q 

5. (p g) a r) => p r 


37.10 


ARGUMENTS 


( 1 ) An argument is an assertion that a given set of propositions p v p 2> p n (called premises) yields 
another proposition q (called conclusion ). The argument is symbolically written as u p v p 2i p n k q n - 

An argument;p lr p 2> ■■■. P n H q is true provided <7 is true whenever all the premises p v p 2 * .*.> p n are true. An 
argument which is true is said to be 1 2 valid argument\ Otherwise it is called a fallacy. 


Example 37.14. Show that 

(а) the argument p +*q, q h- p is valid . 

( б ) the argument p -* q, q h- p is a fallacy . 

Solution, (a) Let us first prepare the truth table as follows ; 


P 9 

1 1 1 

10 0 
0 1 0 

0 0 1 


Since p ++q is true in cases (rows) 1 and 4, and q is true in cases 1 and 3, therefore p <-+q and q both are 
true in case 1 only when p is also true. This shows that the given argument is valid, 

( 6 ) Let us first prepare the truth table below : 


P n p ~ ¥q 

I 1 1 

10 0 
0 1 1 

0 0 1 


This table shows that p —> q and q both are true in case 3 only while the conclusion p is false. Hence the 
given argument is a fallacy, 

( 2 ) Theorem. The argument p v p 2 , p n j- q is valid if and only if the proposition 
(p l a p 2 a p 3 a a p j -±q is a tautology . 

The proportions p v p 2 *'>P n are simultaneously true if and only if the proposition p 1 a p 2 a „. t a p n is true 
i.e., if the proposition (p i Ap 2 a a p n ) q is a tautology. 
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Oba The validity of an argument depends upon the particular form of the argument, not on the truth values of the 
statement appearing in the argument. 


Example 37.15. Test the validity of the following argument ; 

S|: If 5 m less than 3, then (i is not a prime number 
S tJ : 5 is not less than G 
S 3 :5 is a prime number. 

Solution. Let '5 is less than 3’ be p and *5 is a prime number be q , Then the given argument is of the form 
p -> - q, - p h- q. 

Since in the last line of the truth table, the premises p -> - q and - q are true but the conclusion q is false, 
therefore the argument is fallacy. 


P 

I 

1 

0 

0 


<i 

l 

o 

i 

0 


- q P~+*q ~P 

0 0 0 

1 1 0 

0 l 1 

1 1 1 


PROBLEMS 37.2 


[Anna, 2004 S i 


(Madras, 2005 S) 


(Anna, 2005 ) 


1. If jj m Sam is a teacher, q = John is an honest boy* then translate the following into logical sentences ; 

(a\ - (p a q\ (b)p v - q, (c) - p q t id)p - q. 

2. Change the following sentence into symbols : 

(а) 'if 1 do not have car or 1 do not wear good dress then 1 am not a miUiooaire*, 

(б) Everyone who is healthy can do all kinds of work. 

3. Prepare truth tables for the following statements Ux) (p =? g) a - q, (b) (p q) a {r v q). 

4. Write down the truth table of 

(a) pvq (Madras, 1997) C 6 ) p a ip a * 7 ) 

5* Verify that the following are tautologies ; 

ia) p -> h; -+(p a£)J 

ib) (p * q =* r\ c? ip r)v(q r) {c)(p i\ r) => (- r => - p), 

6, Show that Q v (P a - Q) v (- P a - Q) is a tautology. (Anna f 2004 S ; Madras t 2003 S) 

7. Over the universe of positive integers 
pin) : n is prime and n < 32, 

qin ): n is a power of 3. 
r0?) : n is a divisor of 27. 

(i) What ore the truth sets of these propositions ? 

(u) Which of the three propositions implies one of the others ? 

8, Given the propositions over the natural numbers 

p : n < 4, q : 2n > 17 and r : n is a divisor of 18, what are the truth sets of 
(i ) q t («> p A q , 

(£ti) r, (fie) q -► r (Madras, 1999) 

9. Show that (a> - Q, P-* Q -P. (Madras, 20C$) 

(hHP->P)A<Q-*m o (PvQ)^i?. (Madras, 2001) 

10 , Construct the truth table for (i) (- p —* g) a (g pi (Bharthian, MSe , 2001) 

fit) IIP V (Q A «)] ** fP V Q) A (P V Ml (Andhra , 20041 

11. Prove that the following statement is a contradiction : 

S = I(p v g) a ip v - q) A {* p V q) a (~ jo v - g>L 

12* Ifp, r are three statements then prove that 

(a) p v (q a r) - Ip v q) a (p v r) ( 6 ) =>g)v r ^ {p v r) ^ (g v r) 

13. Define conjunction, conditional, biconditional and negation* with examples 
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14* Show that (i) p a q logically implies p tp 

(it) p <-> - q does not logically imply p -> g. (U,P.T.U. r 2001) 

15. Write the duals of (p v g) a r and {/> a q) y f, 

16. Show that svr is tautologically implied b_v (p v g) a (g r) a (g * i), ivtfuMra. 2004; ft/iorafWarr, 200/} 

17. Let Pfn) be *8*-3 rt is a multiple of 5*. Prove that F(n)1s a tautology on n. 

18. Prove that P -t ]Q>R -* Q t R )- 1 P is o valid argument, (Madras, 2003) 

10. Prove that p -* (g v r) (p a 1 g) -* r. CArincr, 2005> 

20, Show that ft v S followH logically from the premises C vfl^CvU'H — H, U -* A a - B. .A a - ft ft v 5. 


37.11 


PREDICATES 


Statements involving variables such as 4 x > T and *x =y + 7' are neither true nor false so long as the values 
of the variable x , y are not specified. We now, discuss the ways that propositions can be evolved from such 
statements. The statement *x > T has two parts : First part—the variable x* is the subject of the statement ; 
Second part-is greater than 7 1 2 is the predicate which refers to the property that the subject of statement can 
have, if Fix) denotes the statement * x > T then P is the predicate and x is the variable. The statement P(x) is also 
known as the value of the propositional function P at x . The predicates are denoted by capital letters and the 
objects by the variables (denoted by small letters in brackets). 

Thus predicates are simple statements which turn out to be propositions involving variables whose values 
are not well specified. 

In other words, predicate is a variable statement which becomes specific when particular values are as¬ 
signed to the variables. 

There are statements which involves more than one variable consider the statement *x ^ y + T which is denoted by 
Qix t y) where Q is the predicate and x t y are the variables. When values are assigned to the variables x, y, the statement 
Qfx. y) has the truth value. 

Similarly ft(x, >\ z) denotes the statement of the type + y - z\ When values are assigned to x t y. z, this statement has 
a truth value. 

For example, consider the statements (i) Ram is fair; (li) Sham is fair. 

Here in (0 and (ii) ‘is fair* is the predicate while Ram and Sham are the objects. If we denote the predicate 
by F and the objects by r and s, then the above statements can be symbolically expressed as (/) Fir) ; (ii) F(s). 

Now consider the statement Ram is fair and the house is pink * 

Writing the house is pink" as P(h), the given statement can be expressed as Fir) a Pih). 


37.12 


QUANTIFIERS 


(1) In a propositional function, when all the variables are assigned values, the resulting statement has a 
truth value. However, there is another method to create a proposition from a propositional function which is 
called quantification. It is of two types : Universal Quantification and Existential quantification. 

(2) Universal quantification. Many statements assert that a property is true for all values of a variable 
in a certain domain. This domain is termed as the universe of discourse and such a statement is expressed using 
universal q uantification. 

Thus the universal quantification of P(x) is the proposition Fix) is true for all values of x in the universe of 
discourse \ 

The universal quantification of P(x) is denoted by V xPix). The symbol V is called the universal quantifier. 

Oba. When it is possible to list all the elements in the universe of discourse say : x v jc 2 , .... x WT then the universal 
quantification V x Pbc) is same as the conjunction Pix^ a Pbc.J a PU r ) for this conjunction is true if and only if 

ftU'*). Pix n ) ore all true. 

Example 37.16. What is the truth value of the quantification V x P(x) where 

(a) P(x) is the statement *x < 5* and universe of discourse is the set of real numbers, 

(b) P(x) is the statement *xr < 18'and the universe of discourse consists ofpositive integers not exceeding 5 ? 

Solution, (a) For instance, P{6) is false ; therefore F*(x) is not true for all real numbers x , 

Thus V xP(x) is false* 
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(b) The statement V xP(x) is same as the conjunction Pf 1) a P( 2) a P(3) a A4) a P(5) 

Here the universe of discourse is 1, 2, 3, 4, 5 and P(5) is the statement *5 2 < 18* which is false. Hence 
V xP(x) is also false, 

13) Existential quantification. Many statements assert that there is an element with a certain prop¬ 
erty. To express such statements we use existential quantification , In such cases, we form a proposition which is 
true if and only if P(x) is true for at least one value of a: in the universe of discourse. 

Thus the existential quantification of Fix) is the proposition 'these exists an element x in the universe of 
discourse such that P(x) is true\ 

The notation 3 xP(jc) is used for the existential quantification wherein 3 is called the existential quantifier, 

Ohs. When it is possible to list all the elements in the universe say : x x , x t , then the existential quantification 
3x Fix) is same as the disjunction F(Xj) v P(* 2 ) v Pi x^h 

Example 37,17. What is the truth value of the quantification 3xP(x) where 

(a) P(x) is the statement *x > 5* and universe of discourse is the set of real numbers, 

(b) P(x) is the statement 4 xr > Iff and the unhorse of discourse consists of positive integers not exceeding 5 ? 

Solution, (a) Since 'jc > 5’ is true, say : for* ^ 6, 8 etc. 

3xP(x) is true. 

(b) The statement 3xPU) is same as the disjunction Pi 1) v P(2) v P(3) v P(4) v P(5) 

The universe of discourse is 1, 2. 3, 4, 5 and P(5) is the statement 5 2 > 18, which is true. 

Hence 3xP(.v) is also true. 

Example 37.18* Find the truth value of each of the following statements : 

(o) 3x, x 2 “ 1 (6) Vx, | x | = x (r) 3x, x + 4 = x. 

Solution. ( a) If x 0 - 1, then x 0 2 ~ l t therefore the given statement is true. 

(b) If x 0 = - 3, then | x 0 | * x Qt therefore the given statement is false, 

(c) As there is no solution to x 4 4 = x, the given statement is false. 

Example 37.19. Given P = (2 t 3, 4 f 5, 6}, state the truth values of each of the following statements > 

(a) fVx € P) (x * 3 < 10) (b) fcxeP)(x + 2< 7) 

(c) (3x e P) (x + 3 = 10) (d) Qx e P) (x + 2 < 7), 

Solution, (a) True, for each number in P satisfies x + 3 < 10. 

{ b ) False, for if x 0 - 6, then x 0 4 2 is not < 7* 

C c ) False, for no number in P is a solution to x 4 3 - 10, 

(d ) True, for if x Q = 2 then x Q + 2 < 7 is a solution. 

Exam ple 37.20, Negate each of the following statements : 

(a) Vx, x 2 = x, (6) V x, x 4 4 > x (c) Vx* 1 x | = x. 


Solution, (a) - V x, x 2 = x = V * - (x 2 = x) = V a:, x 2 * x. 

(i>)~Vx, x + 4>x = 3x~(x + 4>x) = ->x,x + 4<x. 

(c) - Vjc, | * | = x = 3 x - {| x | = x) = 3 x, | x | *x. 


Example 37.21. Symbolise using quantifiers : 

(t) Every' even number is divisible by 2. 

(n) There is no prime number between 23 and 29. 

(.V.T.U., MCA, 2001 S) 


Solution. ( i) E(x): x is even number ; £Kx): x is divisible by 2. 
(V x) [E{x)-+D(x)l 


C ii) If p denotes the set of prime numbers, then (t n ) p (23 < n < 29). 
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Example 37,22. Symbolise the expression 'All the world loves a lover/ ( Madras t 2001) 

Solution. Let pfx) : x is a person ; 

Lix) : jr is a lover. 

and Q (x, y) : x loves y 

Then the required expression is 

(V x) (p( x) (y ) ipiy) a Uy)] Qtx, y). 

Summary, (i) V Q(*) means that the predicate Q(x) is true for all values in the universe of*. 

(if) 3Q(x) means that the predicate Q(x) is satisfied if there is at least one value in the universe of x. 


37.13 


NORMAL FORMS 


(1) For the given variables p v p 2 , p„, we may form a statement S (p v p 2f p n ), The truth table for S 
will contain 2 n rows for all possible truth values of the n variables. The expression S may have the truth value 1 
in all cases or may have the truth value 0 in ail cases or have the truth value 1 for at least one combination of 
truth values assigned to the n variables. (Here S is said to be satisfiable). The problem of finding in a finite 
number of steps whether a given expression is a tautology or a contradiction or at least satisfiable is known as a 
decision problem. As the formation of a truth table is quite cumbersome, we go for an alternate approach called 
normal form. 

In this approach, we use the word ‘sum* in place of disjunction and ‘product 1 2 3 4 in place of conjunction. 

A sum of the variables and their negations is called an elementary sum . Similarly a product of the vari¬ 
ables and their negation is called an elementary product. 

(2) Disjunctive normal form of a given formula is the formula which is equivalent to the givenformula 
and which contains the sum of the elementary products . The disjunctive normal form of a given form is not 
unique. In fact, several disjunctive normal forms can be obtained for a given formula by applying the distribu¬ 
tive laws in different ways. 

A given formula is however, identically false if every elementaiy product appearing in its disjunctive 
normal form is identically false. 

Example 37,23, Obtain the disjunctive fnormal forms of 

(i) p a (p q) (ii) - (p v q ) (p a q) r 

Solution, ft) p a (p —> q) <=> p a (- p v q) o (p a - p) v (p a q) m 
which is the desired disjunctive normal form, 

(ii) ~ (p v q) e-* (p a q) <=> - (p v q) a (p a q) v (p v q) a - ip a q) [ v E ++ F « {E a F) v (~ E a - F) 

O (~ p a - q A p a q) v \(p v q) a p v - q )] 

p a - q a p a q) v i(p v q) a - p| v [(p v q) a * q) 

<=> p a - q a p a q) v ip a - p) v (q a - p) v ip a - q) v (q a - q) 

which is the desired disjunctive normal form, 

(3) Conjunctive normal form of a given formula is that formula which is equivalent to the given for¬ 
mula and contains the product of elementary sums. 

Example 37,24, Find a conjunctive normal form of - (p v q) e* (p a q). 

Solution. -(pv<?)H(pAg)o[-(pv 9 )-> (p a q)] a ip a q -> - ip v <?)] 

<=> Kp v q) v Ip a q)] v f- (p a q) v - (p v (/)) fBy conditional equivalence] 

<=> (p v q v p) a (p v q v q) a [Op v - q) v O p a - q)J 
<=> pvqvpA(pvqvq)A(~pv~qv~p)A(-pv-qv~q) 
which is the required conjunctive normal form. 

(4) Principal disjunctive normal form. Consider a formula for the propositions p and q using conjunc¬ 
tion as p a q f p a ^ q t -pAg^-pA-g . These terms are called minterms or Boolean conjunction of p and q . 

An equivalent formula for a given formula, consisting of disjunctions of minterms only is called the prin¬ 
cipal disjunctive normal form ipdnf) or sum of products canonical form. 
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Procedure to obtain the principle disjunctive normal form : ( i ) Replace the conditions and biconditions by 
their equivalent formulae containing a, v, *- only. 

(it) Using DeMorgans laws, apply negations to the variables. 

Uii) Apply the distribution laws. 

Uo) Introduce the missing factors to obtain minterms in the disjunctions. 

(u) Delete identical minterms appearing in the disjunctions. 

Example 37.25. Obtain the pdnffor 


U) pvq 


m 

~(p A q) 

(iii) - p V q 

i.e.,p -*■<?. 

Solution, ( i)p 

vq 


\p A (9 V 

r - #)1 v \q a (p v - p>] 





<P A (/) V 

ip a - q) v (q a p) v iq a - 

P) 



<=> 

(/) A </) V 

ip a - q) v (q a ~ p) 


Hi) 

- (p a q) 

» 

('fV' 

q) 0 h/)A(^v q)l v (- 

• A (/) V ~ p)| 



o 

('PA' 

q) v (» p a v (- q a p) v 

(- <7 a ~p) 



o 

('PA' 

v (-* p a q) v (- q Ap) 


Uii) 

-pvq 

o 

-/> A (</ 

v - q) v [q a ip v - p)| 




<=> 

<~P A(j) 

1 v (- p a - q) v (q a p) v iq 

A - p) 



o 

(- /> A <?) 

1 v (- p a - q) v (q a ph 



(5) Principal conjunctive normal form. Consider a formula for the propositions p and q using 
d ^conjunction asp v q t - p v q t p v ~ q, ~ p v - q. These terms are called max terms. 

An equivalent formula for a given formula, consisting of conjunctions of the max terms only is called the 
principal conjunctive normal form <pt7i/> or product of sum canonical form. 

Procedure for obtainingpcnf for a given formula is similar to the one for pdnf as all assertions made for 
pdnf c an be made for pcnf using duality principle. 

Example 37.26. Obtain the principal disjunctive and conjunctive normal forms of 

p —> f(p q) a -+(** q v ~ p)]~ (Bharathiar, 2001) 

Solution. (/) p l(p -* q) a ~ (- q v - p)| 

<=> - p a \{- p v q) a (q a p)J 

[Using DcMorgan’s taw and equivalence p -■> q <z> ~ p v g.] 
<=> - p v |- p a (q a p)l v \q a (q a p)] 

<=> - p v iq Ap) 

o p a iq v - q)\ v (q a p) 

» p a q) v {- p a - q) v (q a p ) 

This is the desired pdnf 

Hi) p -> I(p q) a - q v ~ p)l 

c^> - p v 1(- p v q) a (q a p)] 

» i-/j v(-pv^)| a |-p v (q a p)| 

<^> p V q) A i-p V <?) A (~ p vp) 

<=> - p V q 

This is the desired pcnf. 

Example 37.27. Obtain the principal conjunctive normal form for (Q P) a (- P a QL (Andhra, 2004) 

Solution. (Q P) a(- P a Q) Q v P)a(-Pa Q) 

<=> (*- Q \f P) A P V (Q A ~ Q) A Q V (P A ~ P)1 

<=> (- Q V P) A P V Q) A P V - Q) A (Q V P) a(Qv- P) 

« (- Q V P) A (~ P V Q) A (- P V - Q) A (Q V P)_ 
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37.14 


INFERENCE THEORY 


Inferring the conclusions from certain premises is known as the inference theory. When conclusion is 
reached from a set of premises by using 1 he accepted rules of reasoning, then this process is called a deduction or 
a format proof A proof of a theorem is a valid argument. 

The criteria for finding ‘whether an argument is valid’ are called rules which are expressed in terms of 
premises and conclusions or in terms of statement formulae. 

The proofs are of two types : Direct or Indirect . 

(t) If in a proof the truth of the premises directly shows the truth of the conclusions, then it is called a 
direct proof 

( ii)An indirect proof proceeds by assuming that p is true and also C is false, and then deduce a 
contradiction using p and - C, along with other premises. 

The only di fference between assumptions in a direct proof or an indirect proof is the negated conclusion. 
Rules for deriving direct and indirect proofs : 

(i) the proof should have finite steps only ; 

(U) each step must be either a premise or a proposition which is implied from previous steps using valid 
equivalence or implication ; 

(Hi) the last step for a direct proof must be conclusion while for an indirect proof it must be a contradiction. 
Example 37,28. State whether the conclusion C follows logically from the premises II and S 


(a) 

R : p q, 

S: p. 

C;~q 

(6) 

R :p, 

S: p <r* q , 

C : ~(p a q) 

k) 

R :p 

S: p. 

C:q 


Solution. Let us first form the following truth table : 


P 

7 


-7 

p~+q 

— (p a q I 


1; 

l 

0 

0 

l 

0 

l 

1 

0 

0 

1 

0 

1 

0 

0 

1 

1 

0 

1 

0 

0 

0 

0 

1 

1 

I 

1 

1 


(а) Here only the first row of premises R and S contains 1 but not the conclusion C. 

Hence C is not valid. 

(б) Only the first row of both R and S contains I but not the conclusion C. 

Hence C is not valid. 

(c) Here both R and S contain *V only in the first row and the conclusion C also has *V in that row. Hence 
our conclusion is valid. 


Example 37.29. Find the direct and indirect proo/s of p (q rf ~ r v p, q r s. 


Solution. Direct proof 

(i) - rvp (premise) (ii) r 

(Hi) p [By (£) and (ii)] (iv)p -> (q r) 

(v) q —► r [By (Hi) and (io)] ( vi ) q 

(vii) r [By (v) and (vi)], which is a conclusion. 

indirect proof 


(another premise) 

(premise) 

(premise) 


(i) ~ (s -► r) 
(ii) $ a - r 
(Hi) - rvp 
(iu) - r and 

(vi) p 

(vii) p — 


(ids 


(negative of conclusion) 

(By conditional equivalence) 
(premise) 

[By conjunctive simplification] 

[By disconjunction of (Hi) and (iv )] 
(premise) 
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(utii) q r 
( ix ) q 

(x) r 

(xi) r a — r 

This is a contradiction. 
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(By (oi) and (ou)| 

(premise) 

|By (uni) and (fjr)I 
(By (x) and (in)] 


PROBLEMS 37,3 


1. If A « (1, 2, 3, 4, 5) be the universal set, determine the truth values of each of the following statements : 

ia) (Vx e Afix 4 2 < 10) (6) 3x e A fcr 4 2 = 10) 

2, Negate each of the following etatomenta r 

(a) V m, x 3 * x ; (6) V jc, x + 5 > x 

(c) Some students are 26 or older, (d) Al! students live in the hostels, 

3* What is the truth value of V x Rx> where Plx) is a statement < 10* and the universe of discourse consists of 
positive integers not exceeding 4* 

4, Use universal quantifier to state *the sum of any two rational numbers is rational*. 

6, Over the universe of real numbers, use quantifier to say that the equation a + x = b has a solution for all values of 
a and b. 

6, Translate the following statements involving quantifiers, into formulae : 

ia\ All rationale are reals, (6) No rationale are reals. 

(c) Some rationals are reals. (d) Some rationale are not reals, 

7. Show that Q v (F a - (?) v l- P a - Q) is a tautology. 

8* Convert - A a G £ -* C ) 0 into CNF, (VTM. t MCA f 2001) 

9. Without constructing truth tables, obtain the product of sums canonical form of the formula (IP -> R) a (Q *-* Ph 
Hence find the sum of products canonicals form. (Afma > 2004 S 1 

ith Find the direct proof of p -* r t q -* s, p v q a v r. 

11, Prove that P Q, Q -+ R, P v R ^ R by using indirect method, (Anna , 2004 S) 

12, Using quantifier say ^z is not a real number ? 

13* State whether the conclusion C follows logically from the premises R and S 
(a)R:p->q, S : - q, C:q (b)R:p-*q r S: q> 

III* BOOLEAN ALGEBRA 


37.15 


INTRODUCTION 


(1) The concept of Boolean algebra was first introduced by George Boole* in 18x54 through his paper ‘An 
investigation of the laws of thought 1 . It is basically two values Le., ( 0 , I) set. Earlier it had applications to 
statements and sets which are either true or false. In 1938 Claude Shannon showed that basic rules given by 
Boole could be used to design circuits. These days however, Boolean algebra has wide applications to switching 
circuits, electrical networks and electronic computers* 

Basically there are three operations in the Boolean algebra (i) AND , (ii) OR, and (fit) NOT, which are 
symbolically represented by a, v and / respectively. Some authors, use the symbols f+) t (.) and (/) for the same 
operations* 

Here f denotes the complement of an element and is defined by 0 * = 1 and 1 ' = 0, 

The operator a (Le. , 4 AND') has the following values 1a1 = 1 , 1 a 0 = 0 , 0 a 1 * 0 , Q a 0 = 0 ; while the operator 
v (Le, t OR) has the values 1 v 1 = 1 , 1 v0 = l,0v l = i,0vO = 0. 

Def* Any non-empty set B with the binary operations 'a 1 and V and the uninary operation 7* is called the 
Boolean algebra Ii3 > a, v, f\ if the following axioms hold where a, b r c are elements in B: 

1 . Commutative law : oAfc = 6 Aa;av 6 = 6 vn 

2. Associative law : a a (6 a c) = (a a fe) a c 

a v (6 v c) = (a v fe) v c 


*A British mathematician George Boole (1813-1864) who created Boolean algebra. 
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3, Distributive taw : a v (6 a c) = (a v b) a (a v c) 

a a 6 v c - (a a 6) v (a a c) 

4. Comp/emeot /aru : a a a' = 0 , a v a' s= 1 

The operations a, v and / are called sum, product, and complement respectively. We shall follow the usual 

practice that / has precedence over v, and v has precedence over a, unless guided by brackets. e,g. t a a b v c 
means a a (b v c ) not (a a b) v c while a v b* implies a v b' not (a v b)\ 

(2) Boolean function. The variable x is called a Boolean variable if it assumes values only from B (0, 1). 
Def* A function from the set f(x t , x 2 , xj ; x t £ B, 1 £ i < n) is called a Boolean function of degree n. 

Boolean functions can be represented by expressions comprised of variables and Boolean operations. 

e.g., 0, 1, x v x v x n are Boolean expressions in the variables x i (1 < i £ n). If p and q are Boolean 
expressions then p a p v q and p* are also Boolean expressions and each represents a Boolean function. 

By substituting 0 and 1 for the variables in the expression, the values of this function can be found. 

(3) If f and g be Boolean functions of degree n f then 
(i ) Complement of f is the function f* where 


f {Xfr X v .. 


x 2> . 


(it) f and g are equal if f{x v x 2 . 


*2> 


(iii ) Boolean sum f v g is 




( fvg ) (Xj.Xj. 

11 

f 

x 2 . 

...,x n )vg0c v x 2 . X n ) 

( iv ) Boolean product f a g is 




(f*g) ix v x 2 . 


Xgi 

...,X n ) A gix v x 2 . X a ). 


(4) Power in a Boolean function :x z —x v x - x 


X 3 = X 2 V X = X V X - X, X n = X 

Similarly, 2x = x\ 3a: - x etc. 

Example 37.30* Find the values of the Boolean function far a /) v z\ 

Solution, /'being third degree Boolean function has 2? i.e . 8 values which are shown in the following tabic : 


x 

X 

1 

0 

1 

0 

I 

0 

0 


y 

i 

i 

i 

o 

0 

o 

i 

o 


z y * 
1 0 0 
0 0 1 
1 0 0 
1 1 0 
1 1 0 
Oil 
0 0 1 
0 1 1 


0 

0 

0 

1 

0 

1 

0 

0 


ixAy')vz' 

0 

1 

0 

1 

0 

1 

1 

1 


HrJIU DUALITY _ 

(1) The dual of any Boolean function is obtained by interchanging Boolean sums and Boolean products 
along with the interchange of zeros and ones. 

For example the dual of x v (y a 0) is x a (y v 1 

The dual of any theorem of a Boolean algebra is also its theorem. This implies that the dual of any theo¬ 
rem in Boolean algebra is always true. 

(2) Principle of duality* The dual of any theorem (or property) in Boolean algebra is also a theorem (or 
property). 
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37.17 


BOOLEAN IDENTITIES 


There are many identities in Boolean algebra which are quite useful in simplifying electrical circuits. 
Some of the important ones are given below : 


L Identity law ; 

2 , Dominance laws : 

3, Complement taw : 

4, Idempptent law : 

5, Double complement taw 

6 , Commutative taw: 

7, Associative law : 

8, Distributive law : 

9, De-Morgan's law : 

10 , Absorption law : 


xv0=x;xa1=x 
xv1 = 1;xa 0“0 
x v x' = 1 ; x a x f = 0 
xvx = x;xax = x 
(*T = x 

X vy= yvx ;xAy = y ax 
x v (y v z) = (x v y ) v z 
x a (y a z) = (x a y) a z 
x v (y a z) = (x v y) a (x v z) 
x a (y v z) = (x a y) v (x a z) 
x a y = x* v y* ; (x v y )’ = x* a y* 
x a (x v y) = x 


( Bhopal , 2008) 


Example 37.31. Lei5 8e a Boo/ran 5/tmr {Vmf for all fle/i, /Acre ex/sfs cc unique comp/eniewi a'. 

CAn<f/tm ( 2004) 


Solution. Let b and c he two complements of a* 


Then 6=6 a 1 

[v 0 is an additive identity] 

= b a (a v c) 

|v c is complement of a] 

= (b a a) v (fc a c) = (a a b) v (b a c) 


- 0 v (6 a c) 

I v a a b = a a a' = 0] 

= 6 AC 

...ft) 

Similarly c = c a 1 - c a (a v 6 ) 

[v ov6=ovb'=1| 

= fc a a) v (c a b) 


= (a a c) v (b a c) 

[v a o c = a a a’ = 0) 

== 0 V (6 A c) 


= b A c 

...{ii) 

From (i) and (ii), we find that b = c* 


Thus the complement of a is unique. 


Example 37*32. In a Boolean algebra t show that 


(t) x + (x . y) ^ x (if) x . fx +■ yj = x. 

(Bhopal, 2008) 

Solution. ( i) x + (x . y) = x a (x v y) - fx v 0) a (x vy) 

[v *v0=xl 

= xv(0a y ) 

[Bv distributive law| 

= x v (y a 0) 

[By commutative lawl 

= x v 0 

Iv y a 0 = 0 

= X. 


(ii) x , (x -i- y) = x v (x a y) 


= (x A 1) V (x Ay) 

fy i a 1 - i 

- x a ( 1 v y ) 

[By distributive law) 

= x a (y v 1) 

[By commutative law[ 

= X A 1 

[v y v l = 1 

= X. 


Example 37*33. Simplify the following : 

( i ) (% + y) * x*,y f (ii) x v y Ay v z a y v z* (Hi) x v y 

> 

> 

< 
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Solution, (i) (x' vy') 

= (xAy)v(XAy)' 

= 1. 

(ii) xvyAyv2Ayvz' = (yvx)A(yvz)A(yvz') 

= [y v (x a z)[ a (y v z') 

= y v I* a 2 a z'\ 

= y v [ x a (z a z')l 
= y v (x a 0) 

= yv0 

=y- 

(«*)■ x vy a |(x a/) vy|' = x vy a [y v (x a/)|' 

= x vy a [(y vx) a (y vy')}' 

= (x vy) a [(x vj)a IK 
= (x v y) a (x v y)' - 0. 

Example 37.34. Shout t/tat 

(ilx vy Ay vz az vx = fx a y) v (y a zj v (z ax) 

(It) (xAy)v(x 1 a z) = fx’ v y) a (x v z). 

Solution, (i) R.H.S. = (x a y) v (y a z) v (z a x) 

= (x a y) v (z a y) v (2 a x) 

= (x Ay) v(z Ay vx) 

= (x v z) a (y v z) a [x v (y v x)] a (y v (y a x)J 
= (x v z) a (y v z) a [(x v y) a (y v x)J 
= (x v z) a (y v z) a [(x vy) a (x vy)] 

- (x v z) a (y vz) a (x vy) 

= (x v y) a (y v z) a (z v x) 

= L.H.S. 

(a) L.H.S. = (x Ay) v {x' a z) 

= [x v (x' a z)| a (y v (x' a z)] 

= |(x V x') V (x V z)| A [(y V x') A (y V z)\ 

= 11 v (x V z» A [{y V x') a (y v z)] 

= (x v z) a (y v x') a (y v z) v 1 
= (x v z) a (y v x') a |(y v z) v (x a x')[ 

= (x v z) a (y v x') a |(y v z) v x| v (y v z) v x'l 
= (x v z) a [y v z v xj a (x' v y) v (x' a (y v z)| 
= (x v z) v (1 a y) a (x' vy) v (1 a z) 

= I(xvz) A 1) A I(x'vy) v 1| 

= (X vz) A lx' vy) = R.H.S. 

Example 37.35. Shoiv that 

( 1 )x vy a x'vy = <x' Ay) v (x Ay') 

(ii) [X a (x v y)J v lx' Afxv y)J = y. 

Solution. ( 1 ) (x V y) A (x' V y') = [(x vy) a x'J v [(x v y) a y'J 

= [(x a x') v (y a x')] v |(x a y') v (y Ay')) 

= [0 v {x' Ay)} v |(x Ay') v 01 
= (x' a y) v (x Ay'). 

(it) fx a (x' v y)) v [x' a (x v y)J 

= I(x A x') V (x A y)| v f(x' A x) v (x' A y)] 

= [0 v (x a y)I v [0 v(x' Ay)J 
= (x v x') a y = y a 1 = y. 


[By De Morgan’s law] 
[v p vp' = I] 
[By commutative law[ 
[By distributive law| 

[By associative law} 
[V Z A z' = 0] 
[ v x a 0 = 0] 

[By commutative law] 
[By distributive law| 
fv yvy'=lj 


(Bhopal, 2008) 

[By commutative !aw| 
[Bv distributive law| 

[ v x v x = x etc.] 

[v pAp=p 
(Bv commutative law) 


[By distributive law! 


[By distributive law] 
tv x a x* = 0 


[ v x a x' = 0 
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Example 87,30, If a v x = 6 v x and a v x' s= 6 v x% then prove that a = 

b. 

Le, t 

Solution, Since a v x = b v x and a v x' = 6 v x' 

,% (a v x) a (a v x') - (6 v x) a (b v x*) 

a v (x a x # ) = b v (x a x') 

|By distributive law| 

or 

a v 0 = 6 v 0 

(V I A *' = 01 

or 

a ^ 6 . 



Example 37.37, In Boolean algebra [B t + f // ^Aoie f/m/ 

fx . y + y \ z) . (x , z + y * z 9 ) = x . z 

(B/ju/ju/, 200 S , 200/) 


Solution. \(x vy)A^v^))v i(x vz) a ty v z')l 

= \(x vy') Ay] v f{x vy') az\ v Kx az) a y\ v Kx vz) az'I 

= \(x Ay) v (y a y)| v (Cx az) v (y' az)| v f(iAy) v (2 Ay)| v [(x az') v (2 az')} 

= i(x Ay) v 0) V ((r az) v (y' a z)} v |(x a 3 ?) v (z a y)\ v (( x a z f ) v 0) 

= |(x a y) v (x a jy)l v Ux a z) v (x a z')} v ((z Ay) v (z a y')| 

- be a y) v (x a 1 j v (z a 1 ) = (x a y) v x v z 
= (x v x v 2 ) a {y v x v 2 ) = (x v 2 ) a (y v x v 2 ) 

=5 (x vz) a (1 vy) = (x v z) a I 

= X V Z. 


PROBLEMS 37.4 


1* Find the truth table for the Boolean function /Tx,y, z) = lx Ay) v (y a 2 '). 

i Write the dual of the Boolean expression x ■+■ x* . y — x + y, { Andhra, 2004) 

3* Simplify the following : 

(#) tx Ay a 2 )' (ii) ix v y vz 1 a tx 1 Ay* az'K 

4, In a Boolean algebra |£, % v» / ], prove that 

U) ix a y) v ix Ay') ~ x, {Anna , 2005 1 (ii) x' a (x v y) = x' a y* 

3f o a x ~ b a x and a a x 1 = 6 a x r , then show that a ~ 6, 

#k In a Boolean algebra \B t a, v ( /|* show that 

(i) x a ix Ay) = x a y Hi) x v (x vy) It x v y, 

7. In Boolean algebra* prove that 

(fl x a (x' v y) ^ x a y Hi) x' Ay = X* a (x v y), 

8. Show that Cx a y'> v tx' a y) v tx* a y 1 ) = x 1 v y'_ 

9. If ii lie u Boolean algebra and x , y. 2 e £?, prove that 

(x V y) a (x v y') a tx' v y) = x a _y 

10. Prove that (x vy) a (2 v (x 1 Ay 1 )! = (x vy) a 2 . 

11. In a Boolean algebra JS r prove that (a + frf = a # . if V a* d s B. (Bhopal, 2009} 

12. I n any Boolean algebra* show that a - b If and only if a . b* + o' „ & = 0. (Madras, 2001) 

13. In Boolean algebra* show that 

(ij (a+t).((i r + c) = fl.c + flMj + fc t c ( 

(ii) (o + 6 ') - (b + e r ) . (c + o') * (o f + b) . ib 9 + e) , (c* + a). 2004) 

14. Give the truth table for the Boolean function 
/: B 2 -fB determined by the polynomial 

Pbfj, x.p x 3 ) j» (x, v x 3 ) a Ctj a fay v x'/ (K3E [/.. 2$0i) 


37.18 


MINIMAL BOOLEAN FUNCTION 


Def* A minimal Boolean function in n variables is the product ofx p x 2 , x n , It is also called minterm _ 
Ifx,y are two variables and x\ y' are their complementary variables respectively* then x vy* x' vy, x' Ay, 
x a y\ x* v y' are each a minimal Boolean function. 
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Similarly there are 2 : * Le . 8 minimal Boolean functions in the three variables x,y t z i,e. t x vy v z, x' v y v 
z, x v y* v z, x v y v z\x v y* v z y x* v y vz\x* v/ V 2 , jc' vy vz\ 

In general, f/tere are 2 n minimal Boolean functions (or minterms) in n variables , 

Similarly the join of the variables x v x 2 , x n is called a maxferm and there will be 2 n maxterms. 


37.19 


DISJUNCTIVE NORMAL FORM 


(1) Def. A Boolean function which can be expressed as sum of minimal Boolean functions is called a 
Disjunctive normal form or minterm normal form or Canonical form. 

(2) If the number of distinct terms in a disjunctive normal form of Boolean function in n variables are 2 r \ 
then it is called a complete disjunctive normal form, 

(3) Complement function of a disjunctive normal form function f is the sum of all those terms of a 
complete disjunctive normal form which are not present in the disjunctive normal form off The complement of f 
is denoted by f\ 

For example, if f - (x vy) a (jc vy) 
then its complete disjunctive normal form in variables jc andy is 

ix vy) a (x* vy) a (x a y*) a (x f v y ') 

♦\ The complement function of this disjunctive normal form is /'(x,y) = (x* a y ) a (x* vy 1 2 3 ). 

Example 37-38. Find the value of the complete disjunctive normal firm in three variables x t y, z . 

Solution. The complete disjunctive normal form in three variables x, y t z is 

/U P y, 2 } ^ (x vy vz) a ix vy v z*) a ix vy' v z) a(x* vy v z) 

a (x v y* vz')a(t' vy V 2 *) a (x* v y r v z) a (x f vy f v z f ) 
= [(x vy) V (z A z*)] A l(x A /) V (2 A z*)\ a [(x' a y) v (z a 2')1 a l(x' v y') viz A z f )] 

- I(JC v y) V 0] A \(x A y') v 01 a [(*' a y) v 0J a [(x r v y ') v 01 

- Ix V (y A y')] A 1 x 1 v(y a y')I 
= ix V 0) A (x* V 0) = X A X* - 0. 


37.20 


CONJUNCTIVE NORMAL FORM 


Def. //“a Boolean function f(x p x# xf is expressed in the form of /actors and each factor is the sum of all 
the n-variables, then such a function is called a collective normal form or maxterm normal form or dual 
canonical form. 

(2) If a corrective normal of a function of n variables contains all the 2 n distinct factors ; then such a 
function is tidied* a complete conjective normal form, 

(3) Complement function of a conjective normal form function f is a Boolean function which is the 
product of all those terms of complete conjective normal form which are not present in conjective normal form off 

The complement of conjective normal form f is denoted by f \ 

For example, if f (x, y) = (x a y) v {x a y0 

then its complete conjunctive normal form in x and y is 

fx Ay) v (x a y') V ix ' A y) V (x f a y f ) 

The complement function of this conjunctive normal form is 
f'(x t y) = (x 1 Ay) v {x* Ay') 

Example 37.39. Given Boolean expression f where fix p xf ~ (x f a x\>) v (x } * a xf v (x 2 a x 3 ) $ simplify 
this expression stating the taws used and obtain the minterm normal form . (Bharaihiar, 1997) 

Solution. Given f\x v x 2 , x 3 ) = (xf a xf) v (xf a x 3 ) v (x 2 a xf 

- (xf a xf) v ( x 2 a xf v (xf a xf [By commutative lawl 

- (x 2 A xf) V (x 2 A xf V c xf A xf 

- [x 2 A (xf V X 3 )l V (xf A xf 


[By distributive lawl 
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= (x 2 a 1) v (xf a x A ) iv P v p' = 1| 

sijVi/A x 8 [By identity lawf 

Minterm normal form of /lx,, x 2 , x ;i ) 

= |(X 3 ' A X 2 ) A (X ] V Xj')l V \(xf A X g ) A (* 2 V xf)] V «X 2 A Xg) A (x t V X/Jl 

= (Xg' A X 2 A X r ) V (X 3 # A X 2 A xf) V (X^ A Zg A X^) V {x^ A Xg A X^') V (Xg A Xg A X,) V (&£ A Xg A Xj') 

= (Xg J A X 3 A X|) V (Xg f A X 2 A Xf) V Uy A X3 A X^) V (Xj' A X3 A X g ') V (x 2 A Xg A X { )> 

Example 37*40* Express the following functions into conjunctive normal forms ; 

(i) x f a y f ii) (x Ay} v (x* a y*). 

Solution. (£) jc 1 2 3 Ay* x' Ay a (z v z*) = (x f Ay a 2) v (x' a y a 2'). 

(«) (x a y) v (x' a y') = \x a y a (2 v z*)l v (x r a y* a (2 v 2')] 

= (x Ay a 2) v (x Ay ax’) v (x f a y ax) v (x f Ay' ax'). 


Example 37.41. T/rejfaflcfion /= fx a> a z) v (x av* a z) v (x a y a 2 # j v (x* Ay' a z) is in conjunctive normal 
form * Write its complement ? 


Solution. The complete conjunctive normal form in three variables x t y, 2 is (x Ay a 2) v (x* Ay a z) v 
(X a y* a 2) v (x v y v z') v (x a _v' a z') v (x' a y a z r ) v (x f a y* a 2) v (x' Ay' a z f ). 

A The complement of the given function F is 

F* = (x' A y A 2 ) V (x A y A 2 ') V (x' A y A 2 ') V (x' A y* A z'). 


PROBLEMS 37.5 


1* Find the value of a complete disjunctive normal form in 

( 1 ) two variables x*y. till three variables x,y, z. 

2* Express the following functions into disjunctive normal form : 

(i) X V y (11) X A U' V y). 

3, Express the Boolean function F = A v (B' a C) in a sum of bin terms. 

4* Convert the function x a y* to disjunctive normal form in three variables x t y, 2 . 

5. Express the function f = (x \ y) a (x v 2 ) a (x v y) into conjunctive normal Form in which maximum number of 
variables are used. 

6 * Write the complement of the coiyunctivc normal Form function (x a y a z') v (2 Ay' a z") v (x Ay a 2 % 


37.21 


SWITCHING CIRCUITS 


( 1 ) A switching network is an arrangement of wires and switches (or gates) which connect two terminals . A 
switch can be either closed or open. A closed switch permits and an open switch stops flow of current 

(2) Ifp denotes a switch, then p* denotes that switch which is open when p is closed and p' is closed when 
p is open. 

If x denotes the state of the switch p t then x f represents the state of the switch p\ x is called the Boolean 
variable which is a binary variable. 

If x = 1 denotes the switch is closed or current flows, then x - 0 denotes that the switch is open or current 

stops. 

(3) Two switches p } and p 2 are either connected in series (represented by a) or connected in parallel (repre¬ 
sented by v). 

These are shown as follows : 



(p } & p 2 in series : p x a pj) 



Pi 


(p, & p. 2 in parallel: p x v p*) 
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If B | 0 , 1 | is non-empty set and a, v ( / are the operations on B t then the system [{0, l| fl a, v, 1 ] is usually 
called Boolean switching algebra. 

(4> Simplification of circuits. The simplification of a circuit means the least complicated circuit with 
minimum cost and best results. This depends on the cost of the equipment, number of switches and the type of 
the material used. Thus the simplification of circuits implies the use of lesser number of switches which can be 
achieved by using different properties of Boolean algebra. In other words, the simplification of switching circuits 
is equivalent to simplification of the corresponding Boolean function. 


Example '47.42. Draw the circuit which represents the Boolean function ; 
(i\ (p j a a fp 9 v p 4 ) Hi) (p 2 a p.j v (p :l v p a ). 


Solution. Here p t a p 2 is a series circuit while is a parallel circuit. 

The required circuits are as follows : 



(it) 



Ps/ 


U- 



P * 



Example 37,43, Write the Boolean functions representing the following circuits : 



Also draw the circuit diagram which would be the complement of the circuit in (UK 


Solution, (i) The given circuit is represented by the Boolean function : 

f= p x a (p 2 a v |p 4 a (p 5 v p 6 )I 
(ii) The Boolean function for the given circuit is 

f = <Pl V P 2 ) A |{p 3 A p 4 ) V IQj b V p 6 ) A p 7 l 

The complement o ffi.e., f* = (p x v p 2 Y v t(p 3 a p 4 ) v {(p 5 v a p 7 )l r 

= U>1 A P 2 ’) V [(/J 3 A p 4 )' A ((p s V p^) A p 7 )‘l 
= (Pj‘ A p 2 ') V Kp 3 'vp 4 ') A ((p 5 ' APg') vp 7 '}| 

Its circuit diagram is as follows : 



Example 37 A4. Simplify the following dmii/ and draw the diagram of the resulting circuit: 
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Solution. The given circuit is represented by the Boolean function f 

= [(/>! V/J 2 )v(p,vp 3 l] A (pj A p 2 ') = fpj vp 2 vp a ) A(p, A p 2 ‘) 
= (Pj A p, A /? a ') V <p 2 A p , A p 2 ') V (p 3 A p, A Pj) 

= (p, Ap 2 ') V (p. ( A Pj Ap a ') =Pj A |p 2 ' V (p 3 Ap 2 ’)l 

= Pi A /V 

Its circuit diagram is -r^ — J * *- 

Pi P? 


(By distributive law) 
[By absorption law] 


PROBLEMS 37.6 


h Draw the circuit diagram reprcsenUHl by the Boolean functions . 

(i) bi a (p T v pj)] v \p 2 a v pj)] {&} p x f\ lip z vp 4 ) v a (p t vp 4 vp a 4 ))] Ap 2 . 

2. Write the Boolean J unctions representing the following circuits : 



IL Simplify the Boolean functions, p v ip r a q) v (p a g) 

4. Simplify the following circuit and draw the diagram of the resulting circuit: 



5. Drew the simplified network of /lx* y* = (x vvviM fcvv' v z) a (x* v y’ xk 

6 . Consider the function /lx p x 2 , x 3 ) = ftx, a x a ) a tx % a x 3 )I v v x a ) 

fa) Simplify falgebraically, (6) Draw the switching circuit off. 

(c) Also find the minterm normal form of f 


( MF.TlL f 200l\ 

(Madras, 1P98) 


IV. FUZZY SETS 


37.22 


FUZZY LOGIC 


We have so far dealt with the fundamentals of classical logic. Besides this, we have crisp logic which deals 
with propositions that are required to be either true or false. There is however another type of logic which 
includes not only the crisp values but all the values between true 11) and false (0). But there is some degree of 
vagueness about the exact value between [0, 1]. The logic to infer a definite outcome from such vague inputs is 
called fuzzy logic. 

(2) Fuzzy set* To provide a mathematical modelling to fuzzy logic* L.A. Zudeh introduced the concept of 

*Fuzzy sets' in 1965 on the basis of a membership function. The theory of‘fuzzy sets 1 is now fully developed. 

Def. A fuzzy set F of a non-zero set X(x) is defined as F - fx, \iff.x)} : x e X. 

Here : X -> [0, 1] is a function called the membership function of F and ppCx) is the degree of member¬ 
ship of x e X m F. 

In particular p(x) = 1 implies full membership 
p(x) — 0 implies non-membership 

and 0 < |i(x) < 1 means intermediate membership. 

A fuzzy set F is, therefore, a set of pairs consisting of a particular element of the universe X and its degree 
of membership ie, each x is assigned a value in the range ( 0 ? 1 ) indicating the extent to which x has the attribute 
F, It can also be represented as F = {[x,, p^/Xj)], |x 2 . 
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For example t if x is the number of cars in a lane, "small 1 may be taken as a particular value of the fuzzy 
variable x and to each x is assigned a number in the range fO, 1 ) then p(x) e ( 0 , 1 ) is the membership function. 

small 

Example 37 , 45 . In a car-race, all the cars complete the race in four time-groups ; shortest time t moderate 
time , long time and longest time. Jf we note the time taken by each car in a group, it will give rise to a distribution 
of times. Now let us find the outcome of the race based on engine power t car speed and road conditions . Each of 
these variables may further be divided into: 

O') low, medium and high for the variable engine power f 

( ii ) slow, moderate and fast for the variable car speed, 

(Hi) rough, bumpy and smooth for the variable road conditions . 

Now we try to predict on some basis, in which of the four groups t he car will finish, if it has low engine 
power, moderate speed and rough road. 

Then the distribution for the engine power would correspond to the membership function for low, medium 
and high. Similarly the distribution for the speed would depend on the membership function for slow, moderate 
and fast, while the distribution for road conditions would depend on membership function for rough, bumpy and 
smooth. 


37.23 


FUZZY SET OPERATIONS 


(1) A fuzzy set is said to be normalised when the largest element of the set (called supremum) is unity. 
For instance, the set of members (5, 10,15, 20, 25| is normalised to [0.2, 0.4, 0.6, 08, 1] by dividing each member by 

25, the supremum in the set. 

The normalization of a fuzzy set F is expressed as Sup Fix) = 1 . 

*€A" 

(2) Complement. The complement of a fuzzy set F is the set F v with degree of membership of an element in 
F equal to one minus degree of membership of this element in F, (Fig, 37.5) 

For example, if F - 10,4 Ham, 0.6 Sham, 0,8 Jyoti, 0.9 Ritu] 
be a set of intelligent students, then F r = [0.6 Ram, 0.4 Sham, 0.2 Jyoti, 0.1 Hitul 
is a set of non-intelligent students. 



Fig. 37,5 



Fr>G 
Fig. 37.6 


(3) Intersection, The intersection of two fuzzy sets F and C> is the set F r\G, where the degree of member¬ 
ship of an element in F n G is the minimum of the degrees of membership of this element in F and G. (Fig. 37.6) 

(4) Union, The union of two fuzzy sets F and G is the set F u G, where the degree of membership of an 
element in fuG, is the maximum of this element in F and G l (Fig. 37.7) 

For example, if 

F - [0.5 Rani, 0.2 Sum an, 0.4 Anita, 0.8 Sunital 

be a set of fat girls, and 

G - [0.1 Rani, 0.6 Suman, 0.9 Anita, 0.5 Sunita) 

be a set of tall girls, then 

F n G - [0.1 Rani, 0.2 Suman, 0.4 Anita, 0.5 Sunital 
and FkjG = S0.5 Rani, 0.6 Suman, 0.9 Anita, 0.8 SunitaJ 

( 5 ) Equality• Two fuzzy sets F and G are said to be equal if and only if FfrJ = G(x) for all x in X. 

( 6 ) Subset. The fuzzy set F is said to be a subset of the fuzzy set G (Le. t FcG) if and only if Fix) < G(x ) 
for all x e X . 

(7) Double negation. If F is a fuzzy set, then (FY - 1. 

(8) De Morgan’s laws. If F and G are two fuzzy sets then 

(FKjGr^FnG* ; (F r\G? ~ F u 
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Example 37.46, Let the membership functions for the fuzzy sets Fand G be as in the following fable: 


X 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

F 

0 

0 

0.1 

05 

0,8 

1 

0.3 

0.5 

0 

0 

G 

0 

0 

0 

0 

0.1 

0.3 

0.5 

0.8 

1 

1 

F* 

1 

1 

0.9 

0,5 

0.2 

0 

0.7 

0,5 

1 

1 


Then the corresponding 

FnG = 10, 0.1. 0.3, 0.5] 

FuC- 10,1, 0.5, 0,8, 1. 0.5, 0.8, 1, 1] 
Clearly F is not a subset of G and G is not a subset of F. 


37.24 


TRUTH VALUE 


(!) Truth value of the negation of a proposition in fuzzy logic is one minus the truth value of the proposi¬ 
tion. 

For example, if the truth value of the statement l Ram is happy* is 0.8, then the truth value of'Ram is not happy'is 0.2. 

(2) Truth value of the conjunction of two propositions in the fuzzy logic is the minimum of the truth values 
of the tw o p roposi ti on s . 

(3) Truth value of the disconjunction of two propositions in the fuzzy logic is the maximum of the 
truth values of two propositions. 

For example , if the truth value of'Ham is fat* is 0.6, and the truth value of'John is fat 1 is 0.9, then the truth value of 
the statement 

{a) * Ram and John are fat * is 0.6. 

(6) *Ram or John is faf is 0.9. 

(c) * neither Ram nor John is fat J is negation of minimum of negation of'Ram is fat* (Le., 0.4) and negation of'John is, 
fat* 0.1) *0.1. 

( d ) 'Rom is not faf or John is not fat* is maximum of 0.4 and 0.1 f.e., 0.4. 


37.25 


ALGEBRAIC OPERATIONS ON FUZZY SETS 


(1) Algebraic sum of two fuzzy sets F and G is defined by the membership function 

, G (x) = \if(x) + p G (x) - \lftx) \i G (x) 

and is written as F + G. 

Algebraic product of two fuzzy sets F and G is defined by the membership function. 

= V F (x).\x c (x) 

and is written as F.G . 

(2) Properties of fuzzy set operations which are common to crisp set operations, are as under 

1. Idempotent: F kjF - F f F nF = F 

2. Identity ; F it = i\ F r\U = F 

3. Commutative :FuG-GuF, F nG ^G r\ F 

4. Distributive : F n (G nH) = (F nG) u (F n //), Fu(GnH) = (FuG)n C F kj H) 

5. Associative: (Fu G)uH = Fu(Gu H), (F G) r\ H = F n(G n H) 

6 . Absorption : Fu(Fn G) = F, Fn(FuG) = F. 


37.26 


GENERATION OF RULES FOR FUZZY PROBLEMS 


We should know before hand all possible input-output relations while dealing with problems concerning 
fuzzy engines or fuzzy controls. These input-output rules are then expressed with 'if,., then' statements. 

For instance, if F *s and G*s are inputs of fuzzy problems and R J s are the actions taken for each rule, then 
the set of'ifthen" rules with two input variables F { and G j and the actions taken are shown in table 1. 
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iff, and or G v then fi n , else 


Table 1 

if F 2 and or G v then R 2V else 


R n 

R\2 

if F, and or G 2 , then R n , else 
if F 2 and or G 2 > then R,, 2 . 

*2 


^22 


Wt 

^2 


In case, the fuzzy .statements have more variables, then L if... then’ rules becomes more complicated to 
tabulate. 

However such a tabulation can be simplified by following a decomposition process as follows : 

The decomposition process of three fuzzy variables is G and H with actions R’s taken is shown below : 


Table 2 Table 3 



»u 

R k 



^121 




R 2 \ 

R <22 

»2 

^112 

^122 

^212 

^222 


G , 

g 2 



^12 

^21 

#22 


Here the statements F 2 and G l and H , then R 2ll is decomposed into 'if F 2 and G x then R 2 f and ‘if fi 2l and 
H v then F 3lr 

Similarly R 2l and then R 2i2 . 

This decomposition process can easily be extended to any number of input variables. 


37.27 


FUZZY PROPOSITIONS 


(1) A fuzzy number is a fuzzy set R -*/0, 1]. We can easily extend classical two-valued logic to three-valued 
logic. Fuzzy logic, however is an extension of multi-valued logic. It provides foundations for approximate reason¬ 
ing with imprecise fuzzy propositions using fuzzy set theory. 

The classical propositions are statements which are cat her true or false. In fuzzy logic, the truth or falsity 
of fuzzy propositions is assigned different degrees i.e. T the truth and falsity are expressed by numbers in [0, 1J. 

A variable whose values are ‘words' or ‘sentences' is called a linguistic variable. For example ‘height' is a 
linguistic variable and its values are tall, very tall, quite tall, not tall, short, not very short, not quite tall etc. 

(2) Classification of fuzzy propositions. The classification propositions are statements which are 
either true or false. In fuzzy logic, the truth or falsity of fuzzy propositions is assigned different degrees Le, f the 
truth and falsity are expressed by numbers in [0, It. 

The fuzzy propositions of simple nature can be classified into the following four types. In each case, we 
introduce the relevant canonical form and then discuss its interpretation. 

Type I. Unconditional and unqualified propositions * 

The standard canonical form of this type of proposition is expressed asp : u if F „.(!) 

Here u is the variable that takes value u from some universal set U and F is a fuzzy set on U which 
represents a fuzzy predicate such as young, tall, low, high etc. Given a particular value u (say v) t this value 
belongs to F with membership grade FUd* This membership grade is then interpreted as the degree of truth Tip) 
of proposition p 

Le. t T(p) = F(v) ...(2) 

Here T is a fuzzy set on |0, 1] which assigns the membership grade F\v) to each value v of u. 

In some fuzzy propositions, values of variable u in (1) are assigned to individuals in a given set / i.e., 
variable u becomes a function u : / —* a where u(i) is the value of v for individual i in U. Accordingly the canonical 
form (2) is modified to the form 

p : u (0 is F where i €. I —(3) 

Example 37,47, Consider a set I of persons t each person is characterized by his 4 age r and a fuzzy set 
expressing the predicate young' ls given- Denoting our variable by ‘age* and fuzzy set by young 1 2 , the canonical 
form is 

p : age (i) is young . 
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Solution. The degree of truth of this proposition TXp) is then determined for each person i in / by means 
of the equation TXp) = young [age (i)l. 

Example 37.48. At a particular place on the earth, can aider the air temperature u (in ”C). Let Fig. 37.8 
represent the membership function as predicate ‘high'. Assuming that all relevant temperature readings art ? 
given, the corresponding fuzzy proposition is expressed as, 

p : temp (u) is high (*C) 




Solution. The degree of truth Tip) depends upon the actual value of the temperature and on the nature of 
predicate ‘high’ which is defined by the membership function T in Fig. 37.9. 

e.g., if u = 75 then F{75> = 0.65 and Tip) = 0.65. 

Type II. Conditiono l and unqualified propositions. 

A proposition p of this type is expressed by the canonical form 

p : If x is F then v is G *..(4) 

where x t y are variables whose values are in the sets X , Y and F t G are fuzzy sets onX and Y respectively. These 
propositions may also be viewed as propositions of the form 

lx t y)\sR ...(5) 

where R is a fuzzy set on X * Y which is determined for each x e X and each y e Y by the formula 

R(x,y) = B{F(x) $ Q<y)) f -»(«) 

where B is a binary operation as [0, 1] representing a suitable fuzzy implication. 

Type IIL Unconditional and qualified propositions 

A proposition of this type is expressed by either of the following canonical forms : 

piwisFisS .-■(?) 

or p : Prob ( V isF)isP .,.(8) 

where u is a variable that takes value v from some universal set U and F is a fuzzy set on U which represents a 
fuzzy predicate such as small, young, daughter etc* 

Prob. (U is F) is the probability of fuzzy set event l u is F * ; S is the fuzzy truth qualifier and P is the fuzzy 
probability qualifier. S and P are both represented by fuzzy set on [0, 11. 

Example 87.49. Mary is young' is f very true' where the predicate young’ ami the truth qualifier *very 
true* are represented by the respect ire fuzzy sets shown in Fig, 37JO, 
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Solution. The degree of truth Tip) of any truth-qualified pro posit ion p is given for each u e U bv Tip) - 
SiFlu) l 

Assuming that Mary’s age is 20, she belongs to the set representing the predicate ‘very young* with mem¬ 
bership grade 0.50, our proposition belongs to the set of propositions which are ‘very true’ with membership 
grade 0*50 as shown in Pig* 37*11. This implies that the degree of truth of our truth qualified proposition is 0.50* 

If the proposition be modified by changing the predicate to ‘young 1 or the truth qualifier to ‘fairly true*, we 
would obtain the corresponding degree of truth of such propositions by the same method. 

Type IV, Conditional and qualified propositions 

This type of propositions can either be expressed in the canonical form 

p : If jc is F t then y is G in S 
or p : Prob {jc is F/y is G) in P, 

where Prob \x is F/y is G) is conditional probability. 


37.28 


APPLICATIONS OF FUZZY SETS 


The concept of fuzzy sets has already influenced all engineering disciplines to various degrees* 

Electrical engineering is the first such discipline where the utility of fuzzy logic and fuzzy sets has been 
recognized by developing controllers* Electronic circuits for fuzzy image processing have also been developed* 
Some ideas regarding the application of fuzzy sets in civil engineering emerged around 1970* In the con¬ 
struction of bridges, dams, buildings etc* a designer has to take into account the safety factor for which the fuzzy 
theory has an effective role to play* Fuzzy set theory- has also proved quite useful for assessing the life of existing 
constructions* 

In mechanical engineering design problems, the utility of Fuzzy set theory was realised during mid 
ISSO’s. The membership function is expressed in terms of thermal expansion or corrosion or cost of different 
materials etc* 

When the utility of fuzzy controllers was increasingly felt around mid 1980’s, the need for computer 
hardware to implement the various operations involving fuzzy logic, had been recognized* In digital mode, fuzzy 
sets have been expressed as vectors of (0 t 1) members* 

Fuzzy control and fuzzy decision making are two well-developed areas of fuzzy set theory. These are 
directly relevant to industrial engineering problems * The utility of fuzzy sets has also been recognized for 
estimating the service life of given equipment under various conditions* 

Modern Reliability theory has also been developed on the assumption of fuzzy sets. At any given time, an 
engineering product may be in functioning state to some degree or in failed state to another degree. The 
behaviour of an engineering product with respect to its functioning state and failed state has been characterized 
as based on fuzzy set theory* 

The use of fuzzy set theory in Robotics includes approximate reasoning, fuzzy controllers, fuzzy pattern 
recognition and fuzzy data bases* 
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F: [0. O t 0,0, 0,1, 0.3, 0,5, 0.9, 1. lj 
G : JO, 0,0.1, 0.5. 0,9, 1 ( 0.9,0.5, 0.0] 

Slate whether U ) F - G (it) F is a subset of O. 

Also write down F\ FnG and FuG, 

6 , The truth values of the statements 

Ijttif is a good player* is 0,7 
and 'John is a good player* is 0.6. 

What is the truth value of 
( i ) the conjunction of the above two prepositions, 
ffi) the disjunction of the above preposition#. 

7. Define a Fuzzy set and the standard operations on Fuzzy sets. 
& Slate the constituents of the pair in a fuzzy set. 

9, Write a note on 'Fuzzy logic affects many disciplines* ? 



(Bhopal, 2009) 
(Bhopal* 2001) 
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. 1. Introduction. 2. Summation Convention. 3. Trans formal ion of coordinates, Tensor of order zero. 4. Kronecker . 
1 Delta. 5. Contravariant vectors, Covariant vectors. 6. Tensors of higher order. 7. Symmetric and skew-symmetric 
I tensors. 8. Addilion of tensors. 9. Outer product of two tensors. 10. Contraction of tensors. 11. Inner product of I 
| two tensors. 12. Quotient Law. 13. Riemannian space, Metric tensor. 14, Conjugate tensor. 15. Associated | 
| tensors. 16. Length of a vector, Angle between two vectors. 17. Christoffel symbols. 18. Transformation of i 
. Christoffel symbols. 19. Covariant differentiation of covariant vector; Covariant differentiation of a contravariant . 
vector. 20. Gradient, Divergence, Curl. ' 


38.1 


Some physical quantities are specified by their magnitude only while others by their magnitude and 
direction. But certain quantities are associated with two or more directions. Such a quantity is called a tensor. 
The stress at a point of an elastic solid is an example of a tensor which depends on two directions—one normal 
to the area and other that of the force on it. 

The properties of tensors are independent of the frames of reference used to describe them. That is w hy 
Einstein found tensors as a convenient tool for formulation of his Relativity theory. Since then, the subject of 
tensor analysis shot into prominence and is of great use in the study of Riemannian geometry, mechanics, 
elasticity, electro-magnet theory and numerous other fields of science and engineering. The emergence of tensor 
calculus as a symmetric subject is due to Ricci and his student Levi-Cita. 


38.2 


SUMMATION CONVENTION 


Consider a sum of the type 

IT 

a,Xj + a2*2 + - + °,i*n Le ’ H a ‘ X ‘ 

i-1 

In tensor analysis, the subscripts of the symbols x v x 2 > — x are replaced by superscripts and we write 
these as x * l t x 2 , x". The superscripts do not stand for the various powers of* but act as labels to distinguish 

different symbols- The power of a symbol (say : x*) will be indicated as (jr 1 ) 2 , ( x*) 3 etc. Hence (1) is written as 

i a i x ' ■ -<2) 

i-i 

A still simpler notation is to drop the L sign and write (2) as ...(3) 

In this the repeated index i Successively takes up the values 1, 2, ...» n and the expression (3) represents 
the sum of all such terms. The repeated index i over which the summation is to be done, is called a dummy index 
since it doesn't appear in the final result. This notation, known as summation convention , is due to Einstein. We 
shall adopt this convention throughout this chapter and take the sum whenever a letter appears in a term once 
as a subscript and once as superscript. 
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Example 38.1, Write the terms contained in S - taking ri = 3 . 

Solution. Since the index i occurs both as a subscript and as a superscript, we first sum on i from 1 to 3, 

S - + a 2j x2xJ + 

Now each term in S has to be summed up w.r.t, repeated index j from 1 to 3, 

S = a n x l x A + a^x 2 + a^x 1 ^ 3 + a 2 l x 2 x l + a 22 x 2 x 2 + m^x 3 

+ + 0 32 X 3 X 2 + QggX 3 * 3 

= a u (x 1 ) 2 + a^ix 2 ) 2 + a^tx 3 ) 2 + (a l2 + a^ixV 2 + (a 13 + a^lcV* + (a 23 + c^jA 3 * 


Example 38 *2* /// is a function of n variables x* ( write the differential off 


Solution* Since f = f(x l t x 2 , x n } 

/- From Calculus, we have 


a? 


a/- 


+ ^-dx n 
dx ' 1 



38.3 


(1) TRANSFORMATION OF COORDINATES 


In a 3-dimensional space, the coordinates of a point are (x\ x 2 , x 3 ) referred to a particular frame of refer* 
ence. Similarly in an rc-dimensional space, the coordinates of a point are n independent variables (x 1 , x 2 ,x") 
with respect to a certain frame of reference. Let (3c 1 , x 2 , x n ) be the coordinates of the same point referred to 
another frame of reference. Suppose, are independent single-valued functions ofx 1 , x 2 , *,,, x n so 

that 

x 1 = (x ! ,x 2 , 

x 2 „. f x«) 


x n =^(x 1 J x 2 ,*» 1 x li ) 

or more briefly x 1 = §* tx 1 , x 2 p x*) ..*(1) 

We can solve the equations (1) and express x* as functions of x 1 so that 

aH =y <x l , x 2 .S") ...(2) 

The equations (1) and (2) are said to define a transformation of the coordinates from one frame of reference 
to another , 

(2) Scalars or invariants* A fund ion <JKx l , x 2 x 3 ) is called a scalar or an invariant if its original value 
does not change upon transformation of coordinates from x l r x 2 x 3 to x 1 , x 2 , x’\ 

i.e., ijK* 1 . x 2 , x 3 ) = y(x‘,x 2 ,x 3 ) 

A scalar or invariant is also called a tensor of order (or rank) zero , 


38.4 


KRONECKER DELTA* 


The quantity 8/ defined by the relations 

5/ = 0, when j * i 

and B{ = 1, when j = i, is called Kronecker delta , 

Evidently 8 3 ] ~ 8 2 2 = 5 3 3 = ... = 8 n n = 1 

while 8j 2 = 5/ - S 3 2 - — = 0 


^Called after the German mathematician Leopold Kronecker (1823-91) who made important contributions to number 
theory, algehra and group theory. 
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We note that by summing up w,r,t the repeated index j , 

“ °31*2 1 + a 32^2 2 + a 33^/ + a 34^2* + 

= 0 + ^32 0 + 0 = a 

In general, %V = c^S* 1 + a, z 5* 2 + ... + a ik 8 / + ... + a in 6 k n 

— 0 + 0 + ... + q ^ . 1 + ,„ + 0 = ct^. 

Example 38.3. Show that a (j A kj = A6 k , where A is a determinant of order three and A^ are cofactors of a fJ , 

(. Delhi, 2002) 

Solution, By expansion of determinants, we have 

o 11 A 11 + a 12 A 12 + q 13 A 13 = A 
OjjA 21 + a V2 A 22 + o 13 A a3 = 0 
o u A ai + a 12 A 32 + a^A 33 = 0 

which can be compactly written as 

a Xj A ^ s A, 0 V A^ = 0, o^A 3 > = 0 

Using Kronecker delta notation, these can be combined into a single equation 

Q x A k i = Ah k 

Similarly a 2j A kj ~ A6 2 * T a^A* J ' - A6 3 * 

All these nine equations are included in a-A k * ~ A5**- 


Example 38.4. If x 1 and x* are independent coordinates of a point, show that 

rV dx k ... 

—r- —t- “ Of. 
ac k ex' 

Solution. The partial derivatives of $ in the two coordinate systems are different and are connected by 
the following formula of Differential Calculus : 


Sc* 


cVj> dx 1 ^ d<ji dx 2 ^ fxj> c 1 * 3 


dS l ' dx‘ dx 2 ' dx' 


c *|) dif* 


dx* ex' dx k dx' 


tx J 


cx j dx k 


In particular, when 4 = x J , we have -— = —r 

dx * dx * dr* 

Since x J is independent of**, dxddx* - 0, when j * i 

— 1, when j = i 

Hence the result follows from (i) and (it ). 


Ui) 

».(«) 


(1) CONTRAVARIANT VECTORS 


Let A 1 , A 2 , A ri t Le., A 1 ) be a set of n functions of the coordinate system x l , x 2 , x n {Le., x'). If these 
transform in another system of coordinates x l t x 2 ,_ x l ) according to the law 


—. CX* t 

A 1 =—A J 
dx J 


...U) 


then A 1 are called components of a contra variant vector or contravariant tensor of order one. 

An example of a contravariant sector. Let us transform the coordinates of a point x l to x l in a /t-dimen¬ 
sional space. 

Since x is a function of x 1 {Le, t x p x^ x n \ therefore, 

dx' = ^-dx 1 + ~dx 2 + ... + — dx n 


ex' 
3x ' 


ex 


dx n 


=- dx J f using the summation convention. 

dx J 
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(Jamparing this with ( 1 ), it follows that the set of differentials dx * 1 , dx 2 , dx 11 is an example of a 
contra variant vector That is why the coordinates of a point are numbered by superscripts and not by subscripts, 
(2) Covariant vectors. Let A t be a set of n functions of the coordinate system If these transform in 
another system of coordinates x l according to the law 


— cx^ 


U2) 


then A t are called the components of a covariant vector or eo variant tensor of order one. 

An example of a covariant vector , Let $ be a function which has a fixed value at each point of space 
independent of the coordinate system employed. Therefore, § is a function of the coordinates x* in the first 
system and a function of the coordinates 5r f in the second system. By the chain rule 

J?ft_ = J)ft _ _*♦. *1. ?ft dx 2 3ft ex' 

dx l ’ Bx' dx i dx 2 dx' + dx n dx‘ " dx l dx' cbc 2 ex' + ”* + dx” 3? 

Comparing this equation with (2), it follows that the set of derivatives, 

d$dx\ dtfdx 2 . dtfdx* 

form a covariant vector\ 

Example 38,5. A covariant tensor has components xy% 2y — 2 r t xz in rectangular coordinates. Find Us 
I cobatiant components in spherical coordinates. 


and 


Solution. Here 


Let 


x 1 = x, x 2 — y, =s z 
A x = xy, A 2 = 2 y - z 2 ,A 3 = xz 


.Ait) 


_ dx J 

According to the law of transformation, we have A i = —- A: (i = 1,2, 3) 

dx 1 

and we wish to evaluate A lt A 2 . A 3 where A v A 2i A 3 are known. 

We know that x - r sin 0 cos 4 >, y = r sin 0 sin <ji f z=r = cos 0 
J ^2 r^3 


Now 


-r dx A ux A cx . dr dy dz 

At - — r A, + — r Ao + — t A* =—xy + — (2y - 2 ) + — jrz 


Aiii) 

[From (i) and (ii)l 


Similarly 


dx 1 * dx 1 “ dx 1 ~ dr dr dr 

= sin 0 cos §. r sin 0 cos $ . r sin 0 sin $ + sin 0 sin $ ( 2 r sin 0 sin <j) - r 2 cos 2 0 ) 

4- cos 0 . r sin 0 cos § . r cos 0 [From (Hi)] 

T a* 1 *- 3 


cx 


dx* 


and 


A% =—3^-A, A^ + A 3 - r cos 0 cos <Jj. r sin 0 cos $ . r sin 0 sin <J> 
dr dr dr 

+ r cos 0 sin <j> (2r sin G sin 1 - r 2 cos 2 0 ) + <— r sin 0 ) r sin 0 cos <j> . r cos 0 

A - A + ^ A + A, 

^'Sx s 1 

= - r sin 0 sin <j>. r sin 0 cos 0 . r sin 0 sin § 

+ r sin 0 cos 4 > (2r sin 0 sin § - r 2 cos 2 0 ) + 0 


TENSORS OF HIGHER ORDER 


Let i and j be each given values 1 to ra, then the symbol A ij will give rise to n 2 functions. 

(1) IfA LJ be a set of n 2 functions of the coordinates Jr 1 ,* 2 , which transforms to A lJ in another system 
of coordinates x 1 t x 2 , x n , according to the law 

_ dx. cx ^1 

p w k p.j 

cx cx 


then the functions A lJ are said to be components of a contra variant tensor of the second order. 


...(D 
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(2) If A tj be a set of n 2 functions of x* t x 2 f x n which transform to in another system of 
coordinates t x\x 2 *,.. t x n according to the law 


X A 

^ 0? dx J 


...(2J 


then the functions A# are said to be the components of a covariant tensor of the second order. 

(3) If A 1 ^ be a set of n 2 functions of x\ x 2 , ... f x n which transform to in another system of 
coordinates, x l , x 2 , x n , according to the taw 


J at* &x J 


...(3) 


then Aj are said to be the components of a mixed tensor of the second order. It transforms like a 
contra van ant vector with respect to the index i and like a covariant vector with regard to the index j. That is why 
i is placed as a superscript and j as subscript. 

We can similarly define tensors of the orders higher than two. 


Qh**< Each of the above laws of transformation (1) to £3), give rise to n 2 equations as i andj are each given the value 


1 to n , 


Example 38,6. Show that the Kronecker delta is a mixed tensor of order two , 


Solution. If 8/ transforms to 8/ in the coordinate system x\ x 2 , x n by the law for mixed tensors of 
order two, then 

[v 6™ = 0 for / * m] 


-j _ dx^ dx J _ dx J dx” 




dx 1 dx m dx m dx 1 dx* 

Hence 8/ is a mixed tensor of order two, having the same components in every coordinate system. 

Example 38.7. Show that the velocity of a fluid at any point is a contra variant tensor of rank one . 

Solution, Let dx x fdt t dx 2 /dt, dx^ldt be the components of fluid velocity of the point (x 1 , x 2 , x 3 ), Le. t dxfdt be 
the components of velocity in the coordinate system x L Suppose the corresponding components of velocity in the 
coordinate system x l are dx J /dt, Then x l ,x 2 , x 3 being the functions of x 1 , x 2 , x 3 which in turn are functions of 
t t we can write 

dx j dx J dx 1 dx J dx 2 dx J dx 3 

+ —- - — + - 


dt dx 1 dt dx 2 dt dx 3 dt 

dx J cx J dx* 


or 


Mi) 


dt chr* dt 

Now according to the law of tensor transformation, (i) shows that the velocity of a fluid is a contravariant 
tensor of rank one. 

Example 38,8. Prove that there is no distribution between contravariant and covariant vectors if the 
transformation law is of the form x l = a^x™ + h\ where a’s and 6 V are constants such that nj. a* m = B r m . 

f Bhopal , 2003) 


yields 


Solution. Given transformation x* = a l m x™ + fe' 

dx 1 


Also from (/), 


— = e* 
dx m 

=a i r al,x m + a i r b i 


...(/) 

.Mi) 


- 8 T \x m + alb 1 = x r + a l _ b*. 


cx 


- = a r re,, 

=l c^x 1 


7 


..Mi) 
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From («) and (iff), it is clear that any vector with components a , h t c will on transformation give the same 
components whether transformed as a contra variant vector or as a covariant vector* Thus in this case, there is 
no distinction between the two* 


38.7 


SYMMETRIC AND SKEW-SYMMETRIC TENSORS 


(DA tensor is said to be symmetric with respect to two contravariant (or two covariant) indices if its 
components remain unchanged on an interchange of the two indices* 

Thus the tensor is symmetric if A tJ -A)\ for every i and j, 

(2 ) A tensor is said to be skew-symmetric with respect to two contravariant (or covariant) indices, if its 
components change sign on interchange of the two indices . 

Thus the tensor A V is skew-symmetric if A) % - - A^ for every i and j. 

In general, the tensor is said to be symmetric or skew symmetric in i and j according as 

At or -A» 


Example 38.9, Show that (i) a symmetric tensor of the second order has only | n(n + 1) different 
components . 

(U) A skew-symmetric tensor of the second order has only 4 n (n - t) different non-zero components . 
Solution, (i) Let A lJ be a symmetric tensor of order two so that A** = A?\ 

If each of the indices i and j take the values 1 to n, then A** will have n 2 components. Out of these n 2 
components, n components A u , A^ 2 , ... A nn are independent. 

Thus the remaining components are ( n 2 - n ) which can be taken in pairs {v A 12 = A 2V A 31 = A 13 etc.) 
Hence the total number of independent components 

= n + i (n 2 — n) - — n(n + 1) 

2 2 

Or) Let A Lj be a skew-symmetric tensor of order two so that A iJ = - A/ 1 , As above, A} J will have n 2 compo¬ 
nents. Out of these, n components A n , A 22 ,... A nn are all zero, [v A u = - A 11 ]. 

Omitting these, there are in 2 - n) components. Since A 12 = - A 21 , A 13 = - A 31 etc., therefore ignoring the 
sign, (n 2 -n) components can be taken in pairs. 

Hence the total number of independent non-zero components 

= — (n 2 — n) - — 1). 

2 2 


PROBLEMS 38.1 


I. Write the following using the summation convention : 

ax 


(0 d# p* tfc 1 1 -ay dx* + do, dx 


dt etc 1 dt dx ' 2 dt 
2. Write out in full the following : 
(t) arts' d,j = 1, 2, 3) 

(Hi) g t 


vx 


dt 


(ii) (x'P + (a 2 ) 2 + (a?) 2 + ... + 


(ii)g lj dx‘dx l <i,j = L, 2. 3) 


3. (a) Shows that 6^ is an invariant, 
(b) Evaluate (i) 6^ o'* 

Px p 

4. Show’ that (i) -— = 5„ p 

q 


(ii) 

(ii) EL. ££_ = s /. 


(Bhopal, 2003) 


dx* dx r 

5. If the x’s are n independent functions of a's and i,j, k, l each take values from I to n, show that 


0? cx l 


ek i zi 









Tensor Analysis 


1167 


6- Write down the law of transformation ibr the tensors 

§ A f («) c mn . 

7. A quantity A% /, mi which is a function of the coordinates 3? transforms to another coordinate system 

x p according to the law ! 


T, . . fix' fix* fir* fix' dx v ... . , , . 

Is this quantity a tensor ? If so express it suitably and state it $ nature and rank ? 

8, If the components of two tensors are equal in one coordinate system, show that they are equal in al! coordinate 
systems. 

% A covariant tensor has components 2.r - z, x*y t yz in cartesian coordinate system. Find its components in 
(n) cylindrical coordinates (Punjab, M.E., 1989) (6) spherical coordinates. 

10, If# UJ denotes the components of a covariant tensor of rank two, show that the product g v dtftfa* is an invariant 
scalar, (Delhi, 2002) 

1 1- A contravariant tensor has components a t 6, c in rectangular coordinates ; find the components in spherical 
coordinates, 

12, Prove that A^B l C J is an invariant, if B* and CV are contravariant vectors and A r ^ is a covariant tensor. 

(Madras, MJtiL, 2000) 

13, Show that is not a tensor even though A p is a covariant tensor of rank one. (Bhopal, 2003) 

14, If b tensor is a skew-symmetric with respect to the indices p and q in one coordinate system, show that it 
remains skew-symmetric with respect to p and q in any coordinate system. 


ADDITION OF TENSORS 


type. 


The sum (or difference) of two tensors of the same order and type is another tensor of the same order and 


Let Ay and B if be two tensors of the same order and same type. Their components in the coordinates 
system Jc 1 , x 2 f x ri are A and B such that 


cx k dx l 


A ^iF A " 


and B ,, = 


fir* fir' 
fix' fix' 


B, 


'hi 


= fit* fir' 


— — fi]f' 

Ajj ± B 0 = — —-jiAt, ± B kl ) i.e., ^ 

J u tix 1 tix-' J er dx J 

Thus C- transforms in exactly the same manner as A and B and is, therefore, a tensor of the same order 


and same type. 


OUTER PRODUCT OF TWO TENSORS 


If A ,J is a contravariant tensor of order two and B kt is a covariant tensor of order two then their product is 


a mixed tensor C lJ k{ of order four such that 


C$ - A" B,, = 


hi 


' dx‘ fix' ™ V fir' fir* 

- A™ - 

[dx p dx q 


fix* fix' 


er er er fix 3 

Cx p fir 9 fix* fix' 


A>*>B„ = 


fix 1 dx J fix'" dx s 


dx p fix 9 fix* fix 


C™ 


a=f ™ 


But this is the law of transformation of a mixed tensor of order four. Therefore, C'y is a mixed tensor of 
order four. Such products are called outer products of two tensors. 


38.10 


CONTRACTION OF A TENSOR 


Consider a mixed tensor Ap of order four. By the law of transformation, we have 


Ap = 


fix 1 fix-' fix* fix 1 
cx p fir 9 ex' fix' * 
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In this, put the covariant index / = a contravariant index i f so that 

jijk dx' dx J cx k ex’ dx k dx* APqt 

' dx p dx* dx r d? 


cx q dx r 8x p 


_ A pqr — 

dx* dx r p s ax” dx r p 

This shows that A'/* 1 is a contravariant tensor of order two. 

The process of getting ct tensor of lower order <reduced by 2) by putting a covariant index equal to a 
contravariant index and performing the summation indicated is known as contraction. 

The tensors AV* and A qh obtained from contraction of the same tensor are generally different from 

each other unless the tensor Af k is symmetric with respect to i and j {Le. t AJ k = A^*). 


38.11 


INNER PRODUCT OF TWO TENSORS 


Given the tensors A l f and B p r , if we first form their outer product AJf B p r and contract this by putting 
p = k, then the result is A^ B* r which is also a tensor, called the inner product of the given tensors , 

Hence the inner product of two tensors is obtained by first taking their outer product and then by contract¬ 
ing it. We can get several inner products for the same two tensors by contracting in different ways. 

Example 38,10, Show that any inner product of the tensors Af and B y* is a tensor of rank three. 


Solut ion, The transformation laws for A? and B^ s are 


A p = — r ' V * A‘ k 
ax' ax r 


Inner product of A p and fit^ 4 is 
A?Bf 


...(/) 


and 


B q ' t = — — B’ l „ 
dx J dx 1 dx 1 


Mi) 


f dx p cx k ' 

f cx* cx s dx m 1 

<Y r? . 

[dr' dx 1 dx 1 j 


Ai B* 


dx p dx’ dx 




ex 1 dx 1 dx 
_ cx p dx* ax'* Ai Djl 

~nr& r &F A,Bm 

Hence the inner product of A p and B^ s is a tensor of rank 3. 
Similarly putting p = f in the product of (i) and (ii) and noting that 

dx p dx m dx m _ 
cx i dx p ~ ~* ” 

is found to he a tensor of rank 3. 

Similarly, A^B^can also be shown to be a tensor of rank 3. 


ar* dx* dx* , 6 h 

dx* cx j dx j ’ j 


38.12 


QUOTIENT LAW 


To ascertain that a set of given functions forms the components of a tensor, we have to verify if the 
functions obey the tensor transformation laws. But this is a very tedious job. A simple test is provided by the 
quotient law which states that if the inner product of a set of functions with an arbitrary tensor is a tensor f then 
these set of functions are the components of a tensor. 

The proof of this law is given below for a particular case. 
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Example It 8.11. Show that the expression Att, j, k) is a tensor if its inner product with an arbitrary tensor 
Bfl is a tensor. 

Solution. Let A(i,j,k)Bj*t* C ■ ...(/) 

where Cf is a tensor. In the coordinate system x', let (i) transform to 

A(p,q,r)B? = C; ...(H) 

where B?’' and C p are the components of the tensors B k jl and c/. Expressing Bf> s in terms of B k jl and C p in 
terms of c/ 1 (it) takes the form 


A(p , q, r) 


dx* 

dx‘ 


dx* 


dx 1 


B ji dx* fo* c t 
dx r * dx 1 dx p ' 




or 


Bx* Bx* 

Multiplying { i ) by and subtracting from we get 


cX 1 dx p 


7/ .8S* dx* cV ... . Ll di* ax' 

A(p, q,r) — -j — ~ AU,j,k) — — 

CX dx dx cx dx p 


Bi‘=0 


Now Bfl being an arbitrary 7 tensor, the quantity within the brackets must be identically zero, Le, f 

v* Bx* 3 cx s dx k . * Bx s dx J 

A(p y q f r) — —~ r — = AU fJy k > —j- — 
cx J dx dx cx dx p 

— chc 1 Bx * 3 Bx r 


dx p dx q cx k 

But this is the law of tensor transformation. Henc eA(iJ f k) is a tensor of order three, with i f j as co variant 
indices and k as contravariant index. 


PROBLEMS 38.2 


I* Prove that if a tensor equation is true for one coordinate system, it is true for all coordinate systems. 

2. Show that every tensor can be expressed as the sum of two tensors, one of which is symmetric and the other skew- 
symmetric. 

3- If A^ r and B pfi r are tensors, prove that their sum and differences are also tensors. 

4. Show that A tt is a tensor if it s inner product with an arbitrary* mixed tensor & k is a tensor, 

5, Prove that (a) the contraction of the tensor A p q is an invariant, 

(b) the contraction of the outer product of the tensors A p and is also an invariant 

ft Let be a tensor ; choose p - t and q - s and show that A*** is also a tensor. What is its rank ? 


38.13 


(1) RlEMANIStlAN SPACE 


The distance ds between two adjacent points whose rectangular Cartesian coordinates are (x t y, z) and 
ix 4 dx, y 4 dy , z + dz ) is given by ds 2 = dx 2 4 dy 2 + dz 2 . 

Riemann extended the concept of distance to a space of n dimensions and defined the distance ds between 
two adjacent points x 1 and** + dx 1 (i = 1, 2,..., n) by the relation 

ds 2 ^ a n (dx 1 ) 2 + a^dx 2 ) 2 + ... + acids' 1 ) 2 4 a l7 dx x dx 2 4 ... + a im dx l cbf n + ... 

= aJ3a?dx?t using summation convention. -,.(11 

The coefficients a tj are the functions of the coordinates x\ The quadratic form (1) is called a Riemannian 
metric and any space in which the distance is given by a such a metric is called a Riemannian space * 

If in a particular coordinate system X 1 , the quadratic form (1) reduces to the form 
ds 2 = (dX 1 ) 2 + (dX ^ 4 ... (dX*) 2 , 

then it is called a Euclidean metric and the corresponding space is called the Euclidean space. 


* See footnote on p. 673 
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Obs* The geometry based on the Riemannian metric is called the Riemannian geometry and that based on the 
Euclidean metric is called the Euclidean geometry. 

(2) Metric tensor. As in the physical space, the distance ds in the n -dimensional space is assumed to be 
independent of the coordinate system, i.e* a scalar invariant or a tensor of order zero. In the relation (1), dx* and 
dx* being displacements are components of a contravariant vector or a tensor of order one. Therefore, their outer 
product dx l dbd is a contravariant tensor of order two. By the quotient law, the functions must be components 
of a covariant tensor of order two. 

Let us write a~= g tj + h tj where g tj = \ (n, y + a-) and = \ {a (j - a-). 

Interchanging i and j, we have g~ = | (a^ + a^) = g SJ and h Jt = | (a~ - a tJ ) = - h tj 
g tj is symmetric and is skew-symmetric. Thus (1) take the form 

ds 2 - a tJ dx 1 dx J = (g tJ + h^) dx?dx J 

Now h^bfdxi is zero, since h tJ is skew-symmetric. Hence ds 2 =g ij dx‘dx J where g tj is a covariant symmetric 
tensor of order two. It is called the metric tensor or the first fundamental tensor. 


38.14 


CONJUGATE TENSOR 


Let g be the determinant \g tj | and G jf denote the cofactors of 
gy in g* Define the function ofg*-? by the relation= GJg ,..(1) 

Since the functions g i} and G i? are symmetric in the subscripts, the functions will be symmetric in the 
superscripts. Now 


G.. a . G,. 

g g*j = g —” = — - 1 and g — g —- 
6 u G g g &XJ& GtJ g 

= I, if / = i t = 0, if / 5t i 

Thus *^' = 8/ ...(2) 

If ui be an arbitrary contravariant tensor, then its inner product with the tensor g. f will be an arbitrary 
covariant tensor due to contraction, Le, t 


g,y = i’ t -(3) 

g tj v,=g lJ g,jiij = tg, 

which is a contravariant tensor of order one. Therefore by quotient law, g lj are the components of a contravariant 
tensor of order two. Hence g* J is a symmetric contravariant tensor which is called the conjugate tensor or the 
second fundamental tensor. 

Oil*. In view of (2), the relation between g^ and g* J is reciprocal. As such the first and second fundamental lemon 
are also catted reciprocal tensors. 

Example 38.12. Find the components of the first and second fundamental tensors in spherical 
coordinates , 


Solution, Let (x 1 , x 2 t x 3 ) be the rectangular cartesian coordinates and x 1 , x 2 , x 3 be the spherical coordi¬ 
nates of a point so that 

x l = x, x 2 = y, x 3 = z y and x 1 = r, x 2 ~ 0, x 2 = *M) 

and 

We know that x - r sin 0 cos y = r sin 0 sin z = r cos 0 ...{it) 

Let£^ and g tj be the metric tensors in cartesian and spherical coordinates respectively. 

Then ds 2 = (dx 1 ) 2 + (dx 2 ) 2 + (dx 3 ) 2 = gd&dbfl 

Ph 

Sll = 1 = #22 = #33- and #12 = 0 = ^ 13 = #23 etC - -(“*) 


Sij 


Bx p cx q 
dx* dx j 


g 


PV 


_ dx 1 ex 1 ^ _ dx 2 dx 2 _ , dx 3 car 3 __ 

” dx J gu + dx' 872 + dx 1 8x j g33 


.Jiv } 


On transformation 
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Putting i =j = 1 in (if), we have 

Mu 


W ' 2 


(ax 1 f 

-(shihit 


f 3 \ 2 
CX 


-1 


LX 




[By ( i ) and (m)| 


= (sin 0 cos 4>) 2 + (sin 0 sin <j >) 2 + (cos 0) 2 = sin 2 0 + cos 2 0 = 1 [By (ii)\ 


Putting i -j - 2 in (in), we have 



r&M 1 1 

f t%2 T 

r&M 

£22 “ 

laH*H 


U* 2 J 


S 33 


(dx) 2 (dyf (& f 

l ce j + lsej + 1 j 


[By (i) and (Hi)] 


= (r cos 0 cos <t >) 2 + (r cos 0 sin 4>) 2 + (— r sin O ) 2 - r 2 cos 2 0 + r 2 sin 2 0 = r 2 


Similarly 


_ fa'f far*? f&M 2 , 

A.^J *»-*“*« 


#L2 “ 0 “ £l3 “ #21 ~ #23 “ #31 — #32 

Hence the first fundamental tensor f written in matrix form, is 

10 0 


0 r 


0 


g- 


0 0 r z sin 2 0 

10 0 


= r 4 sin 2 0 


0 r 0 

0 0 r 2 sin 2 0 

and the cofactors in g are given by 

Gjj = r 4 sin 2 0 , - J " 2 sin 2 0 , ; G= 0 = G ls = G 21 — G . 2 3 = G 3I = G g2 

The components of the second fundamental tensor are given byg^ = G^/g. Hence the second fundamental 


tensor in matrix form, is 


1 0 0 
0 1 /r 2 0 

0 0 1 /r 2 sin 2 0 


Example 38,13, Find the components of the metric tensor and the conjugate tensor in cylindrical 
coordinates , 

Solution. Let (x 1 , x 2 , x 3 ) be the cartesian coordinates and (x l f x 2 t I 3 ) be the cylindrical coordinates of a 
point so that 


x 1 = x, x 2 = y t r* = z and x 1 = p, x 2 = ty, x 3 = z 
We know that x = p cos *)), y = p sin z = z 

Let# /V/ and g t j be the metric tensors in cartesian and cylindrical coordinates respectively. 
Then ds 2 - (dx 1 ) 2 + (dx 2 ) 2 + (dx 3 ) 2 - g pq dx p 

#11 ” 1 = #22 ” #33 #12 = ^ = #13 = #23 e ^ C ' 

On transformation, 

_ dx p dx q _ dx 1 dx 1 nr 2 dx 2 ex 3 dx* 

*""fFeF*" = fF + 0FiF aB + ii r & s ” 


... 0 ) 

...(tl) 


...(itt) 
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Putting i = j s 1 in (tid, we have 

Bn 




ex 


. 3# 


. at 


.3 ^ 


’MSHfHf) 


= cos 2 $ + sin 2 $ + 0 = 1 
Putting z = j = 2 in (ie), we have 


[By (/) and iii)\ 


M 22 - 


dx 


1 ^ 


ex 


=2 


#11 + 


f a* 


.2 ^ 


-2 


f/X 


^22 + 


f 3 A 2 

car 




rr2 


-&h*hsj 


= (— p sin <|>) a + (p cos <|>) 2 + 0 = p 2 


I By (i) and (it)] 



f ar ’ f 

f^ 2 ] 

2 1 

f dx 3 ) 

#33 “ 



# 22 +| 



Similarly 


and #32 - 0 - # 13 - g 2 \ - #23 - #:« - #32 

Hence the metric tensor, written in matrix form, is 


#33 = 0 + 0 + l = l 


o 

o 

iH 


1 0 o' 

0 p 2 0 

11 

Uc 

0 p 2 0 

0 0 1 


0 0 1 


= P 2 


Also cofactors in g are given by 

G u = p 2 , G 22 = 1, Gjg = p~; G, 2 = 0 = G 13 = G 21 = G 23 = G 3 , = G g2 
The components of the conjugate tensor are given by# 2 = GJg. 

Hence the conjugate tensor in matrix form is 

fi 0 01 

0 1 /p 2 0 
001 


38,15 


ASSOCIATED TENSORS 


From (3) of § 38.14, we have u J * g-j = v g ,»(1) 

i.e, t the inner product of the tensor u J with the fundamental tensor is another tensor v i which is called the 
associated tensor of td> 

Similarly, we have u v g* J = u J ,„(2) 

Hence tJ is the associated tensor of vj. 

Thus the indices of any tensor can be lowered or raised by forming its inner product with either of the 
fundamental tensors g {j or gv as in (1) or (2) above. 


38.16 


m 


LENGTH OF A VECTOR 


The vector A is given by 

A - A‘g j or A = A'g 1 

Also we have the associated vectors A t = g A> 
or A' = g’ J A J 

Length of vector A = (A . A) m = (A‘g i . A?gj) m 

= {g i jA'Ai) m 
= lAA‘) m 

Also length of vector A = (A , A) 1/2 = (A,# . A^#) 122 = <g ij A i Aj) }!2 = (A A') 1/2 
Hence the magnitude or length of the vector A = ^(g lJ A'A J )= -J{g' J A^Aj) — \]{A,A l ) 


which is an invariant. 


...( 1 ) 
-.(2) 
...(3) 
(By (1)] 

g x ■ #jfe 

[By (2)1 
[By (3)| 

...(4) 
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Ob*. The length of a vector-A 1 , 0, 0 (in .^-dimensions) is ^(gnA l A l i t ijt. yjg n A l . Similarly the length of the vector 
0, A® 0 is \JgwA* and the length of the vector 0, 0, A* is Jg^A^. Hence the physical components of a vector A* are 
/ftiA 1 , *jg'j$A 2 i yJgwA** 

(2) Angle between two vectors. Let A and B be the given vectors such that 

A = A ! g i and B - B J g f 
A . B = | A | | B | cos 0 

A. B A'lfr'fc 


or cos 6 = --= =— -- ■ - 

l A H B l yfejA’AnfaB'B') 

In terms of associated vectors, we have 

A'B. 


cos 0 = 


JfA'A,-) ) 


...(5) 

(Using (4) and (5)] 


PROBLEMS 38.3 


1. If ds? - + 3(chc 2 ) 2 + 4(r 5 ) 2 - 6dx l <hfi + 4d!* 2 rfr\ find the values andg 1 *. 


2. Find g and g** corresponding to the metric d& 2 - 


dr 2 


+ rW + sin 2 0 dpi 


i:-w 

3, The contravariant components of a vector A In plane cartesian coordinates x - x l r y = x z are tH3, 56). Using the 

tensor law of transformation, obtain the new components in polar coordinates r - x ] and 6 = x 2 . 

4, Prove that the angles B 12 „ and 0 ai between the coordinate curves in a 3*dimensional coordinate system are given 

by ms 0 J 2 — „ cos ft^a = ^, cos 8Wj == - ~ ^=-\ 

$811822) 

5, Prove that for an orthogonal coordinate system 

teUjs ~ 823= 8m = 0 «*>*“ = ^8 tv 822 = y 8^8^ = V 8®* 


38.17 


CHRISTOFFEL SYMBOLS 


C/*rcsfo/5fe/ symbol of the first kind is denoted by ly, Aj and is defined by 


where g~ are the components of the metric tensor 


e 


and is defined by 


Christoffel symbol of the second kind is denoted by 

B =g kl \ijj 1 

U/J 

Some authors write Christoffe! symbol of the second kind as [ij, k) or r ^. 




...(2) 


Ohs. I. No summation is indicated in the Christoffel symbol of the first kind, but summation is to be made over t in 
the Christoffel symbol of the second kind, 

Obs. 2. It is evident from (I) and (2) that the Christoffel symbols of both kinds are symmetric in the indices i and j. 


10’, *1 - l/i. *1 and |„ ■ = | 7I }. 


Example 38.14. If (ds) 2 = (dr) 2 + j 3 (dO) 2 + r 2 sin 2 0 (dfyf, find the values of 
(a) (22, J] and |I3, 3] (6) 
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and 


Solution, It is a 3-dimensional space in spherical coordinates such that 

uc 1 =* r t x 2 = 6 and x 3 = cj> 

Clearly g „ = 1, = r 2 , g w = r 2 sin 2 0 and g tj - 0 for i *j. ...(»') 

Alsog 11 = 1, g 22 = 1/r 2 , = 1 Ir 2 sin 2 6 (See Ex. 38.12) ...(it) 

ia) Christoffel symbols of the first kind are given by 


[y, *1=2 


+ _ cg '.' 
fit' fit 2 etc* 


r.>, * = 1 , 2.3 


Taking i = - 2, and & = 1 in (iii), we get 


1 

"3?2i <feai 

^*22 

1 

5(0) 5(0) 

5(r 2 )" 

- ^ r 

2 

fir 2 fir 2 

at 1 . 

“ 2 

ae 1 56 

dr 

— t 

= 3 in (iU), we obtain 





i 


^13 | 

1 

fi(r z sin z 0) 

m 

5(0)' 

2 

L a- 1 a* 3 

fir 3 . 

“ 2 

dr 

r 5$ 



= rsin 2 0 


(fc) Christoffel symbols of the second kind are defined by 

|*| = g kl =g il lij, U + g k2 [ ij , 2] +g ii lij, 3| 

{ 22 } = ^ 1M22 ’ 11 + gl2[22 ’ 21 + ^ 13 f 22 - 31 = t 22 - H + 0 ( 22 , 21 + °| 22 , 31 


= — r 


= g 3 Hl3, 11 + g* 2 |13, 2] +^3[13, 3| 


= 0[13, 1] + 0[13, 2| + 


r 2 sin 2 0 


113,31 


1 ■ 1 

-5 - 5 — . rsm 2 8 = 

r 2 sin 2 0 r 


Example 38.15. Prove that 

(a) = fik, j] + (jk, i] 

tic 




Solution, (a) By definition of Christoffel symbol of the first kind, we have 


l,M - 5 


(#. i] = 


Adding (0 and (»), we get the required result. 
(b) We know 7 that 
Differentiating w.r.t. jc*, we get 

Multiplying byg*" and transposing, we have 

r £ J _ „/m y r &lj 


jgw 

3?y 


fir' 

at* 

fit 2 

^Ai 


3?jA 

fir 2 

fit*" 

fir 2 

= ^ ;i> 

1 = 

* = 


.MU) 

,Jiv) 

...(e) 

IBy (iL’)| 

(By (ii)] 
[By (u)] 


Mi) 

...(ii) 

[Refer to § 38.14 (2) 
[v 8' ( = 1 or 0] 


g lm gij t ~k=~s lm g"'-zr or 6 ?lx =-g im g ,j m<j\ + l/Mi) 

cic cr cr 


[Prom (a)] 
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or 


* - e"' (*“['*• ») - W’Vk, 'I) * - {,1} - *" { ] 


Interchanging m and j, we obtain the desired result. 


38.18 


TRANSFORMATION OF CHRISTOFFEL SYMBOLS 


The fundamental tensors g iJt gf 1 and also Uj t A| are functions of the coordinates x J . Let these transform to 
gjj t g v and [y\ k | in another coordinate system x\ 

(1) Law of transformation of Chris toffel symbol of first kind . 

Let [ ij , Ad which is a function of x* t transform to [ij y A] in another coordinate system x l . Then 


ly, k\=- 


<8 Sjk , cg >h dg tj 


dx' 


ex* 


Since g (i is a covariant tensor of order two, we have 
_ _ cx p dx q 

gi] ~7¥d^ gfHI 

Differentiating both sides w.r.t. 3c , we get 


% _ (_dV_ dt> t ex** S*x q 

Sx k cx‘ dx’ ax’ ctcx’ 


8x k 


S 


8x p Sx q f ]Spq dx r 


pq 


dx* 8x J dx r ex’ 1 


INote thalg pfl is in terms of original coordinates x and to differentiate it w.r.t. x k , first we differentiate it w.r.t. x r and 
then differentiate x r w.r.t. t ,] 

Interchanging i, k and also p, r in the last term of (3), we have 

d&k _ 

St 


...( 1 ) 


...( 2 ) 


...(3) 


( S 2 x p Sx q Sx p S 2 x q 1 ax p cx q 6x p dg, 


dtdx k dx’ St Sx'Sx’ 


ft 


qr 


pq 


dx k dx J ex' dx p 


U4) 


Similarly interchanging^ A and also q , r in the last term of (3), we get 


s- f 


8 gik 

ex’ 


d 2 x p cx q | Sx p S 2 x q 
idx’Sx* Sx k + dx* dx k dx J gpq 


Sx p Sx r Sx p 8g„ 


St Sx k dx’ cx q 
Substituting the values from (3), (4) and (5) in (1), we obtain 

r —— d^x p dx q dx p dx q dx r f , 

W* *1 = TZ7 —7 + TZT J PG* H 

dx dx J dx k dx 1 dx J cx k 

This is the desired law of transformation of Christoffel symbol of the first kind. 
(2) Law of transformation of Christoffel symbol of the second kind * 

Let g ki Uj, /] transform to g* 1 [ij\ l\. 

Since g kl is a contravariant tensor of order two. 


...(5) 


...( 6 ) 


g u - 


Sx k dx 1 


dx s 8x‘ 
e 2 x p 


i~r g ' 


cx 


dx p Sx q dx r . 


- 1 gpti ex 1 dx’ cx 


From (6), we have [ij, l\ = —r—r 

dtSx’ cx 

Multiplying the respective sides of (7) and (8), we get 

|T 1 _ d t JV »=* 

(yj St ’ dti 

d q gst. g _ gqt g _ g ( 




Px* r dx p 8x q * f t 


...(7) 


...( 8 ) 


...(9) 


Since 
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and 


5r) =g n \p q, r]=\ > \ 

{P<l\ 


\1 

w 


r 2 jc p c , ex' fy p ac 9 «' I / ] 

-T + 1 


or 


cx*dx J dx* 8x l cx* dx* I PQ 

[y'J dx*0x' cV <?i‘ c i i- / &* l/Jf/j 

This is the law of transformation of Christoffel symbol of the second kind. 
Ob*. 1. From (ID), we obtain the following important relation : 

m 


...( 10 ) 


J'l 

<x p dx 9 

t 

Iw; 

dt dx 1 



d 7 cx J cx 

Olm. 2. It is evident from (6) and (10) th 
like tensors only for linear transformation of coordinates 


...( 11 ) 


Example 38.16. Prove that 


- 1 .} =~dm4s)’ 

fj\ tix' 


Solution, Let G jk be the co-factor of g ik in g so that g = g ih G ik 

dg 


ASTm 


= G. 


Also 


^ _ dg &ik _ r Os* 

= G ik 


8g J dg* ex 1 dx J 

We know that 
Substituting the value of G ik from (ti) in (i\ we get 


£*= St 

g 


(summation over k only) 
[v does not contain#^ Implicitly) 

(summation over i and k) (0 

„Xii) 


or 


dx J 


«>■*%- or 

cx J g cx J cX J 

r('og^) = £**([#, il + (y, A]) 


[By Ex. 38.15 (a)| 




Hence 






38.19 


(1) COVARIANT DIFFERENTIATION OF A COVARIANT VECTOR 


Let A i and A be the components of a covariant vector (Le ., a tensor of first order) in the coordinate system 
x r and v respectively. Let us investigate the tensor character of the partial derivatives of A r w.r.t, the variables 

x 1 . From the law of transformation. A, = —f A p 

cx 


Differentiating w.r.t, x J t we have 


Sx* 


_eV_ A | cA p fag 
dx j dx* p cx* dx q 8x J 


(Note that A p is not directly a function of x ] ). 

Due to presence of the first term on the R.H.S. of (1), it is evident that 


dx 9 


...(1) 


is not a tensor. 
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x s 

On replacing this term by _ ' - - A fl and substituting for the second derivative from (11) of §35.18, we get 

dx l dx J 


or 


J 1 L^i^La f* ]l & 

dx J dx 1 ^ [i j\ ex' dx J " \pq\ * dx' dx 3 d 
dx 3 . |t j j &x‘ dx 3 dx q i \pq\_ 


dA L 

dx q 


d A A f l 

This shows that the expression — — - A i 1 , * 

dx J [t j 

is a covariant tensor of the second order. This is called the covariant derivative of A, w.r.t x J and is denoted by 

\j- 

(2) Covariant differentiation of a contra variant vector. Let A* and A 1 be the components of a 

. 3x* Ti 

contravariant vector in the coordinate systems x 1 and x \ From the law of transformation A s = -—-A . 

dx 

n .fr 4 -- +■ *. i &A S £?x* j* dx* dA* 

Dinerentiatmg w.r.t. x J , we have -- —■—- A h---- 

dx J dx J dx* dx 1 dx J 

Substituting for the second derivative from (11) of § 35.18, we get 


cA s dx q 

_ 

M 

dx p 

dx q r. 


8A‘ 

dx q dx 3 

dx 1 

^ j\ 

dW 

dx J \p 

q\ ex' 

dx 3 


Interchanging the dummy indices t, / in the first term on the R.H.8. and putting 

CX^ 

—r A = A p in the second term, we obtain 


dx q (A 
dx 3 dx q 


: = ®C{ r | a'_*La'{ 

q ex' 1 1 j\ dx 3 {} 


tV eA 

P q\ dx' dx 3 


Transposing the second term on the R.H.S. to the L.H.S., we get 


dx q 


— + A P \ S 1 
dx q [p q | 


dx 1 

ex' 


bA \a‘ I* 


dx J 


U 


or 


dx 3 



cx q 

[M1 + A p{ j 

; 11 

\l j\ «- s 

dx 3 

1 p 

dj 


This shows that 


Mi 


is a mixed tensor of the second order. This is called the covariant deriva¬ 


tive of A 1 w.r.t . x J and is denoted by A 1 j. 

Obv The following laws hold good for covariant differentiation : 

(j) Co variant derivative of the sum (or difference) of two tensors = sum (or difference} of their co variant derivatives, 
(it) Cora riant derivative of the ptvyduct of two tensors -cmariant derivatitie of first tensor x second tensor + covariant 
derivative of second tensor x first tensor. 

Example 38.17. Prove that the covariant derivative of g* J in zero. 

Solution. Let A f denote a covariant vector which moves parallel to itself so that 

cA, . f/1 A _ 
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Let = g tJ AjAj so that <f> is a scalar invariant. Differentiating it w.r.t. tr*, we have 

AA + g*^A + g ,J A ^ 
fV dx k J dx k J dx k 


*f^ + 4 , 4 AA ' 4 / 4 AA 


Interchanging i and / in the second term and j and / in the last term on the right, we get 




'W 

& 

ef 

1- 


'11 

dx' 1/ i 

k\ [/ 

k \\ 


aa 


Since r^ebe* is a covariant vector, the expression 

IA4‘4 + 4 J 4 

is a tensor of the third order by quotient law. Thus it is the covariant derivative g* J k . 

& 


gd. = ^ T + g l - 
* ■* &* 


,»}*«*{«»} 

—»*■ {/'*}-*'" {-Z *} + **{/*} + ** {/ J 4 

- 44 + 44 - 4444 ° 


[By tri] 


[By Ex. 38.15 <6)1 


[Changing the dummy index m to /] 


38.20 


(1) GRADIENT 


Lf «{> be a scalar Function of the coordinates, then the gradient of 4> is denoted by grad $ = — which is a 

dx 

covariant vector . 

(2) Divergence, The divergence of the contravariant vector A 1 is defined by 

div A T - —7- + A k \ ^ I which is sometimes written as A 1 

dx* 1*4 

The divergence of the covariant vector A { is defined by div A i = g ik A ik . 

(3) Curl. Let A i be a covariant vector, then 


A,/~ 




4 ‘i andA ^t-M 4 


are covariant tensors. 


A j - A i = — - —^ 

‘ J J * dx J Sr 1 

is a covariant tensor of second order, which is called curl of A { . 


Thus 


curl a = A,j — A. v 


Ob* 1, Curl A , is a shew-symmetric tensor. 

Since Aj t i -\ j =~{ A , J - A jl ). 

Ob*. 2. Curl is a tensor and not a vector. In a 3-dimcnsional space, however, curl has only three independent non* 
zero components and it can, therefore, be taken as a vector. 


Example 38.18. Prove that 

(a) div A f = (<Jg A* ) 

dg cx 













Tensor Analyses 

Solution, (a) Using 


Hi) We have 


and 


1 dyfg 


{* i}°&‘ log ' /? -j; &* 

div A* = + A* j } = 

dx l U* i J at* 7^ &* at* Tff ^ 


T WtfA*) 


>/fi cbc 
V 2 4> = div grad 4> 

Ah 

grad $ = —, which is a covariant vector. 

dx r 


The contravariant vector associated with d$fcx r is 

A k ~ g* r cfyfdxf* 

Then from(t) and (ti), V% = div = ^ ^ &9' 


[By Ex. 38.161 


.M) 

...(«) 


PROBLEMS 38.4 


1- Determine ChristofTel symbols of the first and second kind for an orthogonal curvilinear coordinate system, 

2. Determine the Christofiel symbols of the first kind in (o) rectangular, (b) cylindrical and (c) spherical coordinates, 

3. Evaluate the Christoffel symbols of the second kind in (a) rectangular* ( b 1 cylindrical and tc) spherical coordinates. 

4. Prove that (o)\pq, rl = J^p, r), Kb) \pq, r] = 

5- I fids)* = r*{d®P + r* sin 2 ft W+) 2 , find the values of 



6* 


7. 

a 

9. 

10 * 


11. 

12 . 

13 . 


14 . 


(a) [22* 11 and [12,2] (6) 

If Ccfo)* = f dr) 2 + + r 2 sin a ft (d^)^! find the values of 

3 


(a) 133, 11 and (23* 31 


(6> 


£M»]- 

| fine 

a 


Show that the tensors g* 1 and d‘ y are constants with respect to covenant differentiation, 

Write the covariant. derivative w.r.t* x? of the tensors n iJ and A k if . 

Show that the covariant derivative ofis zero. (Madras M.E., 2000) 

Find the covariant derivative^ B lm K with respect to ^ 

Evaluate div A* in (a) cylindrical, (b) spherical coordinates* 

Obtain the Laplace's equation in {a ) cylindrical, (b) spherical coordinates 
If A i} h is the curl of a covenant vector* prove that 

* + A** i + Ah,j = 0* (Madras ALE., 2000 S) 

Using tensor notation* show that 
(o) div curl A r —0 


(6) curl grad £ = 0. 












Useful Information 




I. BASIC DATA 


l. 

Basic Constants 





e m 2.7183 

1/e =* 0.3679 

log, 2 = 0.6931 

log, 3 = 1.068.6 


jt =3.1416 

1 Jn =0.3183 

log, 10 = 2.3026 

log m e =0.4343 


<2 = 1.4142 

V3 = 1.732 

Iradu =57“ 17'45" 

r =0.0174 rod. 

2. 

Conversion Factors 





1 ft. s 30.46 cm = 

0*3048 ra 

I m = 100 an = 3.2804 ft. 


1 ft 2 = 0.0920 m 2 


I acre - 4640 yd 2 = 

4046,77 m- 


l ft 3 = 0.0283 m 3 


1 m 3 = 35.32 ft 3 



1 mime ^ 3*2804 ft/sec. 

I mi!e/h = 1.609 km/h. 

3. 

Systems of Units 





Quantity 

F*P*S. system 

C.G.S* system 

ALFLS. system 


Length 

foot (ft) 

eentrimetre (cm) 

metre (in) 


Mass 

pound (lb) 

gram (gm) 

kilogram (kg) 


Time 

second (aer) 

second (sec) 

second (sec) 


Force 

lb* wt* 

dyne 

newton (nt) 


Note. The M ILS* system is also known as the International system of units (SI system). 


4, 

Greek Letters Used 





a alpha 

$ theta 

K kappa 

t tau 


p beta 

0 phi 

M mu 

X chi 


y gamma 

V psi 

v nu 

to omega 


5 delta 

5 » 

ft pi 

f cap. gamma 


E epsilon 

j\ eta 

p rho 

A cap. delta 


i iota 

4 zeU 

X lambda 

a sigma 

Z cap. sigma 


5. Some Notations 

union 

intersection 

fucIi that 

1201 


e belongs to u 

n does not belong to r\ 

=* implies V 

i=? implies & implied by 












1202 


Higher Engineering Mathematics 


Factorial n i.e., n ! = n(n --1) (n - 2).3.2.1. 

Double factorials : (2n)!l = 2 n {2 n - 2) (2n - 4) .6.4.2. 

(2n - 1) !! = (2 n - 1) (2n - 3) (2 n - 5) .5.3.1. 

Stirling's approximation. When n is large n ! - -J2jui . n n e~ n , 

II. ALGEBRA 

1. Quadratic equation : ax 2 + bx + c = 0 has roots 

- b + V6 J - 4cc) n _ - b- V(6 2 - 4ac) 
C( — _ * p — — 


2c 

a + p - - — f ap = —. 
a Q 

b 2 - 4 ac = 0 


2u 


Roots are equal if 
Roots are real and distinct if b 2 - 4 ac > 0 

Roots are imaginary if b 2 - 4 ac < 0 

2. Cubic equation : x 3 + lx 2 + mx + n = 0 
Cardan’s method ; 

(i) Remove x 2 term by putting y = x - (- 1/3) 

(ii) Equate coeffs. in the new equation and y 3 - 3l ivy - (u 3 + v 3 ) — 0 

(iii) Find u 3 and v 3 . Then Find u and v, 
iiv) Get y - u + v and x-y-113, 

3. Biquadratic equation : x 4 + kx 3 + lx 2 + mx + n = 0 

I. FerrarCs method; 

( i ) Combine x 4 and x 3 terms into a perfect square by adding a term in X. 

(ii) Make R.H.S. a perfect square to find X. 

(iii) Solve resulting quadratic equations. 

II. Descarte's method ; 

(t) Remove x^ term by putting y = x — (- A/4) 

(ii) Equate transformed expression to (y 2 + py + q) (y 2 — py + q) 

(iii) Equate coeffs. of like powers from both sides. 

(iu) Find p , q and q ' and solve resulting quadratics. 

4. Cross-multi plicati on : apt + ft l% v + Cj z - 0 

apt + b$ + = 0 

Then _£_=_1^_ 

b\C 2 — &2C| C|fl2 ” c 2 a l a l^2 ~ 

5. Method of least squares : 

(i) SfraijgAf line of best fit y = a + 6x. 

Afcrma/ e^ualions; Xy = no + 6Xr, Xry = aXx + bit 2 . 

To /Ind a, 6, solve these equations . 

(ii) Parabola o/best /if y = a + bx + cx 2 
Normal eqaaiions : Xy = na + bXr + cXr 2 t 

Xry - alx + 6Xr 2 + cXx 3 , Xx 2 ? = aXx 2 + blx 3 + clx 4 
To find a, 6 t c, solve these equations. 
tL Progressions : 

(i) Numbers a, a + d, a + 2d, are said to be in Arithmetic progression (A.PJ 


Its nth term T n =a+ n-lrf and sum S n = — (2a + n - Id) 

2 

(ii) Numbers a t ar t ar 2 , are said to be in Geometric progression (G.P.) 


Its nth term T = ar* 1 and sum S n - 

n n 


aU-r") 


,S„ = 


1 - r 


1 v y = u + v 


1— r 


(r < 1) 
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(Hi) Numbers I fa, Via + d\ V(a + 2d), ...... are said to be in Harmonic progression (H.P.) (i.e., a sequence 

is said to be in H.P. if its reciprocals are in A.P.) 

Its nth term T n = 1 /{a + n - 1 d) 

(itj) If a and b be two numbers then their 

Arithmetic mean = — (a + b) 3 Geometric mean = ^Jab, Harmonic mean = 2abl(a + 6J 
(u) rtafora/ numbers are 1, 2, 3,., n. 


7, 


^ n(n + 1} 9 n(n + 1) <2 n + 1) ^ , 

Zn =--, Zn 1 ~ ————-", Zn* = 



Permutations and Combinations 


„ Pr= 


■ n C = 


n ! 


r! (n - r) I r! 


n p 

_ *r * nr* « nr . nr* ^ i ^ nr* 

-- ~ — 1 ^(1* 


(n - r) l 

8. Binomial theorem 

U) When n is a positive integer 

(1 + x) n = 1 + n C 1 x + n C 2 x 2 + "C s x 3 +.+ n C n xf 

(«) When n is a negative integer or a fraction 


. i* (n -1) , n (n — 1) (n - 2) 

(1 + x) n = 1 + nx + x z +■-1.2.3 


JE 3 + 


(Hi) Binomial coefficients : n C. = ——-- 

r r\(n-r)l 

9. Logarithms 

( i) Naturals logarithm log x has base e and is inverse of e * 

Common logarithm log l0 x & M log x where M = log 10 e = 0.4343 
(it) Iog u 1 = 0; log a 0 = - « (a > 1); log a a - 1. 

(Hi) log (mn) = log m + log n ; log (min) = log m - log n \ log (m n ) = n log m. 
10. Partial Fractions 


A fraction of the form go?" t- n £l! I 

b$x n + b l x n ~ 1 + + b n 

in which m and n are positive integers, is called a rational algebraic fraction . When the numerator is of a 
lower degree than the denominator, it is called a proper fraction. 

To resolve a given fraction into partial fractions , we first factorise the denominator into real factors. These 
will be either linear or quadratic, and some factors repeated. Then the proper fraction is resolved into a 
sum of partial fractions such that 

{/) to a non-repeated linear factor x - a in the denominator corresponds a partial fraction of the form 
A/(x-a); 

( ii ) to a repeated linear factor (x - a) r in the denominator corresponds the sum of r partial fractions of the 


form ^ 1 + 




x-a (x-ar (x-af (x-a) r 
(Hi) to a non-repeated quadratic factor (x 2 + ax + b) in the denominator, corresponds a partial fraction of 

the form S** B ; 
x + ax + b 

(iv) to a repeated quadratic factor (x 2 + ax + b f in the denominator, corresponds the sum of r partial 
fractions of the form + .— AgX + B 2 A + ^r 


~ 2 * ~~ f K i ~ 2 1 — f + + (x 2 + ax + b) r 


x + ax + b (x + ax + 6) 


Then we have to determine the unknown constants A, A v B | etc. 

To obtain the partial fraction corresponding to the non-repeated linear factor x - a in the denominator, put 
x = a everywhere in the given fraction except in the fac tor x - a itself 
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In all other cases, equate the given fraction to a sum of suitable partial fractions in accordance with (i) to 
(iv) above, having found the partial fractions corresponding to the non-repeated linear factors by the 
above rule. Then multiply both sides by the denominator of the given fraction and equate the coefficients 
of like powers ofx or substitute convenient numerical values ofx on both sides. Finally solve the simplest 
of the resulting equations to find the unknown constants. 

11. Matrices 

(i) A system of mn numbers arranged in a rectangular array of m rows and n columns is called a matrix 
of order m x n. 

In particular if m = n, it is called a square matrix of order n. 

(ii ) Two matrices of the same order can 6c added or subtracted bv adding or subtracting the corresponding 
elements. 

(Hi) Product of a matrix A by a scalar k is a matrix whose each element is k times the corresponding 
elements of A . 

(io) Two matrices can be multiplied only when the number of columns in the first is equal to the number 
of rows in the second. If A is of order m x n and B is of order n x p t then the product AB is a matrix of 
order m x p, obtained by multiplying and adding the row elements of A with the corresponding column 
elements of B. 

(u) Transpose of a matrix A is the matrix obtained by interchanging its rows and columns and is denoted 
by A\ 

A square matrix A is said to be symmetric if A = A' and skew symmetric if A = -A'. 

(vi) If A and B are two square matrices such that AB - l a unit matrix), then B is called the inverse of 

A and is denoted by A -1 . Then AA l - A" 1 A = /. 

(vii) Rank of a matrix is the largest order of any non-vanishing minor of the matrix. 

(uiii) Consistency of a system of equations in n unknowns. 

If the rank of the coefficient matrix A be r and that of the augmented matrix K be r\ then 

(а) the equations are inconsistent (Le. there is no solution) when r*r\ 

(б) the equations are consistent when r - r\ 

(c) the equations are consistent and there are infinite number of solutions when r = r' < n. 

(he) Eigen values: If A is any square matrix of order n, then the determinant of the matrix A - XI ^ equated 
to zero is called the Characterist equation of A and its roots are called the eigen values o/A. 

(x) Cayley Hamilton theorem: Every square matrix satisfies its own characteristic equation. 

12* Determinants 

{ i ) A determinant is defined for a square matrix A and is denoted by | A |. Unlike a matrix it has a 
single value e*g* t 


\A | = 

«i 

a 2 

b l 

b 2 

j L 

Cl 

c 2 

~ a 1 

K 

^3 

c 2 

C 3 

“*I 

a 2 

a 3 

c 2 

c 3 

+ Ci 

(lj 1) 2 

a 3 b 3 


°3 

P 3 

c 3 










= a t - b^ 2 ) - 6, (a^ 3 - a^ 2 ) + c, (a^ - a 3 & 2 ) 

In this way, determinant can be expanded in terms of any row or column. 

(ii) Properties : 

I. A determinant remains unaltered if its rows and columns are interchanged. 

II. A determinant vanishes if two of its rows Cor columns) are identical or proportional. 

III. If each elements of a row (or column) consists of m terms, the determinant can be expressed as the 
sum of m determinants. 

IV. If to each elements of a row (or column) be added equimultiples of the corresponding elements of 
two or more rows (or columns), the determinant remains unaltered. 

V. If the elements of a determinant A are functions of x and two parallel lines become identical when 
x = a, then x - a is a factor of A. 













Appends 1—Uss-rui Information 


1205 


111. GEOMETRY 


I* Coordinates of a point: Cartesian (x, y) and polar {r, 0), 
x = r cos 0, y = r sin 0 

or r = V(* 2 + y 2 ) f 0 = tair 1 (yfxl (Fig. 0.U 

Distance between two points (x v y x ) and (x 2 , y 2 ) - Vl(x 2 - x t ) 2 + (y 2 - yj) 2 ] 
Point of division of the line joining (x p yj) and (x 2 , y 2 ) in the ratio : m 2 is 

m } x 2 + m 2 Xi m K y 2 + m 2 y 3 ' 

— t ■ 

^ iri| "f mj + m 2 j 

In a triangle having vertices (.tpjy,), Cc 2> y 2 ) and ,y 3 ) 


(£) Area = 


*1 

x 2 

x 3 


y i 

>‘2 

3'3 


] 

1 

1 


(«) Centroid < point of intersection of medians) is 


( x l + x 2 +x 3 y ! 4 y 2 + y 3 \ 

{ 3 ’ 3 J 

(Hi) Incentre (point of intersection of the internal bisectors of the angles) is 



Fig. AP 1.1 


' a*! + bx 2 + ot 3 ovi + by 2 + <-y 3 j 
t a + b + c ’ a+b+c J 
where a, b t c are the lengths of the sides of the triangle. 

(iv) Circumcentre is the point of intersection of the right bisectors of the sides of the triangle. 

(o) Qrthot'entre is the point of intersection of the perpendiculars drawn from the vertices to the opposite 
sides of the triangle, 

2. Straight Line 


( i) Slope of the line joining the points (x v y t ) and (x 2 , y 2 ) = —-- 

X 2~ X l 


Slope of the line ax + by + c = 0 is - — Le. $ - 


coeff. of x 
coeff. of y 


(ii) Equation of a line 

(q) having slope m and cutting an intercept c on y-axis isy = mx + c. 

(6) cutting intercepts a and b from the axes is — + Z. = L 

a b 

(c) passing through (x jf yj) and having slope m is y ~y x = mix - x x ) 

(d) passing through (x^yj and making an Z0 with the x-axis is-— =£—=_± - r 

cos 0 sin 0 

(e) through the point of intersection of the lines a Y x + bp? + c x = 0 and a^x + 6^y + c 2 - 0 is a x x + b x y + 
Cj + kia^c + b^y + c 2 ) = 0 

(Hi) Angle between two lines having slopes m, and m 2 is tan" 1 n - 2 

1 + m jm 2 


Two lines are parallel if 
Two lines are perpendicular if 
Any line parallel to the line 
Any line perpendicular to 


ni| — m 2 

m j ffi 2 — 1 

ax + by + c = 0 is ox + by + k = 0 
ox + fey -f c - 0 is bx - ay + k = 0 


(iv) 


Length of the perpendicular from (x p y x ) to the line ax + by + c = 0, is 


ax } + by t + c 

V(a 2 + 6 2 ) 


3, Circle 

( i ) Equation of the circle having centre ( h, k) and radius r is (x - A) 2 + (y - k) 2 = r 2 

(it) Equation x 2 +y 2 + 2gx + 2fy + c = 0 represents a circle having centre (-g r -f) and radius = 4(g 2 + f 2 - e). 
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(m) Equation of the tangent at the point {x v y ,) to the circle x 2 + y 2 = a 2 is 
xx 1 +yy l ~a 2 . 

(it>) Condition for the line y = mx + c to touch the circle x 2 + v 2 = a 2 is 
c = a V (1 + m 2 ). 

( v ) Length of the tangent from the point (x,,jVj) to the circle x 2 + y 2 + 2gx 
+ 2fy + c = Q \s VOe, 2 + yf + 2gx Y + 2 fy^ + c>. 

4. Parabola 

( i ) Standard equation of the parabola y 2 = 4ox. 

Its parametric equations are x - at 2 ,y - 2 at* 

Lotus rectum LV = 4 a. Focus is S (a t 0) 

Directrix ZM is x + a = 0* 

Focal distance of any point P (x v y t ) on the parabola 
y 2 = Aax is SP = Xj + a 

Ef/wation of the tangent at (x v yf) to the parabola y 2 = 4ox is 
>y t - 2 a (x + **) 

Condition for the line y = mx + c to touch the parabola 
y 2 = 4ax is c = a/m, 

Equation o/tiie normal to the parabola y 2 = 4ax in terms of its slope m is 
y = mx *■ 2am - am 3 , 

(it) Other standa rd forms of parabola 



Fig. AP-1,2 


P(*V Jj) 



Fig. AP-13 


y 3 ■ - 4«x 

yg - ^ 4ax 



/.a/as rcclwm ; L// = 4a 
Focus ; S (- a t 0) 

Directrix ZM 1 x = a 
Foca/ distance: SP -a — x 


x 2 =* 4ay 
x^~ 4a> 



U/ - 4a 
S(0, a) 
ZM:y =-a 
SP - c + y 


x 2 w - 4ay 
X s = - 4av 



LV = 4a 
S(0,~a) 
ZM : y ~ G 
SP=a~y 


Ellipse 

2 2 

( i ) Standard equation of tire etiipse + = 1 (a > b > 0). 

a 2 b 2 

It parametric equations are x = a cos 0 f y - b sin 0. 
Eccentricity e = V(1 - 6 2 /a 2 ), 

Lotus-rectum LSL' = 2b 2 /a. 

Foci S (- ae, 0) and S' ( ae % 0} 

Directrices ZM ix - - a!e) and Z'M* (x = a/e). 

Sum of the focal distances of any point on the ellipse is 
equal to the major axis i.e., 

SP + ST = 2a, 

Equation of the tangent at the point (x v y t ) to the ellipse 

2 ^ l2 ^ ^ 2 »2 ^ 

(2D a O 
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Condition for the liney = mx + r to touch the ellipse — + ~ — 1 
is c - V {a 2 m 2 + A 2 ) 


a 2 A 2 


^2 2 

(«) Ano/Acr standard /Arm of ellipse ~ 4- ^-=- = 1 (a > 6 > 0) 

a 1 b* 


Vertices: A ( 0o f a) ; A' (0, - a) 

Foci ; S (0, ae); S' (0, * ac) 

JDzrecfrtces ; ZM: y = a/e f Z'M': y = — a/e 
Lotus rectum : LSU - 2 b 2 la 

6« Hyperbola 

(i) Standard equations of the hyperbola is 


£l J* 

a 2 ~b 2 ' 


Its parametric equations are 
x = a sec 8, y = A tan 0. 

Eccentricity e - ^(1 + 6% 2 ) f 
Lafos-recfom LSZ/ = 2bVa. 

Directrices 

ZM (x = ale) and Z'M' (x = - a/e). 

(ii) £</uaffon of the tangent at the point {x v y,) to the hyperbola 


2 2 

x y , . xx 

— * “ 1 IS 


1 >Tl - 1 


a* A^ a* b k 

(ui) Condttio/l /br £Ai? /bze y = mx + r /o toucA the hyperbola 

~ - ~ = 1 is c = V(a 2 m 2 - b 2 ) 




Fig. AP-i.4 (a) 

yt M 


Fig. AP-1,5 


Y * Y * X V v y 

OtO Asymptotes of/Ac AypcrAo/a ~— — = 1 are — + — = 0 and-— =0. 

a 2 A 2 a b a b 

(v) Equation of the rectangular hyperbola with asymptotes as axes is xy == c 2 . 
Its parametric equations are x = ct t y • eft. 

7* Nature of a conic 

The equation ox 2 + 2Axy + by 2 + 2gx + 2fy + c = 0 represents 
a h g 

( i ) a pair of lines, if h b f (= A) = 0 

g f c 

(ii) a circle, if a = b, h = 0 t A * 0 
Em) a parabola, if ab - h 2 = 0, A * 0. 

(io) an ellipse , if a A - A 2 > 0 S A * 0, 

( v) a hyperbola, if ab - ft 2 < 0, A * 0, 

and a rectangular hyperbola if in addition, a + b = 0. 


IV. SOLID GEOMETRY 


1* Ei) If/, m, n be the direction cosines of a line then / 2 + m 2 + n 2 = 1. 

a b c 

If a, A, c be the direction ratios of a line then / = ; m = ; /i “ ■ - 

JU Jin 2 

(ii) If 0 he the angle between the tines having d.c/s /, m, n and l\ m\ n\ then 

cos 0 = IT + mm' + nn' 

Lirces are perpendicuJar if, IT + mm' + juT ~ 0 
Lines are parallel if l — m — m\n = n 
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(Hi) Projection of the line joining the points fa v y v z 3 ) and (. x 2 , y 2 , z 2 ) on a line having tLc/s t, m t n = 
/ (x x - x 2 ) + m(y l - y 2 ) + n(z x - z 2 ). 

2. Plane 

(e) Different forms of equation of a plane 
— General form : ax + by + cz — d 

where a, h, e are the d.rs of a normal to the plane. 

— Normal farm : lx + my + nz s /; 

— Intercept form : — + — + — ~ L 
a b c 

— Any plane pawing through the point (x v y v z x ) is a (x -x x ) + b (y - j t ) + c (z - z x ) ^ 0 
(if) Angle 0 between the planes ax + by + cz = d and a'x + b'y + c'z - d f is given by 

aa' + 66' + a? # 

cos B --—-— 

V(a 2 + 6 2 + c 2 ) V{a' 2 + 6' 2 + c /2 > 

P/anes are perpendicular if aa' + 66' + cc' = 0 
P/anes are para/M if a/a* = 6/6' = c/c' 

(iii) Any plane parallel to the plane ax + by + cz - d is ax ^ by cz - k. 

3. Straight line 

(/) Equation of the line through the point (x v y v z x ) having d.i\s a* b t c is 
x-x x y-y x z-z x 
a b c 

(ii) Equation of the tine through the points (x ]f y lt z x ) and * s 

= y-y x _ z-z x 
H-*\ y* H~ z \ 

(iii) Angle 0 between the plane ax + by + cz = d and the tine 

x-x x y-y; ^ z-zi 
a f 6' c' 

; aa' + 66' + cc' 

SU10 = 


is 


V(a 2 +6 2 + c 2 ) V(a /2 +6' 2 + c' 2 ) 
Line is parallel to the plane if aa* + 66' + cc* = 0 
Line is perpendicular to the plane if a f a'= 6/6' = c/c f 
(io) Coplanar lines 

Two lines = £z£l and = ZZJX = ^2. 

4 m x n x 4 m 2 n 2 


are coplanar if 


*2“*i y2->\ Z2-h 
4 m x n x 

L nt 2 tbt 


= 0 


and equation of the plane containing these lines is 

= 0 


m 2 n 2 

(v) Shortest distance between two skew lines 


*-*i y-y i *-*i 

/i m, n. 


*1 

4 


(Symmetrical form) 
(Two point form ) 


£z*l = *z2l = £z£l and £zi = :>^>i = £^ 

4 m x n x 4 n h. n 2 

is l{x 2 -j: 1 ) + ni(y 2 -y,) + n(z 2 -z 1 ) 

where /, m, n are given by + nn j = 0 and ll 2 + mm 2 + nn 2 - 0 
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Equation of the line afS.D. is given by 


X-Xj 

y-y-i 

z-z Y 


x-x 2 

y-y2 

z-z 2 

h 


n l 

= 0 and 

h 

m 2 

'*2 

l 

m 

n 


l 

m 

n 


4, Sphere 

( i ) Equation of the sphere having centre (a f b, c) and radius r is 
(x — a ) 2 + (y - b) 2 + (z - c) 2 = r 2 

{«) Equation x 2 + y 2 + z 2 * 2t/x + 2oy +■ 2tt r z + d = 0 represents a sphere having ctmtre (— u* - v, - w) and 
radius - ^(u 2 + v 2 + w 2 - d) 

(Hi) Equation of the sphere having the points (x v y v z x ) and (x 2 , y 2 , z 2 ) as the ends of a diameter is (x - Xj) 
(x-x 2 ) + (y-y l )(y-y 2 ) + (z-zj (z -z 2 ) = 0 

(iu) Equation of a circle section of a sphere S- 0 by the plane U = 0) is given by S - 0 and U = 0 taken 
together, 

(v) Equation of any sphere through the circle of intersection of the sphere S = 0 and the plqne U = 0 is 
S + kU= 0. 

Cltt) Tangent plane at any point (x v y v z l ) of the sphere 
x 2 + y 2 + z 2 + 2ux + 2 vy + 2wz + d = 0 is 
xx t + yy x + ZZ* + u(x + Xj) + r/(y + y x ) + «/ (z + z x ) + cf = 0 

(uii) Two spheres x 2 + y 2 + z 2 + 2ux + 2uy + 2u;z + rf = 0 and 

x 2 + y 2 + z 2 + 2n'x + 2v f y + 2 w'z + d' = Q cut orthogonally if2uu f + 2vv* + 2ww’ = d + cf. 

5- Cone 

(t) fgr/alion of a cone with vertex at the origin is a homogeneous equation of the second degree in x, y, z. 

(ii) Enveloping cone of the sphere S = 0 with vertex (x v y v z x ) is SS f = T 2 where S = x 2 + y 2 + z 2 - a 2 , 
S 1 = *1 2 + >J 2 + *i 2 - a 2 ’ r = xsTj + ,>7i + - a 2 

6- Quadric surfaces 


(t) Bilipoid: 

2 2 
* x* 

+ ^-l 

2 " l " l2 

a b 

c 2 ' 


2 2 

,2 

(ii) Hyperboloid of one sheet: 

—+ ^ 
a 2 6 2 

C A 


2 2 


Hyperboloid of two sheets: 

— + ^— 

z 

a 2 b 2 


(iii) Cone: 

2 2 
* y 

_ll - o 

a 2 b 2 

2 ” U 
C* 

(iv) Elliptic paraboloid: 

* 2 V 

a 2 b 2 

II 

-IK 5 

Hyperbolic paraboloid: 

x 2 y 2 
a 2 ~b 2 

22 

c 

Volumes and surface areas 




So&f 

Volume 

Curved surface area 

Total surface area 

Cube (side a) 

a 3 

4a 2 

6a J 

Cuboid (length /p 
breadth 6* height A) 

Ibh 

20+ 6) A 

m + Mi + W) 

Sphere (radius r) 


— 

4H/ -2 

Cylinder 

(base radius r, height h) 

jirA 

2rtM 

Sf3D" lr + A) 

Cone 

(base radius r, height k) 


kt/ 

ia\r + /) 

where slant height 1 is given by l 

= vlr 2 + A 2 ). 
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V, TRIGONOMETRY 


r = 

0 

30 

45 

60 

90 

100 

270 

300 

sin 0 

0 

152 

1 1^2 

73/2 

1 

0 

~1 

0 

cos 0 

1 

&I2 

1/72 

1/2 

0 

- L 

0 

1 

tan 0 

0 

l/7s 

1 

73 

» 

0 

«. « 

0 


2* Signs and variations of t-ratios 


Quadrant 

sin 0 

cos 0 

tan 0 

I 

4 


4 


(0 to 1 > 

U to 0) 

(0 to «) 

II 

+ 

— 

- 


(1 to B) 

(0 to - 1) 

(- O* til 0) 

in 

— 

— 

4- 


(0 to- 1) 

(- 1 to 0) 

(0 tO w) 

rv 


4 

- 


(- 1 to 01 

(0 to t) 

(- « to 0) 


3. Any t ratio of{n . 90° ± 6) = ± same ratio of ft, when n is even. 

= ± co-ratio of 6, when n is odd. 

The sign + or - is to he decided from the quadrant in which n , 90° ± 0 lies. 


I 

e.g* r sin 570° = sin (6 x 90° 4 30°) = - sin 30° = - 

4 

tan 315* = tan (3 x 90° + 45°) = - cot 45° = - 1 
4* sin (A ± B) = sin A cos B + cos A sin B 
cos (A ± B) = cos A cos B T sin A sin B 

sin 2A = 2 sin A cos A = 2 tan Al{ 1 -»- tan 2 A) 


cos 2A - cos 2 A - sin 2 A = 1 - 2 sin 2 A = 2 cos 2 A - 1 = 


* /Aim tan A ± tan B 2 tan A 

tan (A ± B) = -- ; -; tan 2A = 


1 + tan A tan B 


I - tan 2 A 


1 - tan 2 A 
1 + tan 2 A 


5. sin A cos B - — [sin (A + + sin (A - £)) 

Z 

cos A sin £ = — [sin (A 4 B) - sin (A - B)I 

2 

cos A cos ZJ = — |cos (A + B) + cos (A - B)| 
2 

sin A sin B = — [cos (A - B) - cos (A 4 /?)] 

2 

„ , ^ ^ * C + D C-D 

6, sin C + sm D = 2 sin -—-— cos -■ 

z z 

. „ . „ „ C + 25 . C-D 

2 2 

C+D C-D 

cos C + cos 25 = 2 cos -—-—- cos -—- - 

. C + 25 . C-D 
cos C — cos 25 = — 2 Sin — - — sin —-— 

z z 
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7. sin 3A = 3 sin A - 4 sin 3 A, cos 3A = 4 cos 3 A - 3 cos A; tan 3A = 


3 tan A - tan 3 A 
1-3 tan 2 A 


8- a sin x + 6 cos x - r sin (x + 0) 

a cos x + 6 sin x = r cos (x - 0) 

where a ~ r cos 0* b = r sin 0 so that r - V(a 2 + b 2 K 0 - tan^ 1 (b/a ) 

9, In any AABC : 

(i) af sin A = 6/sin B ^ r/sin C (Sine /brmu/a) 

f , 2 + c 2 - a 2 

(ii) cos A “--- (Cosine formula) 

2bc 

(Hi) a = b cos C + r cos B (Pro/eriion /ormu/o) 

(iu) Area of A ABC = — 6c sin A - - a) (s - 6) (s - c) where s = ^ fa + 6 + c)* 

2 2 

10, Series 


xx 2 x 3 

(i) Exponential series ; e* - 1 + — + -— ■+ -— + 

1! 2! 3! 

(ii) Sin t cos, sinh t cosh series 

3 5 

. X X 

sin x =• x -+.. 

3! 5! 


x 3 x 5 

sinh x = x + — + -— +■.. 

3! 5! 


x 2 x 4 

C0SX=1 -?r + 7T-- 

x 2 x* 

cosh x = 1 + — + -— + 
2! 4! 


(Hi) Log series 


x 2 x 3 

log (1 + x) — X — —— + —— — 
2 3 


log (1 - x) = - 


x l x 3 

X + — +■— + . 

2 3 


(to) Gregory series 


f -1 * 3 * 5 
tan x x = x-+ —- - , 


~ _ 1, 1+ x x 3 x 5 . 

tanh 'x = -log T _ = x+ — + — + 

2 1— x 3 5 


3 5 

11* (i ) Complex number : z - x + ry = r (cos 8 + i sin 0) = r e iB fsee Fig. AP-L1| 
(ii) Euler's theorem ; cos 0 + i sin 0 = e lB 
(Hi) Demoivre's theorem : (cos 0 + i sin BY 1 = cos nB + i sin nB 

-X A i . -X 

e ~ e e + e 

12. (i) Hyperbolic functions : (i) sinh x =-; cosh x = — - ; 


, sinh x ., cosh x . 1 . 1 

tanh x - -—; coth x - —;—; sech x =-; cosech x = 


cosh x sinh x cosh x 

(ii) Relations between hyperbolic cmd circular functions : 

sin ix - i sinh x; cos ix = cosh x ; tan Lx - i tanh x. 
(in) Inverse hyperbolic functions: 


sinh x 


sinh -1 x = log lx + ^jx 2 + il; cosh" 1 x = log lx + V(x 2 - 1)]; tanh -1 x = _ j 0 g 


1 + x 
l~x 


VI. DIFFERENTIAL CALCULUS 


1. Standard limits : 


(£) Lt 


y n - n n 

X O - _ i 

— rirt 1 * * 


x -t a x - a 


= na n ~ l f n any rational number (ii) Lt 


sin x 


= 1 


x->0 X 


(Hi) Lt (1 +x) x/l = e 
x —*■ o 


(iu) Lt x l/x = I 

X — 


a x - 1 


(u) Lt 
* —* o x 


= log, a 
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2 , Differentiation 

_ d t , dv du 

(i) —iuv) = u— + v — 

ax ax ax 


du __ du dy 
dx dy dx 


(Chain Rule) 


Ui) ~r(e ') = e* 
dx 

d 

— (log,,x) = 1/x 


(Hi) —(sin x) - cos x 
dx 

— (tan x) = sec 2 x 
dx 

d 

— (sec x) = sec x tan x 
dx 

(to) — (sin 1 x) = ————5— 
dx V(l-x 2 ) 

— (tan -1 x) = —.— 


dx 

d_ 

dx 


1 + x* 


— (sec“ ] x) = 


d ( u \ _ v 

^Ur 


du/dx - u dv/dx 


x log a 
(cos x) = - sin x 


— (ax + 6y = n (ax + bT ~ 1 . a 
ax 

d 

— (a Jt ) = o r Iog t .o 

d_ 
dx 

— (cot x) - - cosec 2 x 
dx 

d 

— (cosec x) - - cosec x cot x 
dx 

d , _ t v 1 

— (COS 1 X ) ® - --“ 

dx V(l-x 2 ) 

d j * - 1 


— (cot 1 x) = 
dx 


xV(x 2 -1) 


l + x' 


-7- (cosec* 1 x) = —:—7- 


(v) — (sinh x) = cosh x 
dx 


— (tanh x) = sech 2 x 
dx 


dx 


(cosh x) - sinh x 


— (coth x) = - cosech 2 x 
dx 

( ui ) D n (ax + b) m = m(m - I) (m - 2 ) (m-n + 1 ) (ox + br~ n . a* 
D” log (ax + 6) = (- 1)” “ 3 (n - 1)! a n /(ax + 6> rt 
D n (e™*) = m ft e mx LY l (a mx ) = m n (log aY* t a 


D" 

D n d tx 


sin (ax 
cos (ax 


+ 6)1 = a' 1 fsin (ax + 6 + nnf 2)1 
+ 6)J [cos (ax + 6 + nnl2)\ 


sin (fcx 
cos(6x 


+ 01 

+ c) I 


= (a 2 + 6 2 ) n/2 e** 


[ sin (6x + c+ n tan 1 
cos(6x + c + n tan 1 


6/a) 

6/a) 


(vii) Le/6mte /fteorem: (uv) n - w n + n Gjii w _ jU, + n C,ju n _ 2 v 2 + .+ n C r u r + * n C lj a n 

x x 2 x 3 

3 . (z) Afac/aarin's series : /(x) — /( 0 > + — f* ( 0 ) + — /^(O) + — f" f ( 0 ) + ... 

1! 2! 3 ! 

2 „3 

(a) Tay/or’s series : /{x + a) = /(a) + ~ f' (a) + /"* (a) + — (a) * ... 

4. Curvature 

U+V , 2 ) 3 ' 2 fr 2 ^r 2 l 3/2 tfr 

(0 itadius o/ curvature p = -—, p = -- 1 -; p = r —. 

^2 r 2 -f 2ri 2 “ rr 9 dp 


Hi) Centre of curvature: x - x - 


yj(X+^i 2 > _ 1 , 

---. y =y + — (i +yi>- 

y2 y 2 


(Hi) Evolute is the locus of the centre of curvature of a curve. The curve is called the involute of the evolute. 
(iO Envelope of a curve f(x> y t tj) ^ 0 is the ‘a’ eliminant from 

f (x t y 3 aj = 0 and (x, y, a) = 0, 

da 

The envelope of the normals to a curve is its evolute* 
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5 . Asymptotes 

(i) Asymptotes parallel to x-axis are obtained by equating to zero the coefficient of the highest power of x in 
the equation f provided this is not merely a constant. 

Asymptotes parallel to y-axis are. obtained by equating to zero the coefficient of highest power ofy in the 
equation, provided this is not merely a constant. 

(w) Oblique asymptotes are obtained as follows: 

Put x = l,y = m in the highest degrees terms getting ^(m) 

Put <J) n (m) = 0 and find the values of m. 

Find c from c = - <J) fj _ 

If two values of m are equal t then find c from 

— (m) + x (m) + _ % Cm) = 0 

The asymptotes is y = mx + c, 

(Hi) A&ymptotes of polar curve 1 (r ~ /10) is r sin (0 - a) - 1 If* (ex) where a is a root of f(d) - 0. 

6. Curve tracing 

U) A curve is symmetrical about x-axis t if only even powers ofy occur in its equation. 

( ii ) A curve is symmetrical about y-axis, if only even powers ofx occur in its equation. 

Uii) A curve is symmetrical about the line y = x % if on interchanging x and y, its equation remains 
unchanged, 

(iv) A curve passes through the origin t if there is no constant term in its equation. 

(u) Tangents to curve at the origin are found by equating to zero the lowest degree terms. 

7p Partial Differentiation 

0) Euler r s theorem. If u is a homogeneous function in x and y of degree n< then 


du du 
X - + y -- = nu 

dx J dy 


2 d 2 U d 2 U 2 ^u , tl 

x l —— + 2xy —— + jr —=- = *- U u 


ax 2 v dxdy 




/ ■ \ r-u / du du dx du dy 
(it) Chain rule : — = -—— + — —, 
dt dx dt dy dt 


if u-f (x t y) 9 x = $ (f), y = i 


an) 


dy 

dx 


fd§ 
dx/ dy' 


if <(>(x*y) = c 


(iu) Jacobian J 


( 5 )- 


3(u, y) 


duldx 

dvfdx 


3u/3y 

dv/dy 


d{x,y\ 

If J = d(u, vVdix, y) and J' = 3 ix,y)fd(u, u), then t/J' = I 


3{» ( y) _ 3(»,y) 3(r,s) 
d(x, y) 3(r, s) d(x, y) 


(y) Taylor’s series : f{a + h, b + k) = fla, b) + 


(vi) Maxima Minima (a) — = 0* — =0 

dx dy 


(h 3 4-fc a l t 1 (u d I 3 f , 

^ 3* dy) 2!^ dr dy) 


minimum. 


a *fd 2 f d 2 f 3v . 

(6) TT TT > T ; t - 5" < 0 for maximum ° L > 0 for mini 

dx* dy ^ d x 2 dx 2 

(vii) Leibnitz’s Rule A- j a) dal = f df{x ' a) da 
da l^a J Jo da 

where fx 7 a) and are continuous functions ofx and a and a t b are constants. 

da 
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VII. INTEGRAL CALCULUS 


1. Integration 


t x ' 1 + l 

(i) f x n dx- — (n *- 

J n i + I 

| e x dx = e* 

(it) | sin xdx = - cos x 
J tan xdx =- log cos x 
J sec xdx = log (sec x + tan x) 
J sec 2 xdx = tan x 

m f i ta „-'£ 

J a +x l a a 

c dx 1 t a *. 

I 2 2 ” o 

J a — x 2a a “: 

j 


1) 


(Hi) 


dx 1 . 

1 —7 = 17 log 


r ! - 


a 


a + x 


S 

a - x 


x - a 


x + a 


x>/(o 2 - x 2 ) 

a 2 

1 

2 

T - 

2 

x \'{a" +x 2 ) 

« 2 

1 - - - 

2 

T x 

2 

x\(x 2 - a 2 ) 

a 2 


J ~dx =log e x 

J a 1 dx = aV)og ( , a 
J cos x dx = sin x 
J cot x dx = log sin x 
J cosec x dx = log (cosec x - cot x) 

J cosec 2 x dx = - cot x 

f dx . _| x 

171 - 57 = Sin “ 

J v(a -x ) a 

^—s-ssinh' 1 — 


I 


x 2 ) 


dx . _i x 

7-7- = cosh - 

v(x -tr) a 


<»> J v/( a 2 -x 2 )dx = 

J V(a 2 + x 2 )dx = 

J V(x 2 -a 2 )dxss 

_ (UC 

(u) f e ax sin ix c/x - ~—- la sin bx -b cos bx) 
J a l +b l 

( e™ 

e iU cos bx dx = — -- (a cos bx + b sin bx) 

J a 2 +fc 2 


sinh’ 1 — 


cosh" 1 — 


(em) J sinh x dx = cosh x 

J tanh x dx 3 log cosh x 
J sech 2 x dx - tanh x 

f ", * n ^ r /2 * . (n-DU 

(on) sm xdx = cos xdx- - 

Jo Jo n (n — 


J *k /2 

si 

o 


sin fll x cos' 1 x dx = 


(n -1) 0 i-3)<n-6). 

2) (fi-4> _ 

(m - 1 ) (m - 3 )......x in - 1 ) (n - 3 ) 

(m + ft) (m + n - 2 ) (m + n - 4 ) ... 


J cosh x dx = sinh x 
J coth x dx = log sinh x 
J cosech 2 x dx = - coth x 

x | ^, only if ra is even 


3 


[—, onlv i 

u - 


if both m and n are even 


(uiii) [ f{x)dx = [ f(a - x) dx 
Jo Jo 

f f(x)dx = 2 [VW*, 
J-Q JO 

= 0, 

v*a 

f(x)dx = 2 /’(x)dx, 

Jo Jo 


= 0 , 


if /tx) is an eeen /dnctton 
if/lx) is an odd function¬ 
'd f (2a -x) = /"(x) 
if/"(2a -x) = - fix)- 
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2 , Lengths of curves 

( i) Lenth of curve y = fix) between x = a, x = b is 


(tt) Length of curve x = f(y) between y = a, y = b is J ^ j 1 +J dy 
(Hi) Length of curve x = f(t), .v = <t> tt) between t = t.,t = 


“■"C J((£) 2 *(®1" 

'“• e =p“J!|{ r!+ (l)l‘ ,e 


(iv) Length of curve r = f ( 0) between 0 
3 * Areas of curves 

{() Area bounded by y = f (x), x-axis and x = a, x = b is f y dx 

tb 

(it) Area bounded by x ~f(y), y-axis and y = a, y = b is xdy 

Jit 

(in) Area bounded by r ~ f( 0 ) and lines 0 - a, 8 - (J is ^ f r z c/0 

2 Ju 

4 , Volumes of revolution 

(i) Volume of revolution about xaxis of area bounded by y = f(x) % x-axis and x = a, x = b is 

f rty 2 dx 
Ja 

(ii) Volume of revolution about y-axis of area bounded by x - fiyh y-axis and y = a, y = b is 

J nx 2 dy 

iiii) Volume of revolution bounded by r = f(B) and 0 = a, 8 - |i 

(a) about OX = f ~ r 3 sin 0 d0 (b) about GY = f — r 3 cos 0d0 

Ja 3 Ja 3 

5 * Surface areas of revolution 

ii) Surface area of revolution about x-axis of curve v = fix) from x = a to x = b is 

S - I 2 Kyds 

Jx-a 


Cartesian form : 


S- f 2iry—- dx 
Ju * dx 


ds 


Parametric form : S = J 27 ty ~ dt 


Polar form : 


de 


where ^ = i{ It (*) 

"' here f=]{(£) + ( 


dy 

di 


ds 

where — - 
d0 


S= f 

J de 

(ii) Surface area of revolution about y-axis is J 2 itx ds* 

6, Multiple integrals 

(/) Area = f f dx dy* Volume ~ f f z dx dy or f * P 2 f dx dy dz 

ijc i hi hi h { ht h 

| j xp dx dy j j y p dx dy 

(ii) C.G. of a plane lamina: x -H* - s y = - 

II p dx dy p dx dy 
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c.g. o fa «mi. B! ***'* . yJ}”*** 

JJJ p dxdydz JJJ p dxdydz jjf p dxdydz 

JJ pxdxdy JJ pydxdy 


(iii) Centre of pressure x = 


r-A 




JJ pdxdy JJ pdxdy 

A A 

( iv ) M.I. about x-axis i.e, , l % = JJJ p (y 2 + z 2 ) dx dy dz 
M.l. about y-axis i.e,, I y = JJJ p (z 2 + x 2 ) dx dy dz 
M.I. about z-axis i.e., I t = JJJ v ,P (* 2 + y 2 ) dy dz 

7 . Gamma function F(n) = f e~* x n '* dx = (n - 1)!, P(a + 1) = a P(n) = n !, P(l/ 2 ) = Vn 

Beta function p(m. n) = f x m ~ 1 (1 - x)" -1 dx = (m > 0, n > 0) 

Jo P(m + n) 

VHL VECTORS 

1 . (i) If R = xl +yJ + zK then r = | R | = V(x 2 +y 2 + z 2 ) 

—► 

(if) PQ - Position vector of Q - position vector of P . 

2 , If A -a } l + a 2 el + a 3 Kj B = 6j I + 6 2 J + b 3 K, then 

(i) Scalar product: A.B^ ab cos 0 = a x + a 2 b 2 * 6 3 

(ii) Vector product : A x B = ah sin 0 N = Area of the parallelogram having A and B as sides 

I J K 

a i o 2 o 3 
^1 ^2 ^3 

(iii) B±AifA«B = 0 and A is parallel to B if A x B = 0 


3 - (i) Scalar triple product [A B C] = 


a i a 2 O3 

fci 62 ^3 


= Volume of parallelopiped 


(ii) If [A B C] = 0 , then A, B, C are coplanar. 

(iii) Vector triple product A x (B x C) * (A . C) B - (A . B) C 

(A x B) x C * (C , A) B - (C • B) A 

4, (i) gradf=Vf=—l + — J + — K 
dx dy dz 

divF = VF=^t± + — + ~ 
dx dy dz 

I J K 


curl F = V x F = 


whereF=f 1 I+/ 2 J + /3K 


± d_ a_ 

dx <>y dz 
fi (2 fz 

(ii) If div F = 0, then F is called a solenoidal vector. 

(iii) If curl F - 0 then F is called an irrotational vector 
5 _ Velocity - dRfdt ; Acceleration = d?TVdt 2 ; Tangent vector = dft/dt ; Normal vector = V 0 


0 , Green’s theorem 
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Stokers theorem: JF. dU = J curt F * N ds 

Gauss divergence theorem: | F * N c/5 = | div F dv 

7 . Coordinate systems 


Coordinate 

transformations 


Jacobian 

(Arc-length) 2 

Volume-element 


Polar coordinates 
(r t 0> 

x - r cok d 
y = r sin 0 

n 

'Sift 0) 

(ds ) 3 ss (dr) s + T^id&lP 
dxdy = r dr 


Cylindrical 
coordinates fp 

i- p COS $ 
y = p sin 0 

3 <X t JV 2) _ 

3 (p,fc*> “ p 

<</s) a ^rfp^ + p 2 (<*<?>* 

+ (<&)* 

dV ^ p dpdty dz 


Spherical polar 
coordinate# (r t 0, 

x - r yin 6 cos $ 
y s» r sin 0 sin $ 
z = r cos 0 


dfx,y, 21 
Wr.fl, «> 


-rUinS 


Ms) 2 = Wrj» + r^dlfi) 2 

f tr sjn 0) 2 Uh jj) 2 


dV = r 2 kui 0 dr dO dty 


DC. DIFFERENTIAL EQUATIONS 

1 . Equations of first order 

U) Variables separable : /tvJ dytdx = <)> (x), J f(y) dy = J tytx) dx + c. 

(ii) Homogeneous equation dytdx = f(r, yV$(x, .y) where /tx T y) and <J) (x, y) are of the same degree, 
Puty - ox so that dytdx - v + x dvtdx. 

(iii) Equations reducible to homogenous form : — = *** ^ 

dx a'x + 6'y + c ' 

Wfcen a/a' * 6/6% put x = X + h , y = Y + A 
When a/a' = 6/6\ put ax + fey = f, 

(it?) Lei&mfe's Jinear equation ; — + Fy = Q where P t Q are functions of x. 


dx 


/.F s: 1 ih , then solution is y (LF,) - J Q (L F.) dx + e, 

(o) Bemouffi's equation : dy/dx + Py - Qy*\ reducible to Leibnitz's equation by writing it as 


y~ n — + Py 1 ~ n -Q and putting y 
dx 




(vi) Exact equation : M (x t y) dx + N(x t y) dy ~ 0 

Solution is [ Afdx+ | (terms of N not containing x) dy = c t provided dMfdy ^ dN/dx, 

J (y cons,) J 


J{y< 

(oil) Clairaut’s equation :y -px + ftp) where p — dy/dx. 

Solution is obtained on replacing p by c . 

2 , Linear equations with constant coefficients 

d n y t d n l y dy t v 

—— + k* -- + + k . —=L + k y - X 

dx n dx n l dx "' 


Symbolic form : (D n + " 1 + _ j D + k n )y = X. 
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L TofindC.F. 


Roots of A. E. C.F. 

(0 Wj, m 2 , m 3 ,. Cj£ m,i + + c 3 c" is ’ : > 

(ii) m lf m r m 3 . (c, + CjX/tf Wl1 + c 3 e” l>x 

{iii l a + ip, a - ip, m 3 . ^tCj cob pr + biti (lx) +■ r 3 e m ' jI + .... 

(in) a± ip, a ± ip, m fi ,. c 1 " Her- + c^c) cos p* + lc 3 + c 4 x) sin fjx| + 1 ? 5 e"*®* + .... 


//. To find PI, 

(i) X = e^, P.I. =—^— e ax , put D = a, 

f(D ) 

= x —— e“, put D = a, 

f'(D) 

= x 2 —-— put D = a, 

r(D) 

(it) X = sin (ax + 6) or cos (a* + 6) 

P.I. = —i—- sin (ax + b) [or cos (an + 6)1, putZ) 2 = - a 2 , 

tyD 2 ) 

= x —-— sin (an + 6) lor (cos ax + 6)1, put D 2 = - a 2 , 
(t>'(D 2 ) 

= x 2 --— sin (an + 6) [or cos (an + 6)]. put D 2 = - a 2 , 

<r<o 2 > 


(f£c)*0 
l/'{a) = 0,/' , (a)^0 
[/'(a) = 0,f" (a)* 0 

[<[>(“ a) 2 * 0] 
[ifrf- a 2 ) = 0, <[>'(- a 2 ) * 01 
W (- a 2 ) = 0, 0" <-a 2 )*0 


(iii) JC = n"', P.I. = ^ n^ = \f(D)\~ l x™ . Expand t f (Zi )!" 1 in ascending powers of D as for as D”' and 

operate on x m term by term. 


<w)ir*«“V,P. 1. =-1—e** V = <#* — 1 


V. 


f(D) f (D + a) 

IIL Complete Solution : C.S. isy = C.F, + PJ. 

3* Homogeneous linear equation : + fcjc 2 —— + k 2 x — + = X 

dx 3 dx 2 " dv 

reduces to linear equation with constant coefficients by putting 

* = e t , X M m Dy,X 2 = D (D - 1) y, n 3 = D (D - l)(D - 2)y 
dx dx 2 dx 3 

4* Lagrange’s linear partial differential equation 
Pp + Qq - fi ? P r Q y R being functions of x, y t z , 


To soJue if (i) form the subsidies equations — = 

P Q 


de 


(a) solve these equations giving u = a t v = b . 

(/if) Complete solution is 0 («» u) = 0 or u = /to)* 

5a Homogeneous linear partial differential equations with constant coefficients 


d n z d n z <t n z _ , 

- -4- k\ - 1 — + + k„ —— — ** y) 

dx" 1 dx nl dy n dy n 

Symbolic form : (D n + £,£>" “ 1 + k n D' n )z = F(x,y) 





















Appendix 1—Useful In^orma-hon 

To find C.F . 

Root it of A E> 

(i) »<»**• 

(«) . 

(tu) m v m v m l .. 

To find PJ . 


C.K 


fi iy + m,ar) + / a (y + + 4 Cv * + ...... 

/i iy + + a/ 2 O' + m v tj + /" 3 iy + m^ar) + 

iy + m^x) ~ i/ 2 (y + m } x) ^ x% (v + m^c) <* 


(i) F (x,y) = e“ + fc - 1 ', P.I. = --- e 0 ** 1 *, put D = a, D' = b. 

f(D,D') 


(ii.) F (jc, y) = sin (n« + ny) or cos (owe + /ry) 
1 


PJ. = 


sin or cos (our + ny), put D 2 = — m 2 , DD' = - mn, D 2 = - n 2 


f(D 2 , DD', D' 2 ) 

(iii) F(x,y) = x™ y" , P.I. = \f(D,D')\~ l x m y". Expand [f (D, Z)'))' 1 and operate oni"/,] 

1 


(to) Fix, y) is any function of x andy, P.I. = 


—, F (x. y). 


f(D, D') 

Resolve 1 !f\D, D ') into partial fractions considering f(D, D’) as a function of D alone and operate each 

partial fraction on Fix, y) remembering that--—- Fix, y)= [ F(x, c - mx ) dx. 

D - mu' J 

Complete solu tion: C.S. is y = C.F. + P. 1. 

X. INFINITE SERIES 

1. Basic test If Lt u n * 0 then the series Lu n diverges. 

n -* •* 

2 * G.P, Series 1 + r + r 2 + r 3 + . » converge if | r J < 1; diverges if r > 1 and oscillates if r < - 1 

3. p-series: — + — — + ...... » converge for p > 1; diverges for p < 1. 

l/> 2 P 3 P 

4. Comparison test If two positive term series Zn n and Zv n be such that Lt - n - - finite quantity (* 0), then 

v n 

lu n and lv n converge or diverge together. 

u n 

5. Ratio test: In the positive term series tu n * if Lt — - k t then the series converges for k > 1, diverges for 
k < 1 and fails for k = 1. 

6. Raabes* test: In the positive term series lu , if Lt n 

n — 

diverges for k < 1 and fails for k = 1. 


“h _ ^ 

“it * 1 


= A', then the series converges for k > i, 


7. Logarithmic test: In the positive term series if Lt 


n log 


*ti +1 


= k , then the series converges for 


k > 1, diverges fur k < 1 and fails for k - l. 

8. Ifu /u 4} dues not involve n as an exponent or a logarithm, then the series Zu r diverges. 

9. Cauchy's root test: In a positive term series 1 u ri if Jyf 1 = X, then the series converges for X < 1, 

diverges for X > 1 and fails for X = L 

10. Integral test A positive term series lf'(n) converges or diverges according as J fix) dx is finite or infinite 
where fin J is continuous in 1 < x < « and decreases as n increases, 

11, Leibnitz s test for alternating series. An alternating series u } - u 2 + ti 3 - ti 4 + ...... ^ converges if each term 

is numerically less than the previous term and Lt u n = 0. 


if Lt £ 0, then the given series is oscillatory. 
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|u rt+ i| . 

12. General Ratio test: In an arbitrary term series Im if Lt ——= | k | T then Lu is absolutely convergent 

K| 

if | k j < 1 and divergent if | A 1 | > 1 and the test fails if | k | - I, 

XL FOURIER SERIES 

1. f \ x ) = -1 a 0 + a, cos x + a 2 cos 2x + + b t sin x + b % sin 2x + ..in (0 2 tc). 

i r 2n i r 2 " til r 2 " 

where a 0 - — I fix) dx , u rj = — fix) cos nx dx f b n - — flx)s in nx dx 
It Jo Jt Jo K Jo 

2. /tx) = ~ a 0 + ^ a fJ cos nx + ^ cos /lt in any interval (0, 2c) v 


n= i 


n - } 


where o 0 = — [ fix) dx, a = — [ fix) cos dx , 6 = - [ fix) sin dx 

€ Jo C Jo C C JO C 

3, For even function fix)* Fourier expansion contains only cosine terms. 

i.e., a = — [ fix)dx, a = — f fix) cos dx,b n = 0, 

f Jo c Jo c 

For odd function f (x), Fourier expansion contains only sine terms, 

i.e., a 0 = 0,o= 0, 6 = — f fix) sin dx. 

c Jo c 

XII. TRANSFORMS 

1. Laplace Transforms. L if it)) = f e~ M fit) dt 


(i) L (1) = — 
s 

(Hi) Lie 1 ' 1 ) = — 


iii) Lit n ) = 


n ! 

n + ! 


s-a 


(v) L (cos a/) = 


s 2 + a 2 


(u>) L(sina/)- 
(oi) Ltsinh af) = 


s 2 + a 2 
a 

~~2 2~ 

s -a 


(m) L(cosha£) = 


2 2 
r - a 


(via ) L e®' /U) = F (s - a) 


(ix) Lf'<t) = sLfU)-fl 0) 


[>H 


(jet) L 


Gctii) L|u(f - a)) = 


F(s) c/s 


to) £, /■{<) = 


fV* f(t)dt 
- Jo 


I - e 




(x) L[r/io] = (-ir — [F<s)i 

ds* 

. ... . [0 lo/ien / < u 

too ««-<■>={ ln , ta!> „ 


(xio) L8 (f - a ) = e~ as 


where f It) is a periodic function of period T. 


2. Inverse Laplace Transforms 

■eh 


(t) L 
(iii) L 


(it) L~ 


ys 2 +a 2 


— cos at 


ii) L 1 ( —)= - 

is") (n -1)! 

1 f g 1 t l = ~ si 

*( i I- 1 si 

U 2 -« Z J « 


iii) 

{ iv ) L 
(vi) L 


— sin at 


sinh at 
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(vii) L l 
Ux) L" 1 


2 2 
s - a 

2 2 
s - a 


- cosh at. 

(viii) L x \ s ) 

J 

1(S 2 +U 2 ) 2 J 


sin at 


= t cos at. 


(s 2 + a 2 ) 2 

3. Fourier Transforms : F(s) — J" /"(/) . dt 

Fourier sine transform : F s (s) = [ f(t) sin st dt 

Jo 

Fourier cosine transform : F t . (s) = J f(t) cos st dt 

'aV 


l> 2 

4* /-Transforms : Z(u n ) = ^ u n z 


to 

= -& 2 


n = 0 


(O £(!) = 


2 ~ 1 


(«) Z(n) = 


u-v 2 


(in) Z(n 2 ) = 


Z 2 + 2 


(u) Z(rm fl )- 


(z-ir 

as 


(io) 2 {a") = 


s - a 


(aii) 2 (cos /j 0) = 


(z - af 

z {z - COS0) 


(ai) 2 (sin n0) = 


s sin 0 


z 2 - 2s cos 0+1 


z 2 - 2 z cos 0+1 


(viii) Z(sinhn0)- 


z sinh 0 


z 2 - 2z cosh 0 + 1 


(ix) Z (cosh n0) = 


1. AM. 

*f, 


ziz - cosh 0) 

2 2 - 2 2 cosh 0+1 

XIIL STATISTICS AND PROBABILITY 


!. S.D. a = ll/ifr-a* 

V i/; 


I L (jc - *) r 

3, Momenta a&ouf Me mean : ja 0 == X, = 0, p 2 = a 2 , = ; _* — 

L fi 

4, Coeff. of skewness = (mean - mode)/a which lies between - 1 and L 

5, Kurtosis : P 2 - \i/p 2 2 ' 


6, Coeff. of car relation r - 


n X d x d y - X d x Zd y 


Vfln Zd^(X£/ x ) z H/iXrf;-(Zd, ) 2 U 


; - 1 < r < 1 


7. Line o/'recession o/y on x: y - y = r —Z { x — x) 

Line oL regression of x on y ; x - x = r (y - y) 

ff .v 

ti . , a s No, of ways favourable to A 

8. Probability p(A) ----- —,p + q = 1, 

Total no, of equally likely ways 

(«) p(A or B) - p(A ) + p(B), (if) p(A and B) = p(A). p(B) 

9* Binomial distribution : p(r) - n C r p r q tl ~ r 
Mean = np , Variance (a 2 ) - npq 
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10. Poisson distribution :p(r) = e~ m 

r \ 

Mean = rn. Variance (o 2 ) = m. 

11, Normal distribution :f(x) = 


aV2rc 


, Standard variate = 




(/) Probable error X = 0,6745 a, 

(it) 68% of values lie between x = ji - c and x = p * o. 

95% of values lie between x = p - 1.96 a and x = p + 1.96 a 

99% of values lie between x = p - 2.58 o and jc = ft + 2,58 o 

XIV. NUMERICAL TECHNIQUES 

1. Solution of equations 

(i ) Bisection method: x„ =; 1 (x n 


l+ X n-2> 


Hi) Method of False position : x 2 = x 0 - 




(»i) Newton-Raphson method: x ri +1 = je 7 - 


0 /■{*!)-A*0> 

A<*«) 


A* 0 >- 


n*.> 


(if) /tenxftue /omuz/a /o /imf / / N is x n + ^ (2 - Nx n ) 

(v) Iterative formula to find JN is x tj 4 t - + M* 7 ) 

2. Solution of Linear Simultaneous equations 
(/) Matrix inversion method. For the equations 

“]* + V + c, 2 = <l v + c 2 z = d 2 , a^x + b^y + c.j>=d 3 


if 


then 


A = 


a, b t Cj 


X 


M 

^2 

,X= 

y 

and D = 

<k 

a :j ^3 c 3 


z 


d$ m 



Aj A 2 A 3 



i 

B ] B 2 Bg 

X 

<k 

1 

C | C 2 Cg 




where A v B r etc., are the co-factors ofa p 6 r etc., in the determinant \A \, 

(if) Go uss - elimination method. In this method the coefficient matrix is transformed to upper triangular 
matrix . 

(Hi) Gauss-dor dan method. In this method the coefficient matrix is transformed to diagonal matrix, 

(iv) GaussJordan method of finding the inverse of a matrix A. The matrices A and / are written side by 
side and the same row transformations are performed on both till A is reduced to /. Then the other 
matrix represents A‘ l . 

3, Finite differences and Interpolation 

( i ) Forum rd differences; Ay r = y r+l -y r 

Backward differences: Vy r = y r - y f _ } 

Central differences: &v„ - m = y„ -1 

(i7) Relations between operations: 

A = E-l;V=l- E~ >; S = E m - E~ 1/2 

ja = l(E m + E~ m Y, A = EV = VE = 8 E V2 ; E = e D 
2 

(Hi) Factorial notation | x [ r = jc(x - 1) U - 2)... (x — r + 1). 

Factorial polynomial 1x1* - x(x - h ) (x - 2h )... (x — h - 1A) 
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(iiO Newton’s forward interpolation formula 

p(p-l) a5L p(p-l)(p-2) - 

y p =y 0 +P Ay 0 + —— A*y 0 +---A 3 y 0 + ... wherep = (x ~x 0 )//i. 

(v) Newton’s backward interpolation formula: 

p(p+ 1)_ p(p + l)(p + 2> 

y„ = y n + p V .v n + v Y + ^ 7 y, ( +. wh «-e p = 

(ni) Stirling’s formula: 

* z p(p 2 - 1) ( A 3 y_ | + A 3 y_ 2 1 p 2 (p 2 - 1) 


( 4>' 0 + Ay_, ^ p a2 
(uii) Bessel’s formula: 


3! 


4! 


^1 2 + 


p(p 


y„ = ,v 0 + pAj 0 + —— 


(urn) Lagrange's interpolation formula: 


-1>4V,+A% (p-IIp 1 ?- 1 ’ 


3! 


A 3 Xi 


(p + 1) p(p - l)(p - 2) aY 2 + A 4 y. r 


4! 


. (x-x,)(x- jr 2 ).(x-x„) (x- x 0 )(x- x 2 ).<x-x„) 

y = -- -x --— y 0 +------— y j + .+ 

(x 0 -Xi>(x 0 - x 2 ).(xo - x„) (x, -xoHxj -x 2 ). (x x -x n ) 

fx-X^lX-X^.(x ~ x n ^ i) 


(*„ -x 0 )(x n — x t ).(x„ -x„_ 

(ix) Newton’s divided difference formal 

y=flx) = y 0 + (x-x 0 ) |x 0 ,x,] + (x-x 0 )(x-x,) |x 0 ,Xj,x 2 ] + (x-x„)(x-x,)(x-x 2 ) [x 0 ,x,,x 2 ,x 3 ] 


where [x 0> x,| ———, (x 0 , x p x 2 ] = and a 

0 1 “ “ lx 2 -X 0 ] 


so on. 


X, -x 0 

4. Numerical differentiation 
( i ) Forward difference formulae: 


(flA^Y A! W A3 Y A, - v » + .•] 

(^?) = ^[ i2 ' v °~ A ' >0 + 71 A ' 5 ’" + .'] an<l 80 on ' 


(ii) Backward difference formulae: 

(s). 4b + Y» + A”4 v ‘^---- 

(S) ”-?[+* + +»+£*»* .]-» 


] 


so on. 


(iii ) Cen trul difference form ulae: 


d 2 y 


T A>' 0 + Ay_, 

1 A 3 y_, + A®y_ 2 ( I AY 2 + A 5 y. 3 

L ^ 

6 2 30 2 


dx’ 


J A 2 L 12 90 


aY 3 + ■ 


5. Numerical integration 
(i) Trapezoidal rule: 

*xq + nh 


J l *o + /| 

, fMdx = - l(y 0+ y n ) + 2(y 1+ y 2 + . +y„_j)l 
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(i/) Simp on’s li3th rule: 

f + nh fj 

^ f(x)dx= g|(y 0 +y n ) + 4<y, +y 3 +.+ }-„_,)+ 2<y 2 +y, +.+ y„_ 2 

(Number or sub intervals should be taken as even) 

(iii) Simpson's 3/8 th rule: 

fx Q + nh ^ 3/3 

■'a* 8 

(Number of sub-intervals should be taken as a multiple of 3) 

(it'} Weddle’s rule: 


r 

Jxt 


fix) dx = — Hy 0 x yj + 3(y, + y 3 + .V, + *5 + . + K - 1 ) + 2tv a + ,v s + 


r 

J X<t 


*o 4 nh 3/j 

fix) dx = — bn + 5v, + y 2 + 6y 3 + y 4 + 5y s + 2y 8 + 5y 7 +.I 


(Number of sub-intervals should be taken as multiple of (6) 

6. Numerical solution of ordinary differential equations 

fi) Picard's method: y t = y 0 + f (x t y 0 ) dx 

% 

^2 = y« + f f Cjc. ,yj) dx etc. 

Jx <i 

(it) Taylor’s method.: 

y^y^ix-x 0 ) (y ) 0 + <A + (y"% + ... 

(i&) Euler’s method: y 2 =y 1 4 A /fa 0 + A,^) 

Repeat this process tilly 2 is stationary. Then calculate y 3 and so on. 

1 

tiv) Modified Euler's method: y 2 = y t + — \flx Q + A, y x ) 4 /?jc tl + 2A, y 2 )j 
Repeat this step tilly 2 is stationary. Then calculatey 3 and so on. 

(v) Range Kutta method: y x - y 0 + A where A = — (A t 4 2A 2 > 2A a + A 4 ) 

6 

such that k x = hf (x 0 , y 0 ); A 2 = A. /(x 0 4 A/2, y 0 + A/2) 

A a = A /L* 0 4 A/2, y 0 4 A/2); A 4 = hf (x a 4 h, y 0 4 A 3 ) 

(ui) Milne’s method 

4h 

Predictor formula: y + = y 0 4 — ( 2f x - f 2 + 2/ 3 ) 

3 

h 

Corrector formula: y 4 = y 2 + ~(f 2 - 4/ 3 + / 4 ) 

u 

(Four prior values are required to find the next values) 

Gm) AdamsBashforth method: 

Predictor formula: y 1 = y Q + (55/^ - 59 f_ , 4 Z7f_ 2 - 9/^ 3 ) 

h 

Corrector formula: y, = y 0 + — (9f t + 1 Sf 0 ~ 5f_ j - f_ 2 ) 

(Four prior values are required to find the next values) 

7_ Numerical solution of partial differential equations 
(i) Classification of a second order equations: 


d 2 u 


A(x,y)<L “ +B(x.y) 
d* 2 

is said to be elliptic MB 2 - 4AC < 0 


d 2 u 


** • rb - 3 V ' 


^ _ dii du ^ _ 

F(x,y,it,) —=0 
dx dy 


parabolic if B 2 - 4AC = 0 
hyperbolic if B 2 — 4 AC > 0 


)! 

-+^_ 2 )1 
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r -. f d 2 u d 2 u n 

(u) Lap tare equation: —+—— - U 

dx 2 By 2 

Standard 5-point formula: u i ■ - -i \u i + u- + , J u i + u- j_ j] 

Diagonal 5-point formula: u, j ~ -j- [u f _ + , + u { + , j _, u, + , j +1 + u ; _ t J _ ,1 

Uii) Poisson’s equation: - f {a-, v). 

Hx 2 dy 2 

Standard 5 point formula: 

u i -%£* u i ♦1. j + u i.j * i + u i,j -1 “ 4u ,. j * /l2 

(it;) One-dimensiona/ Acatf equation; _ = d IJ 

* dr 2 

Schmidt formula: u t J + J = a u f , j + (1 — 2 d) u t + a u- + ( where a = Ac 2 //! 2 
when a = l/2 f it reduces to 

1 

Bendre-Schmidt relation: u t { t + T J 

+ J g 1 ” 1 + **/ 

(o) Waue equation: = c 2 

J )/ 2 Ac 2 

£vp//c/ formula for solution is 

Uj j + j = 2( 1 - a 2 f 2 ) u f ^ + a 2 c 2 (« f _ | j + a, f |J) - U-j_ j where a = kfh 
If a is so chosen that the coefficient of u- - is zero i.e, f k = h/c then the above explicit formula takes the 
simplified form 

U t , = U « > + U. * r •— u *. t . 

t,J + 1 I -1,J I * i,J “ij - i 



Tables 


Table I: Gamma Function. F(a) = [ e l t° l dt 


a 

rta) 

a 

n«) 

« 

| rceo 

a 

rta) 

1.00 

1,000000 

1.26 

0.904397 

1,62 

0.887039 

1,78 

0.926227 

1.01 

0.994326 

1*27 

0*902503 

1.53 

0*887568 

1*79 

0.928767 

1.02 

0.988844 

1.28 

0.900719 

1.54 

0.888178 

1*80 

0,931384 

1.03 

0*983550 

1 29 

0.899042 

1.65 

0.888869 

LSI 

0.934076 

1.04 

0*978438 

1.30 

0.897471 

1.56 

0.889639 

1.82 

0.936846 

105 

0*973504 

1*31 

0.896004 

1*57 

0.890490 

1,83 

0*939690 

1,06 

0.968744 

1.32 

0.894640 

1.58 

0,891420 

1*84 

0*942612 

1*07 

0*964152 

1,33 

0*893378 

1*59 

0*892428 

1.85 

0.94661 1 

1,08 

0.969725 

1.34 

0.892215 

1.60 

0.893516 

1.86 

0*948687 

1.00 

0.955469 

1.35 

0.89.1151 

1*61 

0,894681 

1.87 

0.951840 

1*10 

0.961361 

1.36 

0,890184 

1.62 

0.895924 

1*88 

0.955071 

1*11 

0.947395 

1*37 

0.889313 

1*63 

0.897244 

1*89 

0.958380 

1-12 

0*943590 

1.38 

0*888537 

1.64 

0,898642 

1*90 

0*961766 

1*13 

0.939931 

1.39 

0.887854 

1,65 

0.900117 

mi 

0.965231 

IM 

0*936416 

1*40 

0.887264 

1.66 

0*901668 

1*92 

0.968774 

1*15 

0*93304! 

1.41 

0.886764 

1.67 

0.903296 

1.93 

0*972397 

1*16 

0.929803 

1.42 

0.886356 

1*68 

0.906001 

1.94 

0.976099 

1*17 

0*926700 

1.43 

0.886036 

1*69 

0.906782 

1*95 

0*979881 

1.18 

0.923728 

1.44 

0.885805 

1*70 

0.908639 

1*96 

0.983742 

1*19 

0.920885 

1.45 

0,885661 

1.71 

0.910572 

1*97 

0.987685 

L20 

0.918169 

1,46 

0.885604 

1,72 

0.912580 

1.98 

0*901708 

1*21 

0*915577 

1*47 

0.885633 

1.73 

0,914665 

1,99 

0,995813 

1*22 

0.913106 

1*48 

0.885747 

1.74 

0*916826 

2,00 

1*000000 

1.23 

0*910755 

1.49 

0.885945 

1.75 

0,919062 



1.24 

0*908521 

1.50 

0.886227 

1.76 

0*921375 



1*26 

0*906403 

1.51 

0.886592 

1.77 

0.923763 
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Appendix 2 — Tables 


Table II : Bessel Functions 




< 7 , Or ) 

if 


JJx ) 

0,0 

1.0000 

0.0000 

3.0 

— 0.2601 

0.3991 

0 A 

0.9975 

0.0499 

3,1 

- 0.2921 

0.3009 

0.2 

0.9900 

0.0995 

3.2 

— 0.3202 

0.2613 

0,3 

0.9776 

0.1483 

3.3 

- 0.3443 

0.2207 

0.4 

0.9604 

0,1960 

3,4 

- 0.3643 

0.1792 

0.5 

0.9385 

0.2423 

3,5 

- 0,3801 

0.1374 

0,6 

0,9120 

0.2867 

3,6 

- 0.3918 

0.0955 

0 7 

0,8812 

0.3390 

3.7 

- 0.3992 

0.0538 

0.8 

0.8463 

0.3688 

3.8 

- 0.4026 

0.0128 

0,9 

0.8075 

0,4059 

3.9 

- 0.4018 

- 0.0272 

1.0 

0.7652 

0.4401 

4.0 

- 0.3971 

- 0.0660 

M 

0.7196 

0-4709 

4 J 

- 0.3887 

- 0.1033 

1-2 

0.6711 

0.4983 

4.2 

- 0.3766 

- 0.1386 

1.3 

0.6201 

0.5220 

4.3 

- 0.3610 

- 0.1719 

1:4 

0.5669 

0.5419 

4,4 

- 0.3423 

- 0.2028 

1.5 

0.5118 

0,5579 

4.5 

- 0.3205 

- 0.2311 

1.6 

0.4564 

0,5699 

4.6 

- 0.2961 

- 0.2566 

1.7 

0.3980 

0.6778 

4,7 

- 0.2693 

- 0.2791 

1.8 

0,3400 

0.5815 

4.8 

- 0.2404 

- 0.2985 

1.9 

0.2818 

0.5812 

4.9 

- 0,2097 

- 0.3147 

2,0 

0.2239 

r 

0.5767 

5.0 

- 0.1776 

- 0.3276 

2,1 

0,1666 

0.5683 

5,1 

0.1443 

- 0.3371 

2,2 

0.1104 

0.5560 

5,2 

- 0.1103 

- 0.3432 

2.3 

0.0565 

0.5399 

5.3 

- 0.0758 

- 0.3460 

2.4 

0.0025 

0.5202 

5.4 

- 0.0412 

- 0.3453 

2,5 

- 0.0484 

0.4971 

5,5 

- 0.0068 

- 0.3414 

2,6 

* 0,0968 

0.4708 

5.6 

0.0270 

- 0.3343 

2,7 

- 01424 

0.4416 

5.7 

0.0599 

- 0.3241 

2,8 

— 0.1850 

0.4097 

5,8 

0.0917 

- 0.3110 

2.9 

- 0,2243 

0.3754 

5.9 

0.1220 

- 0.2951 
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Table III; Area under the Normal curve 


Higher Engineering Mathematics 


1 


S' 

3\ 


/ 

\ 




V 








O Z 


X 

0 J 

1HBHHI 

1 

2 

3 

4 

5 

a 

7 

8 

0 

0.0 

0.0000 

0.0940 

0*0080 

0.0120 

0.0160 

0.0199 

0.0239 

0.0279 

0.0319 

0,0350 

0.1 

0.0398 

0*0438 

0.0478 

0-0517 

0.0557 

0.0596 

0.0636 

0.0675 

0.0714 

0.0754 

0.2 

0*0793 

0.0832 

0*0873 

0*0910 

0.0948 

0.0987 

0,1026 

0.1064 

0.1103 

0.1141 

0.3 

0.1179 

0*1217 

0*1255 

0.1203 

0*1331 

0*1368 

0,1406 

0.1443 

0.1480 

0*1517 

0.4 

0.1564 

0.1591 

0.1628 

0.1664 

0.1700 

0-1736 

0*1772 

0.180S 

0.1844 

0*1870 

0.5 

0.1915 

0.1950 

0.1985 

0.2019 

0*2054 

0*2088 

0.2123 

0.2157 

0.2190 

0*2224 

0.6 - 

0.2258 

0.2291 

0.2324 

0.2357 

0.2389 

0.2422 

0*2454 

0.2486 

0.2518 

0.2549 

0.7 

0.2580 

0*2012 

0,2642 

0,2673 

0*2704 

0.2734 

0.2764 

0.2794 

0.2823 

0.2662 

0.8 

0.2831 

0.2910 

0.2939 

0.2967 

<1.2996 

0,3023 

0,3051 

0.3078 

0.3106 

0*3133 

0.9 

0*3159 

0.3186 

0*3212 

0*3238 

0.3264 

0*3289 

0*3315 

0.3340 

0.3365 

O.33S0 

1-0 

0.3413 

0.3438 

0.3461 

0,3485 

0.3508 

0,3531 

0*3554 

0.3577 

0.3599 

0.3821 

M 

0.3643 

0,3665 

0*3686 

0*3708 

0.3729 

0,3749 

0.3770 

0.3790 

0.3810 

0,3830 

1.2 

0.3840 

0.3869 

0.3888 

0.3907 

0.3926 

0,3944 

0,3962 

0.3980 

0.3997 

0.4015 

1,3 

0-4032 

0.4049 

0.4066 

0.4082 

0.4099 

0*4115 

0,4131 

0.4147 

0.4162 

0*4177 

1.4 

0.4192 

0.4207 

0,4222 

0.4236 

0.4251 

0.42 65 

0*4279 

0.4292 

0.4306 

0.4319 

1.5 

0.4332 

0.4345 

0.4357 

0.4370 

0.4382 

0.4304 

0,4408 

0.4418 

0.4429 

0*4441 

1.6 

0.4452 

0.4463 

0.4474 

0.4484 

0.4496 

0*4505 

0*4515 

0.4525 

0.4535 

0*4545 

1.7 

0.4654 

0.4664 

0.4573 

0.4682 

0.4591 

0.4599 

0.460$ 

0.4616 

0.4625 

0*4633 

1.6 

0.4641 

0.4649 

0.4656 

0.4664 

0.4671. 

0.4678 

0.4686 

0.4693 

0.4699 

0,4706 

1.9 

0.4713 

0.4719 

0.4726 

0.4732 

0.4738 

0*4744 

0*4750 

0.4766 

0.4761 

0.4767 

2.0 

0.4772 

0,4778 

0.4783 

0.4788 

0.4793 

0.4798 

0.4803 

0.4808 

0.4812 

0*4817 

2.1 

0.4821 

.0.4826 

0.4830 

0.4834 

0.4838 

0.4842 

0.4846 

0.4850 

0.4854 

0*4357 

2.2 

0.4861 

0.4864 

0.4868 

0.4871 

0.4875 

0*4878 

0*4881 

0.4884 

0 4 887 

0*4890 

2*3 

0.4893 

0.4896 

0.4898 

0.4901 

0.4904 

0*4906 

0.4909 

0.4911 

04913 

0*4916 

2*4 

0.4918 

0.4920 

0.4922 

0.4926 

0.4927 

0,4929 

0*4931 

0.4932 

04934 

0*4936 

2,5 

0.4938 

0,4940 

0.4941 

0.4943 

0.4945 

0.4946 

0.4948 

0.4949 

04951 

0*4952 

2*6 

0.4953 

0.4965 

0.4956 

0.4957 

0.4959 

0*4960 

0*4961 

0,4962 

04963 

0*4964 

2.7 

0.4966 

0.4966 

0.4967 

0.4968 

0.4969 

0.4970 

0.4971 

0.4972 

04973 

0.4974 

2,8 

0.4974 

0.4975 

0.4976 

0.4977 

0.4977 

0.4978 

0.4979 

0.4979 

04980 

0*4981 

2.9 

0.4981 

0.4982 

0.4982 

0.4983 

0.4964 

0.4984 

0.4985 

0.4985 

0.4986 

0.4986 

3.0 

0.4007 

0.4987 

0.4987 

0.4988 

0.4988 

0.4989 

0.4989 

0.4989 

0.4990 

0*4990 

3-1 

0.4990 

0.4991 

0.4991 

0.4991 

0.4992 

0.4992 

0,4992 

0.4992 

04993 

0.4993 
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Table IV : Values ol I 1 1 with probability P and degrees of freedom v 



0.50 

0,10 

0.05 

0 M 2 

0.01 

t 

1.000 

6.34 

12.71 

31.82 

63.66 

2 

0.816 

2.92 

4.30 

6.96 

9.92 

3 

0.765 

2.35 

3.18 

4.54 

5.84 

4 

0.741 

2.13 

2.78 

3.75 

4.60 

6 

0.727 

2.02 

2.57 

3.36 

4*03 

6 

0.718 

1.94 

2.45 

3*14 

3.71 

7 

0.711 

1.90 

2.36 

3.00 

3.50 

8 

0.706 

1.86 

2-31 

2.90 

3.36 

9 

0.703 

1.88 

2.26 

2.82 

325 

10 

0.700 

1.81 

2.23 

2.76 

3*17 

11 

0.697 

L 80 

2.20 

2.72 

mi 

12 

0.695 

1.78 

2 18 

2.68 

3.06 

13 

0.694 

1.77 

2.16 

2.65 

3.01 

14 

0.692 

1,76 

2.14 

2.62 

2.98 

15 

0.691 

1.76 

2.13 

2.60 

2.95 

16 

0.690 

1.75 

2.12 

2.58 

2.92 

17 

0.689 

1.74 

2.11 

2.57 

2.90 

18 

0.688 

1.73 

2.10 

2.55 

2.88 

19 

0.688 

1.73 

2.09 

2.54 

2.86 

20 

G * 6 S 7 

1.72 

2.09 

2*53 

2.34 

21 

0.686 

1.72 

2.08 

2.52 

2.83 

22 

0.686 

1.72 

2.07 

2.51 

2.82 

23 

0.085 

1,71 

2.07 

2.50 

2*81 

24 

0.665 

1.71 

2.06 

2,49 

2.80 

25 

0.684 

1.71 

2.06 

2.48 

2.79 

26 

0.664 

in 

2.06 

2.48 

2*78 

27 

0.684 

1.70 

2.05 

2.47 

2*77 

28 

0.683 

1.70 

2.05 

2.47 

2.76 

29 

0.683 

1,70 

2.04 

2*46 

2.76 

30 

0.683 

1.70 

2.04 

2.46 

2.75 
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Table V : Values of % 2 with probability P and df v 

---‘___ 1 


» p 

0,99 

0,95 

0.50 

0,30 

0,20 

010 

ft05 

0,01 

1 

0.0002 

0.004 

0.48 

1.07 

1.64 

2.71 

3.84 

6.64 

2 

0.020 

0.103 

1.39 

2.41 

3.22 

4,60 

5.99 

9,21 

3 

0.116 

0.35 

2.37 

8.66 

4.64 

6.25 

7.S2 

11*34 

4 

0.30 

0.71 

3.36 

4.86 

5.99 

7,78 

9.49 

13,26 

5 

0.55 

1.14 

4.35 

6.06 

7.29 

9.24 

11.07 

15.09 

6 

0.87 

1.64 

5.35 

7.23 

8.56 

10.64 

12.59 

36,81 

7 

1,24 

2.17 

6.35 

8.38 

9.80 

12,02 

14.07 

18.48 

8 

1.66 

2.73 

7.34 

9.52 

11.03 

13.36 

15.51 

20.09 

9 

2 >09 

3.32 

9.34 

10.66 

12.24 

14*68 

16.92 

21,67 

10 

2.66 

3.94 

9.34 

11,78 

13.44 

16,99 

18.31 

23.21 

11 

3.05 

4.58 

10,34 

12.90 

14.63 

17.28 

19.68 

24,72 

12 

3.57 

5.23 

11.34 

14.01 

15.81 

18.56 

21.03 

26.22 

13 

4>U 

5.89 

12,34 

15.12 

16.98 

19.81 

22.38 

27.69 

14 

4,66 

6.57 

13.34 

16.22 

18.15 

21*06 

23.68 

29.11 

15 

5.23 

7.26 

14.34 

17.32 

19.31 

22.31 

25.00 

30.58 

16 

5.SI 

7.96 

15.34 

18.42 

20.46 

23.54 

26.30 

32.00 

17 

6.41 

a.67 

16.34 

19.51 

21.62 

24*77 

27.59 

33.41 

18 

7,02 

9.39 

17.34 

20,60 

22.76 

25.99 

28.87 

34,80 

19 

7,63 

10.12 

18.34 

21.69 

23 .SO 

27,20 

30.14 

36.19 

20 

6.26 

10.85 

19,34 

22.78 

25.04 

28,41 

31.4] 

37,57 

21 

8M 

11.69 

20.34 

23.86 

26.17 

29*62 

32.67 

38,93 

22 

9,54 

12,34 

21.34 

24.94 

27.30 

30.81 

33.92 

40,29 

23 

10.20 

13.09 

22.34 

26.02 

28.45 

32.01 

35.17 

41,64 

24 

10,86 

13.85 

23.34 

27.10 

29.55 

33.20 

36.42 

42.98 

25 

11.52 

14.61 

24.34 

28.17 

30.68 

34.60 

37.65 

44.31 

26 

12.20 

15.38 

25.34 

29.25 

31.80 

35,66 

3888 

45,64 

27 

V2M 

16.15 

26.34 

30.32 

32.91 

36-74 

40.11 

46 M 

28 

33.56 

16.93 

27.34 

31.39 

34.03 

37.92 

41.34 

48.28 

29 

14/26 

17.71 

28.34 

32.46 

35.14 

39,09 

12.56 

49*59 

30 

14,95 

16,49 

29.34 

33.53 

36.25 

40.26 

43.77 

50,89 
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Table VI: 5% and 1% points of F 



2 

3 

4 

5 




6 

7 


8 


n 



12 

14 

16 

18 




20 

25 

30 

40 

60 


1 

2 

3 

4 

5 

6 

8 

12 

24 

18.51 

19.00 

19.16 

19.25 

19.30 

19.32 

19.37 

19.41 

19.45 

98.49 

99.00 

99.17 

99.25 

99,30 

99.33 

99.36 

99,42 

99.46 

10.13 

9.55 

9.26 

9.12 

9.01 

8.94 

8.84 

8.74 

3.64 

34 

30.82 

29 46 

28.71 

28,24 

27.91 

27.49 

27.06 

26.60 

7,71 

6.94 

6,59 

6.39 

6.26 

6.16 

6.04 

5.91 

5.77 

21.20 

18.00 

16.69 

15.98 

15.52 

16.21 

14.80 

14.37 

13.93 

6.61 

5.79 

5.41 

5.19 

5.06 

4.95 

4.62 

4.68 

4.53 

16.26 

13.27 

12.06 

11.39 

10,97 

10.67 

10.27 

9,89 

9.47 

5.99 

5.14 

4.76 

4.53 

4.39 

4.28 

4.15 

4.00 

3.84 

13.74 

10.92 

9.78 

9.16 

8.75 

8.47 

8.10 

7.72 

7.S1 

5,69 

4,74 

4.35 

4.12 

3.97 

3.87 

3.73 

3.57 

3.41 

12.25 

9.55 

8.45 

7.85 

7.46 

7.19 

6.84 

6.47 

6.07 

5.32 

4.46 

4.07 

3.84 

3.69 

3.58 

3.44 

3.28 

3.12 

11.26 

8,65 

7.59 

7,01 

6.63 

6.37 

6.03 

5.67 

5.28 

6.12 

4.26 

3,86 

3,63 

3.48 

3.37 

3.23 

3.07 

2.90 

10.56 

8.02 

6,09 

6.42 

6.06 

5.80 

547 

5.11 

4.73 

4.f>6 

4.10 

3.71 

3.48 

3.33 

3.22 

3.07 

2.91 

2.74 

mm 

7.56 

6*65 

5.99 

5.64 

5.39 

5.06 

4.71 

4.33 

4 7 n 

3.88 

3,49 

3.26 

3.11 

3.00 

2.85 

2.69 

2.50 

3 

6.98 

5.95 

6.41 

5.06 

4.82 

4.50 

4.16 

3.78 

4,60 

3.74 

3,34 

3,11 

2.96 

2.85 

2.70 

2.53 

2.35 

8.86 

6.61 

5,56 

5,03 

4.69 

4.46 

4.14 

3.80 

3.43 

4,49 

3,63 

3.24 

3-01 

2,85 

2,74 

2.59 

2.42 

2.24 

8.53 

6,23 

5.29 

4.77 

4.44 

4.20 

3.89 

3.55 

3.18 

4,41 

3,55 

3,16 

2.93 

2.77 

2.66 

2.51 

2.34 

2.15 

8,28 

6,01 

5.09 

4.58 

4.26 

4.01 

3.71 

3.37 

3.01 

4.35 

3.49 

3,10 

2.87 

2.7J 

2.00 

2.46 

2,28 

2.08 

8.10 

5.85 

4.94 

4.43 

4,1.0 

3.87 

3.56 

3.23 

.2.86 

4,24 

3.38 

2.99 

2.76 

2.60 

2.49 

2.34 

2.16 

1.96 

7,77 

5,57 

4.68 

4.18 

3.86 

3.63 

3.32 

2.99 

2.62 

4.17 

3.32 

2,92 

2.69 

2.53 

2.42 

2.27 

2.09 

1.89 

7.56 

5.39 

4.51 

4.02 

3.70 

3.47 

3.17 

2,84 

2.47 

4 08 

3.23 

2,84 

2.61 

2.45 

2.34 

2.16 

2.00 

1.79 

7.31 

6:18 

4.31 

3.83 

S.51 

3.29 

2.99 

2.66 

2.29 

4.00 

3 10 

2,76 

2.52 

2.27 

12.-25 

2.10 

1.92 

1.70 

7.08 

4.98 

4.13 

3,65 

3.34 

3.12 

2.82 

2.50 

2,12 


19.60 
99.50 

8.53 
26.12 

6.63 

13.46 

4.36 
9,02 
3.67 
6.88 
3.23 
5.65 
2.93 
4,86 

2.71 
4.31 

2.54 

3.91 
2.30 

3.36 
2.13 
3,00 
2.01 
2.76 

1.92 
2.07 
1.84 
2.42 

1.71 
2,17 
1.62 
2.01 
1.51 
1.81 
1.39 

1.60 


































Answers to Problems 


Problems 1.1, page 5 


1. x* - 6a 3 + 3x 2 + 42x - 70 = 0 2. <i) - 2, 1 + 3i, 1 - 3i 

5. Two roots between (1,2) and (-3,-4) 

7. 3 


6. 2, 2, - l 

9. 6, 4, - 1 

12. 1(3+ S) 

16. (i) -5,-2, 1,4 
18. 36 


10. -4,2.6 
13. 1,4,7 
(iit) 1,-2, 4,-8 
19. U) 4/3, (u) 16/9. 


(ii) 2 ± Js , 3, - 5 

8 . a = 2,6 = 1 
11 . 1 , 1 , 2 , 2 
14. 1, I I 

2 s 4 

17* (i) m 2 — 2ln t (ii) Im — n 


Problems 1.2, page 8 


1. x 3 + 6x 2 - 36x + 27 = 0 2. 6.x 5 - 7x 4 - 13x 3 + 4 a 2 - 2 = 0 3. lOx 4 + 9s 3 + &x 2 - 7x + 1 = 0 

4. -^,",2 5. (i) x 3 - 9a 2 + 26x - 24 = 0 ; (ii) x 4 + 13a 3 + 6Gx 2 + 116x + 80 = 0; 

£* rj 

(Hi) x 5 + 7 = 0 

6. a- 3 + 15x 2 + 52x- - 36 = 0 7. y 3 + (p 3 + 3 g)y z + 3qh' + q 3 = 0 8. 3.x 3 - 1 lx 2 + 9x - 2 = 0 

9- y 3 — + PO' - r 2 = 0 

10. (a);y 3 + 4mj' - 8rc = 0 ; ( b ) rax 3 + m 2 * 2 - 2ra/u + n z = 0 ; (c) x{«x + mlr = ra 

11. y 3 - 3Cty 2 + 225y — 68 = 0 

12 . tiV =s*M.s^L 

(ip) - 1, - 2, 3, - 1/2,1/3 ; 

13. |(5±V2T) ; £(-3 + ^5) 


(ii) 2, 2, 1/2, 1/2 


(i>) ±1,-3,-1/3, 


3+^5 


14. -1,-2,-6,-7. 


(Hi) 1, - 2, 4, - 1/2, 1/4 ; 


Problems 1.3. page 11 


1. -6,3,3 
4. -1, - 2, I 

7. 2 cos ^ , 2 cos — , 2 cos 3^ 
9 9 9 


2. 5, 1(- 5 ± ij 3) 

5. |,-|(3±i>/3) 

„ 1 - 7 + 9i>/3 

8 ’ 2 ’ 6 


3. 6, - 3 ± 2yJ(--3) 
6. 5, 1(1 + iV3 ) 
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j Problems 1.4, page 12 

1. 1, 2,3,4 

2. -3, 1,± 2 

3. 

4, - 2, - 1 ± i 

4. - 1, 3, 3 ± -s/30 

5. 1 ± J7 , 2 ± & 

6. 

1 ± 2i, - 1 ± yjZ 

7. 2 ± v/3 . - 2 ± i& 

8. 2, 4, 2 ± 2iV2. 



Problems 1,5, page 15 

1. 1.32 

2. 2.29 

3. 

0.45 

4. (i) 0.71 rad 

5. 1.81 rad 

6. 

0.26. 

_ Problems 1,6, page 15 

1. id) 

2. (c) 

3. 

(c) 

4. (c) 

5. (c) 

6. 

(a) 

7. id) 

8. ib) 

9. 

(c) 

10. (a) 

11. (e) 

12. 

minus 

13. § 15.1 (v) 

14. p/q 

15. 

21 

16. -3 and-2 

17. Conjugate pairs 

18. 

fix) is continuous in {a, b) 

19. x 3 - 9.v 2 + 29a- - 24 = 0 

20. 3, 6,-2 

21. 

x 3 - 200a - 7000 = 0 

22. p/r 

23. a 4 + 2a 3 - a 2 - 6a - 6 = 0 

24. 

6 

25. minus 

26. pq-r 

27. 

i, i<-i +V&) 

28. (iii) 

29. 1, 1, - 2 

30. 

A 3 - 7a 2 + 12a - 10 = 0 

31. Zero and 2 

32. 21 

33. 

True 

34. True. 




Problems 2*1 page 25 1 

5. (i) 1 Hi) 0 

13, fa - 6Xfc - eXc - a) 



14. {o - 6H6 -cXe - uKafo + be + ea) 15. ib -eXc - a)(a -bXa - 

1X6 

-lKc-1) 

16, (a - b)ia -c)ia - cfXft - cXb 

-i/Xc-ii) 17. a = 0, ± V(o J + b 2 + r 2 

- ab 

-be- ca ) 

18. 0, 




2 




Problems 2.2 page 31 1 

1. a = 0,3 

2. a = - 3,.y =- 2,2 = - 4 

i a = 

3 


3. x = 3, ,y = 8 


4.-2 


1 1 
0 3 




" 4 4 

7 

10 

r 


AB - 


10 7 

11 

21 





4 3 

3 

9 





8 

r 


9 

6' 

(it) 


122 

104 


(iii) 

-18 

-12 



365 - 

131 


27 

18 


7. (0 {ax 2 + by 2 + cz 2 + 2fyz + 2gzx + 2Aa>’| 


10. 3/ 


11. 

'-6 1 2' 

5 4 4 

15. 

' 1 0 O' 

7/5 1 0 


P5 -2 1 

0 19/5 -32/5 


2 8-3 

L J 

. 

3/5 41/19 1 


0 0 327/19 
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Problems 2.3, page 35 



3 

0 

5.5' 


0 

-2 

5 ' 


a 

|<a + c) 

+ c) 


0 

Ua-c) 

\ib-0 

2. (t) 

0 

7 

1.5 

■f 

2 

0 

-2.5 

<«) 

|Ca + c) 

b 

■|{a + b ) 

4- 

|(c - a) 

0 

%(b-a) 


5.5 

1.6 

0 


-0.5 

2.5 

0 


^(b + c) 

\(a + b ) 

c 


|(c - 6) 

j(a - b) 

0 


4. (t) 

2 

3 

4/5 

-4/5 

9/5 ' 
-14/5 

(ii) 

1/33 

-4/33 

-4/33 2/11' 

14/33 13/33 


-1 

1/5 

6/5 


2/11 

13/33 -1/33 


1 0 0 


1-1 O' 

0 2 0 

6. (0 

-2 3-4 

0 0 1 


-2 3-3 


Problems 2.4. page 40 


I. 3 2. 2 


3. 3 


4. 2 


6. No value of p is possible. 


7. (t) 


8 -1 - 3 
-5 12 

10 -1 —4 


(«) 


21 


1 10-7 

1-11 14 

-3 12 0 



1/9 

2/9 

2/9 


1/2 

-1/2 

1/2' 

(iii) 

2/9 

-1/9 

2/9 

( iv ) 

-1/2 

3 

-1 


2/9 

2/9 

-1/9 


5/2 

-3/2 

1/2 


8. P = 




1 0 0 

-2 10 

1 -2 1 



'1 

2/3 

-7/24 

5/6 

,Q = 

0 

0 

-1/3 

0 

0 

-5/24 

1/3 

1/2 


0 

0 

-1/12 

0 


Rank CA) = 3 


6. 3 


9. 

1 -1 O' 
-2 3 -4 

10. (i)P = 

10 0 

_I 1 o 
2 2 


i i -i* 
0 10 


-2 3 -3 


JL 1 _ A 

L 2 2j 


0 0 1 


(u)P = 


1 0 0 

-2 1 0 

-1 -1 1 



1 

0 

0 

0 


i 

3 

I 

6 


0 

0 




0 

1 


11. (i) 3 («) 3 (iii) 2 (io) 3. 


Problems 2.5, Page 43 



7 

-3 

-3' 


2 

2 

-2' 

1. 

-1 

1 

0 

2. ~ 

-9 

11 

5 


-1 

0 

1 

8 

5 

-7 

-1 


1 

-2 

1 

O' 


7 

-3 

0 

-5" 

1 

-2 

2 

-3 

4. 

8 

1 

-2 

-11 

0 

1 

-1 

1 

-5 

0 

1 

6 

-2 

3 

-2 

3 


19 

5 

-6 

-28 


Problems 2.6. page 45 


1- x = l,y = 2,z = 1 
3. x = 1.2, y = 2.2, z - 3.2 


2. x = 2,y = ~l,z = 1/2 
4. x = y = z = e 2 
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5. u = X,v = 1/2, w = 1/3 
7. * = 2,y= l,z = 0 

9. jc = y = z = 2 
11 . * = 1 , y = - 1 , 2 = 1 
13. ij = 369/175, i 2 = 24/25, i 3 = 72/175 


6. = l,x.j = - 5, = 5 

8. jc — 177. jf = 10/7,2 = 1/7 

10. = 2, x 2 = l,x a = - 1, x 4 = 3 

12. i, = 1.5, i 3 = 2.5 
14. Jtj = 2, x 2 = 1/5, x 3 = 0, :r 4 = 4/5. 


Problems 2.7, page 50 


1. Consistent; x - l t y - 3k - % z - k for all k 

2. k = l,x = - 3z, y = 2z + l;& = 2 l x = l — 3 z,y = 2z 

3. (i) X = 3, it * 10 ; («) X * 3 ; (in) X - 3, |i = 10 

4* ( i > Equations are inconsistent; (ii) consistent; x - - 1, y - 1, z = 2 ; 

07i) Equations are inconsistent; (to) Consistent: x = 2,y = 1, z = - 4 

5. If a = — 1, 6 - 6, equations will be consistent and have infinite number of solutions 
If a = - 1, b * 6* equations will be inconsistent; 

If a ^ - 1, h has any value, equations will be consistent and have a unique solution 

6. X * - 5, x = 4/7, y - - 9/7 ,2 = 0 ; X as - 5, x - i(4 — SA) P y — ~ i 13ft — 9), z = k for all k 

9. X = - 1, 1,12;* = -l/ll,y = -15/n;* = -5,.y = l\x~ ±,y = l 

2 

11. k = 3 is the only real value for which x - y = z 

12* X = 1, x x - 2t - s r x 2 - f, - s ; X = - 3, x x = - x 2 = - 2t, * 3 = t 

13* X = l ,- 9 . For X - 1, sob is x = k, y = - k t z = 2k 

For X = - 9, sol. is x = 3k, y = 9k, z = - 2k 

14* ( i ) Have infinite nunjber of non-trivial solutions ; x - X - 5^/3, y = X - 4|i/3 ,2 = X, = |i for all values of X 

and | 1 . (it) .t ~ 11& 2 + 6k v y = — 8£ 2 - 3k p z - k 2 , w - k Y where k v k 2 are arbitrary constants. 


Problems 2.B, page 54 


l. 


*1 


" 9 6' 

V 

.-V 


11 -2 



3. Z = (BA)X, where BA = 


1 4 
-1 9 
-3 14 


-1 

-1 

-1 


cos a 

- sin a 

.A- 1 

rt 

* 

it 

cos a 

sin a 

sin a 

cos a 



- sin a 

cos a 


4. x 1 = 19yj - 9y 2 + 2y 3 ; x 2 = - 4y 1 + 2y 2 -y 3 ;x 3 = - 2y t +y 2 6. a = ± b = ± C = ± J^ 

9. (£) No. (ii) No. (tit) Yes, 9x t - 12x - 2 + 5cr 3 - 5.v 4 = 0. 


Problems 2.9, page 60 


1. 10; 30 2. (a> 10. 3; (1,2), (3,-1); (6)-1,6; (1,1), (2,-6) 

3. (a) 0,3, 5; (1,2, 2), (2, 1,-2), (2,-2, 1) (5) 1, 2, 3 ; (1, 0, - 1), (0, 1. 0), (1, 0, 1) 

(c) 5, - 3, - 3 ; (1, 2, - 1), (2, - 1, 0), (3, 0, 1) 

(d) 8, 2, 2 ; (2, - 1, 1),(1, 0,-2), (1,2,0) (e) 2, 3, - 1 ; (3,1, 1), (-4,1, - 3), (0, 5, 5) 

5. (i) 8, 12, 6 (it) 49, 121, 25 6. 1,1, 1/5 




1 

r 0 3 3 

l 

‘12 4 6 


1 1/2 - 2/3 

9. (£) 

Z o 

; (ii) - 

3 2-7 

; (Hi) 7 

-5 -1 -3 

; (£u) 

0-1/2 0 


O u 

9 

3 -1 -1 

T 

-1 -1 -1 


0 0 1/3 


10 . X 3 - 4X 2 - 20X -35 = 0 i 


-4 11 - 5 

-1 -6 25 

6 1-10 
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11. (t) 4 

4 


12. 625/ 


3 

1 

-1' 

1 

'-3 

-2 

2 

( “ i) 27 

1 

10 

-8 

1 

3 

1 


6 

5 

-2 

-8 

1 

10 

-1 

1 

3 

3 

-6 

-2 

5 

10 

-8 

1 


13. A. 3 -6\ 2 + 8X-3 = 0, 


124 -123 162 

-95 96 -123 

95 - 95 124 



'1/5 0 01 

| 

1 6 6' 

r 

14. 

0 1/5 0 

15. A" 1 = i 

-16 2 



0 0 1/5] 

4 

1 -10 -6 

16 


1 -18 -18l 

-5 10 - 

5 6 2 



1 

78 

78" 


" 1 

0 

0" 

A -3 = Ju 
64 

-21 

90 

26 

16. 

25 

1 

0 

21 

-154 

-90 


25 

0 

1 


Problems 2.10, page 67 


3. 

-5 0 



0 2 




251 

-405 

235 

5. 

-405 

891 

-405 


235 

-405 

251 


8. x 2 + y 2 -2z 2 


10. (a) 1, 2. 4 ; {1, 0, 0), (0. 1, 1). (0, 1, - 1) ;M 
(6) x 2 + 2x 2 2 + 4t 3 2 0 

0 


976 960 
320 336 


7. (1, 1,- 1),(1, 1, - 1), (2, - 1,1); 4x 2 +y 2 + z 2 


4. A" = 


2 + 3.6 n - 3.2" + 3.6" 

-2" +6" 3.2" +6" 




0 0 

1 l 

1 -1 


10. (t)Xj 2 + 4r 2 z + 4t 3 2 , 


1/S 0 2/S 

i/S vS i /S 
i/S -vS i /S 


, positive definite ; 


(ii) 3y 2 + 15z 2 , 


1/3 2/3 

2/3 1/3 

2/3 -2/3 


2/3 

-2/3 

1/3 


, positive semidefinite 


11 . 2 . 1 


12. Indefinite. 


Problems 2.H, Page 71 



0 2 1" 


2 1 -1 

8. 

-2 0 0 

+ i 

1-13 


-1 0 0 


-13 0 


Problems 2.12, page 72 


1. 

(5) 

2 . ( 0 ) 

3. (c) 

4. (c) 

5. 

(c) 

7. 

(a) 

8. (b) 

9. (rf) 

10. ia) 

11. 

id) 

13. 

(6) 

14. (rf) 

15. (c) 

16. 2 

17. 

sum 

19. 

2 

20. 

"3 2 
4 5 

21. 0 




22. 

Ail 

the eigen values are > 0 and at least one eigen value is zero. 



23. 

(a) n = p, (6) m — p, ti — < 

q 24. 8 


25. 

(6) 


6. (a) 
12. (c) 
18. 0,8 


Ol 
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2 3 1 
26. 4 6 2 

6 9 3 

30. A 2 = A 31. 2 

34. 4 35. zero 

38. The elements of its leading diagonal 

41. (c) 42. AotA t 

45. 1, 173 46. x = 3 - 1 


27. x a + 4xy - Ay 2 28. x = y = z = 0 


32. 1,4.9 
36. Indefinite 
39. 2 

43. 1, 1/2,1/3 


29. 2,2,8 

33, (in) 

37. 1-1 

40. X jt i = 1, 2,.... n 
44. \ 3 -7X 2 + 1631-12 = 0 


49. 


cos 36 sin 36 
- sin 36 cos 36 


47. Symmetric ; skew-symmetric 48. 7 ; 5 

50. its determinant 51. k 2 - 6X + 3 = 0 52. Augmented matrix 


53. 



-1 

-2 

0 


57. 38 


60. False 
64. False 
68. False 


3 

0 

1 


54. V-V-V 

58. 2 
61. False 
65. True 
69. True 





i 

-0.5 

-0.5 

55. 

l/X 

56. 

-0.5 

1 

-0.5 




-0.5 

-0.5 

1 

59. 

Index 

= 2, Signature = 1 




62. 

False 

63, True 



66. 

False 

67. True 



70. 

True 

7i. True, 




Problems 3.1, page 60 


1. (i) Jl59 ; 6/Vl59, l/\/l59,11/^159 ; (it) ^131; 9Aft31, - VjjM, l/>/m 
3. 90° 6. x = l,y = - 1 11. 2: 1. 


Problems 3.2, page 88 


1. 5 2. (it) A, B, C form a A, rt. Zed at C 4. eos" 1 (.62) 

6. 2.11 7. 13; 12/13,4/13,3/13 13. 60° 

14. cos" 1 [-?=] . 

k 3V2lJ 


Problems 3.3, page 89 


1. I - I0J - 18K, -4= I 
5^ 

5. iVmj 

2 , 18 xr . { 5 Jfi) 

Jri J “5^7 K ' sm l 21 J 

6. (6) 10^3 

3. (2J + K)/^ 

7. -2/^6. 

Problems 3.4, page 92 

1. 40 

2. 17 ; - 241 + 13J + 4K 

3. 3.33 

4. 70.5 

6. 21 - 7J - 2K ; ffij) 

6. (1,2,2) 

7. 6 

8. 8.25 

9. f(-3I + 2J + 10K), fs/Hs. 


Problems 3.5, page 96 


1. 7 2.-4 3, (u) Yes 4- Not linearly dependent 

6.5/6 6.(i)15; (ii) l| 11 . (0-71 - 11J + 5K ; («) - 301 - 15J + 15K 

1 COS COS 
COS V|/ 1 cos 8 , 

cos <j) cos 8 1 


16. (6) \abc 
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Problems 3.6, page 101 

1. 2x -> + 3x = 9 

2. R . (21 + 2J + K) = 5 

3. |(2I + 2 + K) 

4. 3 

5. 4x - 3.y + 2s = 3 

7. x — 5.y-2z + 7 = 0 

8. 2 ; 2x + 2v “ 3z = 6 

9. £(xj - x. 2 ){x - i(x, + x 2 )} = 0 

10. 3 =2 

11. 3* + 4 y - 5z - 9 

12. k = 10,2 ; 5x - 15_y - 212 = 34 

13. l/6.2x-3,y + 6z + 5 = 0 

14. cos' 1 <72/3) 

15. (i) {«) 83.7° 

s/83 v/83 V83 

(fir) 5x— 7>-3z + 7 = 0 

17. 6* + 3y - 2i = 18 ; 2x - S)y - 

6* = 6 20. x" 2 + y 2 + z~ 2 = 9p" 2 



21. xyz - 6& 3 

22. (i) 25x + \ly + G2z - 78 = 0 ; (it )x + 35>’ - 10 z - 156 = 0 ; (iii) bisects the acute angle. 



Problems 3.7, 

page 105 I 

j x-3 y~ 2 z - 4 

1 “ 3 ~ -2 

2. 43°3' 

3. 90° 

4. x + 2= ?~ 3 " 4 

2 2 

5. 3 

„ x — 1 y-2 2+1 

6 - 1 = V = 1 

x -1 y + 2 z -3 _ x -1 
7 ‘ 1 “ -19 “ 3.5 ’ 11 

_ y + 1 _ X - 3 

13 -21.5 

8. (3,4,5) 

9. 4.1 

10. 8,57 



11. (3,4, 5); («> (26/7. - 15/7, 17/7) 12, 40°15' 

13, 29x - 27y - 222 = 85 1 4. 2 -x =y + 1 = (z + l)/3. 


Problems 3*8, page 107 ii 

1. 7x — 2y - 3z = 0 

2* 2x + Sy + 6z - 38 

3. llx + 12y-8z = 5 

4. 3y - z = 2 

r x - 4 y - 6 _ z + 2/3 

5 ‘ 7 -13 9 

6. x+y + 2z = l,x + y + (2/5>a = 1 

? x + 4/15 _y- 2/5 2 

-11 9 “15 

8. *-2 = J-l = *-l 

3 -1 1 



Problems 3.9, page 110 


I ■ x - 2! v + z - 0 

aa + bp + cy + d a a + fc'fl + c *y +■ d' 
aZ + 6m + cn a 7 + fr'm + c7i 

7. - i(*-6) = y-3 = i(z-13) 
b Z 

9. (2, 8, - 3); (0, 1, 2); 8.83. 


2. (5,-7, 6) 

4. (0, l,2);4x+>-2e + 3 = 0 

8 *~2 _ ;y-3 x-1 

7 4-5 


Problems 3.10, page 113 


1- 1/Vs ;ll.r + 2y-7z + 0 = 0;7x+jy-5z^7 = 0 

2. 10.77; i( x - 3) = i(y — 5) = Ifc * 7); (3, 5, 7); 1,- 1, - 1) 

2 3 4 

3. ~; 3x - lOy + 6z - 1 = 0 = x + 2z* 
v5 
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Problems 3.11, page IIS 


First and second planes cut along x - 36 = - — {y + 22 ) = z . 


Problems 3.12. page 118 


1. x 2 + y 2 + z 2 - Ax + 6 y - 2z + 5 = 0 ; (2, - 3, - 1); 3 

2. x 2 + y 2 + z 2 - 2x + 2y - 4z = 0 ; (1, — 1, 2); >/6 

3. (a) x 2 + y 2 + z 2 - 4x - 4y - 4z + Z = 0 (b) 3 (* 2 4 y 2 + z 2 ) - 2(x +y + z)- 1 = 0 

7. (t) x 2 + y 2 + z 2 — ax - by - cz = 0, 


(ii)x 2 + y 2 + z 2 - ax - by - cz — 0 and —+ 7 - + — 

fl o c 


g(ft~ a + c" 2 ) 6 (c ~ 2 +a 2 ) c(o ~ 2 + 6 ~ 2 ) 
2 Ig ' 2 ’ 2 £g “ 2 ’ 22 >T 2 


8 . (1, 3, 4); i/7 10. x 2 +y 2 + z 2 4 2(x + y + z + 1) = 0 

11. 13<x 2 +y 2 + z 2 ) - 35x - 21 y + 43z + 176 = 0 

12. 3(x 2 +y 2 + z 2 )-7x~8y + x + 10 = 0 13. x 2 + y 2 + z 2 + 7y - 8 z + 24 = 0. 


Problems 3.13, page 120 


1. (()x + 3 = 0,x-7 = G (ii) x 4 2y 4 2z = 9, 2x 4 y - 2z = 9 

2. x 2 + y 2 + z 2 + 2x + 4y + 6 z - 11 = 0 and 5(x 2 + y 2 + z 2 )-4x - 8 y - 12z - 13 = 0 

3. (i) x 2 +y 2 + z 2 - lOy - lOz - 31 = 0 4. («)x 2 + y 2 + z 2 - 14(x +y + z) + 98 = 0 

= 8 . 3 &,& 

5 

10. (12/5,4,9/5). 


6 . 


-2 7 

9. 3jc + y + z + 6 = 0 


Problems 3.14, page 124 


1. (pz-Yy) z =4 a(az - yx) {z - y) 

2. 528x 2 + 363y 2 + 76z 2 - 528*y - 264yz + 353z* 4 704* + 1352z - 4436 = 0 

3. 5x 2 + 3y 2 + z 2 - 2xy - 6yz - 4zx + 6* + 8y + lOz - 26 = 0 


4. x 2 +y 2 - 3z 2 - 2x - 2y + 6z - 1 = 0 
6. x 2 + 7y 2 + z 2 + 8xy + 8 yz - 16zx = 0 

8. x 2 -y 2 4 z 2 4 4y - 4z = 0 

10 . COS" 1 4 i \ f ( 41) ; 25r 2 — 16y 2 — 16z 2 = 0 
12 . x = y/2 = z/- 1; x/- 2 = y = z 


5. x 2 + y 2 = z 2 tan 2 a 

7. 4 x 2 + 40y 2 + 19z 2 - 48xy - 72 yz + 36zx = 0 
9. yz ± zx ± xy = 0, cos -1 (lf-JS ) ; x = yl ± 1 = z/± 1 
11. 4x 2 + 4y 2 -z 2 + 20z - 100 = 0 

14. - 2 x 2 + y 2 - 2 z 2 4 4 xy - 8 xz + 4yz 4 8 * - lOy + 82 - 3 = 0 . 


Problems 3.15, page 126 


1. 5x 2 + 8y 2 + 5z 2 + 4yz + 8xz — 4xy - 144 = 0 

2. 3x 2 + 6y z 4 3z 2 + 8yz - 2zx + 6x - 24y - 18z + 24 = 0 

3. 45x 2 + 40y 2 + 13z 2 4 12ry + 36yz - 24zx - 42* - 112y - 126z - 392 = 0 

4. x 2 +y 2 +z 2 -yz-zx-xy = a 2 

5. 9x 2 + 5y 2 4 9z 2 + 12ry + 6yz - 36x - 30y - 18z + 36 = 0 ; n units 

6 . x 2 4 y 2 — 2x — 4y — 11 = 0 

7. aXnx - lz) 2 + 2 h(nx - Iz ) (ny — mz) + b(ny - mz ) 2 + 2gninx — Iz) + 2fn(ny - mz ) + cn 2 - 0. 


Problems 3.16. page 131 


1. Ellipsoid, 33.51 

2. Hyperboloid of revolution of one sheet; Hyperbola 5x 2 -y s = 6 . No area 
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3. Right circular cylinder with axis along z-axis 

4, Hyperbolic paraboloid 5, Hyperboloid of two sheets 

6. Parabolic cylinder 7- Right circular cylinder 

8. Cone with vertex at the origin 9* Hyperbolic paraboloid 

ID, Hyperboloid of two sheets. 


_ Problems 3.17, page 131 

1. (6) 

2. to) 

3. (c) 

4. (6) 

5. (5) 

6. to) 

7. (c) 

8. (d) 

9. (c) 

10. (c) 

11. (d) 

12. (e) 

13. (6) 

14. (c) 

15. (c) 

16. (c) 

17. (c) 

18. (6) 

19. (c) 

20. (c) 

21. (6) 

22. (6) 

23. (c) 

24. (c) 

25. (6) 

26. (a) 

27. 1/73,1/73,1/73 

28. 0, 0, 1 

29. * = 0,y = 0 





h 

”h 

n 

30. (-3, 2,-1) 

31. 8 or-10 

32. 

k 


n> 




h 


n* 


= 0 


33. y a + = {bxJaf 

36. cos " l (6/742 ) 

38. (3,5, 7), (5, 8, 11) 


34. 12r + 31y - 20z = 66 
2 2 

37. *_ + Z_ +z^ = (x+y + z) 2 

4 9 

38. ~0r-l)=y-2 = Uz- 3) 


35. 523.6 


41. a! + bm + cn = 0, a.*, + 6}'! + fZj + d = 0 


43. (3/2, - 2, 2), 3^/2 
46. Parabolic cylinder 

48 - C0B " (ir) 

51. True 

54. Elliptic cylinder 
56. (I-2J-8K)/v/69 


44. 744/3 

47. Hyperboloid of two sheets 
49. 6, - 4, 12 
52. True 

65. 4(.t 2 + y 2 + z 2 ) + 9(xy + yz + zx) = 0 


40. x' 2 +y 2 + z 2 + x-6y-7z + 9 = 0 
42. 2/726 

. _ x + 1/3 y + 2/3 z 

45 ' i = —2 = T 

50. 6 

63. True 


Problems 4.1, page 135 


6 . 8^/(1 - 1 2 ) 2 


7. - 


8. sin t/a cos 4 1. 


Problems 4.2, page 138 


1. (- l) n - 1 {n - 1)! 2 n \{2x + If" + (2x - IT*] 2. (- 1 T 


{ —— 
[(* + !)' 


(n-1)! [ (n -1)! | 
l)"* 1 (x + 2f (x+l) n l 


3. — (2 sin Cjc + mt/2) + 3” sin (3x + m02) - 5" sin (5x + nnf2)\ 

16 

4. t9" cos (99 + n rc/2) + 9.7 n cos (70 + md2) + 36.5” cos (59 + rin/2) + 84.3” cos (30 + nid 2) +126 cos 9] 
*£00 


5. 


(20)"' 2 


[e 2 * sin (2x + n tan - 1 2) -e~ 2x sin (4.v — n tan -1 2)1 


6. - e 5x S (41 ^ cos [4* + n tan -1 (0.8)] + (2 Of 12 cos [2x + n tan -1 (0.4)] 
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7. 


9. 


(- If n ! 
3 

(-If n! 


(k- 1 f +1 (x + 2f + 1 


i-1 


8. i-ir n\ 
i + 1 1 


f 9C2)" 1 

- 4 ! 

}(2* + 3f +1 

<x + 2f + 1 J 


3 [(x+lf +1 4 (x+if +1 4 (x -if +1 

10. (“If ni^tnn- 1 ) 0 wheree = tan -i (a/x) 

(x 2 +a 2 ) <n+l /a 

11. 2(-l>"" 1 (n - 1)! sin na sin" a where a = cot -1 x. 


Problems 4.3. page 141 


1. (i) ^—— Kit - 1) (n - 2) + n{3 - n) x 2 l; 

* 

(it) ~ Klog 2f 2 X (cos 90 + 9 cos 70 + 3 cos 50 + 84 cos 38 + 126 cos 6)| + n C, (log 2>° - 1 2 X (cos 90 + it/2) 
25b 1 

+ 9 cos (70 + m02) + 36 cos (56 + n/2) + 84 cos <30 + ji/ 2) + 126 cos 8 + re/2| +.+ 2 1 (cos (90 + md 2) 

+ 9 cos (70 + iitJ2 ) + 36 cos (50 + nn/2) + 84 cos (30 + njl/2) + 126 cos (0 + mU2))\ 

5. y 2m (0) = 0,jr 2m + 1 (0) = (- 1 r . (2m)! 

7. (y„) 0 = 0, if n is even 

= m(l 2 - m 2 ) (3 2 - m 2 ) .((2 n - l) 2 - m 2 ), if n is odd 

8. (y 2ft ) 0 = e mid2 m 2 (2 2 + m 2 ) (4 2 + m 2 ) .[(2 n - 2) 2 + m 2 ] 

(y^ + j) 0 = -e m * i2 m (l 2 + m 2 ) (3 2 + m 2 ) .[{2 n - l) 2 + m 2 ) 

17. |m 2 — (/i — 2ft (m 2 — (n - 4f).( m 2 - 2 2 ) m 2 , n even 

(m 2 - (n - 2) 2 } (m 2 - (n - 4) 2 }.(m 2 - l 2 ) m, n odd. 


Problems 4.4. page 146 


2, x - (2m - 1) af(2m + 2n - 1) 

3+ (i) c = 3.154, 0.846 ; (ii) c = Jt/2 ; (in) c = e — 1. (£l?) cr = 0.5413 
6+ 0.36 12. 9 = 0,25. 


Problems 4.5, page 150 


2 3 4 

X X _ X 

2 3 4 

x 2 x 3 ^ 

1 -PT + -T- + 

2 6 


3 5 7 

X . X X 


+.™ 

2. 

JC t X 

X --— 

31 5 

24 + . 

4. 

x +1 ?L 
2 3 

DO 

6. 


,£l + 


2 

12 


5 X 7 


1.3 x 5 1.3.5 x 7 
+ 2.4 ' 5 + 2.4.6' 7 + 


3 5 7 

24. m ^ - 12 ) sin 3 6 + mtm * ~ l2 5 ) , (m2 ~ 32) sin 5 8 - . 


25. 4 + 21 (x - 1) + 13 (x - l) 2 + 2(x - if 


(ii) J 1 (x -1) - i(x - if + i(* - l) 3 


26. W J 1+ &^ + <^ + <£^-. + . 


27. 1- 


1 ! 2 ! 

(x - n/2) 2 (x-ji/2)* 


3! 


2 ! 


4! 


; .9998 
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29. log (0.5) - &(x - n/3) - 2(x - n/3) 2 - ^ (x - n/3) 3 + . 

tJ 

30. 0.8482 31. (i) 2.6121. (ii) 1.12. 


Problems 4.6, page 154 

1. 

log, (alb) 

2. - 1/3 

3. 

1/3 

4. a log a 

5. 

i 

6. 

1/18 

7. 

1/2 

8. 1/12 

9. 

3/2 

10. 0 

11. 

1/30 

12. 

1 

13. 

1/3 

14. 2 

15. 

1 

16. 1 

17. 

2 

18. 

lle/24 

19. 

a = 2 ; 1 

J 

11 

o 

40 

If 

q 

s 

21. 

a = 1, b 

= 2, c = 1. 





Problems 4.7, page 156 

1. 

- 1/3 

2. 1/2 

3. 

-2 

4. -1/3 

5. 

2/3 

6. 

Ve 

7. 

ae 

8, 1 

9. 

e 

10. 1/^ 

11. 

1/e 

12. 

0 

13. 

0 

14. 1 

15. 

e-m 

16. e 

17. 

e 2 * 

18. 

e l/12 

19. 

1 

2 

20. (6) 173 . 








Problems 4.6, page 160 

1. 

x - 20y = 7 

; 2(br + y = 140 

2. 

(a,6) 


10. 

n/4 



14. 

T = 2a sin t/2 ; N = 2a tan t/2. sin t/2 ; S.T. = 

a sin t; S.N. = 2a sin 2 

t/2 , tan t/2 




15. a sin 3 9 tan 6. 


Problems 4.9, page 162 

7. (i) ti/2 ; 

(ii) 71/2. 


Problems 4.10, page 166 

4. r 3 = 2ap 2 

5. r 3 = o 2 p 6. pa m =/ J "* 1 

7. r” 1 +1 = y/2 a m p 

8. (1 + m 2 ) p 2 - r 2 

9. (i) V(1 + 9 jc/4o) ; («) cosh*/c 

10. ae 

11. (t) 2a sin 0/2 ; 

(ii) a ^(sec 20) ; (iii) r^jiSr - 3). 


Problems 4.11, page 172 

1. (i)2a(l + r 2 ) 3/2 ; 

(ii) y 2 /c 

(iii) (1 + a 3 ) 3b /6a 2 

5. (i) (a 2 sin 2 0 + 6 Z 

cos 2 Q) m !ab ; (it) 4a sin 0/2 ; 

(iii) at 

11. (t) 3/2; 

(«) 1; 

(Hi) V2a 

12. (i) sin ® ; 

(ii) a"/(n + 1) r" ~ 1 

14. 2J(r 3 /a) 

3 2 



Problems 4.12, page 176 


1. o(2 + 3f)r 2 , - 4>/2 at 3 * 2 4. (i)x = ait - sin t),y — 2a = o(l + cos t ), (ii) x = a cos 0, y = a sin 6 

5. (x + y^ /3 + ix-y) 2,3 =2a 2/3 

91 439 

7. (t) (x - 3a/4) 2 + (y + 3a/4) 2 = a z /2 (it) * 2 + y 2 - # (* +y) + = 0 

£> xaO 

11 . y 2 = 4ax 12 . (xtaf + ( ytb ) 2 = 1 


13. 27ay 2 = 4 <jc - 2a) 3 . 
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14. {xiaf + (y/b) 2 =1 15. y = ifl - BL 

2 g 2i i 2 

16. (i) 4x + yfy = \/c ; (it) 4xv = c 2 ; (Hi) x 2/3 + y 2/3 = c m 17. x m + y 2/3 = c m 


Problems 4.13, page 181 


2. a = 1, b - 1/4, Point of minima 4. x = 0.42/ 6. v = (aw 2 /Sb) m 

8. 0 = ZL _ “ ; (1 - sin aV(l + sin a) 10. Sq. with side J2a 

4 2 

13. 8 + 2j7 , 2 + 2r/7, 5-J7 14. Depth is half the width 15. (a m + ft 2 ' 3 ) 3 ' 2 

16. 3^3a/4 25. 2.5 km/hr. 


Problems 4.14, page 185 


1. x+y + a = 0 2. x = ±a,y = ±6 3. x = ± a, y = ± b 

4. y = 0;x+l = 0;x+y = 0 5. y=x,y + 2x = 0,y + 2x + l = 0 

6. x + a = 0;x~a=0;x —y + J2a = 0 ;x ~y~ J2a = 0 

7. x + 2y + 2 = 0, x + y = ± 2>/2 10. r cos 9 = a ; r cos 0 = - a 11. r cos 0 = 0 ; r cos 0 = 2a 

12. r sin 9 = 2 13. r sin (0 - mitfn) = a/n cos mn. 


Problems 4.15, page 194 
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Problems 4,16, page 194 


1. 

a 

2. x 2 + 4ay = 0 

3. 1/5 

4. (c) 5. (a) 

7. 

(c) 

8. ( b ) 

9. (6) 

10. (e) 11. (A) 

13. 

(c) 

14. (6) 

15. x 2 = 4y 

16. of constant length 


6 . ( 6 ) 
12. (c) 


3 5 

1 7 . x+ |t + |t + - 


19. -32/3 a 


23. (x-o) 2 + Cv-6) 2 = A"* 
26. a 
29. (iii) 

32. c = 2.5 


18. I 


2' 1 cos (^2x + 0 + 4" cos (^4x + n ~ j + 6" cos ^6x + n 


20. True 
24. envelope 
27. 2a 

30. (x/a) 2 + (y/h) 2 = 1 
33. x=y 


21.-a 22. 2a(\ + t 2 f n 

25. xy = c 2 

28. ^(x 3 - 12x 2 - 36x - 24) 

31. (B) 

34. node 


36. Four loops of r = a sin 20 and three loops of r = a cos 30. 

36. y = ± x 37. x = 4 

39. (A) 40. r>a 

42. <D) 43. (C). 


38. 4A 
41. (D) 


Problems 5.1, page 198 


1* 2/3 2. Does not exist 3. Zero 4. Does not exist 

7. Discontinuous. 


Problems 5.2, page 2Q2 


1 . (t) xy(2- cos xy) - sin xy ; x 2 (l - cosry); 

{«) 2x/(x 2 + y 2 ), 2,y/(x 2 + ,y 2 ); 

(iii) (x 2 + 2xy - y 2 V Kx 2 + y 2 ) 2 + (x + y) 2 ); (y 2 + 2iy - x^Kx 2 +y 2 ) 2 +■ (x + y) 2 ); 

(iv) 

ax dy 1 - z 

11. n = 2, - 3 18. e^fxVz 2 + 3xyz + 1). 


Problems 5-4. page 208 


13. 2«. 


Problems 5.5, page 211 

2. Aahit 2 + 2) 

2. - 2/(e a + e~ 2f ) 

3. zero 

4. 6.5 sq. ft7sec 

6. 8e <f . 


Problems 5.6, page 214 


9. 0 ; 0. 


Problems 5.7, page 218 


6. zero 

11. u 2 -v 2 = 8w 


7- x{yv + 1 * w) + z - 2 uv 


10. 0 ; u = tan v 





















Appendix 3—Answers to Probiems 


1245 


Problems 5,8, page 220 


1 . 4X + Y + Z = 6 ; =Y-l=Z+3 2 . 3Y+2Z-Jf-3 = 0 , 1~X= —— = ^tl 

4 <3 ( 2t 

3. ~ + ~ + ~ = 3 ; x/X-Xj) =3',(Y' ~y^> - XjCZ-z,) 

4. 7X-3Y+8Z = 26; y + . * = Z ~ 2 . 

7 -3 8 


5. (- 1, 2, 2/3) 


X-x _ Y-y Z-z 
x y z 


Problems 5.9, page 226 


1. (x 3 + 3*y 2 ) 

6 

<«> ^ [l + |<x + 1) + (y - Jt/4)} +1 Kx + l) 2 - 2<x + 1) (y - ir/4) + <y - it/4) 2 } 

+ J {<x + if + 3(* + l) 2 (y - Jl/4) - 3(x + 1) (y - ir/4) 2 - (y - rc/4) 3 ) + 
6 

(iii) 1 + x + -~(x 2 -y 2 )+ ^ (y 3 - 3ry 2 ) +. 

2. 1 + (x - 1) + (x - 1) (y - 1) + i{x- l> 2 ty-l) + ... 

A 

3. - 0.8232 4. - 4500 units 6. 2% 7. 2% 

II. ~ cot a + 2 12. Rs. 43.20 13. (p~3q~Ar)% 14. - 1\% 15. 5r. 


Problems 5.10, page 233 


1. (t) <o, a) gives maximum if a < 0 and minimum if a > 0 

(«) Min. at (a, a) (iii) Max. at (4, 0), Min. at (6, 0) 

(in) Max. at (± 1, 0); Min. at (0, ± 1) (o) Max. at (id 3, n!Z) ; Min, at (2 jc/3, 2ti/3) 

2. 4,2,1 3. (i) 3a z ; (ii)p 2 /(a 2 + b 2 + c 2 ) ; (iii) 3a 2 4.12x12x6 cm 

6. (0, 0, ± 1) 8. 4, 1 9. 50 


10. 4, 8, 12 


11. Two stationary values of u are given by 


l 2 


m 


n 


au — 1 bu — 1 cu - 1 


= 0 . 


Problems 5.11, page 236 


1. 


tan 1 — + 


2a' 1 


2a 2 (x 2 + a 2 ) 


9 (- D" n ! 


3. Jtlog 


1 1 
2 + 2 



4. -x/to 2 -!) 3 ' 2 . 


Problems 5.12, page 23$ 


1. zero 

2. (a) 

3. 1 

4. (6) 

5. (6) 

6. (b) 

7. (c) 

8. (c) 

9. (d) 

10. (d) 

11. (6) 

12. (d) 

13. (a) 

14. ( d ) 

15. (c) 

16. (6) 

17. zero 

18. 2 Kx+y) 
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19. rf - s 2 < 0 20. ( d ) 

23. f x (a, b) = 0, f y (a, fe) = 0 24. 

26. (c) 27. - 1 

30. False. 


21. 4u 22. 3/(u, o)/3(x, y) 

(e) 25. *L 

dr * dy ' d* 

28. (c) 29. equal 


Problems 6.1, rage 244 


1.(0128/315; («) 8/46 2.(0128/315; (ii) lln/192 

3. (Q (2n - 3) (2n - g).M g W) I(g + tt 

(2n - 2)(2n - 4) .4.2 2 8^8 6/ 

5. (0 311/512 (ii) 1/144 6. (i)5jt/256; (ii) 1/15 

8. (0 5ic/8; (it) 28 k. 


4. 3571/10240 

7. (0 35jta 4 /8 ; (a) 5Jta 3 /2 


Problems 6.2, page 247 


1. (0 - tan 5 x - ^ tan 3 x + tan x - x (ii) - ^ cot 4 x + i cot x + log sin x 
5 3 4 2 


3. I log 2 -\ 


4. »_2 
4 3 


n ~ 2 


5. / = (2) + = +1 

" n- 1 n~l n ' 2 


6. (0 ^ sec 4 x . tan x + ^(sec 2 x + 2) tan x (ii) 11^ + A j og (2 + ,/§) 


l 3 3 

(lit) - — cot * cosec x - — cot * cosec * + — log (cosec x - cot x ) 
4 o 8 




,6 .3 

8. —- — + f- tan -1 f. 
5 3 


Problems 6.3, page 250 


1. e 1 (1 - x + x 2 -x 3 + x 4 ) 

m *1 


3. f x m (log x) n dx = (log x) n - —f x m (log x)" ~ 1 dx ; f' x 5 (log x) a dx = - 1/216 
J m + 1 m + 1 J Jo 


5. 149/225 


6. 3jt 2 /64 — 1/4 


7. ^TT 4 - 15it 2 + 120 


^ I e UJf cos" 1 x(ti cos x + n sin x) n(n - 1) 


12. 24/85. 


2 2 
a + n 


2 2 n-2* 

a + n 


£ e lx cos 3 x dx = ~ (3e" - 11) 


65 


7. (0 3n/8 ; (ii) 5n/8 ; 


1. log 2 


2. i log 2 


Problems 6.4, page 254 


(iii) 3it/256 ; (in) 15 je/640 8. 

3. 1/3 4. 7i/2 


(i) 16 ji/35; («)8tc/315. 


5. A. log 2 
4 


6. 2e m - 4)/2 . 


Problems 6.6, page 260 


2. 21X 


1. (i) 71 ab ; (ii) 8a 2 /3 


3. 2a 2 /5 
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4. (i)8a 2 /l573 ; («) (2 - Jt/2)a a 
8. 3jwi 2 
11 . i~2>/3 

15. 11. 

a 

1- (i)3na 2 /2; (ii)a 2 


5. (i)m 2 ; («) —a 2 
9, a 2 /6 

13. (3n~B)a/B 


Problems 6.7, page 262 


2. (i)ita 2 /8; (it) jia 2 /12 


6. (t) ita 2 ; (it) 4a 2 
10. 3ita 2 ; iar 2 
14. 64a 2 /3 


6. Cl — n/4 >a z 6. ita 2 /2. 


Problems 6.8, page 265 


1. 12 —a 
27 

3. (i) a [72 +log (I+ 72)] ; 
5. 37.85 
9. 4^3 


2. (t) log (2 + V3), <«) log p (e + Ve) 

(it) (15/16 + log 2) a 
7. (t)8a 
11. 2+ ^ log 3 


13. 72 jw 




4. (i)4a/73; (tt) 4 ^3 
8. 6a 
12. 8a 

14. 2a [72 + log (72+ 1)]. 


Problems 6.9, page 269 


1. jcc^l + sinh 1 cosh 1) 

4. Jia 3 /12 
7. 48 ita 3 

9. (i) 5n 2 a 3 ; (ii) 57t 2 a 3 

13. (t) — ita 3 ; (it) — net 3 
3 3 


2. nhHa-hIZ) 3. 2na 3 

5. (i) ^ ita6 2 ; (ii) ^ na 2 6 6. ^-(r 2 + rR + J? 2 ) 

8. (t) 2na 3 (log 2 - 2/3); (it) ita 3 /24 ; (iii) re/48 
10. 32 iai 3 /105 11. 4n 2 a 3 

14. |it a(a 2 + b 2 ) 15. “j-jU log (72 +1) -1 


Problems 6.10, page 271 


1. Hi (2 +sinh 2) 2. (272 -1) 3. 2re ab 

2 3 


0 


sin 1 [ N /(a 2 - b 2 )/nl 


1 r 2 2 * * . 

4. — ; nr + A ), where r is the base-radius and h the height of the 


cone 


5. 4rca 2 


13. — it a 2 


a 64 2 

8. — na 2 


a 64 ^ 

9. T ita 2 


12. 4ita 2 

14. 4ita 2 (l - 1/72 ) 15. ita 2 [372 - log (72 + 1>1. 




Problems 6.11 

, page 271 



1. ( b) 

2. (c) 

3. ( b ) 

4. (c) 

5. (b) 

6. (c) 

7. (c) 

8. (tf) 

9. (6) 

10. (d) 

11. (c) 

12. (c) 

13. (a) 

37ta 2 

14 ' 0 

15. (iii) 

16. ita 2 /12 

17. 1 

18. 7it/8 
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19. (iii) 20. (iii) 21. nA(r| 2 + r,r 2 + r 2 2 ) 22. (c) 23. (a) 

24. (6) or (c) 25. {a). 


Problems 7.1, page 280 


1. 13 
5. a 4 /8 

9. 241/60 


13. ^a 4 
3 


2. 3/35 


6. ^ab(a 2 + b 2 ) 
4 


10. 1-1/V2 

14. na 2 /b 


3. £(e-l> 


7. 3/56 
na 2 


11. S-Oog,.!, 


15. 1 


- Jla’-.V*) 


J >Zn fza ra fa + Jl.lt - V I 

0 Ls ^ y> **-1 L-JiTv ^y)dxdy. 

18. 4a 2 /3 19. 45n/2. 


4. 

| jt log (1 + 

x/2) 

8. 

Jia/4 


12. 

1/24 



ric/Z 


{«) 

JO Jc 

/■(r, 6) n/r rfB 


Problems 7.2, page 283 


1. 4.5 2. 7/6 3. Tta 2 4. § log, 3- | 

5. a 2 6. a 2 (l - rt/4) 7. 4/3 8. a 2 /4. 


Problems 7.3, page 284 


1. £|£( a 2 + f,2 + c 2) 2. | aftc (a 2 + 6 2 + c 2 ) 3.4/35 

3 3 

4 . ie^-fe^+e 0 -! 5. -log2-^ 6. ± (13 - 8e + e 2 ) 

3 9 

7. 5mrV64. 


Problems 7.4, page 291 

1. ji/8 

2. jt/2 

3. sff-flc’ 

4. 

2 n+3 



V 2 3/ 


n + 4 

5. H-I 

6. 0 

7 15jia" 

9. 

Tt 

4 2 


64 



10. n 2 /8 

11. 4iui 

,2 - 

14. 

juo 8 /12 

15. 3 it 

16. An 

17. na 3 (2- V2 )/3 

18. 

16u 3 /3 

19. rarV8 

20. 128a 3 /15 

21. 3jki 3 

22. 

4 i/3 7t 

23. 8o 4 /3 

25. \ 

26. ' 

tl 



Problems 7.5, page 293 i 

2. 64 

3. 2(n - 2)o 2 

4. 2jki 2 

5. 

3na 2 




4 
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Problems 7.6, page 297 


1. 182^-X 
24 


f 3a ) 

l20’16 J 


2. 21rtpa 4 /32 

- a(4a + 36) 6(3a + 6) 

o. 


3. 30.375 
6 . 




12. KL metres 
26 


6(a + 6) ’ 6(a + 6) 

8. x = 3a/5, y = 9o/40 where a = OA 8. (1/5, 1/5, 2/5). 

10. x = 3/4 11. (ISE 166 16c") 

^ 35 ’ 35 ' 35 J 

13. [ ^, 14. Divides the diagonal in the ratio 7 : 5 

Vo lb s 

15. | where a is the base, h the depth 

16. C.P. lies on the radius J. to the bounding diameter at a depth 32a/(15rt) from the centre. 


1. aft 3 /12 
5. (21/32) itpa 4 


2. 5Afo z /4 

6. | MR 2 
5 


Problems 7.7, page 301 


3. 2M/9 


4. lM(a 2 + 6 a ) 


7. lAfr 2 ; i Jl/Or 2 + 46 a ) 


8. (i) 

1 


.* 3 Mr 


... 3Af 


M 


10 ; (») ”(^ + 46*); (iii) “ (3r 2 + 2h 2 ) 


9. 104803770p 


10 . 


30 


11 . 


npa6c(a 2 + 6 2 ) 


30 


12 . 


pa 2 b 2 


Problems 7.8, page 309 


1. (t) 3.323, (it) 11.629 ; (iii) ; (ie) 0.1964 ; (w) 0,1227 

2. <£) n/tc 12 ; (it) H5/4); (iii) Vn/3 ; (to) 2? + * ~ 1 p (p, q) 

rrm + i'j D r m 

k n J ... 1 .... Vit \nj 


4. X/4-J2 


10. 16/35 


7. -3/8 


9. 


nr(— + /) + 1 + -1 
Vn rt/ 


' (i) 396 <ii) 


" r (H) 


15. 


6a 2 6 2 c 2 

48 


Problems 7.9, page 312 


2. iK(V3/2) 


5, erf{x ) = 


3. 4. 2V2£(l/^)-V21f(l/^) 

: - ~ + 4 ~ "4 +.11 er-Ao) = 0 6.(t) 0.3248 ; («) 0,5204. 

3 10 42 J 


Problems 7.10, page 313 


2. Area of the triangle having vertices (0, 0), (0 P 1), Cl, 0) 

4. 3.1416 5. 15>/it/8 

8. - 1/3 9. 1/2 (H4, 3/4) 


1. 4 

3. Vtc /2 
6. 26 


6. 92it 

10. 1 
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11. 

3/4 

12. 

TO 

6 

13. 

id) 


14. 

27/4 

15. 

TO 2 /12 

16. 

- 1/3 

17. 

OO 


18. 

44/105 

19. 

r 2 sin 9 dr rfO d§ 20. 

e 2 — 1 

21. 

1 ir ab (« 2 

4 

+ 6 2 ). 

22. 

i jt logd + V 2 ) 

23. 

3/256 

24. 

(O 

25. 

6,1. 
— + — sin 

3 

5 

26. 

48/5 

27. 

1/6 

28. 

16/3 

29. 

r° rV“ 5 - 
JO 

X) 

— fix, 

~x 2 ) 

y)dydx 


V2 it 







f%f2 f 2ti cuts fl 

30. 

31. 

371/256 

32. 

1/2 


33. 

1 1 rdQ dr 

Jo Jo 

34. 

7 h 

12 

35. 

(A Al 
120’16/ 

36. 

16 


37. 

SA/r 2 /] 0 

38. 

1 

39. 

lop 2 

40. 

5 * 


41. 

(e) 42. (6). 





Problems 

8.1, page 

318 



3. 

( 1 ) / 3 sin t + 

It 2 COS t + 

20/ sin t - 

- 10/; («) 

(20/ 3 + / sin / - cos 

/) 1 



— (2 1 cos / + 2 sin t 

' + 75 1 2 ) J 

- /(/ sin / + 2/ 

2 cos / + 10 

cos / )K 



5. 

- 4(1 + 2J) 


6. (/)(^o 2 sgc 

a), (ft) o 3 

tan a ; (cos t 

J - sin 1 1) cos a + sin a K 

7. 

(/I + 2J + (2/ 

-3)KJ/V<51 2 -12/ + 

13) ; |(2I + 1 

3J + K) 




8. 

(x - a/V2 ) = 

y - a/J 2 

f an 

~ l* 4 

tan (j e ) / V2 tan a 





9, (/) tjMg 2 sin 2 / + b 2 cor 2 fp 2 ; (it) 174^2 
10. (*) R = (p + q) I + c/J + 2qK ; — ~ K 

VS 

(«) R = pi -f (p + 2g) J + (p + g)J + (p + q)K ; (2K - I - J)/ V(3 . 


Problems 8.2 page 321 


1. w(at 1 = 0)= J37 , n(at t = 0) = V325 2. a = ± 1/V6 

3. 8^/1477 ; - yfl4/7 6. (a) cPs/dt 2 ; u 2 /p ; (b) 0;3 

7. \jil7) m.p.h. in the direction tan~* (0.25) North of East 

8. 21.29 knots/hr. in the direction 74°47' South of East. 


Problems 6.3. page 325 


I. (a) 2CxI + vJ + zK)Kx 2 + ,y 2 + z 2 ). 
3. 12| 

6. - 260/(69); ^0056) 

9. 9 

12. cos 1 (- l/s/30 > 


(6) 2. +c 
3 

4. 15/ VI? 


7. « = ±f ,&=±f > 

10. i(21 + 2J-K) 


c = 



2. (-I + 3J + 2K)/Vl4 
5. a = 6, b = 24, c = — 8 

8. 96(I + 3J-3K);96V(19) 
11. COS -1 {1/ V22 ) 


13. cr.= - 6, 6 = - 10. 

















Appendix 3—Answers to Problems 


1251 


Problems 8.4, page 333 


1. (i) 12 ; 51 - 16J + 9K ; (tt) 278 ; 5(27 / - 54 J + 8 K ); (/it)- 32 ; 0 

4. a ~ - 2 ; 4x (z - xy) I + {y - 2 yz + 4xy 2 ) J + (2x 2 + y 2 -z 2 -z) K 

13. (t) 0 ; (U) 2(x + z) J + 2y K 14. (a) 2n(2« - l)/x 2 + y 2 + z 2 r * 1 ; n = 172 

16. (i) 2(y 3 + Zx^y - 6xy' 2 )zl + 2(3xv 2 + x 3 - 6.r 2 y) zJ + 2(xy 2 + X 3 - 3x 2 y)yK ; {«) Zero 

17. 1724/ VifT. 


Problems 8.5, page 335 


1. 75^1 + 360 J - 42 K 2. (/ 3 - / + 2) 1 + (1 * t*)J + (4 - 4 cos t - 3/1 K 

3. V = 6 sin 2/1 + 4(cos 2/ - 1U + 8/ 2 K ; R = 3(1 - cos 2/)I + 2 sin 2 tj + —— K. 

u 


Problems 8.6, page 336 


1. 0 2. 35 3. -2/3 

7. 303 8. 8^- 9. 9n 


4. 5 5. 

3 

10. 2 - — J — (jt — ^ ) J. 


6* zero 


Problems 8.7, page 339 



3. 8. 


Problems 8.8, page 341 


3. tki& 


4. no 2 


5. Zero 


6. 128/5 


7. 35rw 4 /16. 


Problems 8.9, page 345 


3. - 2o5 z 


5. lirt 


6. Zero 


10 . 2 


11. 0 


12. it. 


Problems 8.10, page 350 


4. 108ji 7. (t) ^na 5 6 7 (ii)12(e —e -1 ) 8. 4na 3 

9. ~ 10. |ji a*b 11. - 4rt 12. 8/3. 

12 4 


Problems 8.11, page 354 


3. 141 

5. (/) ifx 3 + y 3 +z 3 -3xyz ); 

(fit) xz 3 - yz + 3x' 2 y. 

6. (i) Yes, |(x 2 + y 2 -2z 2 ); 

7. xy sin ^ + cos x + y 2 z + c 
9. a = 4, b = 2, c = - 1 


4. zPy—y 2 ? 2 +z 3 
(U) x^y+ytz+z; 

(iv) x?y 2 + yh? + xyz = 0 

(it) Yes 

8. x^y + xz 3 ; 202 
10. a = 4 ; 2x z _y — xz 3 ; 47. 
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Problems 8.12, page 362 


1. {/) (p sin 20 - z sin 0) T p - (2p sin 2 0 + z cos 0) T 0 + 3p cos 0 

(ii) (2p cos 2 <j) — 3p 2 sin 3 <t>) — (p sin 2$ + 3p 2 sin 2 0 cos 0) + p 2 cos 0 T, 

2. (i) r sin 0 j (sin 0(1 + sin 2 0 ) + r cos 2 0 sin 0l T r 

+ (cos 0(1 + sin 2 0) - r sin 0 cos 0 sin 0) T e + sin $ cos 0 T # ] 

(it) r 2 sin 0 ((sin 2 0 cos 2 $ sin 0 + sin 0 cos 0 sin 2 0 + cos 2 0 cos 0) T r 

+ (sin 0 cos 0 cos 2 0 sin 0 + cos 2 6 sin 2 0 — sin 0 cos 0 cos 0) T e 
+ (cos 0 sin 0 cos 0 - sin 0 sin 2 0 cos 0) T^l 

3- p z sin 20 T p + p z cos 20 ^ p 2 sin 20 T.. 


Problems 8.13, page 363 


1. 1/ s/l4,2/ v'14,3/14 


4. 4* - 32 + 2xz 

7. 3V 



2)=y- 1=3 + 3 


5. zero 
8. 3 ; 0 


3. dude = — i— dxdy 

KK 

6- | J r ixdy - ydx) 

9. Irrotational 


10. An 

14. - (yl + zJ + xK). 
18. zero 

22. Wr 2 ;nr n - 2 R 

26. 6^ 

30. (c) 

34. (a) 

38, irrotational field 
41. (a) 

44. (a) 

48. ( b ) 


11. 

solenoidal 


12. 

-28 fjE 

13. 

zero. 

15. 

dx By 

df 3 
dz ' 

16. 

zero 

17. 

-(12I + 5J + 8K) 

19. 

zero 

20. 

zero 

21. 

zero 

23. 

§8.5(2) 


24. 

1 -. (21 + 4J - K). 

v/21 

25. 

2, - 2, 2 

27. 

2 ir 


28. 

7/3 

29. 

zero 

31- 

(c) 


32. 

(b) 

33. 

(c) 

35. 

(a) 


36. 

5u 

37. 

zero 

39. 

(a) 


40. 

the rate at which fluid is originating at P per unit volume* 


42. it gives the maximum rate of change of 0. 43. (it>) 

45. (o) 46. (6) 47. (a) 

49. zero r 50. True 61. True, 


Problems 9.1, page 366 


1. Convergent 2. Convergent 3. Convergent 4- Divergent 

5. Convergent 6* Convergent 7. Convergent 8* Divergent* 


Problems 9.2, page 367 


1- Convergent 2, Convergent 3, Oscillatory 4* Convergent 

5. 15 m. 


Problems 9.3, page 372 


I, Convergent 
5, Convergent 
8. Convergent 


2* Convergent 3* Divergent 

6* Conv. for p > 2 ; Div. for p < 2. 

9* Convergent 10- Convergent 


4* Divergent 
7* Divergent 
11* Convergent 
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12. Divergent 13. Divergent 14. Convergent 15 . Convergent 

16 . Convergent 17 . Divergent 18 . Convergent. 


Problems 9.4. page 376 


1. Conv. for x < 1; Div. for x £ 1 
3. Conv. for x £ 1; Div. for x > 1 
5. Convergent for all values of p 
8. Convergent 
11. Convergent 
14 , Convergent 
16 , Divergent 


2. Conv. for x < 1 ; Div. for x > 1 

4. Conv. for > 1 ; Div, for x < 1 
6. Convergent 7. Convergent 

9. Conv. forx < 1 ; Div. forx > 1 10, Convergent 

12. Convergent 13. Divergent 

15. Conv. forx < 1* Div. for x > 1; Conv. forp > 1 and Div. forp < 1 
17, Conv. if p > a > 0 ; Div. if a > P > 0. 


Problems 9.5, page 379 


1. Conv. for * < 1; Div. for x > 1 

3. Conv. for x < 1; Div, for.* > 1 

5. Conv, for * < e ; Div. for x > e 

7. Conv, for * < 1 ; Div. for * > 1 

9. Conv. for * 2 < 4 ; Div. for x 2 > 4 
11. Conv. for * < 1/e ; Div. for* 5 1 h 

13. Diverges 

14. Conv. for * < 1 ; Div. for * > 1. When * = 1 , Conv. for b - a > 1, Div. for b - a £ 1. 


2. Conv. for * 5 1 ; Div. for * > 1 
4. Conv. for * < 2 ; Div. for * 5 2 
6. Conv. for * S 1 ; Div. for * > 1 
8. Conv. for x 2 < 1 ; Div. for * 2 > 1 
10. Convergent 

12. Conv. for * < I ; Div. for * > 1 


Problems 9.6. page 381 


1, Convergent 2. Convergent 3. Convergent 

4, Convergent 5. Conv. for x < 1 ; Div. for x £ 1 

6. Conv. for x < “ ; Div, for x > ~ 7* Convergent, 


Problems 9.7, page 383 

1. Oscillatory 

2. 

Convergent 

3, Convergent 

4. Convergent 

5. Convergent 

6. 

Oscillatory 

7* Convergent 

8. Convergent 

9. Convergent 

10. 

Oscillatory, 



Problems 9.8, page 387 


1, (£) and (it) conditionally convergent 

3. (i) Conditionally convgt. for 0 < p < 1 ; (it) Conditionally convgt 

4. Absolutely convergent for (i) 0 < x < 1 ; (it) - 1 < x < 1 ; (m) | x ( < 1. 

5. Convergent forx < 1 and not convergent forx > 1 

6. (i) - 1 < x < 1 ; (ii) — 1 < x < 1; 

7. — e < x < e 8. (i) Absolutely convergent (if) convergent 

9. Absolutely convergent. 


Problems 9.9, page 368 


1, Conv. for x <1 ; Div. for x > 1 2. Convergent 3. Divergent 

4. Convergent 5, Divergent 6, Conv. for x < 1 ; Div. forx > 1 

7. Conv. for x < 1 ; Div. for x > 1 8, Conv. for x < 1 ; Div. for x > 1 

9, Conv. for x < 1/4 ; Div. for x > 1/4 


10- Conv. for x < 2 ; Div, for x > 2 
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II. Convergent for all* 12. Conv. forx < 1 ; Div, forx£ 1 13. Convergent 

14, Absolutely convergent 15. Convergent 

16. Convergent for p > 1; divergent for/j < 1. 


Problems 9.10, page 391 


1, Uniformly convergent for 0 < * < 1* 2. to 

5. Uniformly convergent for all real values of x 6. Uniformly convergent for 0 < * < l/a 

10. (i) and Ui) Both converge uniformly for all real values of*. 


Problems 9.11, page 392 


1. to) 2. to) 

7. (o) 8. (6) 

12. (o) (-1,1) (fc) (- 172, 1/2) 

17. All values of x 
22 . Divergent 23. Convergent. 

28. Divergent 29. x > 1 

34. (6) 35. True. 


3. to) 

9. (6) 

13. - 1 <*< 1 

18. k<l 

24. 0 < a- < 4 
30. 0 5 jc < 1 


4. to) 

10. (d) 

14. k > 1 

19. Convergent. 

25. yes 

31. to) 


5. (c) 

11. to) 

15. a n < k 

20. Divergent. 

26. True 

32. (e) 


6. to) 

16. Oscillatory 

21 . g - p> 1 

27. Convergent 

33. (of) 


Problems 10.1, page 400 


2 sinh a it 

f ] a cos * a cos 2* 

1 [sin * 2 sin 2* 3 sin 3* 

71 

[t»« l 2 + a 2 * 2 2 + a 2 

') + (l 2 + a 2 2 2 + a 2 ' 3 2 + a 2 '"J 

n _ 2 

1 1,1 


sinh n 

2 2 +l 3 Z + 1 4 2 +1 


Problems 10.2, page 401 

No 

2 . No 

3. Yes. 

Problems 10.3, page 404 




COS X + 


cos 3* cos 5x 


cos * - 


3 ^ 5 ' 

cos 2x cos 3* 


) „ /„ 1. . 2/ o V’ cos 2nx l 

) 11 2 * ~ An 1 -! 2 

l\( 2 . (2 n 2 K . 1 

“.J “ n It 7 "Tj Sm 1 '“ l? '“ Yj 8In 2 * T + " j 


4. 2 f 7t - —) sin x - Jt sin 2x + \ f k - —) sin 3a: — — sin 4* + 
V nJ 3 V 9nJ 2 


5. if si 

Jt V 


sin 3x sin 5x 

sin x + -——— + -—-—- 


°)* 


Problems 10.4, page 408 


1. 



n -1 


sin nnx 


n 
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« m a 2 a 2 1 2itx , 1 , x , 1 a 2 1 . 2itr 1 . 4kx 

"■ W H -o Ittt 008 -+ -=-cos4ji—+ .1 — -sin--sin- 

3 ii 2 12 a 2 2 a it a 2 u 


(it) A0-| + 

a 


4 f _ cos 2rc* cos \ 

_^ cosnt ___ + ___..j 


4 3 !2 V 

* 2 *2 Z. (2b _ 1} 2 

_ E^E 2E 

5. — + — sin (tit - 

TC 2 K 


1 f cos (2n - l)«x 


} 


-L cos 2o>f + cos 4otf + cos 6oV + 

l*o o*5 5,7 




6. fix} = T + 2^] (- l) n 41 sin mac ; put x = 1/2. 


«*i 


Problems 10.5, page 412 


i. ^+y 

3 h 

5. i it — — fcos 
2 TtV 


4a 


t -i /IJLT 

(-1) cos- 

n - it" ° 


O , 1 2 „ 2 2 

3. 1 - — cos x - — cos 2x + -=~r cos 3 a- - -^= cos 4.x 

2 1,3 *.4 «J,o 


cos X + 


cos 3x cos 5x 


.-) 


6. (i) 2-1 

tc n 


cos 2x cos 4x 

- ■}' ——■— ji — 4-, 

3 15 


cos 2 nx 


.m + 1 


4 n 


i ^ + .1 «>? + y^ 

-1 J * (4m 2 -Ik 


cos 


2 miu 


/ 


II . 4 ( 1 „ 1 _ ^ It' 

'■2 it V 3 2 5 2 J 8 

.“)* 


„ 4fe ( . sin 3x sin 5 a 

8. — sinx + -—-- i- 

v \ 3 5 


2 . *_± 

2 it 

3. 


COS X 


Problems 10.6, page 416 


+ -4-. cos 3x + ~ . cos 5x +.| ; 2 [sin x - ± sin 2x + 4 sin 3* - *.! 


cos x —cos 2x + -4- cos 3x —4- cos 4 a + ... «> 


4. y i 

£-j n 


1 


sin 2nx 


n = 2 


5 

5 * 3 


I 4 


COS MIX 


6 8 f sin Tit sin 3rct sin 5jtf 

rc 3 v I 3 3 3 + 5 3 + ./ 


„ 1 . v (-D"-2n . 

— — sin x + > -—=■-- sin nx 

2 ti ft 2 -1 


7. — [1 - (- 1)"J 

TlK 


9. J — » (1 - e cos nn) sin nnx 

-fTi 1 + « * 

l , 2/ J 0 nitr . , -,nl mur 

4 (nit) 2 12 \ l 


10. V 

" mi 


n = 1 


sin nx 


t 4 8 it 

iO. —COS” 

71 4 


14. 


2 l 2 h 


ail - a)ji 2 


sin 2 a sin 6 a sin 10 a 

1.3 57?“ + 9.iT + 


. mi . to: 1 . 27ia . 2 td: 1 - 3iro . Stcc 

sin —r~ sin — h—- sm —sin — 7 —b sin —sm —-—t-. 


I 2 2 
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3. JiV96. 


Problems 10.7, page 419 


Problems 10.8, page 420 


»• Z 


(sinh al cos nnl - i cosh al sin md) (a + mjc) 
(a 2 +«V) 


ginnx/t 


n ( ^2*1 . -8ft Ait , -4rt flit . 

221 . e + e e + e e + e 

' rtl T73 3.5 lT7 


/ - in u__ __^ 

3, — sin on V" —o—™ 5 — 4. sin A 9 V 2 

Jt 4- a 2 -« 2 " 81 + (mt) 2 


(- X) n (9 + nni) 


,r:m_r/3 


- a a 
5 ' 2~« 


(e“ -€-*) + ife“ .1 

3 5 J 


where u = tiur//. 


Problems 10.9, page 423 


1. 11.733 - 7.733 cos 2x - 2.833 cos 4x 4 ...... - 1,566 sin 2x - 0,116 sin 4x + 

2. 1.45 + (— 0.37 cos x + 0,17 sin x) — (0.1 cos 2x + 0.06 sin 2%) 

3. a 0 = 41,66, a x = - 8.33* & 3 = - 1.16 4, - 0.0731 

6 . y - 2.102 + 0.558 cos x + 1.531 sin x + 0.354 cos 2r 4 0.145 sin 2x 
6* 7.8 sin 0 + 1.6 sin 20 - 9.2 sin 30 4 11.6 sin 40 -. 


Problems 10.10, page 424 


1. 2ti/3 


2. A |/tc -0) + f[c + 0)( 


4, f{x) = A when 0 < x < 71 and fix) = — A when n<x <2n 


6. §10.11(3} 
10, Cosine 

14, Cosine 
18, § 10.3 


7* Zero 
11 . even 

15. Zero 
19, Zero 


8- not defined 
12. x-k/n 

f2 X 2 cos^ 
JO 2 


3. 

(- 1,1} such that fix) ~ -f[-x) 

5. 

Sine 


9. 

odd 


13. 

Zero 


17. 

l f a + 2r 

T ]« 

fix) sin r ~ L dx 


16. f 

Jo 

20 . °0~ J £ f(*> dx ’ a n= 7 £ fi x ) C0S 


21 . 1 

71 

24. 21 

27. -n/2 
31. zero 


sin x + 


sin 3x sin 5x 


. } 


22. K 


25. V (_ if ^ ~ mTl) sinh le" 1 ” 

1 + nV 


n = - 

28. odd 
32. - 1/2 


29, Zero 


33. A a 
2 n 


23. Zero 

26. False 

30. 3.5355 
_2 

34. ^ 


36. ^ - — J cos x + -A- cos 3r + -A- cos 5* + ... I 36. fix) = A + A cos 2x + A cos 4* 

2 n 1 3 2 5 2 J 8 2 4 


37. x 2 -* 
41, False. 


38. x{l + x) 


39. True 


40, False 
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Problems 11.1, page 429 


1 . x 2 ^ -4 xQL + 6y = 0 


dx 


dx 


4. ^-2^ + 2y = 0 


dx £ 


dx 


7. (x 2 - 25) (4*0 + x 2 = 0 
l dx) 


2. + 4v = 0 

dx 2 

5. - 7 ^ +6y = 0 

dx 3 dx 

8 . ydy. = 2a, 
dx 


3. x + 2 “ - xy = 0 
dx 2 dx ' 

dy 

6. 2 xy~^ +x 2 -y 2 = 0 


10. y'"-Zy" + 3y'-y = 0. 


Problems 11.2, page 431 


i. vu-*Vvu-/) =c 

4. (l+je^-SVd + y 3 ) -c 
7. x = 2 cos _y 

10. (1 -ay) (a + *) = cy 

13. y = tan -1 (a: + y + 1) + c 


2. log - - - - i = c 
y X y 

5. tan y = c( 1 - e*) 

8. (x 2 + l)(y 2 + l) = c 


3. tan x tan y - c 

6. 2e-y * e"** + 1 

9. 3c 2 * - 2e 3 * + 8x 3 = c 

11. (r+ l)(2-e^) = c 12. a log { ~ t Z ° ) = 

Kx — y+ a) 

14. tan {x + y) = sec (x 4y) 4 x + c 


2y + c. 


15. x = cosec (x 4y 4 1) - cot (x + y 4 1) 4 c 16. log sin (y - x) = 1. x 2 4 cz 

17. cos xy 4 = c- 

2x 2 


1. x(x 2 -$y 2 ) = e 
4- y+ fix 2 + y 2 ) = c 

7. y = 2x tan' 1 (cx) 


Problems 11.3, page 432 


2. cy 3 = xV** 

5. y 2 = 2x[y + x log (cx)] 


10. log x = — 


— - ^ sin 
x 2 V x 


8. ^jc/y = y 4 c 


4 c 11. xy cos (y/x) = c. 


3. (x/y) 3 = 3 log cy 

6. x(c 4 y ) — ay 2 
9. l ogy _^_[ 2 log| + l) =, 


Problems 11.4, pa 


(\I9Y - 

1. (X 2 4 2Y 2 ) 2 = c 7 : whereX = x4 l,7 = y-l 

V v 27 4 y 


2. (y - x) 3 = c(y 4 x — 2) 

4. ax 2 4 2Axy 4 6y 2 4 2gx 4 2fy 4 c = 0 

6, x —y 4 — log (fix - 12y - 5) = c 
4 


3. (x 4 y) 7 = c(x —y ~ 2/3) 3 
5. 3(2y - x) 4 log (3x 4 3y 4 4) = c 

7. logfx 4y 4 \ ) 4 f (y — x) = c* 


I. y - ce 


- Un * 


4 tan x — 1 


4. y cosh x = c 4 — cosh 3 x 


Problems 11.5, page 437 


2. y “ log x 4 c/log x 

5. y yjil - x 2 ) = sin' 1 x 4 1 


3. y sec 2 x = sec x — 2 
6. y = c(l — x) 2 + (1 - x 2 ) 


7. y(l 4 sin x) = c - x 2 /2 


9. ye 1 = 2r 4 c 


8. 2r sin 2 8 + sin 4 8 = c 
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10. X S y 3 + cy 

11. x = sin 1 y - 1 + 

ce-™'y 

12. xy~ 2 = c -e~ y 

13. xe l * n y = tan^ 1 y + c 

14. xe* s c + tan y. 



Problems 11.6, 

page 439 

1. y" 1 sec x = tan x + e 

2. L/r = sin 0 + c cos 0 

3. x 2 + (4x 5 + c)y 4 = 0 

4. ce~^ J2 

5. y 2 s x 2 + cx - 1 


6. y/x = logy + c 

7. siny = (1 + x) (e* + c) 

8. e t *y= ie 21 + c 

2 


9. tan y = x 3 — 3x 2 + fix — 6 + ce~ x 

10. cosy = cos x (sin x + c) 

11. yfx = V?0og yfy + c) 

1 2. y -1 = i Jog x + 4 + cx 2 . 

J 2 4 

Problems 11.7, 

page 442 

X. a 3 + y 3 -3 axy = c 

2. x 4 + 2xV -y 4 - 2a 2 x 2 - 26 z y 2 = c 


3. x 3 - 6x^y - fixy 2 + y 3 - c 

4. y - x 2 y 2 + xy 4 
5 

+ cos y = c 

5. + y 2 = c 

e. x fi +*y-*v-.v 6 =t 

7. x 3 + 3xV +y 4 = 

c 

8. x 2 - y 2 = cy 3 

9. 3y cos 2x + 6y + 2y 3 = c 

10. e* = sec x tan y + c 

11. x 2 y + xy-x tan y + tan y = c. 

Problems 11.8, page 445 

1. ax + tan -1 y/x = c 

2. x 2 + y 2 - 2a 2 tan' 

1 (y/x) = c 

3. y + cx + log x + 1 = 0 

4. 3 log* - (y/x) 3 = c 

5. log (y/x) + |xy 

= c 

6. xy + log (x/y) - (1/xy) = c 

7. (y + 2 /y 2 )x +y 2 - c 

8. 4x 4 y + 4x 3 y 2 — x 4 

- c 

9. 2 cos (xy ) + x^ 2 = c 

10. log (x/y) = c + xy 

11. (x/y) + e 1 * = c 


12. 4(xy) U3 - f(x/y) 3/2 = c 


13. 4 y log x = y 2 + c- 


Problems 11.9, page 446 


X. (x -y + c) (x 2 + y 2 + c) = 0 2. (2y - x 2 + c) (y + x + ce~ x - 1) = 0 

3. x 2 + y 2 = cx 4. (y — cx ) (y 2 -x 2 -c) = 0 

5. (y - c) (y + x 2 - c) {xy + cy + 1) = 0. 


Problems 11.10, page 448 


l. 


X + c = — 


log 


P-1 

V{1 + p 2 ) 


- tan' 1 p 


, with the given relation 


2. xy = c z x + e 3. y = 2-J(xc) + c 2 

5. x = (logp -p + c) {p ~ l) 2 , with the given relation 

6. x = sin p + c, with the given relation. 


4. 2 cy = c 2 x 2 + 1 


Problems 11.11, page 449 


1. y = ctx — c ) 2 2 . 3 ^ = 2cx + c 3 

3, (y + a p)yj(p 2 - 1) + a cosir 1 p =c, with the given relation 
4* y + (1 + p 2 )" 1 - c, with the given relation. 
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Problems 11.12, page 450 


1. {£) Gen. sol, : y = cx + a/c 2 ; Singular soL : 2 ax 2 = (2«c + x) 3 
{ ii ) Gen. soL :c = log (cx -y); Singular sol. ;y = x(logx — 1) 

(iti) Gen. sol. y = cx + V(ci 2 c 2 + 6 2 ) ; Singular soLy + ^1 - x 2 = 0 

(iV) Gen. sol. y ~cx - sin*" 1 e ; Singular sol. y = Jx 2 -1 - sin 1 __ 

x 

2. y = cx + (c - 2c 2 ) 3- (y - ex) (c - 1) - c 

4, (y - ex) (c + 1) + ac 2 =* 0 5, y 2 = cx 2 + c 2 [Hint: Put x 2 = a, y 2 = l>1 

6* xy = ry - c 2 [Hint: Put u - y, o = xyl y 2 = ex 2 - - . 


Problems 11.13, page 450 


1. (i) 

6. yx 2 = X s + c 


2. ( ii ) 

7. e* + x^ + cy = 0. 


10. log x + c = y^/Sx 3 
13. y = cx + a/c 2 


16. 2 


11. (i) 

14. c = log (cx -y) 
17. xy = c 


20. (l+x- z )» + (l+ J 2 )3 /!! = e 

23. .r 5 24. §11.11(3) 

26. sin (y/x) = cr 27. (a ) 


3. (iii) 4. (i) 5. logy + c = x 2 /2y 2 

8. {iii) 9, x 2 + .v 2 + 2 tan -1 y/x = c 

12. y 2 + 1/x + ce"**' 2 = 2 
15. jry = c or x 2 —y 2 = c 
18. (6) 19. (6) 

21. y = 5e -JC 22. x + y = u 

25. 5x*y 2 + 2(x 5 + y r> ) = c 

28. (c) 29. x + y dy/dx = 0 


30. e * +2 cosy = c 31. (c) 


32. False 33. False. 


Problems 12.1, page 454 


1. <£) 9 y + 4x 2 = 0 ; (ii) 3(.r + 3y) = 2(1 - e 3 *) 


2. y + 1 = 2e* 


n 


3. x 2 + y 2 = cx 


5. y 2 = 4x 
8. x = 3y 2 
10. r 2 = a 2 sin 26 


4. y = V(a 2 -x 2 ) + a log 


n 2 ^ 

a - yja -x 


+ c 


6. y - ae™ 7. y = ax + b 

9. (i) r(8 - a) = e ; (ii) r = a + b cos 6 
11. chc 2 = 2cy + 1 12. r = oe 0cota . 


Problems 12.2, page 457 


1. 2x 2 +y 2 = c 
4. x 2 + y 2 + 2gy - c = 0 
7. r = b( cos 6 - sin 0) 
10. f 1 n sin 0 = b 


2. x 2 + 2y z = c 2 

5. This system is self-orthogonal 
8. r = 2 bf{ 1 - cos 0) 

13. x 2 +y 2 + cx+ 1 =0 


3. 3y 2 + 2x 2 = c 2 
6. r = c(l - cos 0) 
9. r 2 = c 2 sin 26 
14. y - cx. 


Problems 12.3, page 462 


Lr =J(T) ,- E ,K ) 3 -i loe ' 2 

5. 2Vu„/A 6. v 2 =2gx- ^ x 2 

m 

10. y = (Vl50 - 0.001328*)^ ; fj = 45 min. 1 sec., t 2 = 1 hr, 16 min. 51 sec., f 3 = 1 hr. 38 min. 13 sec 

11. 17 min. 4 sec. 
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Problems 12.4, page 465 


1. 0.0006931 sec 

3. i= I (l-fT 100 ) 
5 


2. — (R sin t-L cos t + Le~ Rt/L ) 

1} + R 2 

wCE 

4. i = ke~ tJRC + , m sin (coi + 0) where 0 = cot" 1 (RCta). 

J{i + i?W) 


Problems 12,5, page 467 

i. 

52,5 mts 


2. 48°C 

3. B drinks hotter coffee 

4. 

490,000 cal 


5. 2.16 cm. 


Problems 12,6, page 469 

i. 

604.9 


2. 2 log 3/log 2 


3. 

(1 - 1/p) 21 times the original amount 4. 64.5 days 


5. 

21.5 gm 


6. t = 300 - 5 log 2 

+ 5 log ~—- 





0.5 - x 

7. 

3 hr. 50 min, 16 sec 

8. 100 (2 - e^®*); 

13.9 min. 

) Problems 12.7, page 469 

i. 

6(1- (T 3 ) 

2. 54 m 

3. 90.25% 

4. r(0 - a) = c 

5. 

y = ae rx 

6, rectangular hyperbola 

7. x 2 -y 2 = c 

8. 

The system is 

s elf-orthogon a 1 

9. 2^v 0 /k 

10. 2 log 3/log 2 

11. 

Sunil 

12. <d) 

13. (c) 

14. id) 

16. 

2.21 

16. (e) 

17. (c) 

18. (a) 

19. 

False 

20. True, 



Problems 13.1, page 474 


1 . ^.e 21 sin 3 1 
3 


2. y - e* (4 cos 3x - sin 3x) 

_ f ^3x B 

4. y = 4 e*® I c 2 cos + c 3 sin -^-j 


3. y = Cj + (c 2 + c^x) c _x/2 

5. y = (Cj + c^r 4 - C 3 X 2 ) e* 6- y = (c x 4 c^) cos 2x + (c a + c 4 x) sin 2% 

7. y = 4 e*^ 2 (c 3 cos x/ %/2 4 c 4 sin x/ V2 ) 

8. ^ = (Cj + c^c) cos x 4 (c 3 4 c 4 x) sin x 4 


Problems 13.2, page 486 


1. > - (Cj + e^x) e 3 * + 3x 2 e 31 + ~ e -2 * - — log 2 

2, y = — c“ 21 (cos x 4 3 sin x) — — - —— 3. x = c x cos nt 4 c 2 sin nt 4 sin (rc£ 4 a) 

5 10 2 

4- x = (Cj cos ^2t 4 c 2 sin >/2t ) 4 ^ (sin t - cos 0 
5, y ^ c 1 e~ x 4 ^414 (3 sin 2r - cos 2x) 
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G* y 

1. y 
8. y 


= c*e*+ Cne 3 * + ™(10 cos 5x - 11 sin 5*) + (sin x + 2 cos x ) 
A 4 884 20 


x * 3 9 

C 1 4 ( c 2 + e ~ X - ~v~ e * + C0S ^ " 25 S ^ n ^ 


50 

(c, + c*x) e~ x -f i + i {2 sin 2x + cos 2x) 
2 5 


i x 

(c, + Cgx'ie* + c 3 e 3r + ^ (ace 31 — x 2 e*) 10. y = cjC 1 + c 2 e^ + (2_r 3 — 3x 2 + 9x) 


9. y 

11. y = Cj + c 2 e* + c 3 e ~ x + xe x - (ac 2 + x) - 2 sin x 

12. y = e^tCj cos 4 x + c 2 sin 4x) + ^j e2x + (23 sin x + 6 cos x) + ~ + ~ 


565 


25 625 


(c, + c,x) cos x + (c, + c. x) sin x + x 4 — 24x 2 + 72 + —^— sin 4x - ~ sin 2x 

1 r j 4 225 9 


13. y 

14. y 

15. y = e~ x/2 {(^i + x/4) cos (xyJs/2) + (c 2 + jc/4 s/3) sin 0^3/2} + e“" 2 {c 3 cos yj3x/2 + c 4 sin yj3x/2 J 

16. y . 

17. y. 


; c t e _2x + c^e~ 34 ——— (cos 2x + 2 sin 2x) 
A 4 10 


- e^*(c t cos >/2x + c 0 sin ^/2x ) + —— (4 sin x + 5 cos x). 
* 4 41 


= c x e 1 + c 2 e (sin x + 2 cos x) + 


22 ^ 11' 


18. y 

19. y 

20. y 


■ Cj cos -J2x 


+ c 2 am 


5 -- ‘ 22 

^ + tt (* 2 - if' 1+ lr) + f? (14 Bin 21 - cos “ 

CjC* + c^~ x + c 3 cos x + c 4 sin x - (1/5) cos x cosh x 

Cj + (c 2 + c 3 x) e~ x + ™-(x 2 - Y + y) + (3 Sin 2x + 4 COS Zx) 

y^x sin 3x - ® cos 3x j 


: c A cos Ax + c £ sin 4x + — f x sin 3x - — 


(cj + c^pc) e x + — cos x -f i (x - 1) sin x 


21. y 

22. y 

23. y = CjC 1 + c 2 e~ x — ^ (a: sin ac + cos %) + (atc I /12) (2ar 2 - 3ar + 9) 

24. y 


- Cjg" 1 + c 2 fT + CgC” ^ + e~ 21 . c 1 ” 


25. y = c 1 cos ax + c 2 sin ax - - cos aa: log (sec oa: + tan ox). 


Problems 13.3, page 490 


1, j/ = (c 1 - x/a) cos ax + [c 2 + (1/a 2 ) log sin ax] sin ax 

2, y ~ c y cos x + c 2 sin x + cos x log (cos x) + x sin x 

3, y = c Y cos x + c 2 sin x - cos x log (sec x + tan x ) 

x X^ 

4, y = c } cos x + e 2 sin x + ^ sin x —— cos x 5. y - (c 1 + c^c) e* + xe* log x 

£f 4 

6, y - (e* + e 2 *) log (1 + iP) + (c l — 1 - x) e 1 + (c 2 - x) e 2 * 

7, y = e 1 (c A cos x + c 2 sin x) - e x cos x log (sec x + tan x ) 

8, y = Cj + c^ 2 * i c 1 sin x 9. y - c A cos x + c £ sin x + sin x log (1 + sin x) - x cos x - 1 

10* y - c t e* -p c 2 e 2 * + i (x 2 + 3x + 3.5 - 2xe*) 11* - c x cos x + c 2 sin x - x sin x 
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12. y ~ c^' 2 * 4 c 2 e 3x 4 xe 3 * 4 ^ (sin x 4 cos x ) 13. y = c t e* 4 c 2 e -2 * “ ^ (2* 4 ^ (cos x + 3 s ^ n *) 

14. v = £* (Ch cos V2x 4 c 0 sin ^2x ) 4 — ( 9x 3 + 1 Bx 2 + 6* - 8) 4* — (cos x — sin x) 

1 * 27 4 

15. y = c 1 + CgC^ - i e* sin x. 

£t 


Problems 13,4, page 495 


1. y = CjX 2 + c^ 3 - x 2 tog x 2. y ■»c x x 4 + c 2 x _1 4 log x 

3. y = (c x 4 c 2 log x) x 2 4 | 4 2x 4 l-jc 2 (log x) 2 

4. y = CjX 2 4 CgX^ 1 + i (x 2 - 1/x) log x 5. u = — (a 2 - r 2 ) 

3 8 

1 3 

6. CjX" 1 4 CgX -2 4 ^ logX - — 

1. y = Cj-t -1 + -Jx {c 2 cos [(V 3/2 ) log x] + c 3 sin [( ^3/2 ) log ar'il + ~ x + log x 

8. y = Cji -2 + x[e 2 cos (^3 log x) + c 3 sin { ^3 log jt)J + 8 cos (log x) - sin (log x) 

9. y = Cj* 1 + {c 2 cos (log x) + c 3 sin (log x)] x + 5x + 10 log x/x 

10. y = i(Cj + c 2 logx) + ^ log 11. y =x~ 2 (c, + c 2 logx) + |^log 

x 3 

12. y = c 4 x 3 + c^r 4 + —— log x (7 log x - 2) 

9o 

q _t_ fp:rj 

13. y =s c x (2x 4 3)° 4 c 2 (2x + 3) b - (2x 4 3) 4 | where a, b - ~ - - 

14. y - CjCx— 1) 4 c 2 (x — l) 2 + c 3 (x- 1) _2 4 log (x 4 1) 4 1 

15. y = c j cos log (1 4 x) 4 c 2 sin log (1 4 x) - | sin [2 log (1 4 x)] 

16. y = c.(3x + 2) 1/3 + c„(3x + 2)' 1 + ^U"-^(3* + 2) 3 + ± (3x + 2) - 7 

A§ l 15 4 


Problems 13.6, page 499 


1. x = (Cj + CjjX) e 3 * ;.y = [(1 - 2x) (c 2 - 2cj)] e 3 * 

2. x = e‘ + er l ,y = c~ ( -e* + sin t 3. x = + cgr 3 * + f e 2 ' ;y = c 2 c -5 ' -c^ + ®c 2 ' 

4. x = e 6t (Cj cos t + c 2 sin t), y - e Cf ((c, — c 2 ) cos t + (Cj + c 2 ) sin /) 

5. x = ie' + ^ e — c t sin 2 1 + c 2 cos 2t,y = g e * + s e 1 + c i cos +c 2 sin 2£ 


6. x = c/ + C2 e- 5 '+ -| f -H, y = Cj c f ~c 2 c 


25 


s t _ 4. e 2( _ 12 


5 25 


_ . 2 i 2 4 

7. x = -f--,v = —t + — t + c 
3 2 3 


8. .v = CfC* + c 2 e -2jf + 2e - *, 2 = 3c^ + 2c 2 e~ 2x + 3e~ 

9. x = Cje - ' + Cge 3 * - ^ (cos ( - 2 sin f); 7 = 2c 1 e~ t - 2c 2 e 3( + (sin t + 2 cos t ) 

o 

io - 

1 2 1 

11. x - Cj e~* 4 c 2 e 3 ^ - — (cos f — 2 sin t), y = 2cje”' — 2^^ 4 — cos t 4 — sin t 

D Q u 

12. x = {c 1 + c 2 <)r ( + (c 3 + c 4 t)e f ,y = - i [Cj + e 2 (1 + ()] e~ l + i-lc 4 (1 - 1 ) -Cgle 4 
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13. x - c + c 2 e~ f + c 3 cos t + c 4 sin t — ^ cos t + ™ sin f 

y = — - c 2 e " f + c 3 cos £ + c 4 sin t + i (2 + f) (sin t — cos £) 

14. *=§(l-cos|«),:y = £i-§ita§<. 


Problems 13.7, page 500 


1. y - c 1 e ai + + c 3 cos a* + c 4 

sin a* 


2. — ^ (3 sin 2x + 4 cos 2z) 

3. 1/6 

4. e*(x - 1) 

5. ( b) 

6. y - c 1 + (c 2 -f c 3 x + c 4 z 2 ) e 2 * 

7. (a) 

8. y = e 1 (Cj + c. 2 x) cos 2x + (c 3 + c A 

x } sin 2r 

9. y = cos x + 2 sin x 

10. (it) 

11* y - (Cj + c 2 x) cos x + (c 3 + c 4 z) sin x 

12. — cosh 3x 

10 

13. >■ = a log* + 6 


14; y = (e, +c 2 x) e^ + (c 3 + e 4 *) e 

-■JZx 

15. AxV* 

6 

16. | 

17. sin 2x 

18. ~x 2 e~ x 

19. y = (c x + c 2 *) ■+♦ c 3 

20. (c) 

21. (o) 

22* x e~ 1 

.2 

23. * + 7v = V. 

rft 

24. (c) 

25. (a) 

26. (6) 


27. y = (c 1 + c 2 log jc) x 

28. x 2 y 2 + xy 1 -y = 0 

29. ^ log 2 

30. e ( 

31. (d) 


32. y = * + c 0 e + c 3 e 

J2)x 

33. +2 

c(x 3 

34. 0 

35. False 

36. False. 

Problems 14.1, page 506 j 

1. 38 sec 

4. x = - - - sin 1 - X 2 ) j 

nVi - x 2 



6. It must be shortened by 178640 of its length 

7. It must be increased by 0*0074 ftVsec 2 


8. 4321/4319 


-k + A. 


- k- JL, 


9* k 2 > 4g, 0 = c x e 2 + c 2 e 2 where k = V (A 2 - 4ji) 

A 2 = 4g f 0 = (Cj + c 2 £) e~ kt/2 


k 2 < 4ju, 0 = Cj e“^ /a 


cos 


+ c, } 


10 . x - —^- (sin nt — n cos nt), 
2 n 2 
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Problems 14.2, page 513 
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2. 1 ft, ; tO 2>/2 sec ; 4n/2 ftVsec 4. id V7 

6. x = e ~ 5f | cos %/220f + (5/^220) sin -J220 fj . 6. 0,45 sec. ; 1.15 sec 

8. * = ^e~*~ ^ sin [ 9^ + ^ ) sec., 9/2 tc cycles/sec 

21 d V 4/ 3 9 

9. 0.8 (2 sin 4 1 - cos 4f) 

10. ([) x = Ae~* ( cos - k 2 ) + mj + le - *'/(6 2 + k 2 - n 2 )| sin nt 

{ii) x = Ae^ d cos |iV(6 2 - k 2 ) -1- fij — (te~ kl /2n) cos nt 


Problems 14.3, page 517 


3. i = 2Eke~ RT/2L sin (kt/2L), where k 


= 1 


Ul-cr 1 '- 


2. i = I sin (T/JZC) 

11 V “ / 

4* R 2 > 4 L/C for over damping ; R 2 - 4 L/C for critical damping ; R 2 < 4 L/C for under damping ; critical 
resistance = 2 JL/C 

5. q - r 500f (0.002 cos 1323* + 0,0008 sin 1323f) 

E 

8< (i) i - Ae _al cosh ((3 1 + 7); (ii) i = Ae~^ cos (pf + y) + — cos $ sin (pt + <J>) 

A 


where a = - —, p = ± j| ~ J - ^-J and 4> = tan" 1 [(1 - CLp' 2 )/CRp\. 


Problems 14.4, page 525 


wl nl ( nl\ wl nt w , % * * 

4. v == -r-^—cosec —cos rue - — - - - cot —- + ——(x - Lx) 
2 Pn 2 2 2 nP 2 2P 


6- y = — [n sin nx -l cos nx + l - xj 

8. f sech — - sec all 

2 a 2 1 2 J 


7. n 2 EII4l 2 


Problems 14.5, page 528 


1 . 


2 u sin a u 2 sin 2ct 


8 8 
4. 4a’ 2 + k^y 2 = 4 


2. (i) 


2u 2 sin (a - p) cos a ... 


g cos 2 p 


; (m) 


£{1 + sin P) 


, ■ a . a 

5. i. = -sm pt, in - -cos pt. 

1 p + a) p + to 


a i _ E f 2 1 -Rt/L 1 -3JW/iA ; _ 1 * -A//L 1 -3i2t/z) 

6 ’'>-rU "2 ”6 >' 2 "bU _ 2 ^ J 

7. x = a(/tf - sin nt\y = a(l - cos rtf) 

JE £ 

8, x = ™r-(l - cos co/), y = —— (otf - sin to*), where to - eH/rn. 

Hoy Hio 
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Appendix 3—Answers to Problems 


Problems 14.6, page 529 


1 . ( 6 ) 

5. { b) 

9. 30/t ijLC 


2 . ( b ) 

6 . ( 6 ) 

10. 0.0074 sec 


3. (c) 

7. (6) 

11 . resonance 


13. y = 0 and — = 0 
ax 


4. (6) 

8. 60 sec 

12. El- —^ - Py = 
dx 


Problems 15.1, page 531 


1. y = — x 2 sin x — 4x cos x + c x x + c 2 


x 4 X s , 11 3 2 

2- y- — + — l°g.r-— x + c t x + c 2 x + e 3 


Problems 15.2, page 533 


1. 2(y 1 ' 4 —1) = * 

„ -J(v 2 -a 2 o 2 ) . 

o. r — --- .Sinn 


2- V (y 2 - Sy) + 4 cosh l (jy — l) = 3x 


to 


Otf + sinh 1 


ato 


(.3/2 


4. * = 




-J 


Vfe 2 -a 2 co 2 ) 


( hx-x 2 1 


Problems 15.3 page 534 


1. y =c l ~x 2 -c 2 /x 

3. 15c^y = 4(Cjje + a 2 ) 5/z + c^x + c 3 



2. y = CjX + (c‘^ + 1) log (x - Cj) + c 2 

4. x 2 + y 2 = a 2 


6. e = 


r l -r 2 _ 


- t’s's - 


>l r 2 


Problems 15.4, page 536 


1. y = 2x - 2 log (1 - c jg 2 *) + c z 2. y 2 = x 2 + CjX + c 2 

3. logy = c^ 1 + c 2 e^ 4. (logy - 1 )(cjX + c 2 ) = 1 

5. (x - a) 2 + y 2 = c 2 , circles whose centres are on the x-axis. 


Problems 15.5, page 537 


I* y = r x (c x x +■ c 2 ) 

3* y - e 1 (c x log x + x + c 2 ) 

1 

2 ' 5 


2. v “ (x 2 — x + + CgX 

4, cy = 1 + (k — x) cot x 


5. y - 


q - - cos x - ^ c 2 e’ 2x (cos x + 2 sin x) 


Problems 15.6, Page 539 


1* y = Cj cos {sin x ) + c 2 sin (sin x) 2* y = c x cos (Ifx) + c 2 sin (1/x) 

3. y = - £ where t = cos x 4 P y = Cj cos (2 tan~ l x) + c 2 sin (2 tan^ 1 x) 

5. y = q* 1 * 8 ™* +c 2 £^ 2fiijl * + sin 2 x. 


to| S 
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Problems 15*7, page 540 

1. nx — lz - c{mz - ny) 

2 P x 2 + y 2 + z 2 = cx 

3. xy 2 = cz 3 

4. x 2 + y 2 - xz = cz 

5. y(x + z) = c(x + y + z) 

6. x +y + z + log (xyz) = c. 

Problems 15.8, page 541 


li X — Cp T ™ Z “^2 ^ * VA T Fft| X rfrb - L- p 

4* x 2 - y - 2xy = c v x 2 -y 2 -z 2 = c 2 6, xyz = c v x 2 + y 2 + z 2 = c 2 


0 , 222o X ~y Z ~ X 

Z. lx + my + nz - + y* + z* = e 9 3- - = c„- -c^ 


y-z y-z 

6. y = € x z, x 2 + y 2 + z 2 = c 2 z* 


Problems 16.1, page 544 


1- .V = a l 

2 - y = o„ 


X 3 x 5 

X — *—- -f —- 

3! 5! 




.12 


1- 


4-3 8-7-4-3 12-11 8-7-43 


+ 


J3 


X - ■ 


5-4 9 - 8 - 5■4 13-12-9-8-5-4 


3. j/ — Oq 


^ x 2 _ X 4 X 6 

l ~~2 + 2^4 “ 2-4-6 


N X 3 X 5 X 7 

+ 01 ^ ~ ” 3 ” + 3 T 5 - 3~HTT 


+ ... 




4. y = 4 + 5x ~ 4x 2 — ~x 3 - ~ - ~ 

O Of 


6 - y = Ood -X 2 +k 4 -|x 6 +. ) + OjX. 


5. y = 0 $ 


' x 2 x 4 X 6 5x a 
+ 2 8 + 16 128 


\ 


+ a^x 




Problems 16.2, page 550 


1. y = C; cos \[x + c 2 sin \fx 


2. y = Qq 


r* 

l~x 2 + X 

> 

+a \ 

r 

3x s 

i_ _ 

\ 

jL A T’ r ..i 

4 

V 

j 

. Ctj_ j 

i 2_ 

10 

J 


3. y = (Cj +c 2 log x) 


, 1 2 1 3 

1 + X + ~-^X +-5-X + . 


<2tr 


(3 IT 


2c, 


X 4-—7(1 4- -|)x 2 + —g (l + 4 + ^)x 3 4- • 

(2 !) 21 11 (31) 2V 2 3/ 


4. y = Cj(l + x + x 2 /4 + x 3 /4.7 + ...) 4 + |x 4 x 2 /3. 6 + rV3 .6.9 + ...) 

r (< c 3 2 4 a > . f_. 13 

5. y = «o l-2x + — x -—x +^.J + ai 


log x + Of, | 3x - —x“ +. 


6. y = a^x 

7. y = c 5 x 2 


2 \ 
X X s 

1 + — +-4* . 

5 70 


1 f 2 

„ X X 

1 + — + — +, 

2 40 


+ a t x 

\ 


-it 2 


1 - x-+ 

2 


+ c 2 x 


m 


{ 


X X 
1 -T--+ . 

14 616 


+ c 2 Vx(x + x 2 12 .3 + x 4 /2.4.3.7 + x 6 /2.4.6.3.7.114...) 


8. y- cIqV x(l — x) + Oj 


, „ 3x 2 3x 3 3x 4 
1 - 3x + —— + — + -—- 

1-3 3-5 5-7 
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9. y = %(! ~%x + ix 2 + ...) + GjX^d —2x + 3x 2 -4x 3 + 


10. y = Cj( 1 + 3a:' 2 + j|x 4 .j + c 2 x 3/2 [ 1 + ~x 2 


1.3 4 1.3.5 6 

-* + _ * + , 


8.16 


Problems 16.3, page 557 


8.16.24 


1. 0.224, 0.44. 


1* y — 4- Ct^tJ 


Problems 16.4, page 562 


2* j - c 


3. y - x n \c 1 J Ti ikx) + c^y n ihx)] where n = — Cl - a) 

2 


4. y = x[c^J 1 {2x) + £^(2*)] 

7. y = Cj 4xJ n U) + c 2 Vx c/_„ (x) 


5. y = q JxJ 1 (2yfx) + c 2 VxF 1 (2>/x) 


11 


2 yA 

. X ~ Zj „2 


tX a n ^2 ( 3 «„> 


(ScCn^tSaJ - 2J 2 (2a„)) 


Problems 16.5, page 570 


3. (i) 2P 3 + 4Pj ; 


2 4 2 7 

(«) -P 3 + -P 2 -rPi ~^P 0 ; 
5 o D o 


8 47 

(m) -P s -4P 2 +yP 1 +4 

9 . U) /-(x) = - lP Q (x) - 1P : (x) + 1P 3 (x) + |P 3 (x); 

3 5 3 5 


8 


6 


34 „ 224 


(l») — P 4 + tP3 ~-^ P 2 + 'T*Pl “ 


35 


21 


105 


(ii) f(x) - -||P 0 (X) - ^(x) - ^P 2 (x) + |p 3 <*) + 


1. X 3 = —(3Tj + T 3 ). 

4 


Ip y n (x) = sin nx, n- 1, 2, 

3. y n (x) = cos nx, n - 0, 1, 2, 

5. = sin (2n + l)^ log I a [ 

£i 

6. [xe x y'Y + ne~ x y = 0, p{x) = e 

1. “(10-9P 1 + 8P 2 ) 

4. zero 

7. I x*/„(ax)</,,(Px)dx = 0 


Problems 16.6, page 572 


Problems 16.7, page 575 


2- y n (x) = sin \(2n + 1)tix/2/}, n - 0, l, 2, ... 
4* 1, sin x , cos a, sin 2a-, cos 2a,... 


, n = 0, l f 2, 


2. J(2/mx) COS X 


7. [e */]' + 2ne 1 y = 0 7 />(x) = e *. 

2 


Problems 16.8, page 575 


3. 


(2n + 1) 


5. zero 


d 2 v dy 

8. x —Xr + + xy =0 

dx 2 rfx 


6- ^W=^y„ +1 (x) + J J1 _i(x)) 

9. 7(2 / TOf) sin x 
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10. xV„_,(x) 

13. True 


16. 2P 3 + 4Pj 


11. ^(3x 2 — 1) 

4ft 


1 d n , 2 


14. />„(*) = 

n n!2 n tix" 


c^-ir 


Higher Engineering Mathematics 

12. zero 
15. a*J3 


18. -J^x) 

19. False 

20. True 

ii 

21. True 

22. True 

23. True 

24. False 

25. (6) 

26. (c) 

27. (in) 

28. (iii) 

29. (iit) 

30. (iT>) 

31. (iii) 

32. (iii) 

33. (iii) 

34. (iii) 

35. (iu) 


36. 0, 1. 


Problems 17.1, page 579 

1. z = px + qy + p a + q 2 

2. z 2 (p 2 + q 2 + 1) = c 2 

3. p 2 + q 2 ^ tan 2 a 

4. p + q = px + qy 

5. z 2 (p 2 + q 2 + 1) = 9 

6. py - qx - 0 

7 . py + qx = 0 

8. qx-py = x +y 

9. xys = px + py —z 

10. ayr = 2 (px + qy-2z) 

y 

ii 

* dy 2 

12. x(y - z)p + y(z - x)q - z(x-y) 

d 2 z dz dz 
dxdy dx dy 

16 a * 2 -fi 5 ' 2 -0 

ate 2 dxdy dy 2 

14. p + q = mz 

d 2 v a 2 d f 2 dv\ 

17 * dt 2 ~ r 2 dr [ r dr J 

15. px 2 + qy - 2\y 2 

d 2 z _ 3 2 z d 2 z n 

18. —s--2—— + ~5-=0 

dx 2 dxdt dt 2 

19. p(x - 2z) + q(2z -y) =y-x 

20. (y -z)p + (z -x)q = x-y. 


Problems 17.2, page 581 

* 2 

1. z = — log X + axy + <j>(x) + \|/(y) 

2. z = ^ x 2 y + xf(y) + <j)(y) 

3. u = - e~‘ sin x + ([Kx) + \|/(f) 

4. z = fix) + x<Ky) + \|/(y) - 

- -j^sin (2x + 3y) 

5. z = e* cosh y + e~ x sinh x 

6. z = sin x + e 3 ’ cos x. 


Problems 17.3, page 584 

1. x = z 3 flx/y) 

2. Jx - Jy = f (Jx ~ Jz) 

3. x 2 + y 2 + z a = f(x +y + z) 


4. [cos (x + y) + sin (x + y)]c J,_;r - <Ji 
6 . ♦ 


*M £ i 2+ f)' 


sin x sin y s 
sin y ’ sin z 


= 0 


9. x 2 + y 2 - z 2 = f(x 4- y + z) 

12 . x 2 +y 2 = f(y 2 -yz) 

15 . 


2 8 

7. x log (x 4- y) - z = f (x + y) 

10 . x + y + z = fixyz) 

13. <[>(y/z, x 2 + y 2 + z 2 ) = 0 


5. x 2 -y 2 = fiy 2 -z 2 ) 

8. x 2 + y 2 + 2z = [log 0O')] 

11 . <t>(x 2 +y 2 + z 2 ,xyz) = 0 

14. x 2 +y 2 + z 2 = f(y 2 - 2yz - z 2 ) 
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Problems 17.4, page 587 


1. z = ax — ay/( 1 + a) + b 2. z = ax + V(1 — a 2 )y + c 

4. (1 - a + az) = (x + ay + b) 2 5. 2 z- ay 2 - \ai(a + l)]x 2 + 6 

7. | z = (x + a) 3/2 + (y + a) m +b 8. Zz = (x + a) 3 + (y - a? + b 


3. 4z(l + a 2 ) = (x + ay + b ) 2 
6. z = a(x —y ) - (cos x + cosy) + b 


9. , „ * linh -i £ + + yj^l .si cosh -.z +6 

2 a 2 2 2 a 


10. ^ = ax + by + sin (a + b) 
13. z ~ axy + a 2 (x + y) + b* 


11. 2 = — (zx a) 3 + a 2 y + i 

D 


Problems 17.5, page 590 


12 . z = ax + by - 2 V(aft) 


1. z = W(ox) + V(6 + y)} 2 /(l + a) 
2 


2* z - ax b y yb 

3. ~ ± -4a 2 -2a 2 log 4- *Jz 2 - 4a 2 j j = 2ax + 2y + b 


4. log (z - ax) = y - a log (a + y) + b 


6. z = axe r - + 6, 


1. z = f^y) + f 2 (y + 2x) + Jc/* 3 (y + 2*) 


5. 2 V (2 - a — 6) = sfax + — 7 =y + c 

\(a 


Problems 17.6, page 595 


2. z - fjy -x) + f 2 {y + 2x) + xf 3 (y + 2x) + 


f I+2 - v 

27 


3. 2 = 0c + y) + xf 2 (x + y) + — x e** 

5. z = /j(y + x) + xf 2 (y + x)~ sin x 


4.2= ffo + x) + zf 2 (y + x) + f 3 (y + 2x) ~e 2x+y 


E 


6. y = f 3 (x - at) + f 2 (x + at) -- sin pt 


7. z = fjiy) + f 2 (y + 2x) + xf 3 (y + 2x) + 3x cos (Zx + 2y) 

1 2 3 

8. jpy x) + f 2 (y -2x) + f 3 (y + 3x) + — sin (x + 2y) + -x - 

1 « 1 

9. z = /^(y + x) + f 2 (y + 2x) + — e 21 - xe* - - cos (x + 2y) 

10. z = /'jty) + /^(y + x) + | (sin x cos 2y + 2 cos x sin 2y) 

11. z = /jCy) + f z (y + x) + ^ (sin (x + 2y) + cos (x + 2y)l - ^ [sin (x - 2y) + cos (x - 2y)] 

3 

12. 2 = f x (y + x) + f 2 (y - x) + — ^'^Isin (x + 2y) - 2 cos (x + 2y)] 

13. z = fj(y - x) + f 2 (y -2x) + 4x 3 y - 3x 4 14. z = f^iy - x) + xf 2 (y - x) + — (x 4 - 2x 3 y + 2x 2 y 2 ) 


15. z = f x (y - x) + f 2 (y + 2x) + ye 1 1 
17. z = f x (y - x) + xf 2 (y -x) + x sin y. 


16. 2 =/‘ 1 (y -x) + xf 2 (y - x) + f 2 (y + x) + ^( cos 2y + 2 sin 2y) 
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Problems 17.7, page 597 


xe 


1- £ = e x ^(y) + ^ 2 (y - x) - ^ 

2. z - ^i(y - + e 3x <t> 2 (y — 2x) + x + 2y + 6 

5. z = e I 0 1 (y) + e ^ 2 Dc + v) + \ cos (x + 2y) 


2_ z - + jc) + €^^ 2 (y + a) + ^e 2 *^ 

4 • z = f Y (y ) + &- x f 2 (y + Jt) + | x 3 - x 2 + xy 2 + 6* 

3 

6. z = /i(ar) + e 3 ' v / 2 (?y -x) + 14 cos (3 jc - 2y) + 3 sin {3* - 2j)J 


Problems 17.8, page 598 


1. Z = ^(ar) + <M* + y + z) 
3 . z - <> 1 (je>' 2 } + §jfo?y) 

5. y = $,( 2 ) + e*(j) 2 (z) 


2. z = + sin x) + ^ 2 (y — sin x) 

4. z = (J)j(y/x) + <j> 2 (x 2 + y 2 ) + xy 
6. v = ^ t (x + y + z) + x4> 2 (x + y + z). 


1. order two & degree two 
4. x 2 +y 2 + z 2 = f(x+y + z) 

7. z = ax + 11 - s/a ) 2 y + c 

10. First 

13. e = fjCv) + f 2 (y +x) + f 3 (y + 2x) 

16. c = 1 

19. ( iu ) 20. (iii) 

25. (iv) 26. (i) 

31. False. 


Problems 17.9, page 598 


2, z = f } (y + 2x) + xf 2 (y + 2x) 
5. - ^sin (x + y) 

8. yfx - -Jy = f(6/x- yfz) 

11. z = 2x +y logx + f(xy) 

14. 4y 2 p = g 2 

17. u = ^x 3 y + xf(y) + <Ky) 

21. (iii) 22. (iii) 

27. False 28. False 


3. z = -x 2 sin xy + yf (x) + <ji(x) 
6. xp +yq = z 

9. x log (x +y) = z +f(x + y) 
12. dz/dx = dz/dy 

15. u= J f (y) dy + <|){x) 

18. /j(y + x) + f 2 (y + 6x) 

23. (ii) 24. (iu) 

29. True 30. True 



Problems 18.1, 

pafi 

e 601 


l. z= ce iax \e^ ay4 

2. u = ce k{y y~ lM 



3. u = 8e~ lZx ~ 3y 

4. u = 3e x -y-e 2 *-^ 

5. u = 3e~ 5x ~ 3v + 

6. u = -^=sinh J2x + e~ 3y sin x, 

J2 


Problems 18.2. 

paq 

e 610 



Z . mvc MlCl 2 tb n TLX 

b n sin cos , w hen 6 = — f f(x). sin ——dx 
n=l Li n l Jo / 

.. . .. A f mwt , , nnctA . renx , 

2 . y(x, t) = 2 ^ I a n cos —-— + b n sin —-— 1 sin —— where 

2 ft . n nx 2 H . . mix 

o, = — /(x) sm — —dx, b = - £(x)sin —— dx 

1 1 Jo l n niw Jo / 

_ 8k f . tlx net 1 . 3tix 3;tci 

3. y = — T sin — cos —- 5 -sm —— cos—— + ... 

ji 2 l. I l 3 2 l l J 

, 8 hf . nx net 1 . 3tlx Snot 'i 

4 - S’ = T cos — - — cos — + ...J 
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. 4 l 2 c f . 7 lt 7t at 1 . Site t 3ra£ 

6. y(x , t) - —-■ sin — sin —-— sin ——- sm —— > 

aji ( / l o3 l l 

7, (t),y(£ T t) - a(x - x 2 - c 2 * 2 ); («) y(x, t) = —(1 - cos 2tix cos 2wct) r 

2 


Problems 18.3, page 617 


1 . «(*,*)= i*«nm?t sin 

7T ,f^ 0 (2n + l) 2 


\£ift i JLJiLJL 


100 


2 . > 

nhu »V 1 


. , 40 ^ [l-4(-l) n ] . (nrn 

3. u(x, t .) = ^ --sin I- 


n-l 


4. „(«,,) = -&c + 90-BV Asm —e"' W "“ 

1 1 “ n 5 

5 41 (2n-lbtx 


„ , , 5 4 1 ^ 

5. uix, t) = -- 


COS 


2 . 2 V (2n-l) z ‘ / 


400 r~i 

6, u(x 7 1) = 50-— y 


400 2 (2n — 1)7CX e _ ( J ! n 2 (2n-lV 1 (/2500 


, cos 


7. 6 = 


JI 2 V (2n-lf 50 

40,1 cos — - cos ^x + V' 5 "' 2 ^' CQS 

9/ a 9/ S 9/ 


8. V= y 0 e Vln/2A>a: sin [nt - V(«/2jfe) x]. 


30 


_ (armft 
€ 900 


Problems 18.4, page 623 


1. 


~-f I 


n^l s 3<5... 


sin nx sinh n(jt - y) 
n(n 2 - 4) sinh nx 


. {2n-l)7ar . , (tt-l)rcy 
aonn w sm- — sm ® —:^r““ 

= u(x v> _ 3200y 20 _20_ 

5. uKx,yi- ^ 2, (2n-l) 2 sinh(2n-l)jt 


8. u(x r .y) = cosh — cosh — (b - >0 sech —. 


tlx 


Problems 18.5, page 626 


sin (2n “1)8 
(2n -1) 3 


2. u(r,6) = 


w / 

I £ 


sin (2rc -1)0 


2n - 4n ft 4 " sin 2n0 


6 4n 

2 n-l 


(2n -1) 3 

t-i ‘2k f r\ 4n 

4. u(r, 0) a 2* —'I “ I ^ “ cos n ™ sm 4nQ 


8k V ' f r 'j 

1. u(r,6)=-X [-J 

0 , . 2 (a)* n r 4n - 

3. u(r,w) = - X T ~nT“ 

7t n = fT5... AW ° _ 

„„ 200 ^ 1 f r 1 ) 

5. u(r, 9) = 50-V --- - 

n " 2n -11, a 

6. u(r, 0) = cos 0^^ 4- sin 0^2r - 7. u{r, 6) = 4 cos 0 (r - Ur) + 4 sin 9 (r + 1/r). 


sin (2n -1)0 


Problems 18.6, page 630 


1. u= X 


J 9 (a m ) 


m-l 


oM<a„ 


-cos a JJIa/1. 


) 
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Problems 18.7, page 634 


* . TVC 

1. e = e n sin —- cos 


nt 


IJiLC) 


. . \(C} nx 

; l=l °- e °i(L) cos t 


nt 


sin 


i4cl 


\n+l 


„ 200-x) 24 ^ (-If- . nnx , 2 , 

3. v = — ——- + ■— > -——— sm- exp (~n l n“t / RCr ) 

Tt j£ —; n 

n = J 


l 


i 


M - 1 


4. y = V 0 cos (pt - p* 7(LC) 1- 


1. ^ = lc^,4 = ic^ 

<k 2 d£ 2 dtf 2 dt 2 


Problems 18.9, page 638 


du 2 
2 ' ¥=' 


' B 2 u B 2 u aV 

Bx? + W* + Bz? 


3. If u(jc, t) is the temperature, then temperature gradient at a point is dufdx for all t. 

4, elliptic 


6. u = + 30 


13. 


15. 


r 2 ^ + 

du 

d 2 u 

Br 2 

T dr 

36 2 

y(0, t ) = 

0, yd 

l,f) = 0 

u(0, y) = 

0, u(a, y} = 

du to, £) 

= 0,- 

dud, t) 

dx 


dx 

&L- r 2 

{ B 2 u 

+ d 2 u 

dt 

Ux 2 

dy 2 ) 


5. B 2 y/dt 2 = c 2 B 2 y/Bx 2 
7. parabolic partial differential equation 
_ 2* „ / 

9. y = — x, 0 * < y = —(2A - y), - < x < / 
11. zero 


- 0 for all t 14. y(ac, t) = fix + c£) + /lx — c£) 

where c 2 is the diffusivity 


16. u(x) = * 2 + 20 17. § 18.8-(6), (7), (8) 

18. u = 8e- m ~ty 19. z-4e 3x + t 

20. a 2 (= k/sp) is called the diffusivity of the substance (cra 2 /sec) 


21 O' r>^ du d j T>f^ dc 

a 7’ RC *’^ RC * 

23.§ 18.7-(3), (4), (5) 


no r ^ V), 

22. u(x, *) = 2 ,, K sm —r e 

n = I 

25. False* 


Problems 19.1, page 646 


1* 0) V2 |^cos ^ + sin cos ^ ^ j. ( ii ) - 8t/25 

2. -=£- 3. x = ± 1.5, v = ± 2 

x 2 +y s -2x + l 

5. A circle: centre (-1, 1) radius -J2 8. - 1 + iyj 3, - 1 - i^3 ,1 - i>/3; 4V3 

9. - 2 + 0. i, 1 - ij 3 10. - 1 - i, V 2(? sin 15° ± i cos 15°), V2 (t cos 15° ± i sin 15") 
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Appendix 3 ^ Ausm *$ to Problems 

11. ( i ) Annular region between the circles of radii 2 and 4 with centre (- 3, 0) including boundary of inner 
circle; (ii) Region of complex plane above the liney = 2; (Hi) Infinite region bounded by the lines 0 - jc/3 and 
0 = nl2; (iv) Real axis and region above it between x = ± 2 

13. ( i) Ellipse with foci at z = ± 1 and major for axis = 3 

(it) (a) Right bisector of the line joining 2-3 and z -- 1; 

( b) Circle through the points z- 3 and z = - 1; 

14. (i) Right bisector of the points 0 and 2; (ii) Circle through the points ^ and 3 

15. (0 A straight line; (ii) Circle with centre (1, 1/2) and radius V5/2 _ 


Problems 19,2, page 650 


5. 4midn(n + 1) 


7. 



Problems 19.3, page 653 


1. (i) (2) 1 ' 3 [0.98 ± ((0.195)16; (2) m [- 0.195 ± i (0.98)] 

(ii) (2) U5 cos 4 "* 3 n, where n = 0, 1, 2, 3, 4; (Hi) ± 2>/2 

(iv) 2 :! i/2 cos rit/9, where r = 1, 7 or 13 
3. ± i, l[V3±i),i(-V3±i) 

5. (i) 1, - 1, cos (± n/5), cos (± 3 ji/5) 

<«) -l, |(i±i V3),±tt + i)/i/%±'(-l + i)/V2 


(Hi) 


1 ± i —1 ±i 

Iz'IT 


; 1, cos 



(ii j ) cos (2 n + Dti/ 6, where n = 0,1* 2* 3, 4, 5; 2 (2m + 1)te/ 3, where m = 0, 1, 2 

6. (~l + i)/V2, (l-tVs/2 

7. ± 1, ± (, ± ^cos ^ ± i sin ^ j, ± ^cos ^ ± i sin ; Last four values 
9. x 3 + x 2 - 2x — 1 = 0. 


Problems 19.4, page 655 


1* 32 cos 5 0 — 24 cos 3 0 + 6 cos 0 

13. - (2)“ n (sin 120 - 2 sin 100 - 4 sin 80 + 10 sin 68 + 5 sin 40 - 20 sin 20) 

14. sin 5 0 = A sin 0 - B sin 30 + C sin 50, 


Problems 19.5, page 661 


s_ ^ 2 ) 

1. (/) e x cos 2xy, e x ~ y 


sin 2 xy (ii) ie B . (Hi) e lG cos 30, e 16 sin 30 
5 . \(pq* -p'qXqr' - q'r)\ 2 - \(pq* - p'q} 2 + (qr - q'r) 2 ](pr' -p'r) 2 

10. 7 TT (cosh 70 + 7 cosh 50 + 21 cosh 30 + 35 cosh 0 ) 
o4 

17. -log 3 


18, - 13/12, 
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Problems 19.6, page 664 


1 + sin 9 


according as cos 9 is + ve or — ve 


10 . ±7 + 7 log . 

4 4 1 - sin 9 

11. sin -1 [^sin o) + i log (1 + sin 9) — yjs in G j, 


Problems 19.7, page 667 


1. (i) log, 10 + i [tan -1 (4/3) + 2/nrj; (ii) log, 1 + i (it + 2 nn) 

4. (i) V2 e - (3n -^(2n-A)7t + lo g y2; («) e V ' 8 , (jt/4) log, 2 

9. ^[±{cos 2x + cosh 2v)] - i tan' 1 (tan a- tanh y) 

10. (i) 2/iit ± i log (2 + 73 1; (m) - 1 log 3 + (n + i)iit * 


Problems 19.6, page 669 


1. e™ cos (6 + sin 2 6) 

2. sin a cos (cos p) cosh (sin p) — cos a sin (cos P) sinh (sin P) 

3. tan~ 1 : X - m ^ - , except when x - 1 and a = (2n + 1 )tc 


1 + x cos a 
5. — ^tan -1 (cos p cosech a) 

7. (2 cos 0) ~ m cos 0/2 


„ . | n- lS) . rcp P 

9_ Sin | a + ——— p sin cosec ^ 
Z } z z 


4. log (2 cos 0/2) 


6* | tan" 1 


2c sin a 
1-c 2 


sin a (cos a - sin a) 
1 - sin 2ot + sin 2 a 


8. sin n(K ^ — /(2 sin a/2) n 

cos fa + i (n - 1)PI sin n ^ 

10 . - 2 - 2 

sin |p 

1 — a cos 0 - x n cos n0 + x n +1 cos n - 1 6 
1 - 2x cos 9 + x 2 


12 . 


Problems 19.9, page 670 


2. 0.053 radians 


3. 1°59' 


4. 39.7. 


Problems 19.10, page 670 


1. (6) 

2. (c) 

3. (6) 

4. (c) 

5. (6) 

6. id) 

7. odd 

8. 32 cos 6 0-48 cos 4 9+18 cos 2 9 

9. 6(1 — 2D 

10. 2t sin /;9 

11. ^(-6+ 17i) 

12. cosh x cos y 

13. jk radians 14. 1 

15. - cos x sinh y 

16. e -n/4,/5 17. a + P + y 

18. 2i nn 

19. real 

20. sinh § 

21. sinh 2(|i/(cosh 20 + cosh 2<D 

22. 16 cos 5 a 

- 20 cos 3 a + 5 cos a 

23. an equilateral 

24. it/2 

25. x = ± l,y 

= - 4 26. a circle 

27. True 

28. True 

29. True 

30. True 

31. False 

32. True 


33. False. 
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Problems 20.1, page 682 


4* a •= ! t 6 = - 6* c = 1, d = 2, e = 4 
6. (j) and («) Not analytic. (i£i) Analytic 
7* p= - 1 

11 & 12. /lz) is not analytic at origin although C-R equations are satisfied there 
14* (t) z 3 + 3z 2 + 1 + £c ; (££) cos z ; (m) log z ; (to) £/z ; (t?) e? + t{c - z); (t/i) ze 2 * + ic ; (mi) z sin z ; (uni) x 2 ^ + ic 

15. (0 (1 + i)lz + c; (££) cos z + c ; (tii) e*; (£u) ze 7 + c ; (v) 1 + ize ~ 2 ; (vi) (2 cos x cosh y)/(cos 2x + cosh 2y) 

16. (i) f(z) = c-iz 3 ; (ii) f[z) = - cot (iii) + e j & + c 

17. y = 3xy 2 - x 3 + c 

18. 2 tan -1 (y/x); 2 log z + c 20. lj = C - cos (x 2 - y 2 ) \fi_z) - C - ie* 

22. (£) x A — 6x 2 y 2 + y 4 - c (ii) x 2 -y 2 + 2e* sin y - c (iii) r 2 sin 20 = c' 

23* (i) xf(x 2 + y 2 ); (ii) £ log (* 2 4- y 2 ) 

24. (i) a (1 + cos 6 + i sin 0 log r); (ii) (r + 1 Ir) cos 0 + (r - Ur) sin 6 + c 
27* -2 tair 1 t(y -2)/(x- l)] f 2i log(z~l^2t). 


Problems 20.2, page 687 


1 * z = ± i 2 . w = - Hz 

3. w = (2i - 6z)/(£z ~ 3); fixed points z = j\ 2£; no critical points 
(20 +18£) - (32 + 12i)z 
4 ‘ W= (29 + 17i) - (11 - 3i)z 

5. (/) w - i(l -z)/(l + z ); (ii) w = ^ — —— (iii) w = (1 — z)/(l + z). 

2t + {1 + i)z 


Problems 20.3, page 692 


1 . (i)l(w) > 0 ; (ii) Region bounded by the parabolas v 2 - 4(1 ± u) ; and u 2 - 1 - 2u ; (iii) Region bounded by 
parabolas u 2 = ^ ± u , v 2 - 4(1 ± u) ; (n;) Region boundary p = 2 cos ^ + 3, 

2- uj = z 6 

3* Lines parallel to x and y axes map into two families of rectangular hyperbolas in the i£-plane which cut 
each other at right angles- Lines parallel to u and v axes map into two families of parabolas in the z plane 
which cut each other orthogonally. It is conformal at z = 0 

4. (a) Line 4v +1 = 0 

5. ( 6 ) Every circle through the origin (z - 0) transforms into a st. line not passing through the origin (w = 0), 
If a line passes through z = 0 P its image is a line through w = 0 , ( 6 ) Circle with centre (172,1/2) and radius 

( 1 / >/2 ) (c) Lemniscate p 2 - cos 2 <j> 

10 * z = ±a 11. See § 20.10 (3) 14. See § 20.10(4), 


Problems 20.4, page 694 


1* z = cosh w 3* w - sin z 4. w = log z. 


Problems 20.5, page 696 


1. (a) (5 - i)/6 (b) (5 + iV6 


2. (i) 4 + (25/3)i; (ii) 4 + 8i 
7. (a) | (i - 1), (6) ~ (5i - 3) 


3. ~(64i -103) 
9. (i) I; (ii) - f. 


6. (i) i. ; (it) 2i; (iii) 0 
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1 . (i) 0 ; ( ii ) 2 ju 

4. (i) 5ni ; (ii) ni/2 (Hi) 4m 

7. (i) 8 ra ; (ii) 0 


Problems 20.6, page 702 


2 . 0 

5. (a) - 10 ni (b) 2nie 

8 . (i) 0 ; (ii) 2tt(6 4 13i); (Hi) 12m 


3, (a) zero ; ( b) zero 

6 . ( i } 4 m ; (ii) 27rie _1 ;(iii)-m 

9. zero. 


Problems 20.7, page 709 


1. ^ (-l) n + I n(z - l)" ; Convgt. in \z - 1 1 <1 

rt= 1 

2. flz) - i ^ (z + i) - (z + 1 ) ? 4 ..Region of convergence is \z + t j <1 

3 y z7 

3. (i) Hz -1) -\(z - if + \(z-l ) 3 _.(*£) —* (z — jt/ 2) + (z - 7t/2) 3 /3! - (z - ti/2) r /5! + ... 

z 2 2 


m m / | S/l 

(Hi) (a) f\z) = - “ ^ {-l) n (z + l) n - — ^f Z * j in the region |z 4 1| <1. Also, (z + 1) < 4 

/i =p u=0' ^ 

( b)fz) =- i Jo in there K ion I 2 ~ !| < 2. Also |z - 1|<3 

n =.Q ^ * /j — Q - * 


4. (i) —~T + -“— o + -“— 3 " + '" + 4 

2 + l (z + 1) 2 (z + 1) 3 2 


1 + 


z + 1 (z + 1) 2 (z +l ) 3 


(ii) 

R- (i) z 


U) ±(i + l + ± + )-± 
4z{ z z 2 J 12 


2 

2 \ 
3 9 


1 - 4 + 4 --... 


®-2sr+- 3 Z 


(z- 1 )' 


n-1 


2 (z — 1 ) 2 n 


+ i 


(z - ir 2 + (z - if 1 + ±+4 (z - d + 4 (z - d 2 +.. 


(ii) e 2 (z - 1 )" 3 + 2 e 2 (z - 1)“ 2 + 2 e 3 (z - 1)~ 1 + —- + (2 - 1 ) + 

o o 


6 . (i) . (z- l)- n for |z - 1 | > 1 . (ii) - £ 


2n-5 


n = l 


7. «) 1 + - 

z 


n -2 


2 (n - D! 


1_ 2 + 2 1_ 2 1 + 

2 z 2 z 3 


.... 2,3,3 

(«) - - +-- + 


2 + 2 ' (z + 2) 2 ' (z + 2) 3 + "' + 5 


2 3 

z z z 


- " 1 - .r + r- - r_ 
^ 3 3 2 3 3 


, ^ + 2 (z + 2r (z + 2r 

1 4- —-— -I- - -4 --- 


t , 7 9 45 81 

(“ l > (o > ~— + ' 
2 z z z 


(b) 


5 5' 

5 


+ ... 


7 z -3 5(z-3 ) 2 7(z-3 ) 2 

4 -- , - -— . -- ■ • - 4 — __ 4 , 


2(z - 3) 12 24 


432 


864 


z 5z 2 

+ 21 z 5 ~ 

* ih \ i 

f" 1 *1 3 

1 1 Z Z 

4 16 

+ 64 2 - 

....,(6) 3 

^ z 3 4 16 


J 


, * 1 3 

’ ^ 3 5 + 

z z 


9. z - 0, z - 2 are the isolated singularities 10. z = 0 is an isolated essential singularity 

11 . z - 0 , is a non-isolated essential singularity 

12. z -1 is a pole of order 2 13. z = 1 is a pole of order 4 

14. ^ = a is a double pole and z - 0, ± 1, ± ..are simple poles* 


Problems 20.8, page 715 


1. “ i “ 2/ 4 3f 4 4i t 2 4 where t = 2 — i ; - 1 
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2 . (i) 3e/2 ; (/£) Res (z = - ai/2) 

3. (r) Res /TO) = - 1/2, Res /T2) - 2^; 

(ii) Res f(-l) = 0, Res fii) = ^% , Res f[~ i) = 2i “ 1 


(iii) Res f[~ 1) = 1, Res fli) = 


2(1 - i) 

2 +■ i 
-1 + i 


, Res/T- i) - 


2 (* - 1 ) 
-2 + ' 


1 + f 


4. 

ii) Res /TO) 

= - 4/3 ; (it) Res /li) = 

; Res fl- i) = ~e ; (tit) 

5. 

(i) 0 ; (ii) I6 tu/(2 + 3i) 


6 . 

(0 ™f 

o 

(ii) 0 ; (Hi) in/4 

7. (t)7tt; (it) 7t/2 

8 . 

(i) - 2 m ; 

(ii.) ni ; (nt) n/16 


9. 

(i) - 2 ju ; 

2 r 

(ii) 8iu/3e 2 ; (/it) —— ; 

(to) — u? z 

10. 

(/) 21ld - 
U 16 ’ 

(ii) 2ni sec 1(1 + tan 1); 

(iii) - 2m 

11. 

2m 


12 1 1 + lz - 
z 2 6* 360 : 

Problems 20.10, page 723 


1 . 
■ ; “3 ra - 


1 . 
7. 
13. 
16. 

19. 

22 . 

25. 

28. 

31. 

34, 

37. 

38. 

39. 
41. 

43. 

45. 

47. 

48. 

51. 

54. 

57. 


(0 

(«) 

(ii) 

3a 2 >■ -y 3 + c 


2 . (iii) 
8 . (ii) 
14. (iii) 


z=h iu + v/3) 

2 3 4 

z z z 
z - — + + — 

2 3 4 


~ \(z - affix) I 
dz 


z~a. 


zero 
z- 2 
zero 


3. 

(a) 4. (iii) 

5. 

9. 

(iii) 10. (ii) 

11 . 

15. 

17. 

v(x,y) = x 2 ~y 2 + 2y + c 
u + iv is an analytic function 

18. 

20 . 

* ~ \ + ^ 

21 . 

23. 

2 = 0 

24. 

26. 

zero 

27. 

29. 

zero 

30. 

32. 

e x sin y 

33. 

35. 

no point in the 2 -plane 

36. 


6 . (ii) 
12 . (i) 


3u _ 3u 3w 
3a: 3y* 3y 


3e/ 

3r 


3u _ 1 du 

dr r 30 1 3r r 30 


A simply connected region is one in which any dosed curve, lying entirely within it> can be shrunk to a 

point without going out of the region 

which is analytic or regular 40. 2 = 1*2 

(Z t - Z 2 ^ Z 3 “ z 4^1 “ z i& z 3 “ Z 2^ 42. * 


1 3 7 2 15 g 

2 4 8 16 


44. ± i 


1 46. Magnification and rotation 

The coefficient of (z - a)" 1 in the expansion of/f z) around an isolated singularity (z = a) is called the residue 
of flz) at that point. 

2 nt 49. zero 50. 2=1,2 


I|i + £ + ^ + 4 + ... 

2 2 4 8 


52. U2 


§20.14 55. ±i 

Zeroes are at z = ± 1, singularity is at z = 0 


53. z = 0,2 

56. zero 
58. -1 
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59, essential singularity 
61. sin z = J= l + (z- 7 r/ 4 )- 

V2 


60- zero 

(z - Jt/4) 2 (z - Tt/4) 3 (z-n/4) 4 


2 ! 


3! 


4! 




62. a circle with centre (3, 2) and radius 2 in ie-plane. 63. tin, n an integer 
64, (^(a)/!/ (a) 65. circles 66. True 67. False 68. True 

70. False 71. True 72. True 73. True 74. True 

76. True 77. False 78. False 79. False 80. True 

82. True. 


69. True 
75. True 
81. True 


Problems 21 -1 f page 732 

i. 

1 j 24 ( 3(s - 2) 

2. 

1 

^ +J( U ) 

3. 

3s -20 

s - 2 s * s * + 9 

s 

s 3 ' 2 \ U J 

s 2 - 25 

4. 

$ cost — a sin b 

5. 

s 2 

- 2s + 4 

6. 

2(s z - 5) 

sUa 2 

s(s 2 + 4) 

(s 3 + l)(s 2 + 25) 

7. 


8. 

5 

| 1 3/2 1/2 

I " 

s(s 2 + 28) 

2s 3 /2 

4 ' 

|s 2 + l s 2 + 9 s 2 + 25 

(s 2 +4Xs z +36) 

10. 

b 

11. 

1 

ea 

O 

CO 

12. 

30(s + 3) 

(s + af ~ b 2 

s - 

2 s 2 -4s + 20 

(s 2 + 6s + 13Xs 2 + 6s + 73) 

13. 

2 

14. 

1 

f 3 4(s - 2) s - 4 


{s + IXs 2 +2s + 5) 

8 ' 

|s-2 s 2 — 4s +• 8 s 2 - 

8s + 32j 


15. 

a(s 2 + 2a 2 ) 

16. 

3 

1 s 2 -13 

17. 

2 

s 4 + 4a 4 

2 

s 2 -9 s 4 - 10s 2 +169 

(s + 2) 3 

18. 

1 i 3 1 6 1 6 

19. 

, (4s 2 + 4s - 1) 



« (s + 1) 2 (s + 2) 3 (s + 3) 4 

— 

(4s 2 + l) z 



20. 

4 e~ s 

21. 

1 + 6"“ 

22. 

e~ m/3 

s $ 

s 5 

! +1 

s 2 + 1 

23. 

- 2ra/3 8 

24. 

2 

_ 2^ - 3fi 

e (O .L .1 ^ 1 E/, 1 \ 


s 2 + 1 

s 3 

^ UO T ^4 i T -- 

5 £ 

— 4- / 


25. 

4 






(s - IX s 2 -2s + 5)' 






Problems 21 -2, page 734 i 

i. 

(Us 2 T) - e~ sT /s(l - e sT ) 

2. 

[Ewf(s 2 + uj 2 )] coth ) 

3. 

(a/s) tanh (as/2) 

4. 

( 1/s 2 ) tanh ^ as 

5. 


1 

6. 

(s 2 - 2as + a 2 + b 2 )' 1 ' 2 

V(S 2 +G 2 ) 

7. 

2 






(s - 2 )V{s + 1) ' 






Problems 21,3, page 740 


s +1 

s(s 2 + 2s f 2) 


2(3s 2 + 4) 
s 2 (s 2 + 4) z 


16 

(s 2 + 4) 2 


1 . 


4. 


5. 
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2s 3 - 6a 2 s 


6 . 


9, 


, 2 , 2.3 

(s + a ) 


8(s + 2) 


7. 


10 . 


2 as 


,„2 „ 2 i 2 

(s -a ) 


8 . 


6 (s - 2) 


(s 2 -4s + 13) 2 


s + 4s ■+■ 20 
12. cofMs) 

15. cot -1 (s + 1) 


2 fs 3 + 6s 2 + 9s + 2) 
(s 2 + 4s + 5) 3 


13. i ]og{(s a + 36)/(s 2 +16)) 


11. log {(s + 6)/(s + a)) 
. ( 3 , 1.2 'i 


14. — log 


s*+b* 


16. ilog 


s 2 + 9 ^ 
« 2 ; 


18. 


1 2s 

h T ’ 


(3 


s - log 2 ( s 2 + i) 2 2 


+ 77 log 


s + 9 


s 2 + 4 


19. (i) log 2/3 ; (ii) rc/8 ; (Hi) 12/169 ; (iu) 


2 (s — a) 2 
17. cot -1 s — log (1 + s" 2 ) 

8 (s +1) 


s (s 3 + 2s + 17) 


21. (t) - cot -1 (s); (it) —. ■ 


.... cot -1 (s-1) 

; (iff) ---- 


s s 2 + 2s + 2 


Problems 21.4, page 743 1 

l, ~ ^cos ~ - sin ^ j - 4 cosh 3tf + 6 sinh 3£ 

2. e^-e 21 

3. 2e ,ri + 2c" 3 

4. e® + 2e~ 41 

5. | (Sc 2 ' - e ~‘) 

6. cosh t 

7. gi + e ~ 2t — 2c 3 ' 

8. 2c 3 '-fc 2 ' -fc 7 ' 

9. I e '- e *+f# 

2 2 

10. if sinh t 

11. if(c'-e- 2 ') 

12. — (3c 3 ' - 3 cos 2t + 2 sin 21) 

13. i(sinf — fe~') 

14. i fcos af + cosh ofl 

15. (ia 2 ) [e at -e~ tlU2 (cos (V3erf/2) 

+ ^3 sin (V3of/2))] 

16- ^ (5 sin t — sin 2 1) 

17. |f- 2 (6 cos 3f - 7 sin 3/) 

18. — (1 + e ~ f ) sin f + f- (1 - e~ 
5 5 

0 cos t 

19. | e~ l (sin t + sin 20 

20. (2/V3) sinh (|0 sin (|V30 

21- cos at sinh at. 

Problems 21.5, page 750 1 

1. ~ (£T 5, + 5/-l> 

2 - 

3 - 

4 - ?l , 4 sin “') 

5. i + cos t + 1 

2 

6. i f c“ 2 ' sin 2t 

2 

7. t sin at 

8, | {a 2 t 2 ~4at + 2)e~ at 

9. 

t 

10. J {e- bt ~e~ nt ) 

11, er* -e^ 2 * - e~ 3t 

12. y (cos at - cos bt) 

2 

13, ~ (1 — cosh at) 

14, y (e* — cos t) 

15. !in2 ‘ 

16. sln ' 

2 (sinh t — t cosh r) 

17. -x- 

- bt - at 

18. e ~f 


o-6 
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19. ——rr (sin at — at cos at) 
2 a 3 


20. -77 (at - sin at } 

Cf 


Higher Engineering Mathematics 
21. f (e~‘ + 1) + 2(<r'-l) 


22. ~ (e 2 '-e“ 2 '-4 te~‘ 2t ) 

16 


1 t 2 

23. y^-(3 sin 3/ + 2 cos 2t - 2e _2f ) 24. ~ + cos / - 1 


25. 


- 2 * 


54 


(sin 3f - 3/ cos 30. 


Problems 21.6, page 754 


t 7 -1 3 -at 1 f 

1. y = t e ” — e te 1 

4 4 2 


2_ x = — sinh t 


4, y 2t + 3 + 5. y 4c 3 * (1 + 0 - 7e' 


3- y = t — 3 sin t + cos £ 
6_ y = 2 cos 5£ + / sin 5 t 


7. y = —- sin art 
^ 2co 

9. y = 4 (cos kt + cosh AO 


8- J = |- c f - ^ c 31 (2 sin t + cos t) 

10, y = [(3 - £ 2 ) sin t - 3f cos f| 11. y = ^ e“ f (sin t + sin 2t) 


12* y = —^ ^ e ( cos 2/ + e“ 1 sin 2t 13* y ~ e 2t (x 2 - Qx + 12) - e* (15x 2 + 7x +■ 11) 

5 5 10 


14* x = ^ sin sin £ — ^ t cos 21 

y y ij 

16. y = e 2t 17* y = f 

21. (n sin at - a sin nt) FJmn{n 2 - a 2 ), where n 2 - k/m. 


. 1 (3 sin t 

2[—- 


COS t 


18. y = 3 J 0 (20 


Problems 21.7, page 756 


1* x = -1 (e 1 + cos t + 2 sin £ — f cos f), y = ^ (f sin t - e' + cos f - sin t ) 

2. x = e* + e~*,y = e - * -e l + sin t 3, x = 2 + f 2 /2,y - - 1 - £ a /2 

4, x - ~ {5 - 2e“' — 3c" y - i (e~ f - e~® /n ) 5* x - e 6 (1 + 2 1) + 2e 3 -* y = sinh £ + cosh t — e ~ 3f - te* 

IP 5 


6* i, = ——— (sin otf + sin pt); i 0 - u (cos o#—cos pt). 


p + m 


p- CO 


Problems 21.8, page 762 


l. 


s' -I- 4 


(e~~ 2ia - e~ Am ) 


2. (i) (1 - 20 uit - jc) + 2tu(t), 4 + f — - 4 

s 2 l s s J 


(«) t 2 tuft) - 2)], 


2(1 - e~ 2s ) 4e~ ds (1 + s) 


- 2s 


S S 

(iii ) (u(f) - uit - 7 1 )} cos (iirf + <()); [(s cos <)> - (0 sin 4>) - e~ sT x (s cos «j> + toTO - w sin (4> + coD}]/(s 2 + to 2 ) 


3. (i) 


s 2 -hi 


^ — + —- — ^ 

S s 2 + l, 


e ^ - 


s +1 


- 2jl5 


(it) 


s 2 + 1 


+ e 




> 


f 

\ 


S 

S 

+ «r 2,ls 

S 

s 


+ 

c-i 

s 2 +1; 

,s 2 +9 

S Z + 4 ; 


(iii) 4 U + e -2s (2s 2 - 1) - 2e -4s (1 + 4s)} 
s 3 
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4. (i) e-Vfc - 1); <u) 2e-% 3 ; (iii) e“ 25 + -| + —1 ; (iu) fT s (2 + 2s + s 2 + s 3 )/s 3 

U 4 s 3 s 2 « J 


5. 20e" 2 

6- (0 - sin t. u(t - n); 


(ii) | <* ~ 2) sin 3 it - 2). uit - 2); 

u 


(tii) | e-«- »(i - l) 2 u (t - 1) tin) 3 - 4 (f - 1) u (t - 1) + 4 it - 3) u <£ - 3) 


7. y = 1 sin 2( + i (1 - cos 2£) - jl 1 - cos (t -1)« it - 1)J 

8. x = 3 - 2 cos t + 2 [f - 4 - sin (£ - 4)} u (£ - 4). 


9. yCc) = 


2 Wx (3Z - 5x) 


81 El 


, 0 <x <//3 


2W** (3/ - 5*) W 


8 LB/ 


6EI 


HM 


< X <1 


10 • ^ - li? + 2® - 2® - ' /2> ‘ “ fe - ™ 

11. x = sin nt ; ~ = — e “R* /2m ( cos ain nfl , where n 2 = —-^- 5 -, 

mn a£ /n v 2mn J m 4 m 2 


Problems 21.9, page 764 


1. 


2s 



2. 

id) 

3. 

(6) 


(s' 

s +d 2 




4. 


i 



5. 

te- 2 * 

6. 

1 

e~ a sin 3£ 


7 

- 4s + 5 



3 


7. 

sfw-m 



8. 

4 (2-3 fier** 2 

o 

9. 

1 

A + _ 




2 

s s 2 - 16 j 


10. 


1 



11. 

k\ 

12. 

2 


8 - 

-log 2 



is + 1>* + 1 

13 

13. 

e -atb 



14. 

r (3/2 Vs 372 

15. 

s 2 /(s) - sfi0)~f'{0) 

16. 

1 

3s 

s 


17. 

coir 1 (s/a) 

18. 

e 

*f 4 

4 

s 2 +16 s 2 

+144 _ 



24 

19. 

$ cos 3 - 2 sin 3 
s 2 +4 



20. 

(e) 

21. 

fit 

-a) u it -a) 

22. 

e~ l 

IS 



23. 

1 - 3£ + 2£ 2 

24. 

J/«> * 

25. 

fit) dt 



26. 

1 

27. 

2 (s - 3) 

Jo 

a-e~ st ) 



(s + l) 2 (s + 2) 

s 2 

— 6s + 34 s 2 — 







p ~3t 




28. 

l/(s - log 4) 



29. 

C 

■Jm) 

30. 

id) 


31. 

t . t 
-sin - 
2 2 

32. (c) 


33. (c) 

34. {ii ) 


35. 

(iu) 

36. (ti) 


37. (iu) 

38. (i) 




12 
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39. [ b f(x)dx 
43. True 


40. (ii) 
44. False 


41. ( Hi ) 
45. False. 


42. id) 


Problems 22.1, page 776 


2 p sin X cos Xx„ n * * - n . . 

1* — I —-—-- dX ; — for | x | < 1, — far | x \ - 1, 0 for | x \ > 1 

X 2 4 


>. * r 

n Jo 

4 f" sin ta - tacos to _ 2 r* 

2. (t) — ----— cos tor dm (it) — I 

jt Jo to n Jo 


cos car 


dm 


a + to 


2 i^jjj cts 

4< (/) —-, jt; (ii) 2 l(a 2 s 2 - 2) sin as + 2as cos as)/s 3 


5. -=- (sin sa sa cos sa) 
s 3 


6 . (i) V (3 jt) e 3l “ M (ii) ^ e <3ts -> *> 


7. 


1 — cos 2s sin 2s 


8. V(ji/2)e~ 


9. 


a~ + s z ’ 2a 


^ 

e 


10 . 1 


13. (i) —(1 - e ~ a£ ) (ii) tan" 1 (s/a) 
2a“ 


11. 1 s* Ha ; . ^ !? 14a 1 


a 42 


’ 2a 3 42 


14. 


sin [a (1 - s)] 

sin [a (1 + s)]) 

1 - s 

1 + s 


15. 2/(ns 2 ) 

17. (it/s ) cos sic 


(U) (2 cos s - cos 4s - l)/.s 2 - (2 sin s)/s 


16. F s (p) = - 32 (- \flpn ; F r ip) = 32 f 1 

P n 

19. /(*) = (2 + 2 cos x -4 cos 2x)/Jtr 20. 2/it(l + x 2 ). 


Problems 22.2, 

pag 

e 780 

2 . I P dt 5 . 2 | 

4 J-« 

fl “ COS 


l s 2 J 

Problems 22.3, 

pag 

e 763 


1. - [e -( + e 2t (3t — 1)] 

9 


2. — (e - a - 2 sin i - cos i) 
5 


3. (sinh at -at)!a 2 


4. _ [e? (jc - 1 > + cos jcJ 
2 


5. — (sin t — t cos t). 

£i 


Problems 22.4, page 791 


1. y = 30 e~ m cos 5x 

, 2 f 

3. u(x, t) = - I 

rt 


2 V ^(1-cos mr) 

f 77.TT 


/T = 1 


2 f- _ f sin (1 + x) s * sm (1 - x) s . , 

e * f i - - ds 

0 s 




til + x 
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Problems 22.5, page 792 


X. «s)= fVtteoB** 2. § 2 /2 

r jo 


3* The Fourier transform of the convolution of f ( x ) and g(x) is the product of their Fourier transforms. 

— r JP («)«"“ ds 5 . f t n fit)e^ dt 

2k J— J ~ “ 


4. f[x)= — f Fi B)e"“ ds 

2tc J— 

7. — f sin kx f fit) sin Xt dt dX 8. — 
n Jo Jo a 


10 


. — f sin(tac)dA, f sin(Xf)dt 11 . — f fix) - cos dx 
7i Jo Jo l Jo l 


„ _ „ , 2 [1 - cos pn 

11 p = l 


sin p* 


16. l/(s 2 + 1) 
19. True 


P J 
16. True 
20. False 


17. False 
21. True. 


6. e*“FT«) 

9. -s 2 [F(u)j 

i2 - Hi) 


14. —F(s/2) 
2 


18. True 


Problems 23.1, page BOO 


1. (i) e°*; («)z(e~*- 1); iiii) 


z-e 




, 2z zlj2 z 

2. (t) --— + —-?=-+ ■ 


iz - 1) 2 z 2 - 72? +1 z - 1 ’ 


.... z 3 -3z 2 + 4z 

(») -=— 

(z -1) 3 


..... z(z +1) 3z 2z 

T -— + 


(Hi) 


_ ... 2 ^ sin 0 .... z(z-cosk/8) 

6. (i) —- («) cos a —--— sin a 


iz - 1> 3 iz- l) 2 Z - 1 
z sin Jt/8 


z 2 - 2z cos 0 + 1 


z 2 2z cos n! 8 + 1 


z 2 - 22 cos jc/8 + 1 


7. 


z{z - cos 0) ziz 2 cos 0 - 2z + cos 8) 


z 2 - 2z cos 0 + 1 


. I z | > 1; 


(z 2 — 2z cos 0 + l) 2 


9. (i) —~r ; (ii) Z & 


12 . 


z-e 

z 2 g + 3z 2 ) 
(1-zHl + z 2 ) 


..... (z + e-“)e- a 

; (i«) 


iz-e~ a f ' (z-e ~ a ) 3 

13. u 2 = 2, u 3 = 11. 


8. ~,| z | > 11 ■ ** 


z 2 +1' 


z 2 + a 2 


1. 

4. 


~r i 1 2 t > 4 
z - 4 

2. 

—; | z | > 5 
(4 — 5) 2 1 ' 

5. 


7. (1 - e a /z )~ 1 ; | z | > | e“ |. 


Problems 23.2 page 804 


; | z J <2 


2 - z 


Problems 23.3, page 607 


3. 


3z 


(4 - z) (z - 3) 

6. e 3 * ROC is z-plane 


; 3 < | z | < 4. 


1. —(3 n + 1 - 1) 
5. 4a n 


8 . -■ 


1 1 

■+- 


4 (2f- 1 (- 4} n 


2. (n + Dc’ 

6. (1/3)" -2" 

9. (n 2 + 7n + 4) (4) n - 1 


3. — n (n - 1) 
7. n 
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13. u„ = (2)" - 1 + (3)"" 1 + (4)" - 1 (n > 0) 


12. (- 1)" +1 - 2 n + cos rni/2 
14. (i) 


13. l-e~ at 


' 1 z z 2 z 3 J 

| 

r , £ 3 \ 

1 Z 2T Z 

JL. J. 4 . | - 

t 3 3 2 3 3 3 4 i 

T 

2 2 2 2 3 2* J 


11. 2 + (2)" + 3{n - 1) 2", (n > 1) 

; (ii)(-2 n - 1 )z- n , n >0 


(Hi) (3" ” 1 - 2 n_ x ) z - ", n £ 1, 0, ra < 0 

15. — (n - 1) in - 2)5" _3 , n > 3 and = 0, n < 3 
2 


16. 2(-O n ' 1 -(-2) n " 1 


17. 


3 3l 2j 


is. u n = i + - [<iy- 2 + (-;)"- 2 i 


8flf 3 y— 


l. y k = , , 

5 ^2J 5^3 

3. y„ = 2 n - 1 +(-2y- 1 



5. 


y n = |[ 2 (-ir +( 2 ) n ] 


is. i-if-ir 1 

3 3l 2j 


20. 2 n sin (nn/2), n = 0, 1, 2,... 


Problems 23.4, page 811 


2. y(/i) = in - 1) (- 1)" - 2 yin - 2) - 2 n 
4. fin) = 2 + (-4)" 

6. 36 


7. y n = (Cj + C2 n) 3" + •— n(n - 1)3"" 2 


9. y„ = 2 




ii. y„ = I<-iy—?(-3) n + — (2) n 
3 5 15 

13. 4»+(c 2 -j) 2" + 2n-| 


15 - ?„ = 


1 9 

- - -<- 3 )" 

4 4 


H(«) 




8. y n = c : + c 2 .3" + 5 n /8 
10. 5.2" 

12. y k = 1 - 2k + 2* 

. . 1 ,, n . 1 kn 

14. y* = -(A + 2)—cos- 

16. y n = (-2y- 1 ,(n>l). 


Problems 23.5, page 811 


1. z/(z - 1) 2 - Z z n 3. 2/ < 2 “ !> 2 

n = 0 

5. 6. e l/ * 7. (z 2 + z)/(z-l) 3 

z l - 2 z cos 0 + 1 

8. Z{au n + bv n + cw n ) = aZ (o n ) + bZ(v n ) + cZiwJ 
10. (-I)"- 1 /! 11. u 0 = U iZ(u „)} 12. False 

Z—» 

14. True 15. True 16. False 

18. False. 


4. azf(z-a) 2 


9. 2"“ 1 
13. False 

17. False 


Problems 24.1, page 815 


1. a = 2.28,5 =6.1879, p = 30.46 2.0 = 1120,6 = 55.1 3. 0 = 0 . 2,6 = 0.0044 

4. a = 0.5012, n = 0.5 5.0 = 0.115,6= 11,8 6. 0 = 4.1,6 =0.43 

7. a = 0.0498, 6 = - 0.02. 



















Appendix 3—Answers to Problems 


1285 


Problems 24,2, page 819 

i. 

y = 13.6* 

2. 15.2 thousand tons 

3. Y = 0.004P + 0.048 

4. 

R = 70.052 + 0.292f 

5. a = 0.545, b = 0.636 


6. 

fa) y = 4.193 + 1.117* 

(5) y = 8 - 0.5 * 


7. 

y = 1.243 - 0.004* + 0.22* 2 

8. y = 0.34 - 0.78* + 0.99* 2 

9. y = 18.866 + 66.158* - 4.333 

10. R = 3.48 - 0.002V + 0.0029V 2 

11. V = 2.593 - 0.326T + 0.023 T 1 . 


Problems 24*3, page 823 

i. 

6.32, b = 0.0095 

2. a = 1.52, b = 0.49 

3. a = 3, b = 2 

4. 

y = 7.187-5.16 - ; 4.894 

X 

5* a = 0,988, b = 3.275 

6. y = 2.978 *° 5143 ; 5.8769 

7. 

a = 0.1839, b ~ 0.0221 

8. fit) = 0.678 e-** + 0.312 e~* 

9. a = 146.3, k = - 0.412 

10. 

a = 99.86, b = 1.2. 



Problems 24,4, page 826 

i. 

a = 11.1, b = 0.71 

2. y = 46.05 + 6.1 * 

3. a = 0.0028, b = 0.01, c = 4.18 

4. 

a = 15.8, b = 2.1, c = - 0.5 

5. a = 1.459, b = 0.062. 


Problems 24.5, page 828 

1. 

y = 0.12 + 0.47* 

2. y= 1.184 + .523* 

3. y = 1.53 + 0.063* + 0.074* 2 

4. 

y = 0.485 + 0.397* + 0.124* 2 . 



Problems 24.6, page 829 

i. 

Y = aX + b where X=x,Y = y/x 



2. 

Y = A + BX , where X — log 10 p, Y = Iog 10 v, A = -- log b 1 B - - 1/r 


3. 

§24.4 

4. y = aX + c, where X - x* 

5* ( a ) 


6, Xy = nA + BE*, Ixy = A Lx + BE* 2 where y = log 10 y, A = log 10 a, B — log 10 b 

7. §24.12 8. Zero 

9. y = oX + b where X= * 2 /log 10 z, Y = y/log 10 * 10. a = 0.0167, b = 1.05. 

11. The moments of the observed values ofy are respectively equal to the moments of the calculated values ofy 

12. a = 1.7, b = 1.26 13. y = a + bx where x = 1 Jx,y = 1/y 

14. (r) 15. (6) 


Problems 25.1, page 837 


1. 336.79 

2. 64% get more than 50 marks ; median 54.7, Q , = 46, Q. d = 61.5 

3. Mean = 27.9 ; Median = 25.66 ; Mode = 21.85 

4. Mean = 32.58 ; Median = 32.6 ; Mode = 35.1 

5. 3.1% 6. 1.3% 7. 192 km/hr 

8. 60 km/hr 9. 38.6 ; 36.2 

10. Median = 12.2 days ; Mode =11.4 days 


Problems 25.2. page B42 


1. 4.45,0.39 


3. 4,7 


4. 10.04,10.13,11.69,5.54,2.35 
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5. 32, 32.6,12.4 6. Q.D. = 10.9, S.D. = 15.26 

8. 0.55,1.24 ; first, yes 9. Height 

11, B is a better player and more consistent 

12. A is more efficient, B is more consistent 


7. 1.845; 1.8176 
10. A 

13. 161.3,5.68. 


Problems 25.3, 

pag 

e 845 

- P 3 ^ 0, |i| = 11 j = 0 t P 2 — 2.75 


2. 8.85 ; 5.25 ; 0.32 ; 1.09 

3. — 0.2064 4. 0.22; 1.157 


6 . 0 ; 2.9 

7- Pj = 0.493 ; P 2 = 0.655 ; platykurtic. 



Problems 25.4, 

pag 

e 854 


1. r = 0.81 ;x = 0.5y + 0.5,y = 1.3*+ 1.1 2. r = 0.96 

3. r = 0.92 4. r =-0.055 5. 0.7291 

6. r = 0.4517 7. r = 0.632 ; y = 0.467 + 0.8x, * = 0.167 + 0.5y 

9. m = (P-6V(a—a) 10. x = 4, y = 7, r = - 0.5 11. x = 9.06, y = 5.52, r = 0.46 

12. r = 0.7395 ; x = - 0.1034 ; y = 0.5172 13. 134.5 

14. 1.28 inch 15. 0.8545 16. 0.932. 


Problems 25.5, page 855 


1. ( d ) 2. ( d) 


3. (a) 

5. (6) 6. (a) 


7. ( b) 

9. No 

10. 

13.83 

12. Zero 

13. 


15. §25.9 

16. 

I XY 


18. Reliability or consistency 

19. 

v/pT 

21. y-y=r— (* - 5?) 

22. 

100 a/ x 

24. 3 

25. 

Two regression coefficients 

27. greater 

28. 

± 1 

30. Coefficient of standard deviation 


32. - 1 and 1 

33. 

-0.6 

35. True 

36. 

False 


4. (a) 

8. Coefficient of correlation 
11. x - 2, y = 3, r = V3 

14. -1 


17. (3c, y) 


20. degree of peakedness 


23. tan' 


-i |l-r z o x o y 


r 0 2 x + 0 2 y 


26. perpendicular 
6 Zdf 


29. 1- 


n a - n 


31. zero 
34. False 


Problems 26.1, page 858 


1. 4096 2. 360 ; 120 3. 120 ; 115 4. (a) 676000 (6) 468000 


Problems 26.2. page 868 


1. (i) 7/12 ; («) P{AJB) = 3/4, P(A ^ B) = 7/12, P(A' B’) = 3/8 

2. (a) 1/36 ; (b) 1/6, Yes 

4. 1/7 5. (i) 1/4, (ii) 7/8, (Hi) 11/16 


3. 36:30: 25 
6. 15/1024 
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7. 3/28 
10. 0.11 
13. 2/801 
16. 15/17 
20. 1 - 2/(n. - 1) 
24. 0.72 


8. 20/81 9. (i) 2816/4165 ; (u) 2197/2025, 

11. (c) 6.739 ; (6) 0.024 12. (a) 1/114 ; (fe) 685/1140 

14. 10/21 15. l-(l-p l )(l-^)-...(l- j p B );0.618 

17. 1/2 18. 5/12 19. (t) 83/110 (ii) 25/83 

21. 7/20 22. (a) 1/6; (6) 3/4 23. 61/90 

25. 0.2223 26. 0.88 


Problems 26.3, page 871 


1. 3/11 2. 25/69,28/69,16/69 3. 0.3175,0.254 4. 15/59. 


1. k = 1; m = -8, a 2 = 2.232 
3. F(x) = 0, - < x < 0 

= 1 / 8 , 0<jc< 1 
= 1/2, l<x<2 
- 7/8, 2 < * ?£ 3 
= 1,3SjcS« 

6 . 2 

9. (i) 0.37, (ii) 0.63 
12, = 3/4 ; Mean = 1; Variance 

14. 1/3, 2/9 


Problems 26.4, page 878 


2. 2v/5 
5. ?32 


7. f{x) is a p.d.f. x = —, o 2 — — 
2 20 

10. 4/9 
1/5. 

15. /%) = 0, x < ; (a: - xf)Kx 2 - 


8. (i) 9/16, 7/16 ; (ii) k = 0.45 

13. 0.2 

,),*! <x <x 2 ; l,x>x 2 . 


Problems 26.5, page 881 


i , 1 15 

1. n = 4,p = v = — 

3. (a) 0.02579 ; (b) 0.04571 ; (c) 1.024 x 10 7 
5. 45927/50000 

5 

7. (i) “Cjd^O) (19/20) 19 ; (ii) ^ 20 C r (1/20) J 

r = 0 

8. (a) 0.08 ; (6) 0.26 ; (c) 0.92 
10. (i) 0.59049 ; (ii) 0.32805 ; (iii) 0.08146 
12. 99.83 
14. 600 

16. 200 (0.554+ 0.446) 6 . 


2. 4 C r (l/6) 4 ~ r (5/6V ; r = 0, 1, 2, 3, 4 
4. 0.3456 

6. (i) 0.246 ; (ii) 0.345 
(19/20) 20 -'- (iii) 19 

9. (a) 250 ; (6) 25 ; (c) 500 

11 . 11 

13. 0.3585, 0.3773, 0.1887 ; 0.0596 
15. 100 (.432 + .568) s 


Problems 26.6. page 884 


1. (i) 2 ; (ii) ^ e~' 2 

2. 

4. (10) 15 e -10 /15 ! = 0.035 

5. 

6. (i) 0.2231 (ii) 0.1913 

7. 


P(0) = 0.2636, F(3) = 0.1041, P<> 3) = 0.1506 

0.08 

0.0008 


8. m = 0.51 = ct z ; Poisson frequencies of 0,1, 2, 3, 4 accidents are 180.1, 91.9, 23.4, 4, 0.6 


9. 0.6 11. Theoretical frequencies are 44, 43, 21, 7, 1 

12. Theoretical frequencies are 109, 142, 92, 40, 13, 3,1, 0, 0, 0, 0. 
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Problems 26.7, page 890 


2. (0 0.1644 ; (it) 0.7686 

5. (i) 16, (it) 2 

8. (i) 79 ; (it) 35% ; (tit) 11 

12 . ? 866 


3. (i) 0.095 ; (it) - 0.995 
6. 294 
10. 52 


13. y = 


100 

V(3.4it) 


ix-2? 
e ** 


4. 36.4 
7. 543 
11. 67 

14. \i = 13.64. c = 3.98. 


Problems 26.8, page 892 


1. (a) 0.0287, (6) 0.9672, (c) 0.5111 2. (a) 0.7854, (6) 0,1815, (c) 0.1815 

3. (a) 0.97816, (6) 0.00595, (c) 0.01209. 


Problems 26.9, page 893 


3. i<7i + 1), ~(n 2 -1) 

1Z 

6. [(1-eO/fl 2 


5. Mean = a + b, variance = b 2 
8. (l-i) 3 " 


Problems 26.10, page 894 


1. 

7. 

13. 

15. 

18. 

21 . 

24. 

27. 

30. 

33. 


0 

1/4 


(а) 

( б ) 

0.21 

X : 
p(x): 
zero 

Pi = 0, P 2 = 3 

1/9 

€~ 3 

symmetrical 

0.6916 


2 . ( b ) 

8 . ( 6 ) 
14. 0.24 
1 2 
2/4 1/4 


36. 1/6 
39. unity 


3. id) 

9. (a) 

16. §25.5 

19. equal 
22. 120 
25. 0.2222 
28. 5/36 
31. 1 -e“ m 
34. (q + pe*Y 

37. 3.5 
40. n -> «, p ■ 


4. ( b) 

10. (c) 


5. 1/7 
11. 0.1288 

17. 0.7837 

20. F(A) + P(B) 

23. 0.2646 

26. 1/6 

29. 2 

32. six 

36. 4:5 


6 . 1/2 

12 . 2 


38. V2 


0 such that np is fixed 


41. P{A) + P(B) 


42. yc x /y + *c x 

43. np 

44. PCA uB) = 0.72, P (A n B') = 

0.1653 


Mi 

46. 1 

47. p r ' = 


f = 0 

48. 1/6 

49. 3/4 

50. 1/2 

51. 0.2 

62. 2/7 

53. (q +PY 1 

54. 2/3 

55. Mean and S.D. 

56. 1/13 

57. 2 

58. §26.6 59. e~ m 

60. 1/3 

61. True 

62. False 63. True 

64. False 

65. False 

66. True 

67. False 

68. False 


vie 


69. k = 2 
72. 25/12 

76. 8 


70. 8 
73. 2 


71. fix) = Xe^ for x > 0, X is a parameter 
74. I 76. 4 


77. n, m degrees of freedom 


78. J e U * a) fix) dx 
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x /_! 


79. 

-5/7 

80. 


“,0<x<' 




r«) 


82. 

50% 

83. 

3/8 


86. 

(tit) 

87. 

F(x) = 

J fix) dx 

90. 

6 

91. 

1/9 


94. 

4(1 - x) 3 

95. 

0.264 



3 

81. 2 (6+ a) 

84. 1 

85. 3/4 

X Zr e~ k 

88. 

(2r)i 

89. — «</<“ 

92. False 

93. 2 


Problems 27.1, page 901 


1. Die is biased 2. No 

4. 8.91% and 15,07% 5. Consistent 

7- 37.5% ; 30,3 and 44,7 respectively 
9. Difference is not significant 
10* Z ~ 6.56 so that the difference is significant 


3* Yes 

6, p = 65/500, S.E. = 0.015 
8* No 

11 - No, 


Problems 27,2, page 904 


1. No 2. Mean weight lies between 64.6 and 69.4 lbs. 

3. 0.0774 5. 62 6. 2.696 7. No 

8. No 9. (i) Yes, (it) No 10. Yes. 


1. 0.25 

4. Refute the claim 

7. Sample mean = 575.2 kg., S.E. 

9. Yes with 75% confidence. 

12. No 


Problems 27.3, page 910 


2. t = 0.62, Yes 
5. Process is not under control 
= 2.75 kg 

10. No 


3. 11.887 and 12.113 cm 
6. No 

8. Accept null hypothesis 
11. No 


Problems 27.4, page 914 


1. 0.41 2, Hypothesis is correct 

3* Significant at 5% level 4- Yes 

5* f p : 33.82 161.78 315.98 308.48 150.54 29,4 

% 2 = 7.97. Binomial distribution gives a good fit at 5% level 
6- f 0 : 305 365 210 80 18 12 

301.2 361.4 216.8 86.7 26 7.9; x 2 = 3*097 

Poisson distribution gives a good fit at 5% level 
7. f o : 314 355 204 85 29 12 

4: 301 362.2 217.3 86.9 26,1 6.5 

Poisson distribution can be fitted to the data 
8< % 2 = 1.2. The fit is quite good at 5% level. 


Problems 27.5, page 917 


I* First variance cannot be regarded as significantly greater than the second 

2. Not significant a s F^ 2.1 and F 005 = 4.15 4* Not significant as F = 2.4 and F 001 - 3,2 

5* Product of firm B cannot be said to be of better quality than those of firm A. 
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6, Not significant at 1% level and just significant at 5% level as F = 2 , F 0 01 = 2,62 and F 0 05 = 1.98 
7* F = L49 t Not-significant 8. F = 1,026 ; Yes 


Problems 27.6, page 917 


1. §27.3(3) 2. §27.15 3. §27.3(2) 

4. We are testing the hypothesis that one process is better than another 

5. §27.11 6. 1 7. 50 8. (0,«) 

9.11 10. 8; 16 11. r = n-l 12. False 

13. Less than 30 14. §27.17 15. 16. (ii) 

17. True 


Problems 28.1, page 926 


1. (i) 2.687, (ii) 1.46, (iii) 2.375, (iv) 2.875 2. (i) 0.519, (it) 2.875, (iii) 1.146, (in) 0.367 

3. (0-0.686, (it) 2.7065, (lit) 0.686, (in) 1.4036 

4. (i) 0.853, (ii) 0.607, (iii) 2.798, (in) 3.789, (a) - 0.134 

5. 1.861 6. (i) 1.532, (ii) 2.095, (iii) 1.834, (h>) 1.226 

7. (i) 1.855 (ii) 2.198 (iii) 1.662 8. - 16.56 

9 . (i) 0.853, (ii) - 1.9338, (iii) 2.7985, (iv) 4.545 

10. (i) 0.518, (ii) 0.052, (iii) 0.695, (iv) 2.911 11. x n +1 = I (x„ + N/x n ); (i) 3.605 (ii) 3.162 

2 

12. 3.4482 13. 2.3784 

14. (i) 0.055 (ii) 0.258 (iii) 0.4347 


Problems 28.2, page 929 

1. (i) 1.532, (ii) 0.684, (iii) 3.18, (it?) 1.168 2. 1.674 

3. 2.231 4. - 1.328 

5. 2.924 

Problems 28.3. page 936 

1. * = 7,y = -9, z = 5 2. x = — 51/4 ,y = 115/8, z = 35/4 

4. x, = 2, x 2 = - l,x 3 = 3 5. Xj = 1, x 2 = 2 ,x 3 = — l,x 4 = - 2 

7. x = 8.7, y = 5.7, z = — 1.3 8. x = 1, y = 2, z = 3 

10. Xj = 2, x 2 = 1/5, x 3 = 0, x 4 = 4/5 11. x = y = z = 1 

3. x =1, y = 2, z = 3 

6. x = 1, y = 3, z = 5 

9. x = 7,y = -9, z = 5 

12. x = l,y = 2, z = 3 


13. x = 35/18, y = 29/18, a = 5/18 


14. x 1 — 1, x 2 — 0, x 3 = 1, x 4 — 2 


15. 


1.2 -0.4 0.2 
-0.2 -0.1 0.3 
-0.4 0.3 0.1 


Problems 28.4, page 942 


1. x — 2.556, y = 1.722, a - - 1.055 

2. (a)x = 2.426, y = 3.573, z = 1.926 (6)x = 

3. x = l,y = 1, z = 1 

6. x = 1.052 ,y = 1.369, z = 1.962 
9. x = l,y = 2, z = 3, u = 4 
U. x =y =z= 1 
13. x = 1.93 ,y = 3.57, z = 2.43 


2.426, y = 3.573, Z= 1.926 

4. x = 0.998, y = 1.723, z = 2.024 
8. x = - 13.223, y = 16.766, z - - 2.306 
10. x= 1.36, y = 2.103, z = 2.845 
12. x = 52.5, y - 44.5, z = 59.7 
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Problems 28.5. page 943 

1. x = 2,j = l 

3. x = 0.7974, y = 0.4006 

4. x = 3.162,3' = 6.45 

2. x = - 1.853,? = - 1.927 

5. x = - 3.131,? = 2.362 


Problems 28.6, page 945 


1. (a) 5.38, 


0.46 
. 1 

3. (a) 6, IX, 1,-1f 


(6)4.418, 


1 

0.618 
(6)8, [1, - 0.5, 0.5]' 


4 . (a) 7 ; [2.099/7, 0.467/7, 1] (6) 25.182, [1, 0.045, 0.068]' 


2. 3.41; [0.74, - 1, 0.67]' 


id) 11.66 [0.025,0.422, 1.000], 


I) Problems 28.7, page 945 

1* Newton-Raphson method 

f(x n - 1> 

*■ n*.-,) 

3. Chord AB 


5. initial approximation x Q is 

chosen sufficiently close to the root 

6, diagonal 

7. (e) 

8, (a) 

9. = ” (2x n + N/x 2 J 

rt + l 3 ^ fl 

10 - X n + l=\ <*/■+**-!> 

U * *2-^0“ f( Xl) -f iXo) ^0 ) 

12. (o) 

13. *„«.!=*„ (2 -Nx„) 

14. (6) 

15. Newton-Raphson method 

16. §28.6 

17, Upper triangular matrix 

18. False 

19. True 

20, x = 1 , y = 1. 

I Problems 29,1 P page 952 | 


1. 0.4 2. - 7459 5. 239 6. 4.68, 2.68, 55.8, 99,88 

8. (i) 1-2 sin (x + 1/2) sin 1/2 ; (ti) tan -1 (1/2/i 2 ); 

(Hi) 192 [x (x + 4) (x + 8) (* + 12) (x + 16)] (in) - 2/[(x + 2) (x + 3) (x + 4)] 

9. (i) e 3 * [e 3 log (1 + 1/x) + (e s - 1) log 2x] (it) 2* (1 -x)/( 1 + x) 

(iii) (a - l) n a x ; (in) {- l) rt n!/[x(x + 1) (x + 2)... (x + n)]. 

12. (i) - 36 ; (ii) 24 >c 2 10 x 10 1 14. u = [x] 4 - 6[x] 3 + 13[x] 2 + x + 9 

15. 4x 3 - 12X 2 + 8x + 1 ; 12x(x - 1) 16. \ [x] 4 + 3[x] 3 + 4[x] + e 

£i 

17. y(4) = 74,> i (6) = 261 19. 15. 


Problems 29.2, page 957 


1. 






0 A 2 u x U x + 2 k - 2u x + A + 

^ + u x _ A ;- -s—--—-- 






2. ( i ) 2(cos h — 1) sin x ; (ii) Gx ; (iii) 2(cos h - 1} (sin (x + h) + 1] ; (iu) 8 
8. Error = 10 9- 31 

11, y(4) = 74,y(6) = 261 12, -99 

ys- /-v re 2 ^ v + 1) (/l + 2) {ft + 3) 

15, (0 n(Zn 1 + Gn + 1); (it) —--—-- 


10. /Cl.5) = 0.222,/C5) = 22,022 
13, y 4 ~ 1 approx 


4 


16, 21(1-xf. 
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9 Problems 29.3, 

page 961 

i. 

5.54 

2. 6.36 

3. 1.1312 

4. 

0.788 

5. 

? 110.52 

6 . 8666 

7. 352; 219 

8 . 

0.9623, 0.2903 

9. 

24 approx 

10. fix) = 9x - 4x 2 11. 1.625 


12 . 

0.1955 

13. 

4.219 

14. 2530 

15. y, = Oil,y 10 = 100 

16. 

u 2 = 42, u 4 = 49 

17. 

10 , 22 

18. 755. 








Problems 29.4, 

page 971 



1 . 

19.4 

2 . 12.826 

3. 54000 

4. 

3.2219 

5. 

3.0375 

6 . 395 

7. 3.347 


8 . 

9 

9. 

3250.875 

11. 2.5283 by all formulae. 




Problems 29.5, page 974 

i. 

14.63 

2 . 2.8168 

3. 0.89 


4. 

100 

5, 

648 + 30x - x 2 

6 . x 3 - 3x 2 + 5x - 6 7. x 5 - 9x 4 + 18x 3 - x 2 

+ 19x -18 

8 . 

3 

9. 0 5 - 

0.5 1 

+ 






x — 1 

x + 1 x - 2 




Problems 29.6, 

page 977 

l. 

1 

2. 3.09 

3. 448,3150 

4. 

133.19 

5. 

fix) = — x 3 - 

25x + 24 - - x 2 

557 

+ —x-256. fix) = 

— X 3 

7. 

fix) = x 4 - 3x 3 + 5x 2 - 6 


24 

6 

60 

20 



8 . 

31. 






Problems 29J, page 978 

i. 

11.5 

2. 6.5928 

3. 37.23 




Problems 29.8, page 978 


1, $7.3 2. (b) 



4• Intermediate value of the variables. 5, $ 7.8 

6 . 7 —andA 8 . $7.14 

x 4 -x Q 44 

9 ^ _ (x -x^Hx -x a ) + (x-Xo)(x-x 1 ) + {x - x Q )(x - x t ) 

(X 0 - (X 0 - Xg) (Xj - x 0 ) (xj - x 2 ) (x 2 - x 0 ) (x 2 - x x ) 

13 

10. — 11. (c) 12, 1.857 

5 

13. Extrapolation is the process of estimating the value of a function outside the given range of values. 

14. U(abc) 15. (a) 16. x 3 - 7x 2 - 18x - 12 

17. (6) 18. 6 h 2 (x + h). 
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Problems 30.1, page 987 


1 . — 27.9,117.67 
4. (a) 0.493, - 1.165 (b) 0.4473, 
6 . - 0.06 ; 0.5 
9. (i) - 52.4, (it) - 0.0191 
12. 3.82 rad/sec, 6.75 rad/sec 2 
16. 135 


2. 4.75,9 

0.1583 ; (c) 0.4662, - 0.2043 
7. 0.175 
10. 44.92 
13. 0.2561 

17. y m „ (1) = 0.25, v . (0) = 0 

- max min 


3. 0.63, 6.6 
5. 2.8326 
8 . 13.13 m/sec 
11. 0.085 
15. 0.0186 

18. Max /T10.04) = 1340.03 


Problems 30.2, page 995 


1. (i) 0.695 (ii) 0.693 (tii) 0.693 2. (t) 0.7854 (it) 0.7854, (tii) 0.78535, (iv) 0.7854 

3. 1.61 4. -6.436 5. <i) 70.16 (ii) 0.635 

6 . 0.6305 7. (i) 2.0009 ; <ii) 1.1873 8 . (i) 1.1249 (ii) 0.911 

9. (a) 1.8276551, .0001924 ; ( b ) 1.8278472, .0000003 ; (c) 1.8278470, 0000005 ; ( d ) 1.8278474, .00000001 
10. 1.3028 11. 403.67 12. 7.78 

13. 710 sq.ft 14. 3.032 15. 408.8 cub. cm. 

16. 1.063 sec ; 1.064 sec 17. 552 m ; 3 m/sec 2 . 18. 30.87 ra/sec. 

19. 29 min nearly. 


Problems 30.3, page 996 


1 . (c) 


2 . - 


Af(a)-\ & 2 /Xa) + i A 3 f(a) - 


3. h should be small 4* 0.775 

6 - 30.8 7. ( b ) 

8 - larger number of sub-intervals 9* 0.7854 


II. 



V + ~ 


y ti 


+ Iv 3 


y n 


13. (c) 14. 0.783 

16. 1.36125 ' 17. 1.36 


18. if the entire curve is itself a parabola 

19. even and multiples of 3 20 . False 


3 

10 . (d) 

12 . a multiple of 6 
15. 0.69 


Problems 31.1, page 999 


l-y«* 8 -3V, + J + 3y, + 1 = 0 2 . Ay n = {- 1 )“ + V(n + 1 ) 3. U n + 1 - 2 n„ = 0 

4. (i) (x + 2^ + 2 - 2(2x + Dy^ + x + xy x = 0 ; (ii) (x 2 + x)y x + 2 - (2x 2 + 4 x)y x + , + (x 2 + 3x + 2)y x = 0 

5 - <«> y n+ 2 - 8 > n+ i + = 0 ; (ii) y n + 2 - 6 >v + i + 4 y„ = 0 

6 . (t) (x - l)y x + 2 - (3x - 2 )y x +1 + 2xy z = 0 ; (ii) y % + 2 - 4y x = 0 ; 

(Hi) y x + 3 - 6y x + 2 + lly r + x - 6y x = 0. 


Problems 31.2, page 1002 


, . , „ „ 2 nn . 2n7t 

1 . u p = (c 1 + Cgp) 3 p 2 . y n = Cy cos —— + c 2 sin —— 

u O 

4. y n = c l ,2 n + c 2 . 3 n . 5. y n = ( 2)"- 1 + (- 2 y - 1 

7. /tx) = (cj + CgX) (- 1)* + c 3 .2 1 8 . u n = 2n + (- 2 Y 1 . 

10. u n = 2 n/2 fcj cos tin!A + c 2 sin mi/4) 


U . cjtrt f UlU . J7lft 

- - 2 jq cos— + c £ + sin — + c 3 


cos-- + c 4 sin — 


3. u n ~ cos nn/2 + c 2 sin mz/2 

6. u h = c, (- 1)* + ( c„ + c,k) 2*. 
9. y n = 6 + (n - 3) 2 n 


4 


14. y n = c 1 (-l)" + c 2 ( 10 y 
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Problems 31.3, page 1005 


1. 3'„ = c 1 (-l) n + c 2 {6) n -2'Vl2 


2. y = (—-JL') (_3)" + %- 
n US 25 J 25 


3. y =c t + Cjp + C3P 2 + - pip -Dip- 2) 4. y n = 2" I ~^sin ^ - 2 cos ^ I + 2 


2 . mz 


nn 


-J3 3 "3 


5. y = c. + c 9 - 3* + — x . 3* 1 
2 


6. y x = (Cj + c#) 2 1 + 3x(;c - 1) 2 X ~ 3 + 5 .4 


X-l 


cos f — - ll — cos — 

1 I2 J 2 


7. U = C. + Cn (- 1)" + - 

" 1 2 2 1 - cos 1 


8 . y p = Cj cos ~ + c 2 sin ~ + ■ 


p cos 


H) 


2 sin - 
2 


9. ^ = Cj + 2* + c 2 (- 2Y - —- (9x 2 + 12x + 11) 

u / 

10. y = c. (— 1)" + c„ cos r17 ^- + c, + sin — + — ntrc — 3) 

n i. 4 3 J 3 2 

11. y„ = (c t + c./i) (3)" + c ;j (- 1)" + ^(2) n - ~ 12. y n - (Cj + c 2 n) 2" 1 + + n(n - D J 


n 7 


!3. y„ = c j(- 2 r + c 9 (- 3) n + — - 


12 144 


14. £i i + {c 1 +c 2 x)(-3) I + ^(5x-2) + -**“ 2 

4 16 


15. y n = CjC— 2) n + 2" (c 2 cos mtc/ 3 + c 3 sin nn/3) + — (2)" + 2 n ~ 4 (2n + 3) 

16. u n = j Cl + c 2 n + ~ n (n - l) 2 (n - 2>|2 n . 17. y k = c 1 .2 k + c 2 . 3* + — (A 2 — ISA + 61) 


18. y n = 2 n ^ {cj + n) cos ^ + c 2 + sin ^ [■. 


Problems 31.4, page 1006 


1, y x = a + b (— 1>* + x y z x = a + 6 (- l) 1 +1 — (x + 1) 

2. y x =(a+bxH-ir~ i .2* + \z x =~-(-lyia+b{x-~)] 

9 9 2 

3, u n = 2.4" - 2~ n(n - 1), v n 4" + 2 + — + n(n + 1) 

4. u = — 2a + &(- 2)* - c + — (3 — x\ u - a + c + 6 (- 2)* + - 1), 

^ 2x x 2 


Problems 31.5, page 1007 


1- y, + i~2y i + y i _ 1 = - ^y L . Solve it for y v 


Problems 31.6, page 1007 


l - y n + 2 - ^y, + 1 + = 0 2 * U n = C l + c 2 n + C S n2 3 - U n = C 1 + C ‘l (“ 2 >" + C 3 ( 3 ) n 

4- = c + 2 n . 5. y n = c(2) n - {n + 1) 

6 . (x 2 + x)y x + 2 - (2r 2 + 4x)y i + , - (x 2 + 3a: + 2)y x = 0 7. = c{ 2 )* + 1 

8 . y n = ( 2 ) n + 2 + (_ 2Y ~ 1 9 . Third 
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10. (x + 2)y n + 2 - 2(n + l)y n + j + ny n = 0 11. Second 

12. y„ = (C 3 + C./ 1 ) 2" 13. |x(x - 1) (3 Y~* 14. y n + 2 ~Gy n ^ + 9y n = Q 

15. True. 


Problems 32.1, page 1012 


..2 4 6 

j, ^ X X X 

1. y = 1-- +- 

2 8 48 


2. 0.0214 


3. y = -x s - Ji-ar 9 
3 81 


4. (a) 0.9138, (f>) 0.1938 

5. y(l.l) = 0.1103, ,y(l.2) = 0.2428. Exact y( 1.1) = 0.1103 andy(1.2) = 0.2428 

6. 1.1053425 7. 1.1272 8. 1.005. 


Problems 32.2, page 1017 


1. 1.1831808 2. 1.1448 

4. y(0.1) = 0.095, y(0.2) = 0.181, y(0.3) = 0.259 
6. 2.2352 7. 1.0928 


3. 4.5559 

5. y(0.2) = 1.2046, y(0.4) = 1.4644 
8. 5.051. 


Problems 32.3, page 1021 


1. 1.7278 2. 1.1749 3. 1.0207, 1.0438 

4. 2.5005 5. y(0.1) = 0.9052, y(0.2) = 0.8213 

6. y(0.1) = 2.9919, y(0.2) = 2.9627 7.0.3487 8.0.8489 

9. 1.1678 10. 1.0911,1.1677,1.2352,1.2902,1.338. 


Problems 32.4. page 1026 


1. 3.795 2. 1.2797 3. y(1.4) = 3.0794 

4. y(4.5) = 1.023 5. y(0.4) = 2.162 6. y(0.4) = 0.441. 


Problems 32.5, page 1030 


1. 0.2416 2. 1.0408 3. 0.6897 

4. y(4.4) = 1.019 5.2.5751 6. y(1.4) = 0.949. 


Problems 32.6, page 1034 


x 3 5 1 c I9 1 3 4 1 5 3 ft 7 

3 2 40 40 192 3 2 8 10 34 340 

2. y(0.1) = 0.105,2(0.1) = 0.999 ; y(0.2) = 0.22, Z( 0.2) = 0.997 

3. y(0.1) = 2.0845, z(0.1) = 0.5867 


x 9 + —x 12 
256 


. ! 1 3 5 

4. y„ = 1 + - x + —X s 

2 2 40 


5. y(0.1) = 0.5075 
7. -0.5159 


6. y(0.2) = 0.9802, y(0.2) = - 0.196 
8. 6(0.2) = 0.8367, (d6/dt) 0 2 = 3.6545, 


Problems 32.7, page 1038 


1. 0.14031 2. y(.25)=y(.75) = 2.4,y(.5) = 3.2 

3. y(1.25) = 1.3513,y(l.5) = 1.635,y(1.75) = 1.8505 

4. y(.25) = - 0.3473, y(.5) - - 0.9508, y(.75) = - 1.7257 

5. n - 2,y(0.5) = 0.1389, true value = 0.1505 ; n = 4, y(0.5) = 0.147 
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6. >(0.25) = 0.062, >-<0.5) = 0.25, >(0.75) = 0.562 

7. ><1) = 1.0171,>(2) = 1.094 8. >(173) = 1.1539,><2/3) = 3.9231 ;>(1) = 7.4615. 


Problems 32.8, page 1038 


1. (b) 2. y t + 2>, + >, + h 2 y i = 5 h 2 3. 1 + x + x 2 + x a /6 

4. §31.4 5. §31.3 6. (6) 

h 

7. y 4 = y 2 h- (/ 2 + 4/g + f 4 ) 8. Modified Euler’s method 

3 

9 -yi =y ( 55 /jj - 59/L j + 37/1 2 - 9/1 3 ) 

10. Milne’s method and Adam-Bashforth method 

x 2 x 4 

11. four 12. > = 1+—+ — 13. (6) 

2 8 

4/i h 

14. > 4 = > 0 + — m x -,f 2 + 2/- 3 ) 15. >, = I’d + ~ W, + Wo-5/l 1 + /_ 2 ) 

J 24 

16.1.1818 17. ^ = +>(l+>£) = 0 18. §31.7 

ax dx 

19* starting val u es 

20. Picards and Runge-Kutta methods 

21. It agrees with Taylor’s series solution upto the term in h 4 

22. id) 23. y ■ + 1 + 2{h 2 - 1) y- + y^ 1= 0 24. (a) 

25. True 26. False 27. False, 


Problems 33.1, page 1041 


1. Parabolic 2. Hyperbolic 

3. (i) Parabolic (ii) Elliptic (Hi) Elliptic 4. Outside the ellipse (x/0.5) 2 + (y/ 0.25) 2 = 1. 


Problems 33.2, page 1050 


1. u J = 1.999, U 2 = 2.999, u 3 = 3.999 

2. 2.37, 5.6, 9.87, 2.89, 6.14, 9.89, 3.02, 6.17, 9.51 

3. Uj = 10.188, u 2 = 0.5, u 3 =1.188, u 4 = 0.25, u 5 = 0.625, u 6 = 1.25 

4 . u 1 = 26.66, u 2 = 33.33, u 3 = 43.33, u 4 = 46.66 

5. u 1 = 0.99, u 2 = 1.49, u 3 = 0.49 

6. Uj = 1.57, u 3 = 3.71, « 3 = 6.57, u 4 = 2.06, u 5 = 4.69, u & = 8.06, u 7 = 2, u 8 = 4.92, u 9 - 9 

7. Uj = — 3, « 2 = — 2, u 3 = — 2. 


Problems 33.3, page 1054 


[ j 

0 

/ 

2 

3 

4 

0 

0 

3 

4 

3 

0 

1 

0 

2 

3 

2 

0 

2 

0 

1.5 

2 

L6 

0 

3 

0 

1 

1,B 

1 

0 

4 

0 

0,75 

1 

0.75 

0 

5 

0 

0.5 

0.75 

0.5 

0 


1 
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i 

i 

0 


2 

3 

4 

5 

6' 

7 

8 

9 

10 

0 

0 

om 

0.16 

0.21 

0.24 

0.25 

0.24 

0.21 

0.16 

0.09 

0 

1 

0 

0.08 

0.15 

0.20 

0*23 

0*24 

0.23 

0.20 

0.15 

0.08 

0 

2 

0 

0.075 

0.14 

0.19 

0.22 

0*23 

0.22 

0:19 

0.14 

0.075 

0 

3 

0 

0.07 

0.133 

0.18 

0.21 

0,22 

0.21 1 

0.18 

0.133 

0.07 

0 


l 

j \ 

0 

1 

2 

3 

4 

5 

0 

0 

24 

84 

144 

144 

0 

1 

0 

42 

64 

114 

72 

0 

2 

0 

42 

78 

78 

57 

0 

3 

0 

39 

60 

67.5 

39 

0 

4 

0 

SO 

53.25 

49.5 

33,75 

0 

5 

0 

26.6 

39.75 

43.5 

24*75 

0 

6 

0 

19*88 

35,06 

32.25 

2L75 

0 


\ t 

J \ 

0 

J 

2 

3 

4 

0 

0 

0.5 

l 

0.5 

0 

1 

0 

0*5 

0.5 

0.5 

0 

2 

0 

0.25 

0.5 

0.25 

0 

3 

0 

0.25 

0.25 

0.25 

0 


Problems 33.4, page 1060 


if 

H 

■ 

II 

■V* 

0.1 

0.2 

ms 

0A 

0.5 

Numerical 

O*02 

0.04 

0.06 

0X75 

0,08 

SOI- u = 






Exact sol. u = 

0.02 

0*04 

0.06 

0*075 

0X8 
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i 

J 

0 

I 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0 

0 

10.19 

10.16 

10.21 

10.24 

10.25 

10.24 

10-21 

10.16 

10.09 

0 

I 

0 

5.08 

10.15 

10.20 

10.23 

10.24 

10.23 

10.20 


10.15 

5,08 

0 

2 

0 

0.06 

5.12 

10.17 

10.20 

10.21 

10.20 

10.17 


10.12 

0.06 

0 

3 

0 

0.04 

0.08 

5,12 

10.15 

10.16 

10.15 

10.12 


10.08 

0.04 

0 

4 

0 

0.02 

0.04 

0.06 

5.08 

10.09 

10.08 

10.06 


10.04 

0.02 

0 

5 

0 

0 

0 

0 

0 

0 

0 

b ' 


0 

- 0.02 

0 


n . i 

j 

0 

0.1 

™ 

0.2 

0.3 

0.4 

05 

0.1 

0 

0.037 

0.07 

0.096 

0.113 

0.119 

0,2 

0 

0.031 

0.059 

0.082 

0,096 

0,101 

0.3 

0 

0.023 

0.043 

0.059 

0.07 

0,074 

0,4 

0 

0.012 

0.023 

0.031 

0,037 

0.039 

0.5 

0 

0 

0 

0 

0 

0 


Problems 33.5, page 1060 


i. (6) 

4* Poisson’s equation 
7. $32.8(2) 

9. hyperbolic 


2* False 3* a hyperbolic equation 

5. U u + J = U, _+ B f + w - u u _ [ 6. (U,. _ ltj - 2u u + u, + ^Jth* 

®* J * U i - l.j + 1 + W i + 1 J- I + U i + 1, j + 1 + U i - 1 J - 1 ^ 

10 . Bend re-Schmidt 


u. 

u ij + i “ 

2(1-4 a 2 )u lJ + 

4 (X 2 (u f 

-ij 

12. 

U u* i = 

\ («i-w + u i + 

1. ,? 

13. 

15. 

Elliptic 




16. 

u ( 0 , t ) = 

0 = u (1, t) Y {t > 

0 ) ; u{x 

;0) = 

17. 

u , = 

+ i 

t + hj i “ l.y 

u ■ - * 
i.j- i 

18. 

19. 

100 



20. 

21. 

A 

O 



22. 


13. $ 33 . 5 ( 2 ) 


6 2 u 8 2 u 

&? + If 


14. *.< 


- l t j j + + 1, j j - 3 j j + I n 

. -————- - — Hh -—-T--- — U 


Problems 34.1, page 1063 


1* Max* Z - 1*2 jc 1 + 1.4x 2 ; subject to 40xj + 25x 2 < 1000, 

35x x + 28x 2 < 980, 25% x + 35x 2 <875 and x p > 0 

2. Max. Z - 3x x + 2x 2 + 4x s ; subject to 4v 2 + 3x 2 + 5cr 3 < 2000, 

2x { + 2x 2 + 4x 3 < 2500, 100 <x r < 150, 200 < x 2 and 50 < x, d 

3. Max* Z - 3x t + 2x 2 + x 3 ; subject to 3x l + 4x 2 + 3x 3 < 42, 

5x 1 + < 45, Zx x + 6x 2 + 2.* 3 < 41 and x v x 2> x 3 > 0. 

4. Max. Z == 400 x + 300 y ; subject to x + y < 200, x > 20, y > 4x, x > 0,y > 0 

5. Min. Z = x x + x 2 ; subject to 2x A + x 2 > 12, 5^r 1 + 8x 9 > 74, 

x 1 + 6 x 2 > 24 and x v x 2 , x 3 > 0* 
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6, Max. Z = 0.16x x + Q.25x 2 ; subject to 

2xj + 5 x 2 < 480,000, 5x x + 4x 2 < 720,000, 

8xj + 16x 2 < 300,000, 0 < x 1 < 25,000 and 0 < .x 2 < 7,000 
7* Min. Z = 41Xj + 35* 2 + 96x 3 ; subject to 

2x l -i- Sx 2 + 7x a > 1250, x x + x 2 > 250, + 3x 2 > 900, 

Ox*! + 25x^ + x s > 232*5 and x v x 2 , > 0 

8; Min. Z = 100xj + 250x 2 + 160x 3 ; subject to 

0*94x 1 + x 2 + 1.04x 3 < 0.98, lOxj + 15x 2 + 17* 3 > 14 f 

470Xj + 500 x 2 + 520% 3 > 495, x x + x 2 + x 3 = 1 and x v x 2 , x 3 > 0. 


Problems 34.2. page 1069 


1* X| - 100, x 2 = 50 ; max, Z = 550 2* x x = 8/15, x 2 = 12/5, max. Z = 24.8 

3, x x = 15, x 2 = 0 ; max* Z = 300 4* x x - 1000, x 2 = 500 ; max. Z - 5500 

5, 450 units of product B only ; max* profit = ? 1800 

6, X - 2, Y = 4.5 ; max. profit = ? 37 

7, A = 1.18 units, B - 0.53 units ; max. profit = ? 14.50 approx* 

8- 2000/11 units of product A and 1000/11 units of B ; max. profit = ? 10,000 
9* x x - 4, x 2 - 0 ; max. z = 8 10* Unbounded solution 

11* x 1 = 2, x 2 = 4 ; min. Z = 64 

12* Production cost will be min. if G and J run for 12 and 4 days respectively. 


Problems 34.3 ; page 1074 


1* Max. Z - SjCj + 5 jc 2 + Hx 3 ; subject to 2x x - 5x 9 +s j = 6, 

3x } + 2x 2 + x 3 — s 2 ~ 5, 3x 1 + 4x 3 + s 3 - 3 ; 

Xp X.j, A .j, Sp s 3 ^ 0 

2. Min. Z - dXj + Zt 2 + 5x g , subject to 5x 1 + 2x 2 + s x = 5, 

2x 3 + 3 x 2 + 4x g - s 2 - 7, 2x y + 5x 3 + > 3 

*1* ^2’ *3 f S P S 2’ S 3 ^ 

3+ Max* Z = 3 aTj - 2x 9 + 4a; 4 - 4x 5 ; subject to 

x x + 2x a + x 4 — ar 5 + = 8, 2x 1 — a - 2 + x 4 - x 5 — s 2 - 2, 

— 4 .V + 2 * X 2 + ^^-5 = fi r ^ 2 T ^ 4 ^ ^*5* ^2 “ ^ 

4* (i)Xj = 2, jc 3 = 1 (Basic); x 3 = 0 (Non-basic)* («) Xj = 5, 

x B = - 1 (Basic); x 2 - 0 (Non-basic); (m) x 2 = 5/3, jc 3 = 2/3 (Basic); = 0 (Non-basicl All the three basic 

solutions are nomdegenerate 
6, Basic solutions are (i)x x = 2, x 2 - I (Basic) and x s - 0 ; 

(u) x x - x 3 = 1 (Basic) and x 2 = 0 * (Hi) x 2 = - 1, x 3 = 2 (Basic) and - 0 
(u) First two solutions are non-degenerate basic feasible solutions 
(6) First solution is optimal and Z max = 5. 


Problems 34.4, page 1081 


1. x t - 2, at 2 = 4, max. Z == 14 2* x y = 0, x 2 - 20 ; max. Z = 200 

3. x x = 7/3, # 2 - 4/3 ; max. Z - 16 4* x x = 5, x 2 = x 3 = 0 ; max Z = 50 

5* x x = 0, x 2 ~ 100, = 230 ; max. Z - 1350 6. x x — 89/41, x 2 = 50/41, - 62/41 ; max, Z = ? 765/41 

7* JC t - 4, x 2 = 5,x g = 0 ; min Z - - 11 

8* x x = 280/13, x 2 = 0, x 3 = 20/13, x 4 = 180/13 ; max, Z = 2280/13 
9. x x - 0, x 2 = 400 units ; max. profit = ^ 1200 
10* x x - 125, x 2 - 250 units ; max profit = ^ 2250 

II, x x - 400 gms, Xn = 0 ; min. cost - ? 2 12. — 0, x 2 - x 3 - 50 ; max. profit - f 700 









Higher Engineers Mathematics 


13* x x - 0.5, x 2 = x 3 = 0.04 units ; min. cost - ? 5.80 

14* Averages for corn* wheat, soyabeans are 250, 625, zero respectively to achieve a max. profit of? 32,000. 


Problems 34.5, page 1088 


1* x x = 0, x 2 “ 2, x 3 — 0 ; max. Z = 4 
3+ x x - x 2 - - 6/15 ; max. Z = — 48/5 
5. x x = x 2 = x 3 = 5/2, x 4 = 0 ; max. Z = 15 
7. Infeasible 
9. x 4 = 55/7, x 2 - 30/7, x 3 = 0 ; max. Z - 155/7 
10* x % = 2, x 2 = 0 ; max. Z = 18 

11* Degenerate solution : x x = 0 (non-basic); x 2 = 1* x 3 = 0 {basic) ; max. Z = 3. 


2. Xj - 3, x 2 = 2, x 3 = 0 ; max. Z = 8 
4* x ] = 23/3, x 2 = 5, x 3 = 0 ; max Z - 85/3 
6. Xj = 21/13, x 2 = 10/13 ; max. Z = 31/13 
8- xj = 23/3, x 2 = 5, x 3 - 0 ; max. Z - 85/3 


Problems 34.6, page 1091 


1. Min. W = 26> , 1 + ly 2 ; subject to 6^, + 4 y 2 > 10 

+ 2 y 2 > 13, 3y x + 5y 2 > 19 ; y lt y 2 ,y 3 > 0 

2. Max. W = lly, + ly 2 + ^ + 5y 4 ; subject to 3y* + 2y 2 -y 3 + 3y 4 < 2, 

4y t + 3 y 2 + 2y 3 + 2y 4 <4,y } - 2y 2 + 3,y 3 + 2y 4 < 3 ; 
y lt y 2 ,y a ,y 4 >0 

3. Min. W = - 3>J + y 2 + 4y 3 ; subject to^j + 3 y 2 - 2y 3 < - 3, 

y 4 + y 3 > 16, y 4 - 2y s + y 3 <-7 ; 
y v y 2 > 0,y 3 , unrestricted in sign 

4. Max. W = — 5vj + 9y 2 + &y 3 ; subject to — 2y 4 + 4y 2 - 8y 3 £ 3, 

3>'j - 2 y 2 + 4y s <~ 2, -y, + 3y a = 1; 
y v y 2 - unrestricted 

5. Min. y = 3^ + 4 y 2 + y 3 + 6 y 4 ; subject to 5yj - 2 y 2 + y 3 ~3y 4 >2, 

6^! + - 5 y 3 - 3 y 4 > 5, -y 4 + 4y 2 + 3y 3 + ly 4 > 6, y v y 2> y 3 ,y 4 > 0. 


Problems 34.7, page 1094 


1* Xj = x 2 = 0, x 3 — 5/2 ; min. Z - 2,5 
3. x 1 = 7, x 2 - 0, max. Z = 21 


1 * x l = Q, x 2 = 1; max, Z = — 1 
3* x x = 6, x 2 = 2, x 3 = 0 ; min. Z = 10 


2* x x = 4, x 2 - 2 ; max. Z = 10. 

4, x x = 0, x 2 = 100, x 3 = 230 ; max. Z = 1350. 


Problems 34.8, page 1097 


2* x x - 3/5, x\ 2 ~ 6/5 ; min. Z = 12/5 

4* Xj - 65/23, x £ = 0, x 3 = 20/23, x 4 - 0 ; min, Z = 215/23, 


1. x n - 
X 13 “ 

3 1 a | x ~ 

4 r = 

= 

min, 

6. x n = 

7. x 13 = 

8. jt 13 = 

X 34 = 


Problems 34.9, page 1104 


200, x 12 - 50, x 22 = 175, x 24 = 125, x 33 = 275, x^ 4 = 125; min* cost = ? 12075 
14, x 21 = 6 , x 22 - 5, x 23 ~ 1, x 32 = 5 ; min. cost - 143 

50, x 12 - 100, x 21 = 150, x 33 = 150, x 42 ~ 100, x 43 = 50 ; min, tonnage - 3300 
140, x 13 = 60, x 21 = 40, x £ 2 = 120, x 33 = 90 ; min, cost = ? 5920 

^14 “ Xe 22 ~ ^“23 ~ X 32 ~ ^34 = ^ * 

cost — ? 799 and maximum saving = ? 201 

150, x 13 = 20, x 22 - 160, x 24 - 40, x 33 ~ 90, x. i4 = 90 ; max. profit = 4920 
2, x 22 = 1, x 23 - 2, x 31 - 4, x 33 — 1 ; min. cost = 33 
0, x 15 = 800, x 21 = 400, x 24 = 100, x 32 = 400, x 33 = 200, 

300, x i3 = 300 ; min, cost - 9200, 
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Problems 34.10, page 1109 


1 . x,, = x 22 - x 33 = 1; min. cost = 7 18 

2. A -» 2, J5 -» 3, C -> 4, D -* 1 ; min. Z = 38 

3. I -> J3, // —> A, /// -* D, /V -* C ; min. cost = 7 49 

4. A Dyn. Prog., B -» Queuing Th., C -* Reg. Analysis, D -> L.P. ; min. time = 28 hrs 

5. (*) A -4 /, B -> //, C III, D —» /V; (m) A III , C -» //, Z) -> /V 

6 . 1 -> /V, 2 -» //, 3 -> VZ, 4 -> /, 5 -» ///, 6 —> V; max. profit = 7 270 


Problems 34.11, page 1110 


1. § 34.5 Def. 2 2. it provides an optimality test 3, §34.11 

4. §34.16(1) 5. §34.13 6. §34.6(1) 

7. Min. W = 7y, + 5y z> subject to 2yj + 3y 2 < 4, 


3.V] - 2y a < 9, 2y, +■ 4y 2 £ 2, y, > 0, y 2 is unrestricted in sign 


8 . 

§34.12(2) 



9. §34.14 



10 . 

Minimize Z = 

(2x n + 3x 

12 + ^*13 + + + ^22 

+ 8X33 + 7x 24 ), 



subject tox u 

+ x 12 + Xi 3 

+ X, 4 = 

: a, {= 15), X 21 + x 22 + X, n 

, + x 24 = a 2 (= 20), 



x„ +x 21 = fc, 

(= 10), X 12 

+ r 22 = 

b 2 (= 5); x 18 + x 23 = 6 3 0 

= 12) ;x, 4 + x 24 = b 4 

(= 8) and x^ > 0. 


p 

P 

= 35] 





11 . 

11 

03 

Jl 1 

5, x 3 = 0 

; («) x, 

= 0.5, x 2 = 0, x 3 = 2.5 

12 . 

§ 34.5 (Def. 4) 


13. §34.15 14. balanced 15. §34.9 

16. §34.7(3) 17. optimal 

18. Minimize y = 5y 4 — 3y a , subject to y 4 + y 3 = 5, 2y 4 - 6y a > 6, y 3 > 0 and y 4 unrestricted 

19. 5 20. Max. Z = 5/19 21. §34.7 

22. §34.16 23. § 34.7 [2 («)] 

24. Min. W = 2y x + 4y 2 + 3y 3 , subject to -y 4 + y 2 + y 3 > 2, 2y, + y 2 > l,y Jt y 2 > 0 

25. North west corner rule and Vogeli approximation method 26. Slash or surplus variables. 


Problems 35.1. page 1118 


1 . (t)y = Ax 2 + c x x + c 2 ; (u)y = r,x l + c 2 
4 

4. y = - x cos x/2 5, y -(c + x ) sin x 

7* y = x 2 - 1 8- (x + e) 2 +y 2 = k 2 

12 . The spirals of the family r = a sec (0 sin a + b ). 


3, y c l e* + c 2 + —- 

6 . y ~ sinh (CjX + r 2 ) 

8 * y = 2 sin x 


Problems 35.2, page 1120 


1 . y - ± 2 sin mTLt, where m is an integer 

2 . y = Ax 2 + ox + 6, where X, o. 6 are determined from the isoperi metric and boundary conditions* 

1 1 

4. y(x) = — {1 - cos x) + ^ (2 - k) sin x . 


Problems 35.3, page 1124 


2, y = (Cj + r^x) cos x + (c 3 + c 4 x) sin x, 

z - (Cj + CgX) cos x + (c 3 + c 4 x) sin x - 2c a sin x + 2c 4 cos x 


X 

24 p 


3. y - a n sin nx r n - 1, 2, 3 


4- y = cos x 


5- y = - 


(x 2 — c 2 ) 2 
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6. (i) y = CjB 2 * + c f f _2x + cos 2x + c 4 sin 2x ; 

(ii) y - c j + c^x + CgX 2 + c 4 x 3 + c~x 4 + CgX 5 + jc 7 /7 !. 


Problems 35.4, page 1126 


1 . (i) and («). y = Ax(I-jc) 2 . y=4 f5r-l) 4. y =0.58 + 0.27a: 

18 4 

5. (i) and (ii) c, = 0.93, c 2 = - 0.05 6. 0.05 7. c ( = 3.27, e 2 = - 2.69 

8 . y = - <5x 2 - 3x). 

2 


Problems 36.1, page 1134 


1. y(x) - 6.r - 5 + (5 — 6x + 6 1) y(t) dt. 

2. y(x) = x - sin * + e* (x - 1J + P [sin x - e x { x - /)] y(t) dt 

Jo 

3. y(x) = f t(t - x) y(0 dt + ix 2 

Jo 2 


4. y(x) + f U + *-2( + (x-rte-'l *(*)(£*= — +x- 

Jo 20 6 


5, y(x) = cos x 


_I*a_i* 3 _I r 

2 3 2 J( 


20 

^ £ (x-1) 2 y($dr 


6. via:) = sin jc - ~ + J 0 x ^ x - f) 2 - 11 y(t) dt 


7. y(x) - f {4 -6 (jc -/) + 2 (x - ti 1 - — (x - £) 3 } y(t) dt = — cos 2x - — + — x - — x 2 + — a: 3 

y Jo 6 4 12 3 6 3 

8 . y"(x) -2xy'(x) - 3y(x) = 0 ; y(0) = 1, y'(0) = 0 

9. y"(x) ~y(x) + 3 sin * = 0 ; yfO) = 3, y'(0) = 0 

10. y"‘(x) + 6 yix) = 0 ; ,y(0) = 4, y'(0) = - 3,y"(0) = 2 

11. y'"W - 3y"(x) + 4y'(x) + 2y(x) +e~* = 0; y(0) = 1, y'(0) = 2, y"(0) = 3. 


Problems 36.2, page 1137 


r 1 .1 

1. y(x) = Gix, t) ty{t) dt + — x(x - X) f where G(x, t) = x( 1 - t) y (x < t) and = ft 1 — x), x > t 
Jo 2 

J ii i 

G(x, t) y(t) dt + — (x 3 - 3x + 6), where Gix, t) - x, x < t and = £ t x > t 
0 6 

3. u(x ) = f Gix, t) e x u(t) dt + — (x 3 + x), where G(x, t) = x( 1 - 20, x < t and = til - 2x), x > t 
Jo 6 

sinh xsinh(f-l) sinh t sinh{x - 1) 

4. G{x, t) = -- >x <t and = --- * x > t 


sinh i 


sinh 1 


fl 1 

1 G(x, t) t , uit) dt, where G(x, l) = — x 

f 1 1 

1 

, x < t and = — > t 

r i ) 

Jo 2 

l*-*J 

2 

[x-xj 


, x > t 


Problems 36.3, page 1141 


5. yix) - i (sin x + sinh x) y(x) - x 2 + “X 4 

8. y(x) = ± 6J 0 (4x) 9+ y(x) - J } (2x) {x > 0) 


7. y(x) = 1 
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10, y(x) = — <r 21 (cos x + 3 sin x) — — e" 
2 2 


12. y(x) = 1 + x 2 + x’V24. 

15. y(x) = (3* + 2). 

4n 


13. yix)~ 1 + x 2 /2 


11. yix) ^ (1 - x)e~ x + 1/2 sin x 
14. y{x ) = 1/2 


Problems 36.4, page 1145 


1, Has no eigen values and eigen functions 

2. Eigen value X = 1/4 ; eigen function isy(x) = x 2 + 3x/2 

3, Eigen values X = B/{it - 2); eigen function is y(x) = sin 2 (x) 

4. Eigen value X = lM,y = sin x 5. Has no eigen values or eigen functions 

6. Eigen values are X = ± Vn ; eigen functions are y(x) - cos x + sin x t y(x) = cos x - sin x 

X[(6-X)x-4J _ . . X 


7. y(x) = x + 


9. y(x) - x + 


12 + X 2 


8. y(x ) = x + 


(1 - Xk> ( 1 - 2 *n) + 4*“ 


12Xn + — jt 2 (: 

1-1 Xw) 

1 2 { 

2 } 


10. v(x) = 2x - it + 


it 2 sin 2 x 


71-1 


11. y(x) = 


2-X 


12 (1 - 2X) - X 2 
+ ml - 2X7t)sin x 

sin x, X x 2 


|10 + (6 + X)x| 


12. y(x) = x + 


2 Xn 


■ (Xitx - 4Xn sin x + cos x) 


13. 

14. 

15. 


1 + 2XV 

There is no solution to the integral equation when X = 3 
Xj - 2, = - 2 ; y % (x) = 1 - x, y 2 (x) » 1 - 3x 

f 2Xn 2 

(i) When F\x) = x t solution is v(x) - x + X \ $ - 

| X it -1 

(ii) When Fix) = 1, solution is y(x) - 1, 


sin x + 


2ji 


xV-i 


C OS X 


Problems 36.5, page 1148 


y(x) = 4 + 2X (2 - 3x) a ± %) 

4 - X 2 

y(x) =1 6. y = sin x 


2. y(x) = S ’ nX only if | X | < — 
1 + Xjr Tt 


4. y 

7. y(x) = 2. 


Problems 37.1, page 1154 


17. 

20 , 


<z) True , since la| is a subset of the set [ a, b , c ); (tt) and [Hi) False f since the element a cannot be a subset 
of the set [a, b, c\ ; Uv) True r since the set let, b) is a subset of the set \a t b, c 1; (u) False, since the set ia* b\ 
is not an element of the set la, b, c! ; (vi) True t since the null set 0 is a subset of every set. 

20 18, 105 19. 136 

Number of students not taking any of these courses is 71. 
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Problems 37.2, page 1160 


1. (a) It is not true that Sam is a teacher and John is an honest boy ; (h) Sam is a teacher and John is not an 
honest boy ; (c) Sam is not a teacher iff John is an honest boy ; (cl) If Sam is a teacher then John is not an 
honest boy. 

2. (a) (p v q) => r where p = I have no car, q = I do not wear good dress, r - 1 am not, a millionaire. 


3. 


( 6 ) 


p 

0 

~7 

P 

p =*q A~q 

1 

1 

0 

1 

0 

1 

0 

1 

0 

0 

0 

1 

0 

1 

0 

0 

0 

1 

1 

1 


P 

<1 

r 

pe*q 

r v q 

ip Cpyq) a tr v fj) 

I 

1 

1 

1 

1 

1 

1 

1 

0 

1 

1 

0 

1 

0 

1 

0 

I 

0 

l 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

0 

1 

0 

0 

I 

0 

0 

0 

1 

1 

1 

l 

0 

0 

0 

1 

& 

0 


7. (i) T fi ~ 12, 3, 5, 7, 11,13, 17, 19, 23, 29, 31) 
T q = [1,3, 9, 27,...], T r = [1,3,9, 7] 

(u) T r < r 


P 

or 

q-*p 

p ~*(q -*p) 

0 

0 

l 

1 

0 

i 

1 

1 

1 

a 

0 

0 

1 

1 

1 

1 


15. (i) Dual of (p a q) v r is (p a q) v r (it) Dual of (p a q) v t is (p v q) a t 


Problems 37.3, page 1166 


1, (a) (V* € A) (x + 2 < 10)(6)(1 * eA)(x + 2= 10) 


2. (a) V x, (jc 2 3 * 5 / x) 

(c) None of the students are 26 or older 

3. V x P(x ) is false 4. 

5. V (o, b) R(a + x = b) 

6, (o)Vx[Q (x)^if(x)] (6)- Vx[<?(x}-J?(x)|, 

8, f~A v~A) a(B v~A)a(~A vOa(B vC) 

10. 1. p v q (Premise), 

3* q s (Premise) 

5. p —* r (Premise) 

7. ~ s —> r(5, 6 chain rule) 

12 . (6 x) i? (x = Jz ) 


(6) -> x, (x + 5 <x) 

(*/) Some students do not live in the hostels, 

V Up x 2 ) Q(x l + x 2 )Q 

(c) 3 xlQix) a , (d) 3x [Q (x) a - R(x)] 

2 , - p —> q (conditional equivalence) 

4, - p s (2, 3 chain rule) 

6, -s -±p { 4, conditional equivalence) 

8. svr(T, conditional equivalence) 


13. (a) Conclusion is not valid ( b ) Conclusion is not valid 
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Problems 37.4, page 1170 


X 

y 

x 

x a y 

z' 

y ax' 

fx AyJ V fy A z'J 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

i 

0 

0 

l 

l 

1 

1 

0 

0 

0 

1 

0 

0 

i 

1 

0 

1 

1 

1 

i 

i 

0 

I 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

i 

1 

t 

1 

0 

0 

1 


2. x v z' a = x a _y 3. (i) x ' v/vz' (») 0 


14. 


% 

*2 

*s 

JClVXg 

*s' 

H W V 

Xj A (x 2 v x§) 

p 

0 

0 

l 

1 

0 

I 

0 

0 

0 

1 

0 

0 

1 

1 

0 

0 

0 

1 

0 

0 

1 

I 

0 

0 

1 

0 

0 

i 

1 

1 

l 

1 

I 

1 

0 

i 

1 

1 

1 

1 

0 

1 

1 

l 

0 

1 

0 

0 

I 

D 

1 

l 

0 

0 

0 

0 

l 

1 

1 

i 

0 

1 

1 

1 


Problems 37.5, page 1172 


L (i) 0 (it) 0 2. (0 (rvy v z) a (x vy v z') (ii)x vy a(# vy') a(x' vyj 

4, lx v y v z) a (x v y v z') a (x v y* v z) a (a: v y* v z') a (x v y' v z') a lx' v y' v z) a (x' v y' v z') 

5. (x a_v a z) v (x a y a z* ) v (x a y* a z) v (x a y* a z") 

6< F' = (x a y a z) v (x a y a z) v (x' a y a z) v (x' a y a z') v (x" a/ az) 



3- x Ay 4- p/ Ap 2 vp 3 ; 
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(c) (x x V X 2 ' V x 3 ) a (Xj v x 2 ' V X 3 ') A (*3 v X 2 ' v x,) A (x g v x 2 ' v X x ') 


Problems 37.7, page 1179 


1 . F 2 = F 3 2. F c = 10.2 Ram, 0.7 Sham, 0.4 John, 0.3 Charu] 

3. Fu G - 10.4 Jt,, 0.7 x 2 , 0.5 x 3 ,0.9 xj 
F n G = 10.3 Xp 0.6 x 2 , 0.1 x 3 , 0.8 x + ] 

4. (i ) Truth value of ‘F is not rich’ is 0.2 
(») Truth value of‘G is not fat’ is 0.4 

(Hi) Truth value of‘Mary is not beautiful’ is 0.3 

5. ( i) F*G ( ii ) F is not a subset of G ; G is not a subset of F. 

(Hi) F r = 11, 1 , l, 1 , 0.9, 0.7, 0.5, 0.1, 0, 0] 

FnG = [0,0.1, 0.3, 0.5] 

FuG = [0.1, 0.5, 0.9, 1, 0.9, 0.9,1, 1] 

6 . (t) Truth value of the cojunction of ‘Latif and John are good players’ is 0.6. 

(ii) Truth value of the disjunction of‘Latif and John are good players’ is 0.7. 

8. Members and its degree of membership. 


Problems 38.1, page 1186 


- ... c/<b d<t> dx‘ 

1. (i) = —- ; 

dt dx' dt 


{ ll ) x ' x J 


2. (i) u ll (x 1 ) 2 + a. 22 (x 2 ) 2 + a 33 (x 3 ) 2 + (a^ + a 2J ) x’x 2 + (a 13 + a 31 )x l x 3 + (a 23 + q 32 )x 2 x 3 

(U) g |, (dx 1 ) 2 + g 22 (dx 2 )- + g 33 (dx 3 ) 2 + 2g vl dx x dx 2 + 2g 23 dx 2 dx 3 + 2g 3l dx 3 dx l . 

(Hi) g n =g VZ g 2P + - + g„, g" P 


3- (i) ; (ii) §* - 


Jx 7 3x r Ax' 

6. Ci> A 7r = — ~ A jk ; (ii) C 
P dx J dx h dx" 


fW? 


dx m dx 11 
dx p dx® m 


7, Yes, contra variant order 3, covariant order 2, Rank 5 

9* (a ) 2p cos 2 <J y - z cos <j) + p 3 sin 2 <j> cos 2 (|>, - p 2 sin 2 <}j + p z sin + p 4 sin § cos 3 <f» T pz sin $ ; 

(b) 2r sin 2 0 cos 2 <j> - r sin 0 cos 8 cos 4> + r 3 sin 4 0 sin 2 § cos 2 § + r 2 sin 0 cos 2 0 sin § ; 

2r 2 sin 0 cos 0 cos 2 <i> - r 2 cos 2 0 cos <J) + r 4 sin 3 0 cos 0 sin 2 § cos 2 tj> — r A sin 2 0 cos 0 sin 0 ; 

- 2r 2 sin 2 0 sin § cos + r 2 sin 0 cos 0 sin <|> + r 4 sin 4 0 sin (j> cos 3 <f> 

11* (a cos <|> + b sin <j>) sin 0 + c cos 0 ; |(o cos § + b sin $) cos 0 — c sin 0}/r ; (b cos $ - a sin §)fr sin 0. 


Problems 38.2, page 11B9 


6. Rank = 1 


Problems 36.3, page 1193 


1. g= 4,# n = 2, g 22 = S.g 33 = 1-5, g 12 = 3,g 23 = -2.5 ,g 13 = - 1.5, 

2 * = Lgas = P 2 .#33 - l.j?y = 0 (i*j);g ll = l,g 22 = p~ 2 ,g 33 = l,gv = 0 (i *j) 

3. g - r 4 sin 2 6/{l -R/R 2 ) ;g n = 1 - r 2 /R 2 ,g 22 = lir 2 ,g ?& - (r sin 0)~ 2 ,g‘> = 0 (i j). 
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Problems 36.4, page 1199 


1. (a) [it, i] = - dgv / dx ', [ii,k] = - i d^/dx*, 

2 ^ 

[ik> k] - [hi, k] = — dg^/dx 1 , [ij\ k] = 0, when i, j, k are all different 
2 


<w 


ll 


= J 1 = — g hk ”***? (no summation over / or k ) 
[ki J 2 


dgkk 


{:■}-• 


dx‘ 


when i,j, k are all different 


2. (a) All are zero 

(6) |21, 2] = p = [12, 2] ; [22, 1] - p, all others are zero 
(c) [21, 2| =r= 112, 2[ ; [31, 3] = r sin 2 0 = [13, 3] ; [32, 3] 

= r 2 sin 0 cos $ = [23, 31; [22, 1] = - r ; [33, 11 = - r sin 2 0 ; 
[33, 2] = — r 2 sin 0 cos <j>; all others are zero 

3. (a) All are zero 


( 6 ) 


; -p. 


= —, all others are zero 

P 


W { 22 }”” r ’ { 33 } = ~ r S ™ 2 ^'{ 21 } = { 12 } = r ’ 


2 1 

33 


= — sin 0 cos 0, 


3 

31 


Ml- 


cot 0, all others are zero 


5. (a) r 2 sin 0 cos 0 ; r 2 sin 6 cos 0 
6* (a) - r sin 2 0 ; r 2 sin 0 cos 0 


8, (a) b# = + 

dx k 


u' v + 


ks 


{b) - sin 0 cos 0 ; cot G 
(6) — r sin 2 0 ; cot 8 

{b)A h 

{b)A M- & \ik 




10. At. B tm + AK B lm 

q n a n, ij 


11. (a) _ 

P 




1 3 , 2 . V 1 


^-^r< r A r> + 


a .... . i aA* 

(sin 0 Ay) + 


io i \ 1 d 2 o d 2 o 1 do _ 

12 ’ (n) + + 


r“ 3r r sin 0 dr r sin 0 d<)> 

1 d 2 o 2 do cot 0 do 


,,. d 2 o 1 d 2 o 
(6) r^- + ~ — + 


- -J- —, --— 4- - 


dr 2 r 2 dfr r 2 sin~ 0 30“ r dr r L 30 


= 0, 
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A 

Abel’s integral equation, 1140 
Absolute convergence, 383, 703 
Acceleration vector, 319 
Addition of complex numbers, 639 
of matrices, 27 
of vectors, 77 
Adjoint matrix, 33 
Ada ms-Bash forth method, 1026 
Algebra of Logic, 1165 
Alternating series, 382 
Amplitude, of complex quantity, 640 
ofS.H.M.,503 
Analytic function, 674 
Angle between, two lines, 82, 1193 
two planes, 97 

Angular velocity of a rigid body, 91 
Area as a double integral, 281 
of curves, 256 
of a curved surface, 292 
Argand’s diagram, 641 
Argument of a complex number, 640 
Arguments, 1169 
Assignment problem, 1105 
Associated tensor, 1192 
Asymptotes, 183 
Atmospheric pressure, 462 
Augmented matrix, 46 
Auxiliary equation, 472 

b 

Raye’s theorem, 870 
Rending moment, 518 
Ber and Bei functions, 561 


Bernoulli’s equation, 437 
Bernoulli-Euler law, 618 
Bessel’s interpolation formula, 964 
Bessel functions, 550 

Generating function of, 555 
Orthogonality of, 559 
Bessel’s equation, 550 
Beta function, 302 
Bilinear transformation, 685 
Binomial distribution, 879 
Bi normal, 317 
Bisection method, 918 
Boolean algebra, 1166 
identities, 1168 
Boole’s rule, 991 

Boundary value problems, 783, 1035, 
1124 

c 

Calculus of variations, 1111 
Canonical form, 64, 1071 
Cantilever beam, 519 
Capacitance, 463 
Cardan’s method, 9 
Catenary, 1114 

Cauchy-Reimann equations, 673 
Cauchy’s homogeneous linear equa¬ 
tion, 490 
inequality, 701 
integral formula, 697 
Mean value theorem, 144 
root test, 380 
theorem, 696 

Cay ley ^Hamilton theorem, 58 
Central differences, 947 


Central limit theorem, 902 
Centre of 

curvature, 72 
gravity, 294 
pressure, 296 

Change of, interval in F-series, 404 
variables, 211, 287 
Charpit’s method, 588 
Chebyshev polynomials, 571 
inequality, 894 

Chemical reactions and solutions, 468 
Chi-square distribution, 911 
Chris toffel symbols, 1193 
Circle of convergence, 704 
Circulation, 335 
Clairaut s equation, 449 
Co-efficient of, correlation, 845 
variation, 839 
Comparison tests, 368 
Complementary function, 472, 590, 
1000 

Complex inversion formula, 781 
Complex numbers, 639 
Complex potential, 679 
Complex variable, 666 

derivative of a function of, 673 
Exponential and circular functions 
of, 656 

Hyperbolic functions of, 658 
Logarithmic functions of, 664 
Concavity, Convexity, 177 
Conditional convergence of series, 383 
Conditions for a Fourier expansion, 400 
Conditions for parallelism, 
of lines, 82 
of planes, 98 

of a line and a plane, 105 
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Conditions for perpendicularity 
of lines, 82 
of planes, 98 
Cone, 121, 122, 130 
Confidence limits, 902 
Conformal transformation, 688 
Conical ds, 126 
Conjugate Functions, 674 
matrix, 67 
tensor, 1190 

Conservative field of force, 351 
Consistency of equations, 46 
Contraction of tensors, 1187 
Contra variant tensor, 1183 
Convergence of series, 366 
Convolution theorem, 748, 776 
Correlation, 845 
Covariant differentiation, 1196 
tensor, 1184 
Convex region, 1064 
Cramer's rule, 43 
Critical speeds, 522 
Curl, 326, 356, 1198 
Curvature, 166, 317 
Curves in space, 316 
Curve-fitting, 812 
Curve tracing, 185 
Cylinder, 124, 130 
Cylindrical co-ordinates, 357 
Curvilinear co-ordinates, 355 

d 

D (operator), 472 
D'Alembert's Ratio Test, 373 
solution of wave equation, 609 
De Moivre's theorem, 647 
Deflection of beams, 518 
Degrees of freedom, 905 
Del (operator), 322 
Derivative of f{z)> 673 
directional, 323 
of a vector function, 326 
Dos carte's method, 12 
Des carte's rule of signs, 2 
Determinants, 17 
Difference equations, 998 
Differential equations, 26 
Bernoulli's, 437 
Bessel's, 550 
Cauchy's, 490 
Clairaut's, 49 
Legendre's, 493, 562 
numerical solution of, 1008 


partial, 577 

simultaneous linear, 496, 764 
total, 539 

Differentiation of vector under integral 
sign, 233 

Dirac-delfca function, 761 
Direction cosines, of a line, 78 
of the join of two points, 78 
Dirichlet's conditions, 400 
Dirichiefs integral ,307 
Discrete Mathematics, 1149 
Distance between two points, 78 
of a point from a plane, 98 
Distribution function, 873 
Divergence, 326, 1198 
Divergence of series, 366 
Divergence theorem, 346 
Divided differences, 975 
Double integrals, 274 

change of order of integration in, 276 
enclosed area as, 281 
volumes of solids as, 285 
Dual Simplex method, 1094 
Duality concept, 1089 
Duality, 1167 
Duality law, 1091, 1159 
Dummy index, 1181 

e 

Eigen values of a matrix, 55 
values by iteration, 943 
Elastic curve of a beam, 518 
Electric circuits, 463, 514 
Elec ire-mechanical analogy, 515 
Electro-molive force, 464 
Ellipsoid, 127 
Elliptic equations, 1042 
integrals, 310 
Euler's method, 1012 
Empirical laws, 812 
Envelope, 174 

Equation of, a cone, 121, 122, 130 
a cylinder, 124, 130 
a line, 102 
a plane, 97 
a sphere, 117 
Equivalence, 1158 
Error function, 312 
Errors and approximations, 222 
Euclidean space, 1189 
Euler's, equation, 1111 

formulae for Fourier coefficients, 
395 


method for numerical solution of dif¬ 
ferential equations, 1012 
theorem, 205, 657 
Even functions, 408 
Events, equally likely, 858 
exhaustive, 858 
independent, 862 
mutually exclusive, 858 
Everett's formula, 966 
Evohite, 173 
Expectation, 874 
Exponential, function, 656 
distribution, 893 

f 

Factorial notation, 949 
Factor theorem, 22 
Factorization method, 933 
F-distribution, 914 
Ferrarfs method, 11 
Field, conservative, 351 
irrotational, 351 
scalar, 322 
solenoidal, 351 
vector, 322 

Finite differences, 946 
Fisher's z-distribution, 916 
Flow problems, 678 
Flux across a surface, 90, 338 
Forced oscillations, 509 
Fourier^Bessel expansion, 560 
Fourier integrals, 767 
Fourier-Legendre expansion, 568 
Fourier series, 395 
Fourier transforms, 769 
Boundary value problems 
solved by, 783 
Finite, 769 
of derivatives, 780 

Fredhloms equations, 1131, 1142,1145 
Frenet formulae, 317 
Frequency, 831 
curve, 831 
Cumulative, 831 
distribution, 831 
of 503 

Frobenius method, 544 
Functionals, 1111 
Fundamental tensor, 1190 
Fuzzy sets, 1174 

applications of, 1179 
Fuzzy set operations, 1175 
Fuzzy propositions, 1176 
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g 

Gain or loss of oscillations, 505 
Ga 1 er ki n's m e t hod, 1125 
Gamma distribution, 893 
function, 302 

Gauss elimination method, 928 
Gauss interpolation formulae, 962 
Gauss-Jordan method, 37,931 
Gauss-Seidel iteration method, 938 
Generating function of, 

Bessel functions, 555 
Legendre polynomials, 565 
Geodesics, 1117 
Geometric series, 366, 668 
distribution, 892 
Goodness of fit, 911 
Gradient vector, 322, 367, 1198 
Graphical solution of equations, 13 
Green's function, 1135 
Green's theorem, 339, 349 
reciprocal theorem, 350 

h 

Half-range series, 412 
Hamilton's principle, 1127 
Harmonic analysis, 420 
Harmonic function, 350, 677 
Heat flow, laws of, 466 
Heat equation, 611, 618, 1051 
Helix, circular, 318, 1117 
Hermite polynomials, 571 
Histogram, 831 

Homogeneous diflerentiai equation, 431 
Homogeneous functions, 205 
Hooke's law, 458 
Horner's method, 927 
Hungarian method, 1106 
Hyperbolic equations, 1055 
functions, 658 
Hyperboloids, 127 
Hypergeometric distribution, 892 

i 

1 mage, of a point, 104 
of a line, 104 

Inclusion-principles, 1153 
Indeterminate form, 151 
Inference theory, 1165 
Infinite series, 365 
Inner product of two tensors, 1188 


Integral equations, 1131 
of convolution type, 1138 
test, 369 
transforms, 766 
Integrating factor, 435 
Iniegro-differential equations, 1140 
I nten si tv of 1 o adi ng, 519 
Interpolation, 946 
Inverse interpolation, 977 
Inverse operator, 475 
Inverse Laplace transforms, 740 
Irrotalional fields, 351 
Isogonal Trajectories, 457 
I soperimetric problem, 1119 
Iterative methods of solution, 936 

J 

Jacobian, 215 

Jacobi iteration method, 936 
Joukowski's transformation, 689 
Jacobi series, 556 


K 

Kirchhoff's laws, 464 
Kronecker delta, 1182 
Kurtosis, 844 


l 

Lagrange's, equation, 1128 
interpolation formula, 971 
linear equation, 581 
Mean value theorem, 142 
undetermined multipliers, 229 
La guerre polynomials, 571 
Laplace's equation, 619, 623, 635, 1042 
Laplace transforms, 726 
Inverse, 740 
Laplacian, 357 
Laurent's series, 704 
Legendre's equation, 493, 662 
Legendre polynomials, 563 
O rth ogon a I i ty of, 667 
Leibnitiz, rule, 233 

rule for alternating series, 382 
linear differential equation, 435 
theorem, 139 
Lengths of curves, 263 
Level surface, 322 
Level of significance, 898 
Limiting (terminal) velocity, 460 
Line integral, 335, 694 


Linear differential equations, 471 
Linear transformations, 51 
Linear programming, 1061 
Graphical method in, 1064 
Simplex method in, 1072 
Line of greatest slope, 107 
Li ouvi lie's theorem, 701 
Logarithmic function, 664 
test, 377 

M 

Maclaurin's series, 147 
M-method, 1082 
Matrix, 26 

Adjoint of a square, 33 
Characteristic roots of a, 55 
Conjugate of a, 67 
Elementary, 36 
Hermitian, 68 
Inverse of a, 33 
Null, 27 
Orthogonal, 55 
Rank of a, 35 
Singular, 26 
Skew-Hermitian, 68 
Skew-symmetric, 27 
Symmetric, 27 
Transpose of a, 27 
Triangular, 27 
Unitary, 69 

Matrix solution of equations, 43 
Maxima and minima, 177, 226, 986 
Mean deviation, 838 
Measures, of central tendency, 832 
of dispersion, 838 
Method, of false position, 920 
of Frobenius, 544 
of Group Averages, 823 
of least squares, 816 
of moments, 827 

of separation of variables, 429, 600 
of variation oT parameters, 486 
Metric tensor, 1190 
Milne's method, 1022 
Milne-Thomson method, 679 
Mixed tensors, 1185 
Modified Euler's method, 1013 
Modulus, of a complex quantity, 640 
of elasticity, 458 
Moments, 843 

Moment of a force, about a point, 90 
about a line* 91 
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Moment generating function, 876 
Moment of inertia, 297 
Mange’s met hod, 597 
Morera’s theorem, 701 
Motion, of a fluid, 678 
under resistance, 503 
Multiplication of, determinants, 23 
matrices, 26 
vectors, 86, 95 

Mutually exclusive events, 858 

N 

Negative Binomial distribution, 892 
Neumann’s function, 551 
Newton’s, backward interpolation 
formula, 958 

formula for unequal intervals, 975 
forward interpolation formula, 956 
law of cooling, 466 
second law of motion, 458 
Newton-Kaphson method* 922, 942 
Non-homogeneous linear partial 
differential equations, 596 
Non-linear partial differential 
equation* 684 
Normal, distribution, 884 
flux, 90 

to a surface, 219 
Normal forma, 1163 
Null hypothesis, 896 
Numerical, differentiation, 980 
integration, 989 
solution of equations, 916 
solution of ordinary differential 
equations, 1008 

solution of partial differentia I equa¬ 
tions, 1040 

o 

Objective function, 1062 
Obi ate spheriod, 13 0 
Odd function, 408 
Ogive, 831 
Ohm’s law, 464 
Operator, del, 822 
difference, 946 
differential, 472 
logical, 1155 

Order of a difference equation, 998 
of a differential equation* 426 
Orthogonal spheres, 120 
system* 678 
trajectories, 454 


transformation, 52 

Orthogonality of* Bessel functions, 559 
I jegen dr e pn lynom i a I s, 56 7 
Oscillatory series, 366 
Osculating plane, 317 
Outer product of two tensors* 1188 

p 

Parabolic equations, 1051 
Paraboloids, 128* 129 
Parseval’s formula* 417 
identity, 

Partial, derivatives, 198 
differential equations, 577 
Particular integral, 472, 590, 1000 
Partition method, 41 
Pedal equation* 163 
Periodic functions, 395, 732 
Picard’s method, 1008 
Point of Inflexion, 177 
Poisson distribution, 883 
equation, 1048 
i ntegral form u l a e * 7 02 
Power series, 385 
Predicates, 1161 

Predictor-corrector methods, 1022 
Principal axes* 301 
normal, 316 
Probability, 859 

Addition theorem of* 862 
Multiplication theorem of, 863 
generating function, 877 
Probability integral, 312, 886 
Probable error, 887 
Product of inertia, 300 
Projectile with resistance* 526 
Prolate spheroid, 130 

o 

Quadrics* 126 
Quadratic forms, 64 
Quantifiers, 1161 
Quotient law, 1188 

r 

Raabe’s test, 377 
Radio equation, 631 
Random variable, 871 
Rank* correlation, 853 
of a matrix, 35 
Ratio test, 373 

Rayleigh’s power method, 943 


Rayleigh-Ritz method, 1124 
Reciprocal equations* 7 
Reciprocal, tensors, 1190 
Recurrence formulae, 552, 566 
Reduction formulae, 239 
Reduction of quadratic form to canoni¬ 
cal Torm, 64 
Regression lines, 848 
Regula falsi, 920 

Relation between roots and coeffi¬ 
cients, 3 

Relations between the operators, 953 
Relaxation method, 940 
Repeated trials, 879 
Residue theorem* 710 
Resonance, 509 
Reimannian space, 1189 
Right handed and left handed systems, 
77 

Rodrigiie’s formula* 563 
Rollers theorem* 142 
Root mean square value* 418 
Roots of a complex number, 650 
Roue he’s theorem* 46 
Runge-Kutta method* 1018 

s 

Saddle point, 226 
Sampling, 897 
Saw-toothed wave, 417 
Scalar product, of two vectors, 81 
of three vectors* 93 
Scatter diagram* 812 
Schwarz-OhristofTel transformation, 
692 

Series* alternating, 382 
Binomial, 668 
Convergence of* 366 
Kxponential, 668 
Fourier* 395 
Geometric, 366, 668 
Gregory ’s* 668 
Jacobi, 556 
Laurent’s, 704 
Logarithmic, 668 
Power, 385 

Solution of differential equations in, 
542 

Summation of trigonometric, 668 
Taylor’s, 704 
Set theory * 1149 
Set operations, 1151 
Shear force* 519 
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Shortest distance between two lines* 

110 

Simple harmonic motion, 502 
Simple pendulum, 504 
Simplex method, 1072 
Simpson's rule, 990 
three-eights rule, 990 
Simultaneous, 

differential equations, 496 
total differential equations, 540 
Singular point, 708 
Singularity, essential, 708 
Skewness, 843 
Solenoidal, field, 351 
vector function, 327 
Solution of, biquadratic equations, 11 
cubic equation, 9 
difference equations, 999 
differential equations, 426 
differential equations in series, 542 
equations graphically, 13 
Laplace's equation, 619, 1042 
non-linear simultaneous equations, 
942 

partial differential equations, 577 
Poisson's equation, 1048 
simultaneous equations, 929 
Sphere, equations of, 117 
Spherical co-ordinates, 359 
Spring, stiffness of, 458 
Oscillations of a, 507 
Stagnation points, 690 
Standard deviation, 838 
Standard error of estimate, 852 
Statistical m fere nee, 897 
Stenieris theorem, 298 
Stirling's formula, 964 
Stake’s theorem, 341 
Straight line in symmetrica] form, 102 
Stream function, 678 
Strum-LiouviUe problem, 573 
Strut, 519 

Student's /-distribution, 905 
Successive differentiation, 134 
Summation, of series* 668 
convention, 1181 
S u rface i n tegra 1,337 


Surface areas of revolution, 269 
Switching circuits, 1172 
Synthetic division, 2 

t 

Tangent plane, 119, 219 
Taylor's series* 704 
series method, 1010 
theorem, 145, 220 
Telegraph, equations, 631 
Te 1 e p hone eq u a tio n s, 631 
Tensor, associated, 1192 
Conjugate, 1190 
Contravariant, 1183 
Covariant, 1184 
Fundamental, 1190 
Metric, 1190 
Reciprocal, 1190 
Symmetric, 1186 
Testing a hypothesis, 898 
Tetrahedron, 81 

Theorem of perpendicular axes, 298 
Thermal conductivity, 466 
Torsion of a curve, 317 
Total differential equations, 539 
Transformation, Bilinear, 685 
Conformal, 688 
Joukowski, 689 
Linear, 51 
of equations* 5 
Orthogonal* 52 
Schwarz-Christoffel, 692 
Transmission line, 630 
Transportation problem, 1097 
Trapezoidal rule* 989 
Triple integrals, 283 
Trivial solution, 48 
Truth value, 1176 
Two phase method, 1085 
Two-dimensional, heat equation, 618 
Laplace's equation* 619 

u 

Uniform, convergence, 389, 702 
distribution* 692 


Units, electrical* 463 
Systems of, 458 
Unit, impulse, 761 
step function, 756 

v 

Validity of series solution, 542 
Variation of parameters* method of, 
486 

Variance, 838 
Vector, acceleration, 319 
differentiation, 315 
field, 322 
integration, 334 
products, 86, 95 
Velocity of escape, 460 
Velocity potential* 678 
Venn diagrams, 1161 
Vibrations, damped, 507 
forced, 509 
of a string, 602 
Vibrating membrane, 626 
Vogel's approximation method, 1099 
Volterra equations, 1131, 1138 
Volume integral* 345 
Volumes of solids, 285 
of revolution, 286 
as double integrals, 285 
as triple integrals, 285 

w 

Wave, equation, 602, 1055 
forms, 417 
Weddle's rule, 991 
Weibull distribution* 893 
Weirstrass's M-test, 390, 702 
Whirling of shafts, 522 
Work, 90, 335 
Wronskian, 486 

z 

Zero of analytic Junction* 708 
Z-transform, 793 

Application to difference equations, 
808 









Dr. B.S. Grewal 


The book provides a clear exposition of essential tools of applied mathematics from a 
modem point of view and meets complete requirements of engineering and computer science 
students. Every effort has been made to keep the presentation at once simple and lucid It is written 
with the firm conviction that a good book is one that can be read with minimum guidance from the 
instructor To achieve this, more than the usual number of solved examples, followed by properly 
graded problems have been given. Many of the examples and problems have been selected from 
recent papers of vanous university and other engineering examinations Basic Concepts and 
Useful Information has been given in an Appendix. However, the subject matter has been set 
in eight main units: 

m Algebra & Geometry : Solution of equations. Linear algebra: Deter-minants, Matrices. 
Vector algebra and Solid geometry. 

* Calculus : Differential calculus, Partial differentiation, Integral calculus, Multiple integrals, 
Vector calculus. 

* Series : Infinite series and Fourier senes. 

m Differential Equations : Differential equations of first order and their applications, Linear 
differential equations and their applications, Differential equations of different types. Senes 
solution of differential equations and special functions, Partial differential equations and 
their applications. 

* Complex Analysis : Complex numbers and functions, Calculus of complex functions. 

* Transforms : Laplace transforms, Fourier transforms and 2-transforms. 

m Numerical Techniques Empirical Laws and Curve fitting, Statistical methods 
Probability and Distributions, Sampling and Inference, Numerical methods, Finite 
differences and Interpolation, Difference equations, Numerical solution of Ordinary and 
Partial differential equations, Linear programming. 

m Special Topics Calculus of variations, Integral equations, Discrete mathematics, 
Tensors. 

An exhaustive list of Objective Type of Questions' has been given at the end of each chapter 
Standard Tables, Answers to Problems, and a fairly comprehensive Index is given at the end 
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